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1. INTRODUCTION

For any nonnegative integer m, let m,, denote the collection of all real poly-
nomials of degree at most m, and for any nonnegative integers m and n, let
7,» denote the collection of all real rational functions 7,,,(x) of the form

D)
Paa(X) = , Wherep, em, and g,ecm, 1.1
(%) 7.9 P g (L.1)
With this notation, let
Apw= inf  { sup |r,.(x)—e¥}, m<n, (1.2

rmn€nman 0<Sx<cw

be the error associated with the best Chebyshev rational approximation in
T t0 €7 in [0, +0). It is known ([7], p. 55) that there exists a unique
Pr.o(X) € 7., such that
Apn= SUpP [Py (x)—e. (1.3)
O0sx<co
In this paper, we specifically give (in §4) the value of A, ,and A, ,for0<n<9
and 0 < n < 14, respectively, along with the associated minimizing Chebyshev
rational approximations #, ,(x). These A,, , and 7, ,(x) were determined because
they can be used in the numerical solution of certain heat-conduction problems,
and this is illustrated in §3. In a sense, the results of §§3 and 4 continue the
original investigation of [7], where only A, , and A, , were given.

! Work performed under the auspices of the U.S. Atomic Energy Commission.
2 This research was supported in part by AEC Grant AT(11-1)-1702.
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where g,(x) is defined by

gu(x) = mmé —e* 2.3

We establish

LeMMA 1. For any integer n = 0, we have

0= gux) = W. Sor x=0. (2.4)

Proof. Obviously,
g(0) =0.
Now, let # = 1. Since
e*> S,(x) for x >0,
it follows that
g(x)>0 for x> 0.

Let & be a positive number at which g,(x) possesses its maximum in [0, ).
Then by differentiating (2.3), we have

.M.:NAMV — mlm.
S,.2(6)
Because of
Sy (x) = Sp_1(x),
this implies that

(8 + e =e (g (§) + 7).
Taking square roots, we derive that
02 &) =4[l +g1(H)ef]? — 1}
<e €3, 1(§)ef =1gu-1(9).

Therefore,
0= gx) <% max g,.,(x) forall x 0. 2.5)
Ost<ow
Thus, as
max ~WOAXV_ = H—u
0sx<w
then (2.4) follows by induction. OmU

LemMA 2. For any integer n 2 0, we have

e on 1
max e <
= ey

053cw |Sulx — o)

(2.6)

o being the real solution of (1.7).
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- Proof. We shall prove that
1
|&n(x)] = 5

holds not only for x = 0, but even for x Z —an. Then, putting

X =1~ «un,
it follows that
1 1
—irr o p—(t—anm) o >
S —am) e <75 forallz 2 0,
which gives (2.6).

To prove the above reduced proposition, let n = 1. Writing
® . v\.\
S(n=er— 3 %,
Jj=n+1 J:

we see that for0 < y < an < n + 1, the above seriesis an alternating series whose
terms decrease in modulus monotonically to zero. This gives us that

_ _ u\a.l
¥y — y —_—
ev<S(—y)y<e?+ TESIk neven, .7
and
u\=+—
=Y o - =y
e CES <S(~y)<e?, n odd, (2.8)

for 0 < y < an. To obtain a (positive) lower bound for the left side of (2.8) for
0 < y < an, we observe that

B u\=+— B A2=v=+~ ==+~ Awﬁ + C_ e~on
Yy _ Y an ___ —— _ ntl
T MEDI” ¢ T Dl D A *
§=+_ NI:.I«V: I
> i‘l@m;mﬂ\C'.l m I\NS.R - QARm:.oQ:wv
the last inequality following from Stirling’s inequality. But since
1
RQQEL — Mlmlom
from (1.7), and
R n
“kwﬂxlﬁAMﬂav “VM
2e
for alln > 1, then
.<=+~ ==+~ @IC.IS:

e’ foralln=1, O<y<an. (2.9

TR CES)
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The inequalities (2.8), (2.9) imply for odd n that -

