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1. INTRODUCTION

For any nonnegative integer m, let m,, denote the collection of all real
polynomials of degree at most m, and for any nonnegative integers m and n,
let =, , denote the collection of all real rational functions r,,,(x) of the form

— Pml¥)
gn(%) ’

Recently, it was shown that Chebyshev rational approximations in =, , to
e~%in [0, + o0) for m < n converge geometrically. More precisely, define

(%) where p,€m, and g¢,€m,. (1.1)

Ma= iof { sup |rp.(x)—e]}, m < n. 1.2)

T, n€m,n OSX<+ o

Then, for any sequence of nonnegative integers {m(n)}o_o with m(n) < n for
each rn >> 0, it was shown in [2] that

fm Miwa" = B <1, (B <043500), (1.3
and that
T ) =y >0, (v > (1.4)
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+ Dedicated to Professor Lothar Collatz on the occasion of his sixtieth birthday.

300



CHEBYSHEV RATIONAL APPROXIMATIONS 301

It is natural to ask if results analogous to (1.3) and (1.4) are valid for
functions other than e~%, and the purpose of this paper is to establish such
analogs for reciprocals of entire functions of perfectly regular growth with
nonnegative coefficients.

2. ENTIRE FUNCTIONS OF PERFECTLY REGULAR GROWTH

Letf(z) = Y. @,2" be an entire function, and let M, Ar) = max, ., | f(2)!
O <r < w).

DErFINITION.  An entire function f is of perfectly regular growth (p, B)
(cf. Valiron [4], p. 45) iff there exist two (finite) positive constants p and B
such that

Jlim_In M(r)jr* = B. @.1)

We remark that entire functions satisfying (2.1) are also entire functions
of order p and finite type B (cf. Boas [1], p. 8).

Valiron [4], p. 44 has shown that f(z) = Y., az" is an entire function
of perfectly regular growth (p, B) iff, given any e > 0, there exists an ny(e)
such that

o/k
k'%‘-——- <Bte Yk nyge), 2.2)
and there exists a sequence {n,},.; of positive integers with 7, — 00 as p — ©
and lim,_,.(7#,,1/n,) = 1, such that

{n/n,,

ny | a,
2 = B. (2.3)

lim
p>® pe

For our purposes, it is somewhat more convenient to express (2.2) and (2.3)
equivalently as

(k) | ap |P)Y* < pB + € Y k = ny(e), 2.4)
and

;I,LIE (YR an, Ia)l/n,, = pB. (2.5)

In what is to follow, we shall assume that f(z) = Yo @xz* is an entire
function of perfectly regular growth (p, B), and in addition that a,, >> 0 for all
k=0
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3. UPPER BOUNDS FOR A, ,

Letf(z) = 3o azz* be of perfectly regular growth (p, B) with nonnegative
coefficients a;, and set s5,(z) = e oaxz® (n = 0, 1,...). The first few partial
sums s,(z) may be identically zero, but as the coefficients a, are nonnegative
and not all zero, it follows that there exists a positive integer #* such that
0 < s,(x) < f(x) for all x > 0 and all n > n*. Thus

— @ k
0< 1 1 _ f(x) . sn(x) < Zk=n+1 apX V x> 0’ YV n > n*.

S [ f) s T six)

Given any e with 0 < e < pB, it follows from (2.4) that there exists an
#i(e) > n* such that

k \1/o
0<a < (—(’ﬁki,—‘l—) Vi > ii(e).

Then, a simple calculation shows that

o B+ O 7
0<1_1<k,,,+1[ %! ]xk
Sslx) f(x) T 5a3(x)

” [(PB + €)n+1]1/0( xn+t ) i) pB - €)kloxt

(n+ D! s 2(x) ) = (m A+ 2)ke
n42 e _ :
forall 0 <x < (’“ﬁﬁ) and for all n > #i(e). Summing the above
geometric series gives

1 (pB 4 &vijie ¢ xm (n + 2)1/° §

0< s(x)  f(x) < [ n+ D! ] ( s,ﬁ(x)) 3(n - D — (n 4+ 1)He

. n _I.. i 1/e
Vn i), V0<x< (—@—Jr—e—) R
We now seek an inequality of the form '

Kpxmtt < (502 Vx =0, (3.2)

holding for every n of the form 2n,, — 1. With the same « as before, it follows
from (2.4) and (2.5) that there exists a p;(¢) > n* such that

for n=2n,—1, Yp = pie. (3.3)
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Now, writing (s5,(x))? = Z?Zo Binx! where B, , = ZLO aa;_; , we have that
(52(x))* = Brsz,nX™1 Vx = 0. With n = 2n, — 1 where p > py(e), it is clear
that

n+l v B — E)ﬂ,, 2/p ( B — €)n+1 1/p
= > 2 ._(.E_.____. P A 1/p
n+li,n kgo akan+1-—k = anp > [ (np)! ] > [ (n + 1)! ] . {2”/” + l} >

the last inequality following from (2k)!/(k")? > 2%%/2k for all k > 1. If
we set

K= [(p(ljz T 61);!“]1/0 ' %: 1]1/0 G4

then the inequality (3.2) is valid for all n = 21, — 1 where P = py(e).
Replacing (s,(x))? in (3.1) by the lower bound of (3.2) thus gives

