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Introduction

Throughout, G will be a finite group.

We will write Irr(G ) for the set of irreducible characters of G .

Let H ≤ G . We ask what can be said about a character
χ ∈ Irr(G ) if χ = αG for every irreducible constituent α of χH .

Similarly, we ask what can be said about a character α ∈ Irr(H) if
α = χH for every irreducible constituent χ of αG .

We see that in general, we obtain a relatively weak conclusion.
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Introduction

If we make additional assumptions about H and G , we obtain
much stronger conclusions.

Let π be a set of primes.

We consider these questions in the case where H is a Hall
π-subgroup of G , where G is π-separable.

In fact, slightly weaker conditions on H and G are sufficient.

We present our main result regarding induction.
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Introduction

Theorem

Let H ≤ G , and write N = coreG (H). Suppose that H/N is a Hall
π-subgroup of G/N for some set π of primes, and assume that
G/N is π-separable. Let χ ∈ Irr(G ), and suppose that αG = χ for
each irreducible constituent α of χH . Then χ = βG for each
irreducible constituent β of χN .

The converse for this theorem is almost trivial.

To see this, suppose N ≤ H ≤ G and χ ∈ Irr(G ) has the property
that χ = βG for each irreducible constituent β of χN .
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Introduction

We are given an irreducible constituent α of χH .

If β is an irreducible constituent of αN , then χ = βG = (βH)G is
irreducible.

Thus, βH is irreducible.

Then βH = α and αG = χ.

Next, we consider restriction.
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Theorem

Let H ≤ G and write N = coreG (H). Suppose that H/N is a Hall
π-subgroup of G/N for some set π of primes, and assume that
G/N is π-separable. Let α ∈ Irr(H), and suppose that χH = α for
each irreducible constituent χ of αG . Then α = βH for some
character β of N. Also, the Hall π′-subgroups of G/N are abelian.

The conclusion in the first theorem that χ is induced from N and
in the second theorem that α is induced from N definitely do not
hold for arbitrary subgroups H of a group G .

In fact, there are counterexamples in which G is a 2-group. (In the
induction case, there is a counter example with |G | = 32.)
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If (αG )H is a multiple of α, then for each irreducible constituent χ
of αG , we can write χH = eχα, for some integer eχ depending on
χ.

We call these integers eχ = χ(1)/α(1) the associated
coefficients corresponding to α.

In this situation,
∑

(eχ)2 = |G : H|, where χ runs over the
irreducible constituents of αG .

Now, suppose that H is a Hall π-subgroup of a π-separable group
G and let α ∈ Irr(H).
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Assume that (αG )H is a multiple of α.

One consequence of the second theorem is that if all of the
associated coefficients are 1, then a Hall π′-subgroup K of G is
abelian.

We now see that this hypothesis can be weakened.

Theorem

Let G be π-separable for some set π of primes, and let H ≤ G be a
Hall π-subgroup. Suppose that α ∈ Irr(H) and that (αG )H is a
multiple of α. Then the Hall π′-subgroups of G are abelian if and
only if all associated coefficients are π-numbers.
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Introduction

We have an approximate converse for the second theorem.

We assume that H is a Hall subgroup of G , N is the core of H in
G , and α is induced from N.

We can drop the assumption that G is π-separable.

Also, we can weaken the assumption that (αG )H is a multiple of α
and assume only that there exists some character of G whose
restriction to H is a multiple of α.

In fact, we can weaken this still further and assume only that αN is
G -invariant.
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Theorem

Let H be a Hall π-subgroup of G for some set π of primes, and
write N = coreG (H). Let α ∈ Irr(H), and suppose that α = βH

for some character β of N. Suppose also that αN is G -invariant.
Then G has a Hall π′-subgroup K stabilizing β, and all such Hall
subgroups are conjugate via elements of N. Also, (αG )H is multiple
of α so the associated coefficients are defined, and they are exactly
the irreducible character degrees (counting multiplicities) of K , and
thus K is abelian if and only if all associated coefficients equal 1.
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Introduction

We note that the main idea in the proof of the last two theorems is
the generalization of the Gluck-Wolf theorem by Manz and
Staszewski which states that if G is a π-separable group, N is a
normal subgroup of G , and there is a character θ ∈ Irr(N) so that
no prime in π divides χ(1)/θ(1) for all χ ∈ Irr(G | θ), then G/N
has abelian Hall π-subgroups.