1 1
— Y —pY
oA.w%Iv\v e Amé > [4
Tm+ 1!
.w\=+_ e
_ .v\-l._
DYe? — ——=
0 (=)
R:.Z ::.I exr o
S it = H(ee ) = >
Consequently,
1
oAE —e < for n odd, 0<ys an. 2.10
S.(=») n Y ( )
For n even, one similarly arrives at
u\ai
0> -———>— 2y
) B SV
==+~ e "
> (Qe+1n
N T TR GL A
-
i
Consequently
! e > : for neven O<y<an (2.11)
....... - - , < an, .
59 > d
and (2.10) and (2.11) imply the desired inequality (2.6) " Q.E.D.
Lemma 2 directly gives us
THEOREM 1. For any integer n 2 0, we have
1
< < S Aoy S e
0< >= n >= -1,n = = >o.= = ANmﬂvau Amev

where o is the solution of (1.7).

COROLLARY. Let {m(n)}2_q be any sequence of nonnegative integers such that
0 < m(n) < n for each n > 0. Then,

Bm gy, )" < £ = 0.43501 ... @.13)

n-> N
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2. Now, we want to show that at least in the case m = 0, the speed of

convergence of the sequence A, , is not greater than geometric. Again, we need
two lemmas. First, we introduce the quantity

K, =min " max [P, (x)— mx_v. 2.19)

Pupemn | 0<x<2n/3

LEMMA 3. Suppose that there exists a sequence of polynomials {Q,(x)}y_o with
0,(x) € m, foralln >0, a real number q > 2, and an integer ny such that

forall x = 0 and forall n 2 ny. 2.15)

Then,
K, S -——5mi—:  forn z n. (2.16)

Proof. First, observe that e*®<2. Then, from (2.15), it follows for
0 = x £%n,n > ng, that

1
O<e™>—qgm= Se*+q7,
7= 0.6 7
and therefore
S 1m®@vlmng€mx .

QI&Q=+~| H l&lk&:lu

Thus,
(e2) 0
—¥| € e <xs <
[Qu(x) — €e¥| = ey =1 for0sx=%n  n=n,

from which (2.16) is evident. Q.E.D.

LeEMMA 4. For any integer n =2 0,

mu\u Saﬁ
NW: > W§ . , AN.#QV

Proof. Writing
n
X = w Q + :“
we see that

K,= inf " sup _m,_Qv[m,.i::_“.

Prena {—15ts+1
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For t € [-1, +1], we have the representation

n(t+1)/3 . n/3 wm S Wu
¢ e |1, @LLW@ @ ().

Here, T, (¢) denotes the v-th-Chebyshev polynomial of the first kind and

o]

(22
I(2)= T
) Noiis_

is the Bessel function of order v with so-called purely imaginary argument.
Obviously,
IL(x)>0 for x> 0.

By a theorem of Hornecker (cf. [4], Theorem 66), then

o0
n
3
K,z2¢e” M Lous oy va
u=0

Since
n S:.:
I va > R ES )k
it follows that
/3 n et
Ky>26" i @ Z36m+ )
which establishes (2.17). Q.E.D.

Now, we are able to prove

TueoREM 2. For the quantity o, defined in (1.4), we have
o =% (2.18)

Proof. By Theorem 1, we know already

(o8] < W.
For every number g with
o < w <1, (2.19)
there exists, by the definition of o, a sequence of polynomials Q,(x) and an
integer n, such that the assumptions of Lemma 3 are satisfied. Combining
(2.16) and (2.17) we see that for all n = no, the inequality

&:E 33,1 &n\uz

36+ ! (ge iy —1
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must hold. Using Stirling’s formula, i.e.,

iA/\Mwmxami_T[T Hv
4n

leads to

gt < (e*3)+3 :: + Hv 6" kwﬁL A va nZn.

Thus, as e*® < 2, it is clear that the above inequality is valid for all n=n,
only if

g=<6.

Since ¢ is an arbitrary number which has only to satisfy the inequalities (2.19),
itis obvious that

gy = W. o.m.o.