"< 7
<|( £§ =53 ﬁg )7 o 513122:1 i) @+ 1|

(3.5)
Vn = 2n, — 1 with p = py(e), VO < x < (n + 1/pB + €)ilo.
Let x = (n + 1/pB + €)*/». Since n = 2n,, — 1, n > n,, and consequently

11 I 1 1
Tsx) f) T s T g xme ( n+ 1 )."n/" '
"\ pB + €

Using the first inequality of (3.3), we have

€\ ! i/
°<s,,(lx)”f(lx) <(Z§fe> ((n(—?— '1))"») ‘

By Stirling’s inequality k! < k*e~* V2mk(l + 1/4k) and the fact that
n+ 1 = 2n,, we obtain

1 1
"<S5E T F®

(= R R (= B e (E e

Vi > (7)’%55}6-)1/". (3.6)
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A simple comparison of the upper bounds in (3.5) and (3.6) show that the
first is the larger for large p. Therefore, if

1 1
== — e —— =
8n OEBEW Sn(x) f(x) > V h = n,
then it follows, using (3.5), that
T (2n,—1) 1
}gg(gznp—l)ll g 1 < 21/,, M (37)

To extend the result of (3.7), observe that

1 1 1 1
OSHm "™ Sam I

Vx>0, Vm>=n=>n*

Thus, from the definition of g, , it follows that
Zn < & Ym>=n>=n* (3.8)

For any positive integer n sufficiently large, choose an n, so that
2n, — 1 < n < 2n,,,; — 1. From (3.8), we have that

1/n 1/n 1 1/(2n,—1)1(2n,—1) /n
8 <g2n1,—1 - [gzn,,—f ] ?

Since 8on,1 is, from (3.7), less than unity for p sufficiently large, replacing »
in the exponent of the above expression by 2a,,; — 1 gives

g:;/n < g;r/ziz:‘f_l)](%rl)/(2%“_1)’

but as lim,-(n,,1/n,) = 1, it easily follows from (3.7) that

— 1
lim g}/" < 577, -

(3.9)

To establish a stronger result than (3.9), we have

1 1 Ef=n+1 alcxk an+1xn+1

e e Bl Te ey 6 My o R

With n + 1 = n,, we have from (3.3) that

11
si(x)  f(x)

(pB — ot
(n + 1)

1/o xnt+l

F2(x) Vx>0, p=pe),

~|
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and it is clear from (2.1) that there exists an R,(¢) > 0 such that

F(&x) < elB+eloee Y x > R(e).

Hence,

1 1 ((pB— ot xon
5.%)  f(%) = 3 (n+ 1! g 2 Bve/o)oP’

n+1= Ry, P 2?1(5)’ x > Rl(e)'

If we evaluate the right side of the last inequality at x = {(n+ 1)/2(oB + €)}*/°,
which is compatible with x > R,(e) if # is sufficiently large, we obtain

(n-+1) /o
e(‘n+1)/o.

g > g(p(i :_ 51))”!+1$1/n . g 2(ZB++1 .

Hence, it readily follows that

1
27 -

E{l}( gn,,-—-l)l /(ny=~1) >
P50

Then, using the same method which established (3.9) from (3.7), one proves
that

lim gh/n > 51 (3.10)

n->0

Thus, combining with (3.9) gives

THEOREM 1. Let f(z) be an entire function of perfectly regular growth
(p, B) with nonnegative coefficients. Then,

1

. 1 yn
lim (302, |55~ 7o ) = @10
If we define
Apm = inf | sup e — 1 () ; (3.12)
™. Ponn€Tmn (0<x<o0 f(x) T ’ ’

the error for the best Chebyshev rational approximation of 1/f(x) in [0, + o0),
then it is clear that

0<An KNorn <" <A <g Vn>=n* (3.13)
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Thus, from (3.11) and (3.13), we have the following generalization of (1.3):

THEOREM 2. Let f(z) be an entire function of perfectly regular growth
(o, B) with nonnegative coefficients. Then, for any sequence {m(n)},_o of
nonnegative integers with m(n) << n for all n = 0,

— 1
(A )" < 577 < 1 (3.14)

It is not likely that the constant 2-1/° appearing in (3.14) is best possible for
the class of entire functions of perfectly regular growth (p, B) with nonnegative
coefficients, since the rational functions 1/s,(x) used to establish (3.11)
obviously do not have the equi-oscillation of error property of best Chebyshev
rational approximations. In particular, for the special case f(z) = ¢, we
know from (1.3) that strict inequality holds in (3.14).

Since the case where f(0) = 0 has not been ruled out, it is also worth
noting that the above theorems are applicable to entire functions f(z) for
which 1/f(x) is unbounded on (0, ), such as f(z) = z™e*", m >0, f(z) =
sinh(z®), and f(z) = J,(iz), n > 0, the n-th order Bessel function.

4. LoWER BOUNDS FOR Ay, n

For entire functions of perfectly regular growth with nonnegative coef-
ficients, we now establish the existence of a positive lower bound (cf. (4.1)) for
the quantity lim,,.(2, ,)'/", thereby generalizing (1.4).

THEOREM 3. Let f(z) be an entire function of perfectly regular growth
(p, B) with nonnegative coefficients. Then,

—_— 1
}tl_)rg(')‘o,n)lm = arirs ¢ 4.1

Proof. For any € > 0, there exists, from (2.1). an R(e) > 0 such that
Mr) < e™BU+9 Y r = R(e).
Since the coefficients of f(z) are nonnegative,
0<f() ()= M) Seo  0<x<r, Vr>RE. @)

Next, associated with the positive number

a = (2Bp)1/e,
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there is a positive integer n*(¢) such that an*/» > R(e) for all n = n*(¢). Thus,
from (4.2) with r = an'/?, we have from the definition of « that

0 </(x) <flomthr) <erttale 0 <x <anl, Vn=n*e). (4.3)

Next, let g be any positive number such that
im0 < /g (44

Then there exists a positive integer # such that A, , << 1/¢ for all n > #. This
implies that there exists a sequence of polynomials { p,(x)}5_; , with p, € 7, ,
for which
1 1 1
— < —_—
0<xdio | 200 T 7G| S g

But, from (3.14), it is clear that we can restrict our attention to those g which
are >>21/». Because of this and the fact that €'/ < 2, it is possible to choose
€ > 0 so small that

Vau =i - (4.5)

pntlte) /20 < qn Y n > 1.

Hence, from (4.3), we have that

fx)y<gr  0<x<anl/e, V n = n*(e). (4.6)
Next, using (4.5), it follows that
—/fx) _ SHx) 1/a .
pr—Ten < pax) — fx) < pra e 0L x<<antl, Vo=,
where 4 = max(#, n*(¢)), and thus, from (4.6),
2 .
| Pu(x) — F(2)] < E’f—-—(xT)(}j V0 < x < antle, Vn = .

Because the right side of the above inequality is monotone increasing with x,
we can write, from (4.3),

en(it+e) /o .
| Pu(x) — F()] < W O0<x<Cantlr, Yuz=d. (4.7

Now, let
K, = inf { max |r(x)—f(®)}, Vn>=0. 4.8)

rp€m,  0<<x<anl/P
According to (4.7), we evidently have

en(i+e) /o
K, <

= q" — en(i+e) /20

Vn>=h 4.9)



308 MEINARDUS AND VARGA

In order to get a lower bound for K, , we transform the interval [0, an'/?]
into the interval [—1, ++1] by means of the linear transformation

ont/e

X =

The function

anl/e

g0 =12+ 1)

is also an entire function of ¢. All derivatives of g(#) are monotone increasing
for t > —1 because of the assumption that the coefficients of f(z) are
nonnegative. Using a theorem of S. Bernstein (cf. [3], p. 78), we can assert that

gnti(—1)
K, = m Vau=0,
or equivalently,

an+Hp ) /of (n1)(() _ antHlynil/e L g

K> r = S Yn >0, (4.10)

Comparing (4.9) with (4.10), we have

Wit jog enii+e /o
22n-+1 == qr — en(l+e) /20

Yo > @.11)

In order to make the left side of the above inequality as large as possible, we
make use of (2.3). A simple manipulation of the expression in (2.3) shows that
there exists a subsequence {n,};; of {1, 2,...} such that for 0 < ¢ < 1, there
is a positive integer k;(¢) for which

peB(l . €) (ng+1) /0

Yk = k(e
Hy

Qpoyy = §

For this subsequence, the left side of (4.11) is bounded below by

B(1 — )]\
_Oé_[,l_)i_%__e)l__ s Yk = k(e

(ng+1) [e(l _ e)]l/p (ny+1)
=2

2|

Hence, from (4.11), we have that

]—1( (1 — et/ )nk < 1 Vk = kye), 4.12)

ec/p « D2+1/p = g — eni(l+e) /20
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where I' = 2[e(1 — €)]'/?/22+1/», Clearly, the above inequality can hold for all
ny, sufficiently large only if
22+1/e . es/r
1<q=ov>
and as e is arbitrary,
g < 22H/e, (4.13)

But then, as 1/q in (4.4) can be chosen arbitrarily close to 1im,,...(Ay )'/", we
have'the desired result (4.1). Q.E.D.

We remark that for entire function of perfectly regular growth (1, B) with
nonnegative coefficients, the lower bound of (4.1) is 1/8. For the special case
f(z) = 7, it has been shown in [2] by using better lower bounds for K, that
1/6 is a lower bound for lim,_,.(Ay .)}/".
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