Reprinted from JOURNAL OF APPROXIMATION 'THEORY Vol. 6, No. 1, July 1972
All Rights Reserved by Academic Press, New York and London Printed in Belgium

Error Bounds for Spline and L-Spline Interpolation
Bramr K. SwARTZ* AND RICHARD S. VARGA'

Los Alamos Scientific Laboratory, Los Alamos, New Mexico 87544 ; and
Department of Mathematics, Kent State University, Kent, Ohio 44242

Received August 20, 1970

DEDICATED TO PROFESSOR J. L. WALSH ON THE OCCASION OF HIS 75TH BIRTHDAY

1. INTRODUCTION

One of our basic aims here is to obtain improved error bounds for spline
and L-spline interpolation at knots, and to obtain certain stability (or
perturbation) results for such forms of interpolation. To give a concrete
example to illustrate our aim, consider for simplicity the interpolation of a
given function f defined on [a, b] by a smooth cubic spline s over a uniform
partition 4, of [a, b]. Normally, if fe CYa, b], then its unique cubic spline
interpolant s is defined by

Ds(a) = Df(a), Ds(b) = Df(b), D = dfdx. )

"+ on the other hand, f'is only continuous on [a, b], the second part of (1.1

~ust be modified; for example, one may assume that Ds(a) = Ds(b) = 0.
However, from a computational point of view, it would be advantageous
to have a single definition for Ds(a) and for Ds(b) which does not depend
explicitly on the continuity class of £, and for which optimal interpolation
errors are obtained. For example, suppose that we define the cubic spline
interpolant s of / by means of

s(a + ih) = f(a + ih), 0 <i <N,
Ds(a) = (1/6h)}{—11f(a) + 18f(a + h) — 9f(a -+ 2h) + 2f(a + 3h)},
Ds(b) = (1/6m){11f(b) — 18f(b — h) + 9 (b — 2h) — 2f(b — 3h)}. (1.2)
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7 ERROR BOUNDS FOR SPLINE INTERPOLATION

Because the definitions of Ds(a) and Ds(b) come from the derivative of a
cubic Lagrange polynomial interpolation of f in particular knots, it will be
shown in Section 7 that there exists a constant K, independent of fand h,
such that if f € C*la, b, 0 <k < 4, then

| DI(f — iegfamt> O <js<k

k—i k
KW B 2 4 pis s K <T<3 a3

Moreover, we will show that error bounds similar to those of (1.3) are valid
if s interpolates values close to those of f (cf. Theorem 7.6); we shall call such
results stability results.

Another basic aim here is to obtain new interpolation error bounds for
general L-splines (cf. Theorem 3.5), to obtain new interpolation error bounds
in the wniform norm for splines defined on uniform partitions of [a, b]
(cf. Theorem 7.4), and to obtain analogous interpolation error bounds in the
uniform norm for Hermite L-splines (cf. Theorem 6.1), along with stability
results related to such error bounds. In Section 8, extensions of these results
for polynomial splines to more general boundary conditions are treated. In
so doing, we shall fill some gaps in the existing literature for such interpolation
error bounds. A survey of the relevant literature concerning polynomial-
spline approximations is also contained in Section 7.

2. NOTATION

For —o0 <a <b < +® and for a positive integer N,
let

A:a=x0<x1<---<xN=b 2.1

denote a partition of [a, b] with knots x; . The collection of all such partitions
A of[a, bis denoted by #(a, b). We further define = MaXo<i<n-1 (X1 — X0
and 7 = ming<i<y-1 (Xixa — x;) for each partition A of the form (2.1). For
any real number o with o = 1, Z(a, b) then denotes the subset of all parti-
tions 4 in #(a, b) for which

wlr < O 2.2)

In particular, P,(a, b) is the collection of all uniform partitions of [a, b], and
its elements are denoted by 4, .

Since we shall make extensive use of L-splines, we now briefly describe
them. Given the differential operator L of order m,

Lu(x) = % ¢;(x) D'u(x), m =1, Di = (d]dx)’, (2.3)

j=0
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where ¢; € C'la, b], 0 <{j < m, with ¢,(x) > 8 > 0 for all xe[q, b], and
given the partition 4 of (2.1), for N > 1 let z = (z;, 25 ,..., Zy_1), the inci-
dence vector, be an (N — 1)-tuple of positive integers with 1 < z; << m,
1 <i<CN— 1. Then, Sp(L, 4, z), the L-spline space, is the collection of all
real-valued functions w defined on [a, b] such that (cf. Ahlberg, Nilson, and
Walsh [3, Chapter 6] and Schultz and Varga [32])