3. APPLICATIONS TO HEAT-CONDUCTION PROBLEMS
We begin with the matrix differential equation
w%HImnANv+mu t>0, 3.hH

subject to the initial condition
c(0) =& (3.2

Here, A and B are assumed to be commuting Hermitian and positive definite
N X N matrices, and é = (¢, ¢, ..., €y)T. The solution e(¢) of (3.1)~(3.2) can be
verified to be

c(t)=A"'g+exp(—tB 1 A){E—A4'g}, forallz>0. (3.3)

For any fixed nonnegative integers m and n with O <m < n, let 7, ,(x)=
Do, k%) Gm.o(x) denote the (m,n)-th Chebyshev rational approximation of
e *in [0, +x), i.e.,

SUP Py u(X) — €7 = Ay s 3.9

0sx<o

where A, , is defined in (1.2). Then, we define the (m, n)-th Chebyshev approxi-
mation ¢,, ,(t) of ¢(¢) in (3.3), by

Cunt) = A7 g+ P (tB L A&~ A' g}, forall 1>0, (3.5)
where #,, ,(tB~1 A) is the matrix formally given by
(Gn(tBH AN (B (1B~ ).
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From (3.3) and (3.5), we have
cn(t) = €(t) = (Pmn(tB~" A) — exp (~1B “lA)E—4'g, t=0. (3.6

We now associate with the positive definite Hermitian matrix B of (3.1), the
particular vector norm

lelg? = ¢*Be = B2 ¢ll,?,  where [[vll* = v*-V. (3.7
For any N x N matrix D, the induced operator norm of D is then

_ IDXlls _\ pi2 pp-112)), = @1@1@\@“@
LDl lww%_ X5 \BY2 DB, Imww ixlh .

Using the facts that 4 and B are commuting Hermitian matrices, and the poly-
nomials fy, .(x) and g, .(x) are both real, we can write

f

[, a(tB~" 4) — exp (B~ Al [Pn(tB~" A) — exp(~tB~ A2

— max |Fnah)—e |,  forallt>0,

1<isN

where {A})_, denote the positive eigenvalues of B~! 4. But as t\; € [0, +) for
any nonnegative ¢ and any eigenvalue A;, we evidently have from (3.4) that

P n(tB~1 A) — €XP (1B~ Alls < Amws forall > 0. (3.8)
Thus, taking norms in (3.6), gives us the global error bound
lem(t) = ()]l < A€ — A" glla, for all > 0. (3.9)

To indicate how the inequality (3.9) can be used in the numerical solution of
parabolic partial differential equations, we consider here the solution u(x, ) of
the simple one-dimensional heat-conduction problem

ou(x, 1) 0% u(x,1)
ot ox?

+ r(x), 0<x<l, t>0, (3.10)
subject to the boundary conditions

u(0,t) =u(1,t) =0, for all ¢ >0, 3.1
and the initial condition

wx,0)=a(x), O<x<l, (3.12)

where r(x) and @i(x) are given real functions on [0,1]. We remark that similar
applications are valid in higher dimensions.
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For any fixed positive integer N, let A= 1/(N + 1), and let {w;(x)}Y, be the
piecewise-linear functions defined by

TAWII@V“ ih<x<(+1)h,
1

A

i<N. (3.13)

v, (i—1)h<x<ih, ’
0, xé[(i—Dh, G+ 1)A]

The set S of all real linear combinations of the w;(x)’s is known in the literature
as an Hermite space (cf. [2], §6). All functions of S vanish at the endpoints of
[0,1].

The semi-discrete Galerkin approximation (cf. [6])

N
W)= S eaw(x), O<x<l, >0, (3.14)
i=1

of the solution u(x,?) of (3.10)-(3.12), is determined by solving the matrix
differential equation (3.1)-(3.2) for the functions ¢,(t), 1 <i< N, where the
matrices B = (b, ;) and 4 = (g;,) have their entries explicitly defined by

b= [ wi@w@dx;  a,=[Lwi@w/@dx,  1<ij<N, (.19
and where the vector g of (3.1) has components g; defined by
g = % M r(wix)dx, 1<i<N. (3.16)

The vector € of (3.2) is determined from the coefficients of the best L2-approxi-
mation in § of #(x) of (3.12), i.e.,

. (3.17)

L2[0,1]

inf [[# — $ll 20,17 =

N
#(x) — > & wi(x)
SES i=1

From (3.15), it can be verified that 4 and B are commuting real tridiagonal
symmetric positive definite matrices, so that the inequality of (3.9) is applicable.

