BOUNDARIES FOR SPACES OF HOLOMORPHIC FUNCTIONS ON
M-IDEALS IN THEIR BIDUALS
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ABSTRACT. For a complex Banach space X, let A,(Bx) be the Banach algebra of
all complex valued functions defined on Bx that are uniformly continuous on Bx and
holomorphic on the interior of By, and let A, (Bx) be the Banach subalgebra consisting
of those functions in A4, (Bx) that are uniformly weakly continuous on Bx. In this
paper we study a generalization of the notion of boundary for these algebras, originally
introduced by Globevnik. In particular, we characterize the boundaries of Ay, (Bx)
when the dual of X is separable. We exhibit some natural examples of Banach spaces
where this characterization provides concrete criteria for the boundary. We also show
that every non-reflexive Banach space X which is an M-ideal in its bidual cannot have
a minimal closed boundary for A, (Bx).

1. INTRODUCTION

A classical result of Silov ([30], [31, Theorem 7.4] or [17, Theorem 1.4.2]) states that if
K is a compact Hausdorff topological space and A is a unital and separating subalgebra
of C(K) then there is a minimal closed subset M C K such that || f|| = maxear |f(m)]
for every f € A. This set is known as the Silov boundary for A.

Five years after Silov’s paper, Bishop ([11, Theorem 1]) proved that if A is a separating
Banach algebra of continuous functions on a compact metrizable space K, then K has a
minimal subset M (not necessarily closed) satisfying the following condition:

For all f € A, there exists m € M such that [f(m)| = || f]] ().

In fact, M is the set of all peak points (see definition below) for A.

About twenty years after the classical results of Silov and Bishop, Globevnik [21]
considered the problem of extending those results to the setting of certain subalgebras
A C Cy(£2), where € is a topological space which is not necessarily compact, and where
Cy(£2) denotes the space of continuous and bounded functions on © endowed with the
usual sup norm.

Following Globevnik, we make the following definition.
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Definition 1.1. We say that a subset I' of a topological space () is a boundary for a
function algebra A C Cy(92) if

| f|l = sup{|f(x)| sz €T}, forall fe A

Globevnik studied the boundaries for two important algebras of holomorphic functions
that are closed subalgebras of C,(€2) in case € is the closed unit ball of the complex Banach
space ¢ (see [20, 21]). The pioneering work of Globevnik was followed by many authors
(see, e.g., [6], [27], [28], [13], [1], [2], [14], [4], [15] and [12]), who studied the existence
and characterization of such generalized boundaries. These authors considered algebras of
holomorphic mappings defined on the closed unit ball of concrete complex Banach spaces
which were, by and large, sequence spaces.

Our aim here is to study more general situations, and our results will contain many of
the cases already studied. We will be more specific below, after introducing some notation
and definitions.

Some classes of subsets of {2 play an essential role in the characterization of the bound-
aries for the subalgebras of C,(2) that we are going to consider. We introduce these classes
of sets in a more general setting, since they will be important in the characterization of
the boundaries for other algebras of functions.

If © is a topological space, an element zy € ) is a peak point for a subspace A of
Cp(Q) if there exists a function f € A such that

flzg) =1 and |f(z)] <1, forall z € Q\{zo} .

If €2 is a metric space, then xq € () is a strong peak point for A if there exists a function
f € Asuch that f(zo) =1 and for all € > 0, there exists § > 0 such that

if d(x,xz9) > e, then |f(z)]<1—-6.

Throughout, X will be a complex Banach space with unit sphere, resp. closed unit ball,
denoted by Sy, resp. Bx. The dual of X will be written X’. A point x € Sx is called a
complex extreme point of By if

ye X, |lx+Ay|| <1forall Ae C |\ <1 implies that y=0.

Given a Banach space X, the set of all complex extreme points of Bx will be denoted by
EXtcB X

If A is a subalgebra of C,(€2) containing 1 and S = {¢p € A" : ¢(1) =1 = ||p||}, then
to each z € Q corresponds the element ¢, € S, where 0,(f) = f(x) for all f € A. The
Choquet boundary for A is the set y.A of all x € 2 such that d, is an extreme point
of §§. Given a Banach subalgebra A of C,(2), we denote by p.A and by 9.4, respectively,
the set of peak points for A and the closed boundary contained in every closed boundary
for A. We remark that if € is a compact Hausdorfl space, 9 A exists and is called the
Silov boundary for A. However, without the presence of compactness, 9.4 may fail to
exist.

In Section 2, we study boundaries for the algebra A, (Bx) (resp. Ay (Bx)) of uniformly
(resp. weakly uniformly) continuous functions on By that are holomorphic on the interior
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of the ball. We give special attention to the case when X is the canonical predual of a
Lorentz sequence space, characterizing the complex extreme points of the unit ball of
the bidual of this space, and thereby obtaining precise information about boundaries for
Awu (BX ) .

In the final section, we provide a wide class of Banach spaces X for which there is no
minimal boundary for the algebra A, (Bx) of continuous and bounded functions on Bx
that are holomorphic on the interior of Bx. In particular, we show that this occurs when
X is a proper M-ideal in X” and, after renorming, when X contains a complemented
copy of ¢g.

2. BOUNDARIES FOR SOME ALGEBRAS OF HOLOMORPHIC FUNCTIONS

Various types of boundaries have already been considered in [6] and [12]. For instance,
the set T of complex extreme points of By__ is a closed boundary in the sense of Definition
1.1 for the larger algebra A, (B, ), but there are also closed boundaries I' C By_ such
that ' T = @. On the other hand, Sy, is the intersection of all closed boundaries for
As(By,), 1 < p < oo. In [12], the authors describe boundaries for A, (Bx) for certain
spaces X whose bidual is a Marcinkiewicz space. They show that the set of complex
extreme points of By is a non-empty closed set but that no minimal boundary for A, (Bx)
exists.

For a complex Banach space X, let A,,(Bx) be the Banach algebra of those complex
valued functions defined on the closed unit ball Bx of X that are weakly uniformly
continuous on By and holomorphic on the interior of By, endowed with the sup norm
and let A, (Bx~) be the Banach algebra of all complex valued functions defined on
the closed unit ball By~ of X” that are weakly star (uniformly) continuous on Bxn
and holomorphic on the interior of Bx~, endowed with the sup norm. In this section
we are going to study the boundaries for the Banach algebra A,,(Bx) in case X is a
complex Banach space whose dual is separable. We will present a characterization of the
boundaries for A,,(Bx) in terms of the complex extreme points of Bx». Later we will
apply the general results to some special cases.

The space of all holomorphic functions from X into C that, when restricted to any
bounded subset of X, are uniformly weakly continuous will be denoted by H,,,(X), and the
space of all holomorphic functions from X” into C that, when restricted to any bounded
subset of X" are (uniformly) w*-continuous will be denoted by H,«,(X"). For every
non-negative integer n, we will write Py, ("X) := P("X) N Hypu(X) and Py, ("X") =
P X") N Hypeo (X"), where P("X) is the space of continuous n-homogeneous polynomials
on X. Let A,(Bx) denote the Banach algebra of all complex valued functions defined
on By which are uniformly continuous on By and holomorphic on the interior of By
endowed with the sup norm. Let Hy(X) be the space of all holomorphic functions from
X into C that are bounded on bounded subsets of X. Since (Bx»,w*) is compact, the
boundaries I" for A,,«,(Bx~) (in the sense of Globevnik) that are w*-closed are boundaries
for A« (Bxr) in the standard sense, that each f € A+, (Bx~) achieves its norm.

Proposition 2.1. The space of all functions f € Ay (Bx) such that f = g|Bx for some
g € Hy(X) is dense in Ay (Bx). Moreover, for each [ € Ayu(Bx) there exists a unique
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f € Auwu(Bxn) such that f|Bx = f. In addition, the extension mapping f — f is an
algebraic and isometric isomorphism.

Proof. The proof of the density in A,,(Bx) of the space of all functions f € A,.(Bx)
such that f = g|Bx for some g € H,,(X) can be found in [18, Proposition 6.1]. Given
f € Auu(Bx), since f is uniformly w-continuous on By, By is w*-dense in By~ and
o(X", X')x = o(X,X'), there exists a unique extension f of f to By» which is w*-
continuous. By the above, there exists a sequence (g,) in H,,(X) such that (g,z,)
converges to f in Ay, (Bx). For each n, take the unique g, € Hy,+,(X") that extends g,
([26, Theorem 8 and Remark 9]) . It is easy to check that (g,|Bx~) is a Cauchy net in
the Banach algebra A,«,(Bx~), and so it converges to a function g € A+, (Bx~) that
satisfies g = f. The equality || f|| = || f || follows by density, as does the fact that the
extension is a homomorphism. This completes the proof. O

Remark 2.2. The above proposition shows that the Banach algebra A,,,(Bx) enjoys the
property that it is “essentially” the uniform algebra A,,(Bxn~). As such, questions about
boundaries for the algebra A, (Bx) transfer to similar, easier questions for A, «,(Bx).
Thus, for instance, a subset I' C By is a boundary for A,,,(Bx) (in the sense of Definition
1.1) if and only if I" is weak-star dense in the Silov boundary 0.A-,(Bx»).

Roughly speaking, this occurs because A, (Byx) consists of a relatively small set of
functions that have very good properties. On the other hand, except in certain very
unusual situations, the algebras A,(Bx) and A (Bx) are much larger and have a much
more complicated maximal ideal space (homomorphism) structure. Thus, for instance,
one can find a copy of SN\N in the fiber structure over interior points of A, (By,) [7], and
so the Silov boundary of such algebras seems extremely difficult to determine.

Proposition 2.3. If X is a Banach space whose dual X' is separable and ' is a subset

of Bx, then T is a boundary for A,.(Bx) if and only if T contains all the complex
extreme points of Bxn.

Proof. First, we recall that (By~,w*) is a compact Hausdorff topological space which is
also metrizable since X' is separable. Let P(Bx») C C(Bx») denote the Banach algebra
generated by the constants and the restrictions to By~ of the elements of X'. So, by
using a result due to Arenson [5], we have that ExtcBx» = xP(Bx»~) and in view of [25,
Theorem 9.7.2], we have xYP(Bx») = pP(Bx»). It is clear that pP(Bx») C pAy+u(Bxr)
and by [20, Theorem 4] we know that pA,,(Bx~) C ExtcBx». From this we deduce that
pAyu(Bxr) = ExteBxr. Moreover, by Bishop’s Theorem ([11, Theorem 1]), we know
that pA,«,(Bx»~) is the minimal boundary for A, (Bx»).

We are ready to prove the stated result. If T' is a boundary for A,.,(Bx), then in
view of Proposition 2.1 we have that T is a closed boundary for Ay (Bxn). Thus, it
contains the mini*mal boundary WhiC}*l in this case coincides with ExtcBx». Conversely,
if ExtcByr C T, it is clear that T" is a boundary for A+, (Bx~) and, by Proposition
2.1, T is also a boundary for A, (Bx). O
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Remark 2.4. It is not known if the separability of X’ is essential for the necessity in this
result.

Now we will apply the previous result to some special cases. We sketch a proof of the
following fact, which will be used in these applications.

Proposition 2.5. Let X be a complex Banach space such that P,,("X) = P("X) for
everyn > 1. Then A,(Bx) = Auu(Bx).

Proof. We show that any f € A,(By) is weakly uniformly continuous on By. For this,
let ¢ > 0 be arbitrary. Since f is uniformly continuous on By, we can find s > 1 so

that sup,<; |f(z) — f($)] < 5. Since fs(z) := f() is holomorphic on séx it can be
approximated uniformly on By by its Taylor series Y ", P,. That is, SUD| (i< | fs(2) —
Yoo Pu(z)] < 5. The proof is concluded by observing that each P, is weakly uniformly
continuous on By and that A,,(Bx) is complete. O

It is well known that Propositions 2.3 and 2.5 apply to ¢q . We can also apply Propo-
sition 2.3 to some other special cases.

We start by considering the space T* defined by Tsirelson in [32]. The Tsirelson’s space
is a reflexive Banach space with Schauder basis. For all n > 1 every element of P("7T*)
is weakly sequentially continuous (see [16, p. 121]) and, since 7* does not contain a copy
of ¢4, by [22, Theorem 4] we have that P, ("T*) = P("T*) for every n > 1. So, these
propositions apply and we deduce that a subset I' of By- is a boundary for A, (Br+), if
and only if, T" contains all the complex extreme points of By-.

The definition of the Tsirelson-James space T can be found in [8], where the authors
show that the T7 satisfies the equation Py, (") = P("T;) for every n > 1 and that T
has a shrinking ba51s and so its dual is separable. So, Propositions 2.3 and 2 5 apply and

we have that a subset I' of By, is a boundary for A, (Br;) if and only if ' contains all
the complex extreme points of the closed unit ball of the bidual of T75.

The rest of this section is devoted to another application of Proposition 2.3. In order
to do so, we need to recall the definition of the Lorentz sequence space d(w,1) and its
canonical pre-dual d,(w, 1). For more details we refer to [29, 19].

Given a decreasing sequence w of positive real numbers satisfying w € ¢o\ ¢, the com-
plex Lorentz sequence space d(w, 1) is the space of all sequences z : N — C such that

sup{z |z(o(n))|w, :0€ H(N)} < 400

(where II(N) is the set of permutations on N), endowed with the norm given by

|z|| = sup{z 2(o(n)|wn : o € H(N)}.

Moreover, if for each bounded complex sequence z we define
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asn(z):sup{(JZ w) Slal)

‘J|:n ]E-]
(where |.J| denotes the cardinality of the set J C N), we consider the space of the complex
sequences z such that lim, ...¢,(z) = 0, endowed with the norm given by

Il = max ¢,.(2) .

This space is denoted by d.(w, 1), and it is a complex Banach space. It is easy to check
that d.(w,1) C ¢y as a set and {e;} is a normalized Schauder basis in d.(w,1) (where
e; = (05:)32,, for alli € N). It is known that the space d.(w,1) is a predual of the
Lorentz sequence space d(w, 1) (see [29, 19]).

For a sequence x € ¢y, we will denote by z* the decreasing rearrangement of z, de-
termined by the properties that it is a decreasing sequence of non-negative real numbers
such that

{z; :n e N} C{|z,|:n e N} C{z} :neN}U{0},
and

Hn e N:z) =|zp|H ={n € N:z,| = |zn|}, forallnge{neN:z, #0}.

It is known ([29, Lemma 8] and [19, Theorem 11]) that the dual d'(w, 1) of d(w,1) is
the space of complex sequences z such that sup, ¢y @n(2) < 0o, endowed with the norm
given by

Izl = SlélNWn(Z) (z € d(w,1)).

We remark that d’'(w, 1) is a subset of ¢y and

ol = sup{ (W) " 2}, forall 2 € d'(w, 1),

k=1
where W, = Z w; for each positive integer n and Wy = 0.

Our first result shows that in case when X = d.(w, 1) where w ¢ ¢, for all p € N the
study of A, (Bg.(w,)) reduces to the study of the algebra Awu(Bd*(wJ))

Proposition 2.6. If w ¢ €, for all p € N then Ay(Ba, (w,1)) = Awu(Bd.(w,1))-

Proof. By using Examples I11.1.4¢, Corollaries I11.3.7 and I11.3.3 of [23], every nonre-
flexive subspace of d,(w, 1) contains an isomorphic copy of ¢o. From this we infer that
d.(w, 1) does not contain an isomorphic copy of ¢;. Since d,(w, 1) has the approximation
property, by [9, Proposition 2.12] and [10, Proposition 2.7] we have Py .("di(w, 1)) =
Puu("di(w, 1)) = Pr("di(w, 1)), where Pys.("di(w, 1)) denotes the space of the complex
valued weakly sequentially continuous n-homogeneous polynomials on d,(w, 1). More-
over by [24, Theorem 3.2] we have that P("d.(w, 1)) = Puysc("di(w, 1)) for every n > 2
whenever w ¢ (, for all p € N, and it is clear that P('d.(w,1)) = Pysc(*di(w,1)) =
Puu(di(w, 1)). Therefore we have that Py, ("d.(w,1)) = P("d.(w,1)) for every n > 1
and the result follows by using Proposition 2.5. U
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Let us observe that the condition A,(Bg, (w,1)) = Awu(Ba,(w,a)) clearly implies that
P("di(w, 1)) = Pupu("di(w, 1)) for every n. In view of [24, Theorem 3.2], we deduce that
w ¢ £, for all p > 1. Hence the above result is a characterization of when w € £,,.

Since the dual of d,(w, 1) is separable, Proposition 2.3 can be used to characterize the
boundaries for A, (Bq, (w,1))- This characterization will be given after we describe the set
of complex extreme points of the unit ball of its bidual.

Lemma 2.7. Let X = d'(w,1) and z = (2;) € Bx a non-negative, decreasing sequence of
real numbers. Then z is a complex extreme point of Bx if and only if

lim inf {Wn — i zk} = 0.

k=1
Proof. Assume first that (z;) is a decreasing sequence of non-negative real numbers sat-

isfying liminf {Wn - > zk} =0. Let y = (yx) € X be such that for all A € C, |\ =1,
k=1

(1) Iz + Ayl < 1.

For every n € N, let us denote
tn = |2n + Yn| + |20 — Yn| — 220, Zp = sz, and T, := Ztk.
k=1 k=1

It is easy to verify that ¢, > 0 for every k € N, and consequently (7},) is an increasing
sequence. Moreover, for every n € N we have

Z = 5 X 2= g(E et ul el ul) =57 (v (1)

1 T, T,
< — _— = _ .
< Q(Wn + W) 5 W, 5

From the hypothesis liminf {W,, — Z,} = 0 and from the fact that & < W, — Z, for
every n € N we infer that (7;,) has a subsequence (7}, ) that tends to 0. Consequently, as
(T,,) is increasing and non-negative, we get that T,, = 0 for every n € N and hence t,, = 0
for every n € N. We then obtain that

2z, = ‘(zn +yn) + (Zn - yn)‘ = ‘Zn +yn| + |Zn - yn|7

and from this equation and from the fact that (z,) is a sequence of positive real numbers
we infer that v, € R for every n € N. Now, if we repeat the same argument replacing ¢,
by

t = |zn + tYn| + |20 — iyn| — 224,
we obtain that iy, € R for every n € N. Since y,, € R and iy, € R, it follows that y, = 0
for every n € N, so y = 0. This proves that z is a complex extreme point of By in case
that z is a non-negative decreasing sequence.
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n

Conversely, if z is a C-extreme point of By, we will prove that lim inf {Wn— > zk} =0.
k=1

In case z € ¢y it is easy to see that z is not a complex extreme point. We argue by

contradiction. Suppose that lim inf{Wn - > zk} = (0. Since z € Bx and lim inf{Wn —
k=1

> zk} =0, it follows that lim inf{Wn - > zk} > 0. By the assumption, the set {n €
k=1 k=1

N: ¢,(z) = 1} is finite. Let N := max{n € N: ¢,(z) =1} if {n € N: ¢,(2) =1} # () and
N =1 otherwise. As z ¢ ¢y and z € ¢, given kg > N we may choose kg < k <1 <m
as follows: k is the smallest natural number bigger than ky such that 2y, > 2, [ is the

smallest natural number bigger than k such that z; > z; and m is the smallest natural
number bigger than [ such that z; > z,,.

We set g = %infn>N{Wn — Z:Zl zs},e = min{zko — Zg, 2k — 2,2 — zm,eo}, and
y = e(ex — €;). We will verify that
lzxyll <1, flziy| <1.
We first remark that our assumption implies that ¢y > 0 and so ¢ is positive and y # 0.

It is easily checked that the above conditions imply that z is not an extreme point of By.
Clearly, (z 4+ y) = 2z = z, for every n < ky. So for every j < kg, we have

J J
dz+yi=) zn<W;,
s=1 s=1

while for every kg < 7,

J ko J
S+yi = D n+ Y (z+y)
s=1 s=1 s=ko+1

ko J
< Dzt > zte
s=1 s=ko+1
J
= Z Zs+ €
s=1
< W,

Therefore, ||z + y|| < 1 and the same argument also gives ||z — y|| < 1.
Next, it is clear that
|(z +iy)k| = |2 +ic| < 2z + ¢,

4yl =la—ie| <z +e
and that for all n < kg,
(z+1iy); = zn.
By the choice of m, for every n > m and s < m, we have

(z 4+ 1y); = zn, foralln>m
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and
Zr = 2m < |zs +iys|, foralls <m .
So, for all j < ko,
J J
Y (etiy)i=) 2z < W
s=1 s=1
For ky < j, by the choice of € we have, as in the first case,
J J J
Z(z—l—iy): < 26+ZZS < 260—1—225 <W;.
s=1 s=1 s=1

This shows that ||z +dy|| < 1. Using a similar argument, we get that ||z —iy|| < 1, which
shows that z is not a C-extreme point of By . O

Theorem 2.8. Let X = d'(w,1). If z € Bx, then z is a complex extreme point of Bx if
and only if iminf {W, —>"7_, 2t} = 0.

Proof. Before starting the proof, we observe that given any infinite set M C N and an
arbitrary bijection o between N and M, the subspace F C d'(w, 1) given by

(2) E:={zed(w1):xz,=0foral ne N\M}
is isometric to d’'(w, 1), by the isometry T': £ — d'(w, 1) given by
(3) T(l‘) = (xcr(n)) (.I € E)

Now assume that z € By and liminf, {W, — >} zi} = 0. If z; # 0 for every k,
it follows from Lemma 2.7 that z is a complex extreme point of the unit ball since the
set of complex extreme points of the unit ball is invariant under isometries. Otherwise
supp z # N and the assumption lim inf,, {W,,—>",_, z;} = 0 implies that supp z is infinite.
Assume that ||z + Ay|| < 1 for some y € d'(w, 1) and for every A € C with |A\] < 1. For
M := supp z, consider the subspace E and the isometry T : E — d'(w, 1) defined as
in (2) and (3), respectively. Let Pg : d'(w,1) — E be the canonical projection from
d'(w,1) onto E. It is easy to verify that for all A € C, || <1,

1Pe(z + Ay)ll <1,
and so
ITPs(=+ )] < 1.
Let us write z := T Pg(z) and § := T'Pg(y). We know that
Iz + Xyl <1,

for all A € C, |A\[ < 1. Since zy(,) # 0 for every n, we can apply the previous argument to
Z to deduce that y = 0, that is, Y@,y = 0 for every n. This means that y,, = 0 for every
m € M. We will check that y = 0. Assume that y; # 0 for some k € N\ M. Since w € cq,
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there exists an integer N such that w,, < |yx| for every m > N. Let us fix € < |yg| —wn 1.
By the assumption, liminf {W, — > 7, z;} = 0, and hence for some n > N we have

n
W, — Z 2, <€.
k=1
So, there is J C M with |J| =n such that W,, — ., |%| < e. From this we infer that

Wn+1 =W, + wpp1 < Z |ZZ‘ +et+wpp <
ieJ

< Z |zi| + |ye] — wys1 + W1 <

icJ

DLl + lyl

icJ
and so, since J C M and k ¢ M, ||z + y|| > 1. Since this is impossible, we have proved
that y = 0 and that z is a complex extreme point of By.

Conversely, if z is a C-extreme point of By, we prove that lim inf {Wn - > z,j} = 0.
k=1

In case z € ¢ it is easy to see that z is not a complex extreme point. We remark that

|z| :== (]zx]) is a complex extreme point of By whenever z is a complex extreme point
of By. Since z ¢ coy we have that M := supp z is infinite. Let E be the subspace
defined in (2) and T the isometry given in (3). Hence Pg(|z|) is a complex extreme point
of Bg. Consequently T'Pg(|z|) is a complex extreme point of Byx. By Lemma 2.7, we
infer that liminf {W,, — >",_, |zo(|} = 0, where ¢ : N — M is a mapping such that
|2o(n)| = 2*(n) for every n. This completes the proof since the previous condition implies
that liminf {W, —>"7_, 2} = 0. O

*

Proposition 2.9. If X = d,(w,1), we have Bxn = EXt(C(an)w .

Proof. Let us fix " € Bx»\ {0} and choose any ng € N such that P, 2" # 0, where P, is
the natural projection. Let m be the number of elements in the set J = {k < ng : |2} #
0}. As

1i {Wm+k+1 — Wik
"

k+1—k } = lim{wm s} =0,

SO -
. m+k |
hi“{ k } =0
Hence
1 >
. " _
i35 b)) =0
Therefore, we can choose an integer k such that

1 —
0= E(Wm““ _ Zl |x;'|) < min{|2!| : i € T}.
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ng
We remark that 2” € Byxr implies Y |2 = >
i=1

e 7| < Wiy < Wiy for every k € N

and so a > 0. Let
no+k

y:=P,2" +a Z € .

i=no+1

We claim that y € Bx and sup_,1x 2. Uil = Witk 1€, ¢mir(y) = 1. To see this,
jeJ
we first remark that

Iyl = sup  &p(y)

1<p<m-+k

since y has only m + k non-zero coordinates.
As a < min{|z| : i € T}, we have

Ym € {l2f] 7 €T}
and so
Ym > 0= [Yngr1] = - = [Yno+i] -
Hence, for all 1 < p < m we have
Iglggjezj ly;] < ll[?i};jezj || < W, .

For p = m + k we have

no

no no
sup Yyl =D x|+ ka =Y |af| + Winer = Y [af]| = Wi
1 =1 =1

|J|[=m-+k jeJ =

Finally, let p = m 4 r with 1 < r < k. Clearly

m-+r m-+k
EWoir —1r Wi = (E—=1) Wy + (k=) Z w; — T Z w;.
i=m-+1 i=m+r+1

As w is a decreasing sequence of positive real numbers we have

min{w;, :m+1<i<m-+r}=wyuir > W1 =max{w;, :m+r+1<i<m-+k},

and so
m+r m—+k
(k—r) Z w; —r Z w; > (k= 1r)rwpgr — r(k — r)wpmir > 0.
i=m+1 i=m-+r+1
Consequently,

k Wm+7’ - T Wm+]€ Z (k—?“) Wm
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and so

War > %((k — )W, + TWm+k)

no
(=) S Ll W)
=1

no 1 no
DI AR AT PEH)
=1 i=1
no
= Z || + ra
i=1
=  max Z\yﬂ-
jeJ

Vv

|J|=m+r <

This completes the proof that y € Bx and ¢y, 41 (y) = 1.

Summarizing, we have just proved that there exist k; € N and a positive real number
aq such that

no+k1
yW=Pa"+a Y e
1=ng+1
satisfies ¥ € By and ¢, r(yV) = 1. We recall that ng is any nonnegative integer

"

satisfying P, (2" ) # 0. Continuing the process, we obtain an increasing sequence (k;) C N
and a sequence (a;) C ¢o such that a; > 0 for all j € N so that the element

n+ki n+ko ntk;
1 "
Yy = P, 2" + ay g e; + as E e+ ...+a; E e
Z:n+1 z:n+k1+1 Z:n+k]_1+1

satisfies
y9 € Bx and ¢pyr, (y9) =1 forall 1 <i<j.

It is easy to check that the weak*-limitz" of (y/)) is a complex extreme point of By~ in
view of Theorem 2.8 and that P, (z") = P,,(2"). Now, we can repeat this construction in
order to get a sequence (2, )2, C Extc(Bxr) such that P,(2") = P,(z") for every n large

w

enough. Clearly (2)) Y, 2" and this completes the proof of By, = Exte(Bxr) . O

Corollary 2.10. A subset I' of By, (wa) s a boundary for Awu(Ba.(wz)) if and only if

Bywyy =1 As a consequence, if w ¢ ly, for every 1 < p < oo, then I' is a boundary
fOT’ Au(Bd’(wJ)) lf and Only Zf Bd/(w,l) = fw
Proof. Since d(w, 1) is a separable Banach space, the result follows by using Proposition

2.3 and Proposition 2.9. The second statement follows immediately from Proposition
2.6. 0
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One way of summarizing a number of these results is to say that [' is a boundary for
Ayu(Bx) if and only if I is w*-dense in the set of complex extreme points of By». As we
have already noted, the set of complex extreme points of By__ is itself w*-closed, whereas
Proposition 2.9 shows that the complex extreme points can also be w*-dense in By~ in
some cases.

3. ON THE EXISTENCE OF THE MINIMAL CLOSED BOUNDARY FOR A (Bx)

There have been a number of contributions to the study of the existence of the minimal
closed boundaries for larger algebras of holomorphic functions defined on the unit ball of
a complex Banach space (see [6, 21, 27, 28, 13, 1, 14, 2, 4, 3]). For instance, we know that
for X = ¢y, di(w,1), K(H) and C(K) (when H is an infinite dimensional Hilbert space
and K is an infinite compact space), there is no minimal closed boundary for A, (Bx).
In this section we will give a more general result that includes almost all the previous
cases. We will concentrate on the Banach algebra A (Bx) of all complex valued functions
defined on By that are continuous and bounded on Bx and holomorphic on the interior

éX of Bx. Clearly Awu(Bx) - Au(Bx) - AOO(B)()

In order to do this, it will be convenient to introduce the following property. We say
that a Banach space has property (%) provided it satisfies the following condition:

There is 0 < r < 1 such that for every xy,25 € Bx and € > 0, there are y;,y> € By
and u € X satisfying ||y; — x| <€, i = 1,2, dist (u, Lin (y1,92)) > 7, and ||y; + Au|| <
1, 1=1,2, forall A € T, where T denotes the set {A € C: |\| =1}.

It is easily checked that the spaces ¢y, d.(w, 1) and K(H), for an infinite-dimensional
complex Hilbert space H satisfy (x), and so some of the results appearing in [2] can be
deduced from the following theorem.

Theorem 3.1. If X is a complex Banach space that satisfies the above property (x), then
every closed boundary for A (Bx) contains a proper closed subset which is a boundary

for A (Bx).

Proof. Given a positive number e, we first choose 0 < § < min{l — 7,4 and then let
R > 0 satisfy ‘”—}{’” < g, where r € (0,1) is the real number in the definition of (x).
Assume that I" is a boundary for A, (Bx) and let z; € I'. Given h € A (Bx), there is
x5 € By such that |h(z2)] > ||h] — 4. By using the continuity of & and the assumption
on X there are elements y; € Bx (i = 1,2) and v € X such that ||y; — ;]| <9, |h(y2)| >
IR]| =2, ly; + Aul| <1, for all A € T, and dist (u, Lin (y1,92)) > 7 .

We choose uf, € Sxs such that uj(y;) = 0 for i = 1,2 and |uj(u)| > r. Let Ao be a
complex number with [Ag| = 1, chosen so that

(4) |h(y2 + Aow)| = |h(y2)| -
Now we choose po € C satisfying |uo| = 1 and
|Rh(ya + Aow) + proug(Aow)| = [RR(y2 + Xou)| + |ug(u)] -
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We define the function g by
g(x) :== Rh(x) + poug(z)  (z € Bx) .
Since h € Ay (Bx), g also belongs to A, (Bx) and we have
lgll = lg(y2 + Aow)
= |Rh(y2 + dou)| + [ug(u)|  (by (4))
> |Rh(y2)| + |ug(u)|  (by the choice of ug and ys)
> R|h||—d+7.

Since I' is a boundary for A, (Bx), there is v € I" such that |g(v)| > R|h| — 3 + 7.
Hence we have

() R[|h]| + |ug(v)] = RlA(v)| + [ug(v)] = |g(v)| > R[|A]| =0+,
and so,

lug(v)| >r—4 .
By the choice of y; and 6 we have

lv =zl = v =will = llypr = 2]
> Jug(v —y1)| =6
= Jug(v)] =0

T
> —20 > — .
> r 5

In view of (5) we also obtain

R|h(v)| +1 > RIh(v)| + |ug(v)| > R||h|| =6+

and so 5
—0+r—1
()] > 1Al + ———F—— > Inll — <.
We have proved that I'\(z; + §Bx) is also a boundary for A (Bx). O

The following is a consequence of the above proof.

Corollary 3.2. Let X be a complex Banach space that satisfies the above property ().
There is a positive number s satisfying that if ' C Bx is a boundary for A (Bx) and

xry € I, then I'\(z; + séx) s also a boundary. Therefore, there is no minimal closed
boundary for As(Bx). The same result also holds for every subalgebra A C A (Bx)
that contains the 1-degree polynomials on X .

We now provide a wider class where the same result can be applied.

Definition 3.3. ([23, Definition 11.4.1]) A Banach space is said to have the intersection
property if for every € > 0, there is a finite set G C Sx and § > 0 such that whenever
r € X is such that ||z £ z|| <146 for all z € G, then ||z|| <e.
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One large class having the intersection property are those Banach spaces having the
Radon-Nikodym property (see [23, Proposition 11.4.2]). However, as we will see, spaces
that lack the intersection property are also of interest.

The following implication is easy to verify and will be useful in the proof of the next
lemma.

(6) If [+ 2] <1, then |x+tz]| <1forallte[—1,1]

Lemma 3.4. A Banach space X lacks the intersection property if and only if for some

r € (0,1) the following property holds: For every finite set F' Céx there is some u €
X, |lu|| > r, such that for all z € F,

|z £ ul| <1.
Proof. 1t X fails the intersection property, then for some 0 < g < % we have that for any
finite subset G of Sx and § > 0 there exists © € X satisfying ||x| > ¢ and ||z£z| < 146,

for all z € G . Take F' C zoax, finite and let G := {ﬁ 2z € Fz # 0} C Sx. Choose

s := max{||z|| : z € F} <1 and apply the hypothesis to G and 0 < § < min{% — 1,1} to
get an element = € X, ||z|| > eo, such that for all 0 # z € F,

Now it suffices to take u = 75 and r := 3 < 7% and use (6) to show that for all
0#z€F,

= ixH <1+6.
2]l

|z £ ul| <1.
We can clearly take ||u]] <1, so, if 0 € F', the above inequality is also satisfied for z = 0.

Conversely, suppose that for some r» > 0 we have that given any finite subset F' of Bx,
there exists u € X, ||u|| > r, that satisfies

|z tul <1,

for all z € F' .
Given a finite subset G C Sx and § > 0, take F' := % Céx. By hypothesis, there is

u € X, ||lu|| > r, such that for all x € G,
x
e

iqul.

So, for all z € G,
|z £u(l+9)|| <140,

and ||u(1+ )] > r(1+3d) > r. Hence X does not have the intersection property. O

We now give a broad class of Banach spaces to which Theorem 3.1 can be applied. In
order to do this, we will relate the intersection property and property ().

Proposition 3.5. If X is a Banach space not satisfying the intersection property, then
X satisfies property (x).
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Proof. Since X does not have the intersection property, there is » > 0 satisfying the
condition stated in the previous lemma, so we know that » < 1. Now, if x1, 29 € Bx and

e > 0, we choose n > 0 such that 2n < min{e, %} and let z; := Flnxl (1 = 1,2). Hence
there is u € X such that
(7) r<lul] and [zz+ul] <1

for all z € F, where ' C ﬁB  is a finite set such that

1
8 CcF d —By C F+nByx,
(8) {21, 22} an 47 M +nbx

and M := Lin {z, 22}
For each A € T, A\z; € ﬁBM (i =1,2) and so for some z € F, ||Az; — z|| <n. Then

9) Az +ul] < || Az —z]| + Iz +ul| <1+7.

If we take y; := o (i=1,2) and v := we also obtain that

2 — u
1+n (14n) 1+n?

lyi — zill < llyi — 2l + [z — @il <2n <e
and we deduce from inequality (9) that
[Ays + ol <1,

forall A\ e T .

Let us write d := dist (u, M). There is my € By such that ||u — my| = d. If mg =0,
then d = [Ju|| > r. Otherwise, by using (8) and (7) we have H”z—gu + UH <142n If
my, € Sx satisfies m{(mg) = [|my||, then |Re mg(u)| < 27.

If m{, € Sy satisfies mg(mo) = ||mol|, then |Re m{(u)| < 2n.

From the inequality

[Imoll = m(u)|= [mg(mo — w)]| < [lmo —ul| = d

we obtain

lmoll = d < [Re mg(u)| < 2n,
that is,

lmoll —2n < d .
If [|mo|| < g then
roor
d = lJu—mall > ul ~ fmoll >~ = ="

Otherwise

d> [lmoll =225 -2 >

2 4

In any case we obtain d > 7 and so dist (v, M) > > 5
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We recall that a Banach space X is an M-ideal in its bidual if there is a decomposition
X" = X"®; X+, that is,
2" + 2™ = [|l"|| + [|="]],
forall 2/ € X', 2" € X" N X+ . X is said to be a proper M-ideal in X" if it is an M-ideal
in X” and it is not reflexive.

Corollary 3.6. Assume that X is a complex Banach space which is a proper M-ideal in
X" and let A be an arbitrary subalgebra of A (Bx) containing the 1-degree polynomials
on X. Then every closed boundary for A contains a proper closed subset which is a
boundary for A. In particular, there is no minimal closed boundary for A.

Proof. 1t is known that a proper M-ideal in its bidual does not have the intersection
property [23, Theorem 11.4.4], so in view of Proposition 3.5, it satisfies property (x).
By Corollary 3.2, there is no minimal closed boundary for A for every subalgebra A of
A (Bx) containing the 1-degree polynomials on X. O

Since d,(w, 1) is a proper M-ideal in its bidual (see [33, Proposition 2.2] or [23, Examples
II1.1.4c]), we deduce that there is no minimal closed boundary for A, (B, (w,1))-

The next result is due to Whitfield and Zizler in the real case and it provides a class
of spaces to which the last theorem can also be applied. The same argument used in the
proof of [34, Theorem 1.c| also works for the complex case.

Proposition 3.7. If (X,|| ||) is a Banach space that contains a complemented copy of
o, then there exists an equivalent norm ||| ||| in X such that (X, ||| |||) has the following
property. If K is a compact subset of the closed unit ball By of (X, ||| |||) and 0 < s < 1
then there exists w € X such that |||ul|| > s and K +u C By. Hence (X,||| |||) satisfies

property (x).

As a consequence of Proposition 3.7 and Corollary 3.2 we obtain the following result:

Corollary 3.8. If (X, || ||) contains a complemented copy of cq, there exists an equivalent
norm ||| ||| in X so that if By is the closed unit ball of (X, ||| |||) then every closed boundary
for A(By) contains a proper closed subset which is a boundary for As(B1). In fact, there
is a positive number r such that if I' C By is a boundary for Ax(By) and z € T', then

F\(z+r§1) 15 also a boundary. Indeed, in this case, r can be taken arbitrarily close to 1.

Acknowledgements: The authors (especially the first author) are grateful to Gilles
Godefroy who posed some interesting questions and supplied the authors valuable refer-
ences. Part of this work was done during two visits of the third author to the Department
of Mathematical Analysis of the University of Granada. She wants to thank this Depart-
ment for its hospitality.



18 M.D. ACOSTA, R.M. ARON, AND L.A. MORAES

REFERENCES

[1] M.D. Acosta, Boundaries for spaces of holomorphic functions on C(K), Publ. Res. Inst. Math. Sci.
42 (20006), 27-44.
[2] M.D. Acosta and M.L. Lourenco, Silov boundary for holomorphic functions on some classical Banach
spaces, Studia Math. 179 (2007), 27-39.
[3] M.D. Acosta and L.A. Moraes, On boundaries for spaces of holomorphic functions on the unit ball
of a Banach space, In: Banach spaces and their Applications in Analysis, B. Randrianantoanina and
N. Randrianantoanina (Eds.), Walter de Gruyter, Berlin, 2007, pp. 229-240.
[4] M.D. Acosta, L.A. Moraes and L. Romero Grados, On boundaries on the predual of the Lorentz
sequence space, J. Math. Anal. Appl. 336 (2007), 470-479.
[5] E.L. Arenson, Gleason parts and the Choquet boundary of the algebra of functions on a convex
compactum, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 113 (1981), 204-207,
[6] R.M. Aron, Y.S. Choi, M.L. Lourenco and O.W. Paques, Boundaries for algebras of analytic func-
tions on infinite dimensional Banach spaces, in Banach Spaces (B.L. Lin and W.B. Johnson, Eds.),
Contemporary Mathematics, AMS, Providence, RI, 144, 1993, pp. 15-22.
[7] R.M. Aron, B. Cole, and T.W. Gamelin, Spectra of algebras of analytic functions on a Banach space,
J. Reine Angew. Math. 415 (1991), 51-93.
[8] R.M. Aron and S. Dineen, Q-Reflexive Banach spaces, Rocky Mountain J. Math. 27 (4) (1997),
1009-1025.
[9] R.M. Aron, C. Hervés and M. Valdivia, Weakly continuous mappings on Banach Spaces, J. Funct.
Anal. 52 (1983), 189-204.
[10] R.M. Aron and J.B. Prolla, Polynomial approximation of differentiable functions on Banach spaces,
J. Reine Angew. Math. 313 (1980) 195-216.
[11] E. Bishop, A minimal boundary for function algebras, Pacific J. Math. 9 (1959), 629-642.
[12] C. Boyd and S. Lassalle, Geometry and analytic boundaries of Marcinkiewicz sequence spaces,
preprint.
[13] Y.S. Choi, D. Garcia, S.G. Kim and M. Maestre, Norm or numerical radius attaining polynomials
on C(K), J. Math. Anal. Appl. 295 (2004), 80-96.
[14] Y.S. Choi and K.H. Han, Boundaries for algebras of holomorphic functions on Marcinkiewicz se-
quence spaces, J. Math. Anal. Appl. 323 (2006), 1116-1133.
[15] Y.S. Choi, K.H. Han and H.J. Lee, Boundaries for algebras of holomorphic functions on Banach
spaces, llinois J. Math. 51 (2007), 883-896.
[16] S. Dineen, Complex analysis on infinite dimensional spaces, Springer-Verlag, London, New York
(1999).
[17] T.W. Gamelin, Uniform Algebras, Prentice-Hall, Inc., Englewood Cliffs, N. J., 1969.
[18] D. Garcia, M.L. Lourenco, L.A. Moraes and O.W. Paques, The spectra of some algebras of analytic
mappings, Indag. Math. 10 (1999), 393-406.
[19] D.J.H. Garling, On symmetric sequence spaces, Proc. London Math. Soc. 16 (1966), 85-106.
[20] J. Globevnik, On interpolation by analytic maps in infinite dimensions, Math. Proc. Cambridge
Philos. Soc. 83 (1978), 243-252.
[21] J. Globevnik, Boundaries for polydisc algebras in infinite dimensions, Math. Proc. Cambridge Philos.
Soc. 85 (1979), 291-303.
[22] J.M. Gutiérrez, Weakly continuous functions on Banach spaces not containing £1, Proc. Amer. Math.
Soc. 119 (1993), 147-152.
[23] P. Harmand, D. Werner and W. Werner, M-ideals in Banach Spaces and Banach Algebras, Lecture
Notes in Math. 1547, Springer-Verlag, Berlin, 1993.
[24] M. Jiménez Sevilla and R. Payd, Norm attaining multilinear forms and polynomials on preduals of
Lorentz sequence spaces, Studia Math. 127 (1998), 99-112.
[25] R. Larsen, Banach Algebras. An Introduction, Pure and Appl. Math. 24, Marcel Dekker, New York,
1973.



BOUNDARIES FOR SPACES OF HOLOMORPHIC FUNCTIONS 19

[26] L.A. Moraes, Fxtension of holomorphic mappings from E to E”| Proc. Amer. Math. Soc. 118 (1993),
455-461.

[27] L.A. Moraes and L. Romero Grados, Boundaries for algebras of holomorphic functions, J. Math.
Anal. Appl. 281 (2003), 575-586.

[28] L.A. Moraes and L. Romero Grados, Boundaries for an algebra of bounded holomorphic functions,
J. Korean Math. Soc. 41 (2004), 231-242.

[29] W.L.C. Sargent, Some sequence spaces related to the (¥ spaces, J. London Math. Soc. 35 (1960),
161-171.

[30] G.E. Silov, On the decomposition of a commutative normed ring into a direct sum of ideals, Mat.
Sh. 32 (1954) 353-364 (Russian); Amer. Math. Soc. Transl. Ser. 2 1 (1955), 37-48 (English).

[31] E.L. Stout, The Theory of Uniform Algebras, Bogden and Quigley, Inc. Publishers, Tarrytown-on-
Hudson, N. Y., 1971.

[32] B. Tsirelson, Not every Banach space contains an imbedding of £, or co, Funct. Anal. Appl. 9 (1974),
138-141.

[33] D. Werner, New classes of Banach spaces which are M-ideals in their biduals, Math. Proc. Cambridge
Philos. Soc. 111 (1992), 337-354.

[34] J.H.M. Whitfield and V.E. Zizler, Extremal structure of convex sets in spaces mot containing co,
Math. Z. 197 (1988), 219-221.

DEPARTAMENTO DE ANALISIS MATEMATICO, UNIVERSIDAD DE GRANADA, 18071 GRANADA, SPAIN
E-mail address: dacosta@ugr.es

DEPARTMENT OF MATHEMATICAL SCIENCES, KENT STATE UNIVERSITY, KENT, OHIO, 44242,
UNITED STATES
E-mail address: aron@math.kent.edu

INSTITUTO DE MATEMATICA, UNIVERSIDADE FEDERAL DO RI10 DE JANEIRO, CP 68530 - CEP
21945-970 R10 DE JANEIRO, RJ, BRAZIL
E-mail address: luiza@im.ufrj.br