L*LW(X) = 07 X € (CZ, b) - {xi i'v:_lla

(2.4)
Diw(x;—) = D*w(x;+) for 0 <<k <2m—1—2z, 0<i<N,

where L* is the formal adjoint of L. From (2.4), we see that
Sp(L, 4, z) C C?+#1[a, b]

where p = maxX;<;<y-1 Z; -

In the special case L = D™, the elements of Sp(D™, 4, z) are, from (2.4),
polynomials of degree (2m — 1) on each subinterval of 4, and as such are
called polynomial splines. More specially, when L = D™ and

ZiEm,0<i<N,

the associated L-spline space is called the Hermite space, and is denoted by
H™(4). From (2.4), H™(4) C C™[a, b]. Similarly, when L = D™ and
z; = 1,0 < i <N, the associated L-spline space is called the spline space,
and is denoted by Sp(4). Again from (2.4), Sp™(4) C C?~?a, b].

While our discussion makes explicit use of Z-splines, it will be clear that
most of the techniques used here in obtaining our L-spline interpolation error
bounds can be modified to apply to the more general definitions of splines
appearing in Jerome and Pierce [18], Jerome and Schumaker [19], Lucas
[21], and Varga [40]. For the definitions and properties of these more general
splines, we refer to the previously cited references.

As measures of the smoothness of the functions we interpolate, we recall
first the Sobolev norm

1 lwmtan = 3 1 Dfllegan » (2.5
=0
where the Sobolev space W, ™[a, b], for m a positive integer and 1 < g <C oo,
i8 the collection of all real-valued functions f(x) defined on [a, 5] with D™-If
absolutely continuous on [a, 6], and with D"fe LJa, b]. Next, if given
4 e P(a, b) and if Dige L,[x;, x;,1] for each subinterval [x;, x,.¢], we use
the following modified definition, ‘

N—-1 1

) r
Y D8 L] 26)

i=0

I ng HLT[a,b] =
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of the L,-norm of Dig over [a, b], even if Dig¢ L,[a, b]. Next, if fis any
bounded function defined on [a, b], then

() = supl| f(x + 1) — F()| x, x + ¢ in [a, 0] and [ ] < B} (27)

denotes the usual modulus of continuity of f.

Finally, we shall throughout denote any generic constant which is indepen-
dent of the functions considered and is independent of the maximum mesh
spacing m, by the general symbol K. However, these constants in general do
depend in particular upon m, (b — a), and the order of various derivatives
considered, as well as upon the constant o if 4e€Pfa, b).

3. Basic COMPARISON FFUNCTIONS

The idea behind the proofs to follow is an elementary one, based on the
triangle inequality. From known interpolation errors for smooth functions
g (e.g., Lemma 3.1), error bounds for less smooth functions f are determined
as follows. A smooth piecewise polynomial interpolation g of fis constructed,
and bounds for f — g are determined (Lemma 3.2). A spline interpolate, s,
of fis then defined, which is also a spline interpolant of this smooth g. Then,
bounds for / — s will follow from known bounds for f — g and g — .

To begin, given any g € C™[a, b), it is known (cf. Schultz and Varga [32])
that there exists a unique s € Sp(L, 4, z) such that

Di(g — )x) =0, 0<j<z—1L if 0<i<N,

3.1

Di(g — s)a) = Di(g —s)(b) =0, 0 <j<m— 1, G:D
and s is said to interpolate g under Hermite boundary conditions, correspon-
ding to the fact that s interpolates g and all its derivatives at the endpoints of
[a, b]. Because such boundary interpolation insures the second integral
relation (cf. Ahlberg, Nilson, and Walsh [3, p. 205]) the following error
bounds are typical (cf. Hedstrom and Varga [16, Theorem 3.6]), and follow
from results of Jerome and Varga [20], Schultz and Varga [32], and Perrin

[251].

LeEMMA 3.1, Given g € Wi[a, b] and given A € P(a, b), let s be the unique
element in Sp(L, 4, z) which interpolates g in the sense of (3.1). Then, for
2 < q < oo,

I Di(g — $)lefany < K== 00 [ g llwgrian » 0<j<2m—1L
(3.2)
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For polynomial splines, i.e., L = D™, || g |ly2mq,5 can be replaced by

| D*"g |1 0,01
in (3.2).

We remark that such error bounds (3.2) are in fact valid for more general
boundary interpolation (cf. Schultz and Varga [32, Theorem 8]), as well as
for the more general Besov spaces (cf. Hedstrom and Varga [16]). Generaliza-
tions to other boundary interpolation will be given in Section 8, but generali-
zations to Besov spaces, which follow rather easily from the results of [16],
will not be considered here. It is interesting to note that the proof of
Lemma 3.1 requires only the tools of advanced calculus.

We now construct a polynomial spline g € H@"+1(4) which is close to a
given (not necessarily smooth) function f defined on [a, b].

LeEMMA 3.2. Given fe C¥a, b] with 0 < k << 2m and given 4 € P (a, b),
let g be the unique element in H®"+V(A4) such that

Dig(x) =0, k<j<2m, 0<i<N '
Then, g € C*[a, b] and
» 1 DI(f — &llzglar> 0 <j<Kk,
k—j k > . ool ®s .
KD m 2 Digl o+ k<j<om ©O9
Proof. Given 4m —+ 2 arbitrary real numbers o;, 3;,0 <i < 2m, and

any finite interval [c, d] with ¢ <C 4, it is well known that there ex1sts a unique
polynomial p(x) of degree at most (4m -+ 1) such that Dip(c) = o;,
Dip(d) = B;, 0 < j < 2m. From this, it follows that a unique polynomial
spline g € H@+1(4) exists, satisfying (3.3). It thus remains to prove (3.4).

First we establish the special case k = 0 of (3.4). Let ¢, (x) and ¢, (x) be
the unique polynomials of degree (4m -+ 1) (cf. the proof of Theorem 7. 4)
such that

Dig, (0) = 8,010, Dids(l) = 6;,8,,, 0<j<2m, i=0,1, (3.5)
where 8, ; denotes the Kronecker 8 function. It is readily verified that
Po,0(x) =0, by o(x) =0, and ¢y o(x) + b1 o(x) =1for xe[0, 1], (3.6)

so that ¢, o and ¢, , form a partition of unity. If [x;, x,,4] is any subinterval
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of [a, b] determined from A e P(a, b), it follows from (3.3) that g can be
expressed as

X — X; X — Xy
g(x) = f(x)) bo.0 <__h_zc_) + f(xi42) b1.0 (X—T‘)a x € [x;, Xigals (3.7
where h; == X;q — X; . Since bo,0 + P10 =1, WE can express f(x) as

F) = 1) oo (F5,7) 16 bro E7)  xebuaxal
Thus,

X”xi)

(e 0 < 1S — 10 o (S5) o+ 1) = Flsn)l o {
< w(f; hy) for xe[x;, Xinl;
using the definition of the modulus of continuity w in (2.7). But as

o f, h) < o(f,m),
then
I f— gl < o(f, ),

the desired first inequality of (3.4) for the case k = 0. Next, again using the
fact that ¢+ Pro= 1,1t follows from (3.7) that

Dia(x) = h(fe) — fxisn) Do () %€ s xual
and hence,
| D8 llrfopen) < Klio(fy m), L] < 2m
But,asi? < (@)’ < (m)o)~ since 4 € Z(a, b), [cf. (2.2)], we thus have
| Dig et < Knla(f, m), <] < 2m,

the desired second inequality of (3.4) for the case k = 0.
Suppose now that k = 1. From Taylor’s formula, we can write for

x € [x; , X¢4a] that

=1 nif(y, & . k-1
o =5 P e+ s L ) D k) d

where as usual
. k-1 (V - t)k—l for y > t:
(=0 = 10 for y <t.
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Because

hik a1 x_xi_ k—1 . 1 %
(k—l)zfo< h; “’)+ it = 7y & = X,

we can also express f(x) as

fo =y 2 f LD

. o ;
P — Xy + Al (x — x;)*
hilc

T =D

jl (x — X t)k_l {D*(x; + hit) — o} dt, (3.8)
0 hi +

for any scalar «. Next, for each fixed 7, € (0,1), let Q( y; #,) be the polynomial
interpolation, as a function of y, of (y — 7,)™* such that Q( y, #,) is a poly-
nomial of degree (4m + 1) in y with

D,/ (y, — )57, 0<j<k )

DOy 5 1) = 10, k<j< ng, I=0o0rl,

where y, = 0 and y, = 1, and D, denotes differentiation with respect to the
first variable, y. Because this interpolation of (3.3) is linear and in fact exact
for polynomials of degree at most k, we have, in the manner of the Peano
kernel theorem (cf. Sard [26, p. 14]) that the function g of (3.3) can be
expressed on [x; , x,.,] for any scalar « as

g9 = ¥ 22D -y % (x — x
(k }ikl)l f Q( ){Dkf(xl—f«hl)—oc} dt

+ b [(Dkf(xi) — ) bo ( ;;Z xj)

+ Do) — o) b (T (3.9)
Subtracting (3.9) from (3.8) gives us, after differentiation,
pE . =) —x
DA =) = 5y fl o/ [(* T t): -0 hixz;’)]g
X ADM(x; -+ hyt) — o dt
= @) — o) D (S5

+ (DYvi) — @) Digy ()], (3.10)
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for 0 << j < k — 1. Because Dig; ( y) is bounded in [0, 1] and
Dy — i — Qs 1)

is uniformly bounded in [0, 1] % [0, 1] for all 0 < j < k — 1, we see from
(3.10) that for x € [x;, Xii1h

DU — ) < K[ DY G ) = e e
4+ | D¥(x;) — al + | D*(x) — ol (.11)
Hence, upon choosing o = D*f(x), we have
| D(f = Dlistorena < KiEZw@,m,  0<j<k—1

from which the first inequality of (3.4) follows for 0 <j < k — 1.
For the case j = k = 1, we have using (3.9) that

DA 8)) = (D) — ) — =7 |, e ()
w {D¥f(x; -+ hit) — o} dt

x—xi)

— D) — o] Do (7

M) — o) D ()

Again, choosing « = D*f(x), we see that each of the above terms can be
bounded above in terms of w(DY, ), so that

| DEf — lifonen < Kao(DM, m, 0 <1 <N-—1,

from which the special case j = k of (3.4) follows.
For the case 1 < k < j <X 2m, it follows from (3.9) that

Digt) — 7 || D0 (F55 5 ¢) (D't - iy — o3 difdk = 1!

T D) — o] Do (S5)

+meﬂ‘MD%mG;ﬁ» (3.12)
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Because Di¢; ( y) is bounded in [0, 1] and D,/Q(y; t) is uniformly bounded
in [0, 1] x [0, 1] for all 0 < j < 2m, the choice o = D*f(x) then gives

1 D8 Iz (o] < KW (DY, @), 0 <i<<N—1

Again, since 4 € Z(a, b), the above inequality can be extended over [a, b] in
the manner of (2.6), to give

I Diglirtan) < Kn* (DY, m), k< j < 2m,

the desired second inequality of (3.4). Q.E.D.

Since by definition W**[a, b] C C*[a, b] for any 1 < r < o0, the results
of Lemma 3.2 directly apply to the elements of W} ™[a, b]. In this case, the
modulus of continuity w(D*f, r) can be suitably bounded above as follows.
For any f€ W a, b] and any x, y € [a, b] with 0 << | y — x| << 7, we see
from Holder’s inequality that

| D) — )] = | [ DRy de | < 1y = 0 DR g

so that
w(DY, ) < w0 DL 1001 (3.13)

Substituting the above inequality in (3.4) then gives the error bounds of
(3.14) in the uniform norm, g = co. In a similar way beginning with (3.11)
and using Jensen’s inequality, as in Birkhoff, Schultz, and Varga [7,
Theorem 2], we also obtain error bounds in the L, norm. We state this as

COROLLARY 3.3.  With the hypotheses of Lemma 3.2, if f € W}t a, b]
with < k <2mand 1 < r < o0, then forr < q < o0,

) (I DS — L 1anl > 0<j <k,
Ko t=i=Qn/a) || DEFY oy > 3“ Dfirfi}L : 3;)]-]%[ 2] b 2 ; 2 o
i Hlgia, b Jo= .
(3.14)

Actually, a more general form of Corollary 3.3 can be established, which
is closely related to the recent interpolation results of Golomb [15] for
functions f with D piecewise continuous on [a, b]. We give this in
Corollary 3.4 below. See also Swartz [39, Corollary 4.3] for the corresponding
generalization of Lemma 3.2.

COROLLARY 3.4,  Given f(x) defined on [a, b] such that D*=*f ( for k = 1)
is absolutely continuous and D¥f, 0 < k << 2m, is defined and piecewise-
continuous on [a, bl with M > 0 discontinuities in the points { y;}}*; C (a, b),
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assume that D*f is absolutely continuous on each subinterval (Vi, Vi),
0 < i < M: (Wherey() =d, Y M1 = b:): with Dk+lf€Lr[yi >yi+1]9 0 < i < M;
where 1 <r < . If deP(a,b), and if g in H em+1)(4) is the unique inter-
polant of f in the sense of (3.3), then for r < ¢ < 0,

Regb=3+ QMY DY, ) -+ =47 | DEf )

| DI(f — Dllrast» O0<Jj <Kk

A Dig o » k<j<2m G139

Proof. As in the case of Corollary 3.3, we shall establish the inequality
of (3.15) only in the case ¢ = oo; the case of general ¢ with r < g < ©
follows again from Jensen’s inequality. For any subinterval [x; , x;,] deter-
mined by the partition 4 of [a, b], suppose first that [x;, x;4.,] contains no
discontinuity of D*f. Then, for 0 < j < k — 1, it follows from (3.11) with
o = D¥f(x) and from (3.13) that

| DI = i fopwey) < Kat =0 | DY 0

As in the proof of Lemma 3.2, this inequality is also valid for k = j. On the
other hand, if [x; , x;.1] does contain at least one discontinuity of D*f, then
it follows from (3.11) with « = D* (x) that for 0 << j < k,

| DI(f = Dl tzpoia < Kr*a (DY, m).

Since the sum of the upper bounds of the previous inequalities bounds
| DI(f — DL w,.,,,1 for any i, then we deduce that

A2 !

| DS — ©llegfam < K{ati=i=0I0 || DEf]| o1 + m*~Ieo(DY, m)i,

which is the desired result of the first inequality of (3.15) when ¢ = oo. The
rest is similarly established. Q.E.D.

As an example illustrating the result of Corollary 3.4, consider any
fe W0, 1] with f(0) = 1, and define /" on [—1, +1] by means of an odd
extension, so that fis discontinuous at x = 0. Then, f satisfies the hypotheses
of Corollary 3.4 with k = 0 and M = 1. As w(f,m) = 2 and is bounded
above, we have from (3.15) with r = ¢ = 2 and j = 0 that

1f = & legerin < K{mPo(f, @)+ 7 | Df |-,

We now prove an analogue of Lemma 3.1 which includes less smooth
functions.



SWARTZ AND VARGA 16

THEOREM 3.5.  Given f'e C*a, b] with 0 << k < 2m and given 4 € P(a, b),
let s be the unique element in Sp(L, 4, z) such that for zy = m = z, ,

Dj(f— S)(xi) = 09 0 <J < min(ka Z; — 1)’ 0 < i < Ny
Disx) =0, if min(k,z; — 1) <j <z —1, 0<i<HN.

(3.16)
Then, for 2 < q < o,
Kl=i=Q/2+ Q0 f (DX, ar) + w2k || £l sy, 0h
- WD~ Dlfar, O0<j<k, (3.17)

U Ds e if k<j<2m-—L1

For polynomial splines, i.e., L = D™, the term involving || f a0y can be
deleted in (3.17).

Proof. Given fe C¥a, b}, let ge C*|a, b] be its interpolation in the
sense of (3.3) of Lemma 3.2. The triangle inequality gives us for2 < ¢ <
that

1 DU(f = lramy < D(f — Doy + 1 D(g — ey, 0 <j<k.
(3.18)

Next, note that s, while interpolating / as described in (3.16), necessarily also
interpolates g in the sense of Lemma 3.1. Thus, from (3.2) of Lemma 3.1,

1 D/(g — )l fan < Ka?m=I=@25A/0) F g, 1, 0 < j < 2m — 1.
(3.19)

We now bound || g llwzria,ey - For any I'with & <</ <C 2m, we have from (3.4)
of Lemma 3.2 that

| D'g a1 < < Ka* (DY, ), k<1< 2m. (3.20)
For any 7 with 0 </ < k, we evidently have

I D¢ llLgtat < | DU — licgtanod + | D llrgany, 0 <1<k

Using (3.4) of Lemma 3.2 to bound the first term on the right-hand side of
the above inequality gives

1D | tey < K" (DY, @) + [ Df oy, O <I<k. (3.21)

Then summing the inequalities of (3.20) and (3.21) gives [cf. (2.5)]

am

g lwiman = Y 1 D¢ e < KT 20D, ) + | | wita.01)s

=0
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and substituting this bound in (3.19) then yields the following upper bound
for the last term of (3.18):

| Di(g — S fanl < Kk-i-02+00{o(DYf, m) + 7" f lw* a1
0<j<2m—1 (322

Of course, if polynomial splines are used (L = D™), the term involving
| f llw+a.01 €A1 be deleted (cf. Lemma 3.1). Finally, the first term on the
right-hand side of (3.18) can be bounded above by (3.4) of Lemma 3.2, so
that combining this bound with (3.22) gives

I D(f — rfapt < Kaph-i— 2+ {eo( D, ) -+ 72 S it
0<j<k

the desired result of the first inequality of (3.17). Next, if k <j <2m—1,
then the use of the same technique to bound the terms on the right-hand side

of
|| Dis |l oy < | D'(g — liztant + I D8 lrgant > if k<j<2m—1,

yields the second inequality of 3.17). Q.E.D.

In a similar way, the following extension of Theorem 3.