Based on energy-type inequalities, it can be deduced from [6], Theorem 1,
that for r(x) of (3.10) and a(x) of (3.12) sufficiently smooth, there exists a
constant K, independent of 4 and ¢, such that

W(e, 1) — u(-, llpago, 17 < KA, for all t > 0. (3.18)

On the other hand, for any 0 < m < n, define the (m,n)th Chebyshev-Galerkin
approximation of the solution of (3.10)~(3.12), as

P 1) = S Cona(1) 00 (3.19)
i=1
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where the functions c,, , () are the components of the vector Conn(?) Of (3.5).
Now, using the definitions of (3.7) and (3.15), we verify that

1 (N 2
) = 9 Olton= [ [ nnd) = i) )| ds
= [[ema(t) — e(t)lls*. (3.20)
Hence, from (3.9), we have
:e@i.:ﬁ.“ Nv - «@A.“ Nv:hnﬁo,: < »x:::m — A" m__mg forallt>0. AwMuv
Thus, combining (3.18) and (3.21) gives
:v@i.:A.g wv - §A.“ Nv:hu_”o.: < NQGN + >§,=:m - \Al_ m:? for all 7 > 0. Aw.va
The point of this global error analysis is that W (%, ) can be calculated for any
t>0 in just one step, in contrast with standard difference methods which
arrive at an approximation for u(x,mdt) only after all intermediate approxi-
mations of u(x, jdt), 1 < j < m, are computed.
We also remark that the difficult part in determining ¢, (#) of (3.5) consists
of solving the linear system of equations:

%?:QWI_ \Av AOS.:QV -4 mv = .\m?:QwIN uAV (e A7 ﬁv Awwwv
Since p,,, o(tB~! A) entersinto the computation of ¢, ,(t) only asa matrix factor,

there is little to be gained computationally by choosing m <n in (3.5). For this
basic reason, we were initially interested in the values of A, ., asin [7].

4. THE CONSTANTS A, , AND A,

In this section, we give the explicit values of Ao 01 <9, in TableI, and of
Auns 0 <n < 14, in Table I1. These numbers (and the associated rational func-
tions 7, ,(x)) were determined by using a Remez-type algorithm (191, p- 173).
The actual algorithm used is fully described in Cody, Fraser, and Hart [3].

TasLE 1

n No:

5.000 (~01)
9.357 (—02)
2.307 (-02)
6.353 (—03)
1.848 (~03)
5.553 (~04)
1.703 (—04)
5.294 (~05)
1.663 (~05)
5.264 (—06)

oo ~NANRAWN=O
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TABLE IT

X

Ay

5.000 (—01)
6.685 (—02)
7.359 (-03)
7.994 (~04)
8.653 (~05)
9.346 (~06)
1.008 (~06)
1.087 (~07)
1.172 (-08)
1.263 (~09)
10 1.361 (~10)
11 1.466 (~11)
12 1.579 (-12)
13 1.701 (-13)
14 1.832 (~14)

LoD WO

The following functions r, ,(x), 0 < n < 14, constitute a partial Walsh Table
(cf. [4], p. 162) for Chebyshev rational approximations of e~* in [0, +).

TasLE 11T

n n
ﬁln.McP& M,.SH.. O<x<oo
= i=

****************%******************%************#*****************************

t Di q:
Aok sl ok sk ool e oK o s sk o o ool et e ol e ol o o ok o okl o ks ok oo ok ook s s ok sk o sk R ok o

n=1
**************************************************************************ii{.
0 1.0669 ( 00) 1.0000 ( 00)

1 —1.1535 (-01) 1.7275 ( 00)
%*******i*i******************************%********************i*************&h
n=2
**i***********&**********%********%***%**i*******%******%****************i***i
0 9.92641 (-01) 1.00000 ( 00)

