IV,"SU] : SYMPOSIUM ON MATRIX COMPUTATIONS 203
M } ~10-9 x X X X X X X X|]
A2 0 x x x x x X X
A3 0 x X X X Xx X X
1010 matrix of order 3 with eigenvalues 0 x x x x X X X
' 2.5 %1076, —2.5x 10-8, —10-10 0 x x x x x x x|
0O 0 0 0 0 x x x
4. Finally, a matrix of order 8 whose elements are 60 0 0°0 0 x x
given by the first 64 5-digit groups of & was tried. 0 6 0 0 0 0 x x|

Here, the maximum subdiagonal element (with the
exception of elements 4,3; 5,4; and 8,7) was:

43 000 after 1 step 1100 after 5 steps
30000 ,, 2 steps 47 w 6,
20000 ,, 3 0.047 ,, 7 ,,

9600 , 4 3x105 ,, 8

and the approximate eigenvalues after 8 steps:

364 635; —88257; 55298; 21 957 4- 43 289i;
—43 567; 5271 + 26 688i.

This process, though time consuming, is almost
foolproof. 1t should not be extended too far, but rather
ended after about 15 steps (this is the mathematical
equivalent of 32 768 ordinary QR-steps). If, then, the
transformed matrix looks like

this indicates that we have 4 eigenvalues of nearly equal
moduli and another pair with nearly equal moduli.
In such a case, the square submatrices of order greater
than 2 along the diagonal are treated again by the same
process, but this time with a shift of origin, the amount
of shift being the common absolute value of the eigen-
values in the submatrix. The resulting Jacobi rotations
are then applied again to the full matrix, thus breaking

up the diagonal submatrices one by one into sub- |

matrices of order not greater then 2.

One may even obtain Schur’s canonical form by
computing in the complex plane only, in the last step.
This, however, has not actually been carried out.
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DISCUSSION

W. Givens (USA). In practical work do you advise a preliminary
reduction to Hessenberg form? If so, which method would
you use?

H. RUTISHAUSER (Switzerland). For the ordinary QR-trans-
formation, the methods of Givens or Householder, as proposed
by Francis, are highly desirable and reduce the amount of compu-
tation from O(#%) to O(n2) since the Hessenberg form is retained
by the process. The QR-Graeffe method, however, destroys the
Hessenberg property, and therefore it has to be re-established
after every step, which offsets any gain. In addition, I have no
proof of the convergence of the process, in this case.

A. NEwHoUSE (USA). Have you ever tried these methods with
rational arithmetic? :

H. RUTISHAUSER (Switzerland). No, but I know that because of

the root-squaring properties, it would. produce extremely long
numbers after a few steps.

A. S. HouseHOLDER (USA). How is this QUadratically convergent
method related to that published by you and Bauer some years ago?

H. RuTISHAUSER (Switzerland). The QR-transformation (ordi-
nary or Graeffe-type) is superior to the LR-transformation
(ordinary or Graeffe-type) because the former can easily be made
foolproof with respect to such failures as division by zero,whereas
the latter cannot (at least, not generally).

W. BORSCH-SUPAN (Germany). Would you recommend the
QR-process for matrices of Frobenius form?

H. RuUTISHAUSER (Switzerland). No, because the QR or QR-
Graeffe process would fill out the matrix and the process would
become uneconomical compared to the ordinary Graeffe process

4, ON VARIANTS OF SUCCESSIVE OVER-RELAXATION AND ALTERNATING DIRECTION.
IMPLICIT METHODS ’

R. 8. VARGA (US4}

The well known Peaceman-Rachford (1955) variant
of the alternating direction methods is defined by

(H+ ral) X012 = (repnd — V) xO + k,

1
(V4 repdd ) x@+D = (roql — H) xE+112) -k, ( )
where H and V are Hermitian, positive definite matrices.
Here, we are secking to solve iteratively the matrix
equation (H + V) x = k. Writing this as

X =T xO+g i>0, @

the major object is to minimize the error vectors
g = x—x which satisfy

€Em = (H Tri) €g m > 0. (3)
=1

Using spectral norms and the assumption that.
HV = VH, it is known that

firg< (oo 1) @

a<y<p ridy
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where the eigenvalues 7; of H and o; of V statisfy:
0 <o 100 fi.

This leads to the problem of selecting parameters
71(m) which minimize the right-hand side of (4), i.e.,
r(m) is any non-negative vector with m components.
We seck

dmle, B = dm[s]B, 1]
B rmy—y|\ ¢ (5)
- ot [ max TT[OR2] ¢

Wachspress ) has just published an elegant and simple
algorithm based on geometric and arithmetic means for
finding r¢(m) when m = 2%, k > 0.

Closely related to this is the work of de Boor and
Rice 2).

We want to determine the: asymptotic behavior of
dmlx, f], based on Wachspress’ results. Let Enlw, f]
be defined by

8] (HliI1 vl

—2 loge dm[x, < — loge

m

Emlx, f] = ©®

the last inequality following from (4) and (5). It is
easy to see that Egfw, ] is strictly increasing. More
precisely 3)
loge 2

g M
which directly establishes the existence of

lim Ey[x, f] = Eoolx, f].

0< Eox+1 — Eor <

From this, it can be shown that
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This asymptotic behavior was conjectured by de Boor
and Rice 2) for all m > 0.

Another variant of ADI methods has been given by
Kellogg 4), based on a suggestion in a paper by
D’yakonov 5). Instead of (1) we write

(H + raad) XD = (renl —H) xO + k)

9
(VA riad) x4 = (ryal = V) x@H12) + kg, S ¥

where k; + kg =
seen that

k. For fixed r > 0, it can be easily

e

x@+1/2) >y, xUH) 5z | — oo,

(10)
so that

(x(i-{‘l/z) + x(‘!'f‘l)) — x,

(11)
where (H + V) x = k. This can be viewed as a form
of Cesaro summability.

Hageman ®) has done some recent work on the

application of the theory of regular splittings to cychcall
reduced matrix equations.
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nle f] exp (3 Ewlx, 1)/ ’ @9 o6, ,
DISCUSSION

J. DougLAs (USA). The alternating direction method of D'yako-
nov does not generalize directly to the decomposition of the
basic matrix into the sum of three or more matrices. The process

converges, but to the wrong answer. A modification of the process

-does converge to the correct answer at a very slow rate.

5. CALCULATION OF MATRIX EIGENVECTORS AND EIGENVALUES, ARISING IN
THE APPROXIMATE SOLUTION OF EQUATIONS OF MATHEMATICAL PHYSICS

A. A. ABRAMOV (USSR)
Read by A. A. Dorodnicyn (USSR)

5.1 INTRODUCTION

In practical computation one has to deal with problems
of lincar algebra, which approximate problems in
spaces of ‘infinite dimensions.

Large algebraic problems of this type usually indicate
an algebraic problem of smaller dimensions which gives
the principal part of the solution of the large problem.
Therefore, it is desirable to perform calculations in the
following way. First, solve the small problem which
approximates the large one, then introduce a small
number of relatively easily calculated corrections, or
indicate a speedily convergent iterative process, which:
requires at each of its steps the solution of a problem of
small dimensions.

In this report, results obtained by a group of scientists
of the Computing Centre of the USSR Academy of
Sciences are given.

5.2 ProsLeM 1

Let A be an Hermitian matrix of order N. Let the
eigenvallies be numbered in an ascending order, i.e.,
Ay < ds < ... < An. The eigenvalues A and corres-
ponding eigenvectors z of A4 are required, where by
definition, we have

Az = Az, (1)

Let 4 and z be arranged in the block form as shown:




