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ABSTRACT. An entire function f € H(C) is called universal with respect to
translations if for any g € H(C), R > 0, and € > 0, there is n € N such that
|f(z4+mn) —g(2)| < e whenever |z| < e. Similarly, it is universal with respect to
differentiation if for any g, R, and e, there is n such that |f(™) (2) —g(2)| < € for
|z] < R. In this survey article, we review G. MacLane’s proof of the existence
of universal functions with respect to differentiation, and we give a simplified
proof of G. D. Birkhoff’s theorem showing the existence of universal functions
with respect to translation. We also discuss Godefroy and Shapiro’s extension
of these results to convolution operators as well as some new, related results
and problems.

1. INTRODUCTION.

Our interest here will be in what has come to be called hypercyclic oper-
ators on the space H(C) of entire functions of one complex variable. This
subject has its origins in 1929 with the paper [2] by G. D. Birkhoff, in
which he proved that there is f € H(C) such that the set of all translates
{f(2),f(1+2),..., f(n+ 2),...} is dense in H(C). About 25 years later, G.
MacLane [9] proved an analogous result for derivatives: There is an entire
function f such that the set of all derivatives {f, f’, ..., f(, ...} is dense in
H(C). We present a survey of these results in §2, presenting a somewhat
simpler, and certainly shorter, proof of Birkhoff’s result.

Recall that an operator T': X — X is said to be hypercyclic if there is some
(hypercyclic) vector z € X such that {z,T(z),...,T"(x),...} is dense in X.
These two results can be restated in terms of hypercyclic operators on H(C),
by simply noting that Birkhoff’s result means that the translation operator
T :H(C) — H(C), T(h)(z) = h(1 + 2) is hypercyclic. Likewise, MacLane’s
result just says that the differentiation operator is hypercyclic. This funda-
mental observation was made by Godefroy and Shapiro [6] who generalized
it to show that every continuous linear operator L : H(C) — H(C) which
commutes with translations and which is not a multiple of the identity is
hypercyclic. In §3, we review their result and the connection with so-called
convolution operators. We also present examples of new hypercyclic opera-
tors and pose some problems related to these operators.
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2. CLASSICAL RESULTS OF BIRKHOFF AND MACLANE.

Theorem 1 [2]. There is a function f € H(C) with the following property:
For every g € H(C) and every R, e > 0, there is n € N such that |f(z+n) —
g(z)| < e for every z € C, |z| < R.
Proof. Let (P}); be a dense sequence of polynomials in H(C). To simplify
the argument, let’s assume that each P; occurs infinitely often in this se-
quence. Let (D;); be a sequence of disjoint closed discs, each D; of radius
J, such that the centers (c¢;) form an increasing sequence on the positive real
axis. Let Ej be a sequence of closed discs, each centered at the origin, such
that D; C Ej and D41 N Ej; = 0. (Hence, D; C E; for 1 < i < j and
DlﬁEJIQfOI'ZZ]‘i‘l)

Call Q1 = P;. By Runge’s theorem, there is a polynomial @2 such that
|Q2||E, < 3 and such that

1
|@2(2) — (P2 — e2) = Qu(2))] < 5
on Ds. Next, choose a polynomial Q3 such that ||Qs||g, < 2% and such that
1
|@3(2) = (P3(2 — c3) = Qu(2) = Qa2(2))] < 53

on Ds. In general, let @, be a polynomial such that ||Q,||g,_, < 2,%1 and
such that

1Qn(2) = (Pa(z — cn) ZQ@ <o

on D,,.

We claim that the function f = > 2 | @, works. It is easy to see that f is
entire, and so there only remains to show that if g € H(C),R > 0, and € > 0
are arbitrary, then for some j, |f(z + ¢;) — g(2)| < 2¢ whenever |z] < R.In
fact, it is enough to demonstrate this for ¢ = P = P, for some k. Noting
that there are infinitely many k for which P = Py, we can choose such a
large k so that

k
||f_ZQZHEk—1 < €.
i=1
Also,
\ZQ Pz —cp)| <e

for all z € Dy. In other vvords7 for all z € Dy, |f(z) — P(z — ck)| < 2¢, and
the result follows by a change of variable. O

We next present the original argument of MacLane, which shows that
there is an entire function whose collection of derivatives is dense in H(C).
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The method of proof will be useful to us later.

Theorem 2 [9]. There is an entire function f such that the set {f" : n €
N} is dense in H(C).

Proof. Let I : H(C) — H(C) be defined by

n+1

Note that if g(z) = 2", then I(g)(z) = %7 and, in general,

X Zn—i—k
1 = .
9(2) ntk)(n+1)
So, for |z| < R,
Rn+k Rk
[I*g(2)| < "

< R'"—.
(n+k)(--(n+1) = K
Thus, max|, < |[I[*g(z)] — 0 as k — oo, and from this it is obvious that

given any polynomlal P, any 6 > 0 and any R > 0, there is k& € N such that
max,<p [[*P(z)| < § whenever k > k. Moreover, given h € H(C), e > 0,
and M € N, if |h(z)| < & whenever |z| < R, then

\h(j)(w)| < J! max|;|<Rr |h(2)]

< (R/2) for any |w| < R/2,

< jY(2/R)5 < €

for any j =0,..., M, provided ¢ is small enough.
To summarize, given any polynomial P, any € > 0, and R > 0, and any
M € N, there is some k € N such that if k£ > k and Q(z) = I*P(z), then

(] <
mgg;l@ (2)| <e

for every j =0,..., M.
With this, we are now ready to prove the theorem. Let {P; : j € N} be
a dense sequence of polynomials in H(C). The required function f will have

the form
f=>Y_1%(P)
j=1

Let k&1 = 0,Q1 = P1, and choose ko > k1 + degP;. Call Q2 = Ik2 (P2), where
ks is chosen to further satisfy the condition that |Q2(2)| < 55 for |z < 2.
Next, let k3 > ko+degPs, and call Q3 = I*3(P;) where k3 has been chosen
to further satisfy the conditions that

1 1
Q)] < g5, 124 < o, 1P )] < 55
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on |z| < 3. In general, let k, > k,_1+degP,_1, k, so large that if Q, =
I*»(P,), then

1 1 1
< QL () < =,...,|QW-1) () < =
|@n(2)l = 50 Qn(2)] = s (@ () < o

on |z| < n. Let f = > 7, Q,. We claim that f works. First, since
max|,|<, |Qn(2)| < 2%, it is clear that the series converges to f uniformly on
bounded subsets of C. Second, let g € H(C), R > 0, and € > 0 be arbitrary.
We choose ng € N so that ng > R and 2,%1 < €. Choose n > ng such that
max|;|<p, [9(2) — Pn(2)| < e. We claim that max ,|<p, [g9(2) — FED(2)] < 2.
In fact, this is very simple since if |z| < n, then

l9(2) = 5 ()] < 1g(2) = Pal2)] + 3 1QS)] < 2e.
i>n

O
C. Blair and L. Rubel [3] were perhaps the first to observe that one can
find a function f € H(C) satisfying the conclusions of both Theorem 1
and Theorem 2. Their proof involves a combination of the arguments given
above, together with a slightly more complicated application of Runge’s the-
orem. As we will see in the next section, the Blair-Rubel result is subsumed

by several other considerably stronger theorems.

3. CONVOLUTION OPERATORS

Let O(H(C)) = {L : H(C) — H(C) : L is continuous, linear, and com-
mutes with translations }. In other words, O(H(C)) consists of all linear,
continuous operators L such that for any a € C and f € H(C), we have
L(tof) = 71o(Lf); here 7,f(2) = f(z + a). The elements of O(H(C)) are
called convolution operators. The easiest non-trivial examples of such op-
erators are those described in Theorems 1 and 2 above, namely L(f)(z) =
f(z +a) and L(f) = f'. In what follows, entire functions of exponential
type will play a major role. Recall that Exp(C) = {g € H(C) : for some
C,R >0, |g(2)| < Ce®* for every z € C}.

The basis for this section is the very beautiful paper [6] of G. Godefroy
and J. Shapiro, which in turn relies heavily on the independent work of C.
Kitai [8] and R. Gethner and J. Shapiro [5]. These papers provide a sufficient
condition for the hypercyclicity of operators on Fréchet spaces. We recall
their hypercyclicity condition in Theorem 5, below.

Proposition 3. The spaces O(H((C)), H'(C), and Exp(C) are isomorphic
as vector spaces.
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Sketch of Proof. (1). Given L € O(H(C)), define Ty, : H(C) — C by
Tr(f) = L(f)(0). Conversely, given T' € H'(C), let Ly : H(C) — H(C)
be given by Lr(f)(w) = T(rwf). It is routine that Ly, = L for every
L € O(H(C)), and conversely that Ty, = T for every T € H'(C).

(2) Given T € H'(C), let T : C — C be given by T'(\) = T(e*?). Since T
is continuous, there are C' and R > 0 such that [T'(h)| < Cmax,<g |h(2)].
Therefore |T'(\)| < C max,|<p |e*?| = CefIM. For the other direction, given
an entire function g which is of exponential type, let T, € H'(C) be defined

by Ty(f) = > 0 wf(") (0). Note that an entire function g is in Exp(C) if

n=0 n!
and if sup,, | g(")(O)]% < 00, from which convergence of T}, easily follows. [J

We next indicate why the three spaces are isomorphic as algebras. At
first glance, this may seem surprising: Exp(C) is obviously a commutative
algebra under pointwise multiplication. On the other hand, while O(H(C))
is an algebra under composition of operators, it is not at all clear that it
is commutative. Finally, there is no obvious multiplication on H'(C). To
remedy this, for S and T' € H'(C), let S+ T : H(C) — H(C) be defined by
S«T(f) = S(T = f) where, in turn, T x f(\) = T(7»f). It is not difficult
to verify that for Ly, Ly € O(H(C)), T1 01, = 11, * TL,, and furthermore
for Ty, Ty € H'(C), Tl/*\Tg = Tlfg. The conclusion is summarized in the
following;:

Proposition 4. The three spaces O(H(C)), H'(C), and Exp(C) are isomor-
phic as algebras.

We omit the proof of the following fundamental theorem, due indepen-
dently to C. Kitai and R. Gethner and J. Shapiro. The proof makes use of
only the Baire category theorem (plus some cleverness).

Theorem 5. (Hypercyclicity Condition) [5, 8].

Let T : X — X be a continuous linear operator on a Fréchet space X.
Suppose that Y and Z are dense subsets of X and that there is a mapping
S : Z — Z such that the following three conditions are satisfied:

(i). Forally € Y, T"(y) — 0 as n — oo.

(ii). For all z € Z, S™(2) — 0 as n — oc.

(iii). To S =1.

Then T is hypercyclic; that is, there is a vector xy € X such that the set
{zo, Tx0,...,T"x0, ...} is dense in X.

Note that in the above, Y and Z need not be vector spaces, nor is it
necessary that S be linear or continuous.
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The following result was originally proved for convolution operators act-
ing on H(C"). In order to maintain a consistent presentation, we have opted
to state and prove it only in the one variable case (although there are no
particular difficulties in extending the argument to H(C")).

Theorem 6. [6] Let L € O(H(C)) be a convolution operator which is not
a multiple of the identity. Then L is hypercyclic.

Proof of Theorem: Let L € O(H(C)) be any convolution operator which
is not a multiple of the identity. By Proposition 3, corresponding to L is a
unique fun.ction g1 € Exp(C), where if gr(z) = > 72 a;2? then L(f)(z) =
>0 a;fU(2) (2 € C, f € H(CT)). It is useful to observe that L is a multi-
ple of the identity if and only if the associated function gy, is constant. Note
also that for each fixed b € C, the function fy(2) = e is an eigenvector of
L L(fo)(z) = 325 a0 fuo(2) = gr(b) fo(2). To continue the proof, we will
need the following result:

Sublemma 7. For each open, non-empty subset V' C C, span{f, : b€V}
is dense in H(C).

Proof of Sublemma. Fix b € V. For all sufficiently small § > 0,b+§ € V
and it is easy to verify that

elb+d)z _ bz

lim —— — ze
6—0 )

bz

in H(C). Thus, ze** € span{f, : b€ V}. Next, 22¢* € span{f, : bec V}
ebz[eéz

%_M € span{f, : b€ V}. Continuing, we conclude that for
every n € N, 2"e?* € span{f, : b€ V}. Now, let f € H(C) be arbitrary,
and let S°°° ja,z" be the Taylor series of g(z) = e % f(z). Thus, f can
be represented as f(z) = e®?g(z) = Yo, a,z"e’, and the Sublemma is
proved. [l

since

Returning to the proof of Theorem 6, let V ={b e C : |gr(b)| < 1} and
let W ={beC : |gp(b)| > 1}. Note that both V' and W are open and
non-empty, since gy, is non-constant. Let’s apply the hypercyclicity condi-
tion with Y = span{f, : b € V} and Z = span{f, : b € W}, and verify
conditions (1), (2), and (3) of Theorem 5. First, (1) follows directly from
the fact that L™(fy) = g (b)"fy — 0 as n — oo for each b € V. As for (2)

and (3), define S: Z — Z by S(fy)(2) = % for b € W, extending linearly
to all of Z. Note that S is well-defined and clearly satisfies L o S(f;) = fp
for all b € W. Thus (3) holds. As for (2), since |gr,(b)| > 1, it is clear that

S™(fp) — 0 for each b € W, and hence S™ — 0 pointwise on Z. O
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The proof of the Sublemma is somewhat more direct than that given in
[6]. By this Sublemma, span{f, : b € C} is dense in H(C). Since each f; is
in the range of L, the following is obvious:

Corollary 8. Every non-zero convolution operator L has dense range.

Proof. Let L # 0 be a convolution operator. If L = cI, then it is clear
that L is surjective. Otherwise, Sublemma 7 and the proof of Theorem
6 above apply, to give that each f, € range L, and therefore H(C) =
span{f, : b€ C} = L(H(C)). O

At this point, we should mention that much more is true. In fact, it is
a result of Malgrange [10] that every non-zero convolution operator L is
surjective. Since we already have most of the preliminaries, we will sketch
this argument, which was extended by C. Gupta [7] to the class of nuclear
entire functions of bounded type on a Banach space. The proof rests on the
following technical lemma:

Lemma 9. [10] Suppose that g1, g2, and g3 are in H(C)), such that g; =
g2 - g3 and go # 0. If both g1 and g9 are in Exp(C), then so is g3.

Proposition 10. Suppose that L; and Ly are in H(C)" with Ly # 0.
Suppose that for all complex polynomials P and all A\ € C, the following
implication holds: If Ly * (P(2)e*?) = 0, then Ly (P(2)e??) = 0.
Then
2l Exp(C).
2

Proof. Suppose that ) is a zero of order k of Ly. Then L ‘)()\) = 0 for every
j <k, and a computatlon shows that then Ly(27e**) = 0 for all such j. By
hypothesm, L1(27e**) = 0 as well, which implies that ) is a zero of (at least)

order k of Ly. This proves that é—; € H(C) and the conclusion follows from
Lemma 9. ]

Theorem 11. [10] If L € O(H(C)) is non-zero, then it is surjective.
Proof. The proof makes use of the Dieudonné-Schwartz theorem [4]: If
u : E — F is a linear continuous operator between Fréchet spaces E and
F, then u is surjective if and only if u! is injective and u' has weak-star
closed range in E’. So, in order to prove the theorem, it suffices to show
that L' has weak-star closed range and is injective. As for the latter as-
sertion, suppose that L'S = 0 for some S € H/(C). Therefore, for all
f € H(C), LtS(f) = S(Lf) =S(Ty = f) =S*=T(f) =0. Consequently,
S+T =0, and so ST = 0. Since L = 0, it follows that T = 0. Thus, S =

and so S = 0.
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Next, let’s show that L! has weak-star closed range. In fact, we’ll show
more, namely that

(¥) L'(H(C)) = {f € H(C) = L(f) =0}

This equality will prove the result, since {f € H(C) : L(f) = 0}*+ =
N{T € H(C) : T(f) = 0}, the intersection being over all f such that
L(f) = 0. Now, each set {T" € H(C)" : T(f) = 0} is clearly weak-star
closed, and it follows that L!(H(C)’) is weak-star closed. To prove (*)
above, take a functional of the form L!(T). For any f such that L(f) = 0,
LYT)(f) = T(L(f)) = 0, and so we have proved that the left hand side
of (*) is contained in the right hand side. For the converse, suppose that
T € {f € H(C) : L(f) = 0}+. By Proposition 10,

T
— € Exp(C).
7 P(C)
T = S * L. Thus, for any entire function f, T(f) = (f)=8S(Txf)=

L
S(L(f)) = L*(S)(f). In other words, T belongs to L!*(H(C)’), and the proof
is finished. O

Proposition 4 yields that 7' = S % L for some S € H(C)', and consequently
*
(

Corollary 12. Given a convolution operator L which is not a multiple of
the identity, there is a dense vector space M C H(C) such that for every
feM, f#0,theset {f,L(f),..., L"(f),...} is dense in H(C).

In other words, there is a dense subspace of H(C), every non-zero element
of which is hypercyclic for L.
Proof. Let M = {P(L)(f) : P is a polynomial}. By Corollary 12, for
any P # 0, P(L) : H(C) — H(C) has dense range. Thus, for each non-zero
P, {L™(P(L)(f)) ne N} =P(L)({L"(f) : ne€N})is dense in H(C). In
other words, every non-zero element of M is hypercyclic for L. O

We conclude with some recent partial results and some open problems.

First, we do not know of a completely satisfactory extension of Theorem 6
to convolution operators acting on a space of entire functions of infinitely
many variables. There has been some limited progress in this direction by
the first author and J. Bes [1], as well some interesting related work by H.
Petersson [11], but the following problem remains open:
Problem. Let L : Hny(E) — Hpyp(E) be a convolution operator acting on
the space of entire functions of nuclear-bounded type on a separable Banach
space E (see [7] for background notation and terminology). If L is not a
multiple of the identity map, is L hypercyclic?

Second, and perhaps of greater interest, is the question of what other
operators L : H(C) — H(C) are hypercyclic? We show here that certain
analogues of the differentiation operator are hypercyclic, while others are
not.



ON UNIVERSAL FUNCTIONS OCTOBER 29, 2002 9

Theorem 13. For A\, b € C, define T' : H(C) — H(C) be given by
T(f)(z) = f'(Az +b). Then T is hypercyclic provided |A| > 1.

Proof. Since the case when A = 1 has already been covered in Theorems
2 and 6, there is no loss in generality in assuming that A # 1. The proof
consists in applying the Hypercyclicity Condition of Theorem 5, where Y =
Z will be the space of analytic polynomials in X = H(C). A straightforward
calculation shows that

1—An
T )

So, condition (i) of Theorem 5 is satisfied. (In fact, it is satisfied for any
A € C.) Next, let S: Z — Z be defined as follows:

1 ORI S k+1
S(Zk):chrl( ) ) ’

and extended linearly. It is easy to verify that T o S(z¥) = 2*, so that
condition (iii) of Theorem 5 is also true. As for condition (ii),

R - IS A
S(zk)_(k—i-n)!( - ) :

n(n—1)

T'f(z) =Xz fOI (N2 +]

Therefore, for any R > 0,

k
S™(2F)] < o (R+[b|(1 + [A])) "
s |87 ()] < sy (R + (L D)
since |A| > 1, which tends to 0 as n — oo. Thus, condition (iii) holds for all
2* and therefore it holds for all polynomials. O

It should be noted that unless A = 1, the operator T' is not a convolution
operator; although it is clearly linear and continuous, T' does not commute
with translations. One particular case of the above result is noteworthy. If
we let T'(f)(z) = f’(e%z%z) where p,q € N, then T is hypercyclic. A direct
argument for this result is easy, since T9(f) = f(9 which is a convolution
operator. It is trivial that if a power of an operator is hypercyclic then the
operator itself is hypercyclic, and so T is seen to be hypercyclic. However,
there does not seem to be a way to use this easy observation to conclude

that T(f)(z) = f'(Az) is hypercyclic if |A\| =1, X\ # 2t

The following result complements the preceeding Theorem by showing
that in a sense, the “weighted differentiation” operator Ty, Th(f)(z) =
f'(Az), acting on H(C) behaves in an analogous manner to the weighted
backward shift By : fo — f5. In the latter case, B) is hypercyclic if and only
if [A| > 1. Indeed, the condition is obviously necessary since if |A| < 1, then
||Bal] < 1. In Theorem 13, we showed that T is hypercyclic if [A| > 1, and
we now show that this condition on A is also necessary.
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Proposition 14. For any A € C such that |A\| < 1 and any f € H(C), the
sequence (T (f))n — 0. Consequently, for these A, T) is not hypercyclic.
Proof. Fix f and A as in the proposition, and let R > 0. As noted in the
proof of the previous theorem,

TR(f)(2) = N2 fM (),

n(n—1)
2

Therefore, max|,<g T (f)(2)] = |A
n such that [\"R| < % an application of Cauchy’s inequality shows that the

n(n
2

. —1) .o -
above is < n!|\ 2" max|,|<1 | f(w)]. Now by Stirling’s formula, this is
dominated by an expression of the form

n—1
n(ne oA
c(g)nznp\ Rl C[M

| max|,|<g | () (A™2)|. For all large

e "

Since n|)\|n771 — 0, we conclude that max,|< |T5'(f)(2)| — 0 as n — oo.
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