1 —1.88332 (—01) 6.69295 (-0
2 4.21096 (—03) 5.72258 (-01)
***i****{*********i**i*****************************************************iii
n=3
*******************************************************************&*******i*i
0 1.00079 9 ( 00) 1.00000 0 ( 00)

1 —2.23657 8 01 7.98292 3 (—01)

2 1.24996 2 (-02) 2.204115 (-01)

3 —9.981009 (-05) 1.24858 0 (-01)

l*i{************************************************************************i*
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TasLe I[1—continued

*****************************%*****************************************%****l*
i Di qi
*********************************************************************%********
n=4
***************************%**************************************************
0 9.9991347 (-01) 100000 00 ( 00)
1 —24025373 (-01)  7.56683 22 (-01)
2 1.8400509 (-02)  2.91754 68 (~01)
3 —4.4981230 (-04) 45750212 (~02)

4 16765142 (-06)  1.93769 80 (-02)
*******************************************************************i**********
n=>5
********%****i***%******************************************%***%*&&**********
0 1.00000935 ( 00)  1.00000 000 ( 00)

1 —2.50230902 (-01)  7.50174 555 (—o1)

2 224805919 (-02)  2.69910157 (-o1)

, 3 —8.33629 264 (-04)  6.76687 392 (~02)

| 4 1.07797622 (-05) 693457968 (-03)

5 —2.19125 327 (-08)  2.34468 866 (-03)
************************************%*****************************************

n==6

***********%******************************************************************

0 9.99998 991 (-01)  1.00000 000 ( 00)

1 —2.56774988 ©(=01)  7.43173208 (~01)

2 2.53896 499 (-02)  2.68982436 (-01)

3 -1.17690441 (-03)  6.15930 326 (-02)

4 248209105 (~05)  1.13649 362 (-02)

5 —1.90699 255 (-07) 825674222 (~04)

6 2.34264 503 (-10)  2.32303 566 (~04)
**************************%******%%*%*****%%************%***%**********%******

, ) n="17

*******************%***************************************4******************

0 1.000000109 ( 00)  1.000000000 ( 00)

1 —2.61399 8104 (-01)  7.38606 6424 (-01)

2 2.75489 3180 | (-02)  2.66094 7238 (~01)

3 —1.46758 9943 (-03) 622100 6831 (~02)

4 4.06054 4787 (-05)  1.02296 0372 (-02)

5 —5.37067 6308 (-07) 1487848134 (~03)

6  2.653910891 (-09)  8.088769796 (-05)

7 —2.11893 3743 (-12)  1.94833 4848 (-05)

%*&i*%************************************************************************



CHEBYSHEV RATIONAL APPROXIMATIONS 63

TaBLE I1I—continued

s ok o s o s e o ok S s sk s s e ook seof o sk e s s ok e o e sk ok s o sl e o skl ok ok sk ok skl skt sk skl sk kol ookl skl sk ik

i Di qi
*****************%******************#*****************************************
n=2_8
***%*******************************%*************%****************************
0 9.99999 98828 (-01) 1.00000 00000 ( 00)

1 —2.64834 06521 (-01) 7.35165 14516 (-01)
2 2.92069 90785 (--02) 2.64380 63240 (-01)
3 ~1.71076 69530 (—-03) 6.17188 04886 (—02)
4 5.63076 21623 (—05) 1.05208 36925 (-02)
5 —1.01477 31374 (—06) 1.32834 62347 (-03)
6 9.00129 46140 (—09) 1.59103 92054 (—04)
7 —3.03122 44065 (-11) 6.72702 00039 (—06)

8 1.66078 92788 (-14) 1.41677 26615 (—06)
*************%*****i*******&*******%*********i%***%******************%****%w**
n=9
ok sk 3k 3 e 3k ke ke e o sk ok 3 e ofe o s ofe s o e s sfe e s s s sk o e e sfe o o e e e e o ok she o sk ke o s ok sk s ok ok ol ol ok sk sk o s ol ol s sl el e 3R 3 3ok de e sk sk Kok
0 1.00000 00012 6 ( 00) 1.00000 00000 0 ( 00)

1 —2.67485 66991 9 (-01) 7.32514 425277 (-01)

2 3.05175 28366 6 (-02) 2.63030 80259 5 (-01)

3 —1.91477 63922 5 (-03) 6.15308 52837 4 (—02)

4 7.11036 342529 (-05) 1.04926 24819 4 (—-02)

5 —1.56780 173525 (—06) 1.39500 66714 0 (—03)

[ 1.95356 66646 4 (—08) 1.41160 60689 2 (—04)

7 —1.22095 56914 1 (-10) 14351407391 1 (—05)

8 2.92870 66373 4 (-13) 4.85965 89227 3 (—07)

9 ~1.14850 40902 2 (-16) 9.09160 46659 0 (—08)
******************************************************************************
n=10
s e s ok ok 3 g o e e e ok o s o 3% s e e e e el o ok afe s sfe sl ke ok e ok s o s o ode o ok o o s ok e o s s ofe ok sk ok sk s sl ok sl ok skl e e sfesk et s ko skak ok ke e ol sk ok
0 9.99999 99986 39 0D 1.00000 00000 00 ( 00)

1 —2.69593 55382 19 (-01) 7.30406 43483 33 ) (-01)

2 3.15778 64047 17 - (-02) 2.61984 45116 28 (-01)

3 —2.08723 02875 56 (-03) 6.13598 78524 81 (—02)

4 8.46946 26115 79 (—05) 1.05222 25667 19 (-02)

5 —2.15295 78934 24 (—06) 1.40044 18324 30 (—03)

6 3.35954 01052 85 (—08) 1.51629 42863 89 (-04)

7 -3.02437 91657 93 (-10) 1.26706 04218 95 (—05)

8 1.38351 22001 13 (-12) 1.11798 57266 64 (—06)

9 —2.44794 47827 24 (~15) 3.10240 81250 45 (—08)

10 7.10595 74433 07 (-19) 5.22077 71857 74 (-09)

*****************************w************************************************
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TaBLE I1I—continued

**n**ii*iQ**&&léi&%i****fi*%*l***ﬂ*ii*******!***********é&**%ﬁ***&*****&*ﬁ*&**

.

*{M{**i****}ﬂ*i*l*******&Wﬂ***************l*&*********&&Q***M“***ii*biiii**i*i
n=1 :

i&i****iii*i*i**i*{**&******&*******i***uf******i**&***i******&i***fi*******}!

0 1.00000 00000 147 ( 00) 1.00000 00000 000 ( 00)

1 —2.71308 69737 149 (-01) 7.28691 30396 820 01

2 3.24525 83980 923 (—02) 2.61143 86818 246 (-01)

3 —2.23434 38385 867 (-03) 6.12306 52273 991 (-02)

4 9.70327 53192 328 (-05) 1.05372 96909 746 (-02)

5 ~2.74176 69166 461 (—06) 1.41501 45103 337 (-03)

6 5.02362 65041 453 (-08) 1.53331 52911 587 (-04)

7 —5.77549 91658 630 (-10) 1.39348 62063 194 (-05)

8 3.88619 42441 125 (-12) 9.83157 36139 162 -07)

9 —1.34133 12302 919 (-14) 7.65774 19206 722 (—08)

10 1.80098 07948 555 -17) 1.77400 34787 683 (--09)

11 —3.97762 94455 404 (-21) 2.71280 51110 139 (—-10)
!*i**i**************&********************************************ﬁ&*&***&*i!i*
iiQ*ii**i%**&************i**********W**MWW***********%************************

0 9.99999 99999 8420 (-01) 1.00000 00000 0000 ( 00)
1 -2.72732 01038 1007 (-01) 7.27267 98946 2094 (-01)
2 3.31862 74887 8945 (—02) 2.60454 26687 4069 (-01)
3 —2.36102 86093 3434 (-03) 6.11258 94397 4162 (-02)
4 1.08182 04721 4783 (—04) 1.05516 59564 1775 (-02)
5 —3.31706 70455 2847 (~06) 1.42483 77048 4151 (-03)
6 6.85640 06647 2736 (—08) 1.56277 80799 5398 (—04)
7 —9.40255 67465 0549 (-10) 1.41984 90819 4392 (—05)
8 8.21592 17852 2494 (-12) 1.10762 17782 0598 (—06)
9 —4.24605 37294 1828 -14) 6.71223 49299 4341 (—08)

