SPECTRA OF WEIGHTED COMPOSITION OPERATORS ON
WEIGHTED BANACH SPACES OF ANALYTIC FUNCTIONS

R. ARON AND M. LINDSTROM

Abstract. We determine the spectra of weighted composition operators acting on
the weighted Banach spaces of analytic functions Hﬁ; when the symbol ¢ has a
fixed point in the open unit disk. Further, we apply this result to give the spectra
of composition operators on Bloch type spaces. In particular, we answer in the
affirmative a conjecture by MacCluer and Saxe.

1. Introduction.

We denote by H(D) the space of holomorphic functions on the open unit disk
D and consider the weighted Bergman spaces of infinite order

H? ={f e H(D):[|fllv:= Sggv(Z)lf(Z)l < oo}

and
HY = {f € HX 2 lim o) £(2)] = 0),
endowed with the norm || - ||,, where the weight function v : D — R, is radial,

continuous, nonincreasing with respect to |z| and satisfy lim|,|_; v(z) = 0. The
associated weight v is defined by

0(2) = (sup{|f(2) : f € H®,|Ifllo < 1})7

Then © is also a weight. If we take ¥ instead of v, both the spaces H® and H?
and the norm || - ||, do not change. Further, given z € D, the element 6, € (H3°)*
defined by 6.(f) = f(z) satisfies ||0.||, = 1/0(z), and for each z € D there is
fz € HX, ||f:]|v <1, such that |f,(z)| = 1/0(z). These remarks and more about
the associated weight ¥ can be found in [BBT]. In this paper we are interested in
the Bergman spaces of infinite order for the weights v,(z) = (1 — |2]?)?, p > 0, on
D. Let us point out that ¥,(z) = v,(2) and notice also that the norm ||- ||, is finer
than the compact-open topology. Recall that the polynomials are dense in H. gp and
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therefore contained in H;’;’ and that each function in HS;’ is the weak* limit of a
sequence of polynomials.

When restricted to various Banach spaces of analytic functions the operation of
composition with ¢, usually denoted Cy and ¢ is a self map on the open unit disk
in the complex plane, has been object for intense study in recent years, especially
the problem of relating operator-theoretic properties of Cy to function theoretic
properties of ¢. See the books of Cowen and MacCluer [CM] and Shapiro [Sh] for
discussions of composition operators on classical spaces of holomorphic functions.

To characterize the spectrum o(Cy) of a composition operator acting on Banach
spaces of analytic functions when Cy is a non-compact operator has recently been
the object of investigations in [CM1], [Z] and [MS]. More precisely, MacCluer and
Saxe [MS] have characterized the spectrum of Cy on the Bergman spaces AP and
Hardy spaces HP, 1 < p < co, when ¢ is univalent, not an automorphism, which
fixes a point in D. Cowen and MacCluer [CM1] had earlier given o42(Cy) and
op2(Cy) for such ¢. Kamowitz [K1] was the first to study the spectrum of Cy on
H? 1 <p < oo, when ¢ is not inner and has a fixed point in D. Further, L. Zheng
[Z] has recently shown that o~ (Cy) = D, when ¢, not an automorphism, fixes
a point of D and 7¢ g (Cy) # 0. All the proofs of the above mentioned results
follow the same pattern and we shall also make use of this method of proof in
our investigation of the spectrum of the bounded weighted composition operator
Cy,p - Hy — Hp, 0 <p < oo Since we are dealing with bounded weighted
composition operators Cy, » which can be non-compact the spectrum OHz (Cy.s)
will be given in terms of the essential spectral radius 7, Hge (Cy,4). As an application
of the main result we determine the spectrum of a bounded composition operator
Cy on the Bloch type space By, 0 < p < oo, when ¢, not an automorphism, fixes
a point in D. If ¢, in addition, is univalent and r. g2(Cy) # 0, then it follows
that the spectrum of Cy on the Bloch space coincides with D, which answers in the
affirmative a conjecture by MacCluer and Saxe [MS].

The weighted composition operator Cy, 4 is defined by Cy »(f) = ¥(f o), where
Y, ¢ € H(D) are non-trivial and ¢(D) C D. By Proposition 3.1 in [CHD] such
operators Cy 4 are bounded on H if and only if

B0~ [
sup
-ep (1 —19(2)]?)P
See also [MR] for a similar result. If ¢(z) = 1, then Cy 4 = Cy is always bounded

(see Theorem 2.3 in [BDLT]). Hence Cy 4 is bounded for ¢ € H*. For a € D

and ¢,(2) = 1= the composition operator Cy, on H;’: is an isomorphism and

C'(;al = Cy,. In the case 1 = ¢/ and 1 < p < oo, then by the Schwarz-Pick lemma

18" (2)] < (1 —|¢(2)]?)/(1 = |z|*). Thus we conclude by Theorem 2.3 in [BDLT]
that Cy 4 is bounded. If ||Cy 4||c,0, denotes the essential norm of Cy 4, i.e., the
distance from the compact operators,

1Cy,g]
then we get from [CHD] or [MR] (see also [BDL]) that
1—|z]?)P
i s IO

r=1 gy >r (1= [0(2)]2)P
2

< 0

ew, = nf{||Cy,¢ — K|| : K is a compact operator on H;’;’},

|Cy 0]



Following Shields-Williams [SW] we consider the pairing
(1) = | 10~ Praae). femsgea

where dA is normalized Lebesgue measure on D and the Bergman space A is the
dual of HSP and H7? is the bidual of H Sp. The kernel

oo

p+1 _Z(p+1)...(p+n+1)(

Ku(2) = (1 —wz)2tr n!

zw)",  z,w € D,
n=0
is in both ng and A' and reproduces f(w) = (f, K,) for all f € Hpe.

For v an arbitrary weight let H;<, := 2™H,° be the subspace of H;°. For
the weight v, we shall below show that it is a Banach space and that H? ., is
equivalently described as {f € qu;’ : f has a zero of at least order m at zero}.

2. The main result.

The proof of our main result, Theorem 7, is based on Proposition 1 which is a
crucial result in our investigation.

Proposition 1. Letp > 0 and m € N, m > 1. Then there exists a constant ¢(m,p)
depending only on m and p, so that if f(z) => "L a,2" € Hp® and w € D, then

n=m
£(w)] < clm.p) £
w c(m,p) ———— :
— ’p (1 _ ’w’2)p VUp
Before we prove Proposition 1 we need the following easily proved result.

Sublemma 2. Leta € R and m € N, m > 1. Then
" «
X ()Gl =0
k=0

Proof. For o any real number and |z| < 1, (1 + 2)* = > °_,(%)z™. Thus the
Cauchy product gives

Il=(142)*(1+2)"= mi::(f: (—ka) (m(i k))zm,

0 k=0

and therefore > (_ka)( °

m_k)zoforanymeN,mZL [l

Proof of Proposition 1. Let f(z) = > " a,z". By the Remark after Lemma 9 in
[SW],

fw) = (f, Kw) = }i_{%(fr?Kw) = 711_{111 Z (pﬁlig(pzj(fr:j—'l) = (f, K3)),

n=m
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ghere Km(z) = Y00 (@) (2w)® and cn(p) == (—1)"(p + 1)("%7P) for n > 0.

|f(w)] = I/Df(z)KlT(?)(l —[2|*)PdA(2)| < ||f||vp/D K ()| dA(2).
Let now z,w € D be fixed. Then
(1—2w)**PE(2) = (p+1) = (1—2w)* P {eo(p) +c1 (p) (2w) + . cn-1 (p) (2w0) ™}

. [ele] m—1 /—92—
Since (1 —zw)?*? =322 0 (*1P)(—zw)*® and Y0 (T 77)(,2H7,) = 0 for m € N,
m > 2 by Sublemma 2, it follows that

— (2+Dp _
1 — 2+me < m k—m
P ) < e Gatp) 317 )1l

= 2+0p m — [(2+D _
) S 1) et et ena) (P ety

k k=

< ™ {eo) +r(p) + - ems) 31 FP))
k=1

Next, we obtain that

k
l(z;—p)' _ |(2 +p)(1 +plz!...(3 +p—k)| :exp{;logﬂ - #I}

k
= exp{}_ (=L +0())} = exp{ (=3 — p)log(k) + O(1)} = Ok~ ),

so there is a constant ¢(m, p) only depending on m and p such that
1 — 2w PIK 3 (2)] < [w|™ e(m, p).

Consequently,

1

F@)] < [[fllo, c(m,p) ] /D

Finally by Lemma 10, p.87 in [W],

1 1
/D T2 dA) < ) s

and the estimate follows. O



Lemma 3. Let w € D and |w| > 1/2. Then
10w lv.m < 10wl < 2 [[6w]]o,m-
Proof. Since HpS,, C Hp°, it follows that ||dw||v,m < [|0w||v. For fixed w € D there

is a fu € H®, ||fwllv < 1, such that |f,(w)| = 1/0(w). Let gy(2) := 2™ fu(2).
Then ||gw|l, <1 and

10w lv.m = 19w (w)] = Jw[™| fuw(w)] = 1/2™ 1/0(w) = 1/2™ [|6w |-
O

Lemma 4. Letp >0, m € N, m > 1 and suppose that the operator Cy 4 : H;’;’ —
Hge is bounded. If $(0) =0, then HJ®
of Hgs and O-Hgf,,m (01/174’) C UHg; (C¢7¢).

is invariant under Cy ¢, a closed subspace

Proof. Since ¢(z) = zg(z), where g € H*, it follows for f € Hp® that Cy (2™ f) =
2"g"Cyps(f). Therefore Hp®  is an invariant subspace under Cy o.

Now we have

Hp ., ={f€H, : fhasazero of at least order m at zero}.
Indeed, let f(z) = 2,7, an2™ € HyS. Then we write f(z) = 2™ 3°0% ( amin2”
and Proposition 1 implies that there is a constant ¢(m, p) such that for all z € D,

00
211 amgnz"[0p(2) < c(m, p)|2[™]| f]]s, -
n=0

Thus f € Hy® ,,. The other inclusion is obvious.

Next we notice that H,[‘)’;’m is a closed subspace of ng. Take a sequence
2" fj(z) € Hpe,, such that 2™ f;(2) — g(2) € HyY in the norm || - |[,,. Then
2" fi(z) — g(z) with respect to the compact-open topology and we get that
g(z) = 2™h(z), where h(z) € H(D). By the above description of H;° ,, we conclude

that g € H7® ..

From this description we also conclude that Hp®,, has finite codimension in
Hp®. Because a modification of the proof of Lemma 7.17 in [CM] works for Banach
spaces, it now follows that every operator that is invertible on Hjj;’ is also invertible
on H7 . This can also be proved as Lemma 7 in [Z]. [

In connection with the above proof, recall that if T is a bounded operator on a
Banach space X and Y is an invariant closed subspace of X under T', then oy (T}y)
is not always contained in ox (7"). For example, if T" is the right shift on l5(Z) then
o(T) is the unit circle although the spectrum of T'|;, ) is the closed disc.

Recall that (z) is an iteration sequence for ¢ if ¢(z) = zg41 for all k. In order
to follow the method of proof by Cowen and MacCluer [CM1] we need the next
lemma. It should be pointed out that this approach of Cowen and MacCluer [CM1]
was influenced by the work of Kamowitz in [K1].
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Lemma 5 ([CM1] Lemma 13, Lemma 14). If ¢ is not an automorphism and
#(0) =0, then given 0 < r < 1, there exists 1 < M < oo such that if (21)52 _ ) i
an iteration sequence with |z,| > r for some non-negative integer n and (wy)p__ i

are arbitrary numbers, then there exists f € H* with f(zx) = wg, —K <k <mn
and || flloo < M sup{|wi| : =K < k < n}. Further there exists b < 1 such that for
any iteration sequence (zy) we have |zp+1|/|2k| < b whenever |zi| < 1/2.

Lemma 6. Let p > 0 and suppose that ¢(0) = 0 and that Cy ¢ is bounded on Hp.
Then {¢(0)¢'(0)"}22, C O (Cy.¢) and if X # 0 is an eigenvalue of Cy. 4, then

A e {4(0)¢'(0)"}7Zo-

Proof. Because H° contains the polynomials, the first statement follows as in [K],
Lemma 2.3. The second result can be proved as Lemma 2.4 in [K]. O

Theorem 7. Let p > 0 and suppose ¢, not an automorphism, has fized point a € D
and that Cy 4 : H;;; — Hg;’ 1s bounded. Then

Ot (Cus) = A€ € N < retre (Cup)} U (@) (0)" 130,

Proof. We can assume that a = 0. Indeed, if a # 0 let ¢,(2) = 2=, 11 = 0 @,

1-az’

and ¢1 = ¢q © ¢ © Pa. Then ¢1(0) =0, ¢1(0) = ¥(a), $1(0) = ¢'(a) and

-1
Co, 0 Cypy 9, 0Cy” = Cyg.

a

Hence Cy,4 and Cy, 4, are similar. Therefore they have the same spectrum and
the same essential spectral radius.

By Lemma 6 we have that {1(0)¢'(0)"}22, C OHg (Cy.4). For X € OHg (Cy.s)
and |A| > 7¢ g (Cy,¢), it follows that A is an eigenvalue (this is true for all bounded

operators, see e.g. Proposition 2.2 in [BS]). If A # 0 is an eigenvalue of Cy 4, then
Lemma 6 gives that A = 1(0)¢’(0)™ for some n, so it remains to show that

A eC: A <renxs(Cpg)t Comge(Cyo)-

If re’ng(C’l/,’qb) = 0, we are done since 0 € OHg (Cy,4) when ¢ is not an auto-
morphism. We assume that p := r, g~ (Cy.¢) > 0. Because the spectrum of Cy 4
is closed, we can choose A with 0 < ]3\] < p. By Lemma 4 it is enough to show
that A € og= (Cy,¢) for some m. Let C,, denote the restriction of Cy ¢ to the
invariant closed subspace Hy° . Since Cp, — Al is not invertible if (Cy, — AI)* is
not bounded from below, we just need to find m with (C,, — AI)* not bounded
from below.

Let 1 < M < oo be the constant in Lemma 5 for r = 1/4. Iteration sequences will
be denoted by (2)72 _ - with K > 0 and |2z9| > 1/2. Let n := max{k : |2| > 1/4}.
Then n > 0 and |z;| < 1/4 for kK > n. By Lemma 5 there also exists a b < 1 such
that |zx4+1/2k| < b for all £ > n. We may assume that 1/2 < b < 1. It follows that
|zx| < b5~"|2,,| whenever k > n.

Since ¢ € H(D) is continuous, 0 < C' := max{sup,,<1 4 [¥(2)|; [¥(2n)|} < o0.
6



For fixed p > 0 we now choose m so large that

e o
1/2.
o e <Y

Given any iteration sequence (2x)3> _j let us define the linear functional Ly
on Hp® . by

Lag(f) = D AN (k) tp(zr-1) f (1),
k=—K

where we agree that ¥(z_k)...)(2_k—1) = 1 in the first term of the sum. Then
Ly is bounded since, with n defined as above, Proposition 1 gives

> AF(emg) .z fz)] <
k=—K

c(m,p) [1fllo, 0 Y AT (zm gl () 2™ (1 — [20]*) 77
k=—K

o0

(o)) D I () et (o) 2™ (1 — 26 f?) 773

k=n-+1
Since |zx| < 1/4 for k > n, |zx| < |2, for k > n and b™ C/|\| < 1, we get that
the second sum

> 16
< |Y(z—k)|--[Y(zn-1)| Z |A|"“C’“‘”Izk|m(ﬁ)p

k=n+1

S 1 e L

To show that C;, — Al is not bounded from below, we need to estimate

1(Cr = AD Loy m /[ Lx,

|vp,m-
First notice that
(Cx, = M) Ly = —AT15,
Now we find a lower bound for ||Lx 4||s,,m. For any iteration sequence (zx)3Z _
we get that there is f € H™®, || f||e < M, satistying
) |f(zk)] =1 for k=0 and k = n,

©
(id) Yeog) -2 f#) > ) for k=0 and k = n,
(

Ak (1—Zg 2 )2P
iti) f(zx) =0for — K <k<n, k#0.
(Later we will find that the iteration sequences (z)72 _, that we will use are

such that [¢(z_k)|...]¥0(2-1)] > 0 and therefore the expression in (ii) is strictly
positive for k = 0.) For such f we calculate

2" f(2)(1 — [z0]*)P

(1 —2zgz)%P

(1 —20[?)”
(1 —Eozk)2p

Ly ( Z A (2o k)b (zr) 2 f(2)

7



Since ) )
(A= oIy )
’1 —EoZ|2p

(1—|zo[*)”
(1—202)217

Z—Eo

— )<
1—72pz2

we conclude that g(z) := 2™ f(2)
M. Now we get

belongs to H;~ ,,, with norm smaller than

| D Al k) (1) g ()| 2
k=—K

(1 —J20[?)”
|1 —Eozn|2p

Y (z— )| [9p(z-1)|z0]™

(1= [z0/?)P + ATz k)] [ (1)l 2n] ™|

3 AF(og)etb(zor)glan)| o= T+ 1T — I11.

k=n+1
Thus
[ p(z_ k)| [ (zn—1) |20 (1 = |20]?)P
11>
- | A[™4P
and
16, |20 <= 0™ C .
117 < (e i)z ) M (LS 2 S (B O gy
o) A I
Since - o
Z (bmc)k—n< I Ier A _ 9P
9p 5
W |A| 1l = sirier s M 167 4P
we obtain that | |
Zom
L > _ ).
| L (9)] = [(z— k)] |9 (2 1)\(1_‘20’2)10

Consequently by Proposition 1,

1 [¢(z—g)|-[¥(z—1)l|z0]™ _ [¢(z—x)]---[1(2-1)]
‘|L>\7¢va,m > M (1 — |Z0|2)p > M c(m,p) ||6ZOH’Up,m'

Recall that )
p=Teg (Cy,p) = I ||CF 4[|,
and
Cppf (W) = P(w)..th(¢n-1(w))Cy, f(w), weD,feH,
where ¢, = ¢o...0¢ (n times). Hence C} , : Hy® — Hp® is a bounded weighted
composition operator and we get by Theorem 4.2 in [CHD] or Theorem 2.1 in [MR]
that
(b 1— |w|2)P
i sp PG DIO Py
r=1 6, (w)[>r (L = |on(w)?)P

Given 0 < |A| < p we can pick p so that [A| < p < p. Thus there exists ng such
that for all n > ng,

1Cy. 4l

||C$,¢||e,vp > "
8



Hence for any K > ng we can find a w € D so that
(D) [ ()] [ Sr 1 (W) (=g )? = B5 >0,
(i) [ox(w)| = 1/2,

oo 8 ) llvp,m 1 8¢ ) llv 1 (1—|w?)?
117 2 > = K P — — 1
(@00) T 2 27 {ulley = 27 (= [dx (w)[?)?

In (iii) we have used Lemma 3 and a remark in the introduction.

Thus X
H(saﬁx(w)va,m > o

10wllopm 27 (w)|-..[(Px -1 (w))|

This means that for every K > ng with the above choice of w € D we can form
an iteration sequence (zx)5>_; by letting z_ g = w and 241 = ¢(2x) for k > —K.
Then |zo| = |¢r (w)| > 1/2.

Now we get

1(Cr, = M) Ly lv,m
1L 3 ||vp,m

M c(m,p)
(2 k)] (2=1)| 1026 [0 m

By choosing K > ng large enough, we see that C};, — Al is not bounded from
below. [

A
S, o < [l M c(m,p) 27 <%>K.

When Cy 4 : HSP — HBP is bounded, we get that Cy 4 = CJ% « HyY — HJ® is
also bounded and we can apply Theorem 7. Further, C}  is bounded on both HBP
and Hpe and Oy , f(w) = ¢(w)...p(¢n—1(w))Co, f(w). Therefore Cy; , is a bounded
weighted composition operator on both HSP and Hf)’;’ Hence using Theorem 2.2
and its proof in [MR] we obtain that the essential norm of C7, , on HBp coincides
with the essential norm of Cj , on H7® when Cy 4 is bounded on HSP. Thus
Te,HY, (Cy,p) = e, He (Cy.4) and we can formulate the following result.

Corollary 8. Suppose that ¢, not an automorphism, has fixed point a € D, p > 0
and that Cy 4 : HSP — HSP is bounded. Then

o1 (o) = {A € C A S rere (Cuns)} U (@) (0)" 3.

We shall now apply Theorem 7 to composition operators on Bloch type spaces.
Therefore we will pay attention to weighted composition operators Cy 4 with ¢ =
'

Let B,, 0 < p < oo, denote the Bloch type spaces of functions f € H(D)
satisfying f(0) = 0 and ||f||g, := sup,cp(1 — |2[*)?|f/(2)| < oo. The space By, is a
Banach space under the norm ||-[|s,. The map S, : B, — Hy° given by S(f) = f
is an onto isometry.

Assume that ¢(0) = 0 and that Cj, is bounded on B,. Then we have that
Cy =S, 1 0Cy 408, and therefore

05,(Cp) = 0z (Corp) and rep, (Cp) = re,me (Cor 0)-

Thus we conclude the next result from Theorem 7.
9



Corollary 9. Suppose that ¢, not an automorphism, fixes the origin. If the com-
position operator Cy : B, — By, 0 < p < 00, is bounded, then

08,(Cy) ={A € C: |\ < 7e5,(Cy)} U{e'(0)"}0L1.
(For p > 1, the boundedness assumption on Cy always holds.)

We remark that a similar result also holds for little Bloch type spaces.

In [MS] MacCluer and Saxe made the following Conjecture: Let ¢ be a univa-
lent self map on D, not an automorphism, with fixed point in D, and such that
Te.m2(Cy) # 0. Then o5(Cy) = D, where B is the classical Bloch space with the
norm || f[|5 := |£(0)] +sup.cp (1 — |2[*)|f(2)I-

In order to study this conjecture we can assume without loss of generality that
#(0) = 0. Therefore by the Schwarz-Pick lemma it follows that o5(Cy) is contained
in the closed unit disk. Let B; @C be endowed with the norm ||(f, @)|| = || f]|5, + ]|
Then the map T; : By ® C — B given by T1(f,a) = a + f is an onto isometry and
satisfies Ty " 0 Cy o Ty = (Cy|p,,id). Consequently o5(Cy) = o, (Cy) U {1}. By
the above we know that

: [(Pn)' (w)[(1 = [w]?)
1Cs.lle.8, = |CG slle,y = lim  sup .
¢ 1 @', 1 r—1 |6 (w)|>r 1_‘¢n(w)’2

Since 7. y2(Cy) # 0 and ¢ is univalent, every ¢, has finite angular derivative at
some point of D [Sh], p. 57. The Schwarz-Pick lemma gives that ||Cy, |le,5, < 1.

Now ¢,, has finite angular derivative at some point £ € 0D and we can apply the
Julia-Caratheodory theorem [Sh] to get

ey @l = ) () (w)|(1 — [w]?)
L @ S T )

See [MR1] for a similar argument. Therefore ||Cy, ||c,5, = 1 and consequently we
obtain that r. g, (Cy) = 1. Thus we have proved the conjecture of MacCluer and
Saxe in [MS].

Corollary 10. Suppose that ¢ is univalent, not an automorphism, fixes a point in

D. [f Te H? (C¢>) 75 0, then 03(C¢) = b

In [MS] MacCluer and Saxe showed that r, g2(Cys) = s*/2 for ¢(z) = fo gy

0 < s < 1. The function ¢ is univalent, not an automorphism and fixes zero. For
any n € N,

Pn(2) = T=(1—s)2
. " 6u ()
[(pn) (2)] = 11— (1—sm)z|2 ~ sn 22

By Schwarz lemma, Cy : B, — B, is bounded for all p > 0. MacCluer and Saxe
[MS] point out that for every n € N, the angular derivative of ¢,, at 1 is given by
10



(¢n) (1) = 1/s™ and at every other £ € 0D the angular derivative is infinite. Hence,
by the proof of Theorem 2.2 in [MR] and Proposition 2.46 in [CM],

lim sup (—————)" =limsup(———+—)P = s"7,
=114, (z)|>r 1 = [0 (2)] 21 1= |¢n(2)]
Therefore
: [Pn(2)?, 1|2 1 1
Co,lles, = lim  sup p— — gp — gn(p—1)
1o ke, r=1 g, (s)|>r S |2 (1—|¢n(2)l2) 5"

Thus we get that 7. g, (Cg) = sP~! and
05,(Cy) = {A € C: A < s HU{s"}02.

For p = 1 this follows of course from Corollary 10 and r. 5, (Cy) — 0 when p — oco.

Acknowledgement. The authors are very indebted to Pablo Galindo for dis-
cussions on the subject of the paper.
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