We also need the following technical lemma which is easy to prove:
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Lemma

Let H ≤ G , and write N = coreG (H). Also, let α ∈ Irr(H) and
suppose that (αG )H is a multiple of α. Let T be the stabilizer in
G of some irreducible constituent β of αN , write S = T ∩ H and
let γ ∈ Irr(S) be the Clifford correspondent of α with respect to β.
The following then hold:
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Introduction

Lemma

1 G = TH, and thus |G : T | = |H : S | and |G : H| = |T : S |.
2 (γT )S is a multiple of γ.

3 Induction defines a bijection from the set Y of irreducible
constituents of γT onto the set X of irreducible constituents
of αG .

4 If η ∈ Y and χ = ηG ∈ X , then χ(1)/α(1) = η(1)/γ(1), and
thus the associated coefficients for α and for γ are identical,
counting multiplicities.
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Applications

A conjecture of G. Navarro asserts that if G is π-separable and H
and K are respectively a Hall π-subgroup and a Hall π′-subgroup
of G , then G has an irreducible character of degree at least the
product of the maximal irreducible character degrees of H and K .

This would imply that if the maximal degree for H is equal to the
maximal degree for G , then K is abelian.

This consequence of Navarro’s conjecture is true:

Theorem

Let G be a group and let H and K be a Hall π-subgroup and Hall
π′-subgroup of G, respectively. If
max{χ(1) | χ ∈ Irr(G )} = max{θ(1) | θ ∈ Irr(H)}, then K is
abelian.
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Applications

Proof:

Pick α ∈ Irr(H) so that α(1) = max{θ(1) | θ ∈ Irr(H)}.

If χ is an irreducible constituent of αG , then χ(1) ≤ α(1), so
χ(1) = α(1).

It follows that for every such irreducible constituent χ of αG , we
have χH = α.

By our second theorem, K is abelian.
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In our second application, we consider p-Brauer characters of
p-solvable groups.

We write IBr(G ) for the set of Brauer characters of G .

Suppose that ϕ ∈ IBr(G ), where G is p-solvable.

If χ is an ordinary character of G , then we write χ◦ for the
restriction of χ to the p-regular elements of G .

We say that χ is a lift of ϕ if χ◦ = ϕ.
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By the Fong-Swan theorem, ϕ has at least one lift χ ∈ Irr(G ).

It is known that the number of lifts of ϕ can never exceed |P|,
where P is a defect group for the block B containing ϕ.

We ask when it happens that this maximum is attained.

I.e., we want to know under what conditions does it hold that ϕ
has exactly |P| lifts.

Mark L. Lewis Kent State University

Induction and Restriction of Characters and Hall subgroups



Introduction Applications Two general lemmas Ingredients Key Lemma Proof of Induction Theorem

Applications

By the Fong-Swan theorem, ϕ has at least one lift χ ∈ Irr(G ).

It is known that the number of lifts of ϕ can never exceed |P|,
where P is a defect group for the block B containing ϕ.

We ask when it happens that this maximum is attained.

I.e., we want to know under what conditions does it hold that ϕ
has exactly |P| lifts.

Mark L. Lewis Kent State University

Induction and Restriction of Characters and Hall subgroups



Introduction Applications Two general lemmas Ingredients Key Lemma Proof of Induction Theorem

Applications

By the Fong-Swan theorem, ϕ has at least one lift χ ∈ Irr(G ).

It is known that the number of lifts of ϕ can never exceed |P|,
where P is a defect group for the block B containing ϕ.

We ask when it happens that this maximum is attained.

I.e., we want to know under what conditions does it hold that ϕ
has exactly |P| lifts.

Mark L. Lewis Kent State University

Induction and Restriction of Characters and Hall subgroups



Introduction Applications Two general lemmas Ingredients Key Lemma Proof of Induction Theorem

Applications

By the Fong-Swan theorem, ϕ has at least one lift χ ∈ Irr(G ).

It is known that the number of lifts of ϕ can never exceed |P|,
where P is a defect group for the block B containing ϕ.

We ask when it happens that this maximum is attained.

I.e., we want to know under what conditions does it hold that ϕ
has exactly |P| lifts.

Mark L. Lewis Kent State University

Induction and Restriction of Characters and Hall subgroups



Introduction Applications Two general lemmas Ingredients Key Lemma Proof of Induction Theorem

Applications

We apply the standard “Fong reduction” for p-blocks of p-solvable
groups.

This tells us that there exists a subgroup U ≤ G and a U-invariant
character β ∈ Irr(N), where N = Op′(U), such that induction
from U to G defines bijections from the sets of ordinary and
Brauer irreducible characters of U that lie over β onto the sets of
ordinary and Brauer irreducible characters of the block B.

Also, U can be chosen so that the defect group P of B is a Sylow
p-subgroup of U.

In particular, there is a Brauer character θ ∈ IBr(U) lying over β
such that θG = ϕ, and the lifts of θ in Irr(U) are in bijective
correspondence with the lifts of ϕ in Irr(G ).
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Let H be a p-complement in U.

It is known that θH has an irreducible constituent α ∈ Irr(H) so
that α(1) = θ(1)p′ .

We show that if θ has |P| lifts, then every irreducible constituent
of αG is an extension of α.

We then use the second theorem to see that H is normal in U and
P is abelian.

Conversely, if H is normal in U and P is abelian, then H = N and
α is U-invariant.

It is not difficult to see that the |P| extensions of α to U will all be
lifts of θ.
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Two general lemmas

We next have two general results that are fairly easy to prove.

Notice that we are not making any hypothesis about the subgroup
H.

Lemma

Let H ≤ G and χ ∈ Irr(G ), and write N = coreG (H). Then the
following are equivalent.

1 (χH)G is a multiple of χ.

2 χ vanishes on G \ N.

3 χ vanishes on G \ H.
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Two general lemmas

Idea of proof of lemma:

Let V = V (χ) be the subgroup of G generated by elements g ∈ G
so that χ(g) 6= 0.

Since χ is constant on conjugacy classes, V is a normal subgroup
of G .

Thus, V ≤ H if and only if V ≤ N. (This proves (2) and (3) are
equivalent.)

For arbitrary x ∈ G , we have

(χH)G (x) =
1

|H|
∑
g∈G

ψ(gxg−1) ,
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where

ψ(y) =

{
0 if y 6∈ H

χ(y) if y ∈ H.

Since χ is a class function of G , we deduce that ψ(y) = χ(x)
whenever y ∈ H is conjugate in G to x .

This yields

(χH)G (x) =
m

|H|
χ(x) ,

where m is the number of elements g ∈ G such that gxg−1 ∈ H.
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If (χH)G is a multiple of χ, then by comparing degrees, we obtain
(χH)G = |G : H|χ.

Suppose x ∈ G satisfies χ(x) 6= 0.
This implies m = |G |.

We deduce that x ∈ N, and thus, χ vanishes on G \N, as required.
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Two general lemmas

Conversely, assume that χ vanishes on G \ N.

If x 6∈ N, then χ(x) = 0.

Since no conjugate of x lies in N, we have m = 0, and so,
(χH)G (x) = (m/|H|)χ(x) = 0.

If x ∈ N, we have m = |G |, so (χH)G (x) = |G : H|χ(x).

We conclude that (χH)G = |G : H|χ, and (χH)G is a multiple of χ.
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Two general lemmas

Lemma

Let H ≤ G and α ∈ Irr(H), and write N = coreG (H). Then the
following are equivalent.

1 (αG )H is a multiple of α.

2 αN is G -invariant and α vanishes on H \ N.

The proof of this lemma has a similar flavor.

We have an observation.

Recall that V (α) is the subgroup of H generated by elements
h ∈ H so that α(h) 6= 0.

Since α vanishes on H \ N, we see that V (α) = V (αN).

Because αN is G -invariant, this implies V (α) is normal in G .
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Ingredients

We now state several of the results that we need to prove the
theorems.

The proof of the next result relies on several results that are known.

First, we recall a result of S. Dolfi which asserts that whenever a
solvable group S acts faithfully on a group M, where |S | and |M|
are coprime, there exist elements x , y ∈ M such that
CS(x) ∩ CS(y) = 1.
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Assuming (as we may) that |CS(x)| ≤ |CS(y)|, it is immediate that
|CS(x)| ≤ |S |1/2.

We use a result of Hartley and Turull that says if a group S is
acting coprimely on a group G where at least one of G or S is
solvable, then A acts on an abelian group H where the sizes of the
S-orbits on H are the same as the sizes of the S-orbits on G .

Finally, we need a result of Itô that says that if G = AB where A
and B are abelian groups, then either A or B has a nontrivial core
in G .

Using these ingredients, we prove the following:
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Lemma

Let S be solvable and nontrivial, and suppose that S acts faithfully
and coprimely on a group M. Assume that CS(x) is abelian for
each element x ∈ M with the property that |CS(x)| = |S |1/2. Then
there exists m ∈ M such that |CS(m)| < |S |1/2.

Idea of Proof:

By the result of Hartley and Turull, we may assume that M is
abelian.

Mark L. Lewis Kent State University

Induction and Restriction of Characters and Hall subgroups



Introduction Applications Two general lemmas Ingredients Key Lemma Proof of Induction Theorem

Key Lemma

Lemma

Let S be solvable and nontrivial, and suppose that S acts faithfully
and coprimely on a group M. Assume that CS(x) is abelian for
each element x ∈ M with the property that |CS(x)| = |S |1/2. Then
there exists m ∈ M such that |CS(m)| < |S |1/2.

Idea of Proof:

By the result of Hartley and Turull, we may assume that M is
abelian.

Mark L. Lewis Kent State University

Induction and Restriction of Characters and Hall subgroups



Introduction Applications Two general lemmas Ingredients Key Lemma Proof of Induction Theorem

Key Lemma

Lemma

Let S be solvable and nontrivial, and suppose that S acts faithfully
and coprimely on a group M. Assume that CS(x) is abelian for
each element x ∈ M with the property that |CS(x)| = |S |1/2. Then
there exists m ∈ M such that |CS(m)| < |S |1/2.

Idea of Proof:

By the result of Hartley and Turull, we may assume that M is
abelian.

Mark L. Lewis Kent State University

Induction and Restriction of Characters and Hall subgroups



Introduction Applications Two general lemmas Ingredients Key Lemma Proof of Induction Theorem

Key Lemma

Working for a contradiction, suppose that |CS(m)| ≥ |S |1/2 for all
elements m ∈ M.

Dolfi’s theorem guarantees that there there exist elements x , y ∈ M
such that |CS(x)| = |S |1/2 = |CS(y)| and S = CS(x)CS(y).

By hypothesis, each of CS(x) and CS(y) is abelian.

Applying Itô’s theorem, we may assume without loss of generality
that there exists K normal in S with 1 < K ≤ CS(x).

Since M is abelian, Fitting’s lemma applies to the action of K on
M, and we have M = C × D, where C = CM(K ) and D = [M,K ].
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Key Lemma

Observe that C and D are S-invariant since K is normal in S , and
note also that x ∈ C .

Now, C < M since K is nontrivial and the action of S on M is
faithful.

Thus D > 1, and we can choose a nonidentity element d ∈ D.

Then d 6∈ C , and hence K does not fix d .

We show CS(xd) ≤ CS(x), and this containment is proper because
K ≤ CS(x) but K 6≤ CS(xd).

We conclude that |CS(xd)| < |CS(x)| = |S |1/2, and this is a
contradiction.
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Proof of Induction Theorem

Let N be a normal subgroup of a group G . A character θ ∈ Irr(N)
is said to be fully ramified with respect to G/N if θ is G -invariant,
and θG has a unique irreducible constituent.

To prove the theorems about induction and restriction, we also
apply a result by Howlett and Isaacs that says if N is normal in G
and N has an irreducible character that is fully ramified with
respect to G/N (i.e., G/N is a central type factor group), then
G/N is solvable. (The proof of this uses the Classification!)

We will also need the following elementary well-known fact.

Lemma

Let S ≤ G and M be normal in G with S ∩M = 1. Then
CS(m) = S ∩ Sm for each element m ∈ M.
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Proof of Induction Theorem

Proof:

We have CS(m) = CS(m)m ≤ Sm, so CS(m) ≤ S ∩ Sm.

Conversely, if x ∈ S ∩ Sm, we can write x = sm for some element
s ∈ S , and thus [s,m] = s−1sm = s−1x ∈ S .

Thus [s,m] ∈ S ∩M = 1.

It follows that s ∈ CS(m), and thus x = sm ∈ CS(m), as required.
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Proof of Induction Theorem

Recall the induction theorem:

Theorem

Let H ≤ G and write N = coreG (H). Suppose that H/N is a Hall
π-subgroup of G/N for some set π of primes, and assume that
G/N is π-separable. Let χ ∈ Irr(G ), and suppose that αG = χ for
each irreducible constituent α of χH . Then χ = βG for each
irreducible constituent β of χN .

Idea of Proof:

It suffices to show that βG = χ for one such constituent β of χN .

This is trivial if N = G , so we can assume that N < G , and we
proceed by induction on |G : N|.
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Proof of Induction Theorem

We write M/N = Oπ′(G/N).

Using induction, we show G = MH and H/N acts faithfully on
M/N by conjugation.

We then show that the stabilizer S of β is contained in H.

Since (χH)G is a multiple of χ, the earlier lemma implies that χ
vanishes on G \ N.

It follows that χ is the unique irreducible constituent of βG .
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This implies β is fully ramified with respect to S/N.

It follows by the Howlett-Isaacs theorem that S/N is solvable.

We show that X = S ∩ Sm is the stabilizer of β in Hm.

Let ν be an arbitrary irreducible constituent of βX .

It follows by the Clifford correspondence that νH
m

is irreducible,
and we write µ = νH

m
.
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Proof of Induction Theorem

We show that µ is an irreducible constituent of χHm .

Note that the hypotheses will apply to Hm, and so, χ = µG = νG .

In particular, νG is irreducible, and hence, νS is also irreducible.

Thus, νS = δ where δ is the unique irreducible character of S lying
over β.

We show that |X : N| ≥ |S : N|1/2, and if equality holds here,
X/N is abelian.
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Writing G = G/N and using the standard bar convention, we see
that S acts faithfully on M.

Given m ∈ M, we see by the above Lemma that S ∩ S
m

is the
stabilizer of m in S .

But S ∩ S
m

= S ∩ Sm = X , and thus X is the stabilizer of m in S .

We have now seen that for an arbitrary element m of M, the
stabilizer X of m in S satisfies |X | ≥ |S |1/2, and that if equality
holds, then X is abelian.
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Also, S is solvable and acts faithfully and coprimely on M.

In light of the key Lemma, this situation is impossible if S is
nontrivial.

We deduce that S = 1, or equivalently, that S = N.

Since S is the full stabilizer of β in G , it follows that βG is
irreducible, and thus βG = χ, as wanted.
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