10 1.13357 45322 5507 (-16) 4.67724 66320 0848 (-09)

11 —1.18241 93272 9819 (-19) 9.18591 91007 0282 (-11)

12 2.03287 74252 3846 (-23) 1.28708 77757 5584 (-11)
Qi{******&*************************************************************Q*******
dfkokok *rkf***********“**MW******** sk ook skok kol gk ok

0 1.00000 00000 00170 ( 00) 1.00000 00000 00000 ( 00)
1 —2.73931 40321 02750 o1 7.26068 59680 79845 (-01)
2 3.38101 16410 46875 -02) 2.59878 71290 03795 (—01)
3 —2.47106 93187 70823 (-03) 6.10400 14004 83738 (—02)
4 1.18246 13397 91637 (—04) 1.05636 62149 46976 (-02)
5 —3.86917 56932 66464 (—06) 1.43339 64981 47585 (—03)
6 8.78467 34854 71303 (—08) 1.58368 07943 13270 (—04)
7 —~1.37667 89576 47893 (—09) 1.46094 52103 19625 (-05)
8 1.45460 93630 79049 (—-11) 1.13726 98219 71446 (-06)
9 —9.90411 24433 78351 (-14) 7.74828 74238 93217 (—08)

10 4.02014 83515 52472 (-16) 4.08864 75641 62874 (-09)

11 —8.47538 24867 61699 (-19) 2.57666 92606 40894 (-10)

12 7.00505 36680 34527 (-22) 4.34551 90724 16265 (-12)

13 —9,55806 72950 74149 (—26) 5.61852 05844 48164 (-13)
seadokokokok Rk k% ok kok ********************************GQ*********&*#*




¥k

ok

&k

%

1.

©

CHEBYSHEV RATIONAL APPROXIMATIONS 65

TABLE I1I—continued

ok ok ok ok ok ik ok R ROk SOt R R R R R Rk el kR sl R ok s ol R R
i y 43 q:
sk dkok ok R R s R sk ok sk R s e R Rk ek sk Rk R
n=14
ek ks otttk etk s stk o Rk sk ok ol sl R R R sl et R s R ek ot R st Rk sk Rk R
0 9.99999 99999 99816 8 (-01) 1.00000 00000 00000 0 ( 00)
1 —2.74956 04296 30004 3 (-01) 7.25043 95703 48866 6 (-01)
2 3.43469 84175 67147 5 (-02) 2.59390 94125 01801 2 (-01)
3 —2.56744 39819 02861 8 (-03) 6.09681 85127 28359 5 (—02)
4 1.27340 70715 23318 1 (—04) 1.05740 49161 69115 6 (—02)
5 —4.39328 08492 51123 6 (—06) 1.44055 27154 58731 6 (—03)
6 1.07532 02054 48522 7 07 1.60192 11440 612190 (-04)
7 —1.87102 55961 08945 3 (-09) 1.49082 34724 80024 2 (—05)
8 2.28495 15765 30015 5 (-11) 1.18202 91576 35577 2 (—06)
9 —1.90386 40942 83534 5 (—13) 8.01639 97982 35750 3 (—08)
10 1.03101 51365 35049 5 (—15) 4.83618 00878 64828 1 (-09)
11 -3.34902 80333 66753 3 (—-18) 2.24720 30400 42852 9 (—10)
12 5.67438 25539 52350 1 (-21) 1.29228 02705 79277 9 (-11)
13 —3.77945 23874 50329 5 (—24) 1.89218 38854 02244 9 (-13)
14 4.16098 26642 37661 3 (-28) 2.27106 80218 89129 5 (-14)

Sk 3k s s e e o s st ok e e sfe s sfe s sk s sfe s s st sk s s sleok ok s ksl sfe sl st sk s sk s s sk sheslesfeste st sl sk sk sk st st sl stttk sk sk e stk ke sk ko ok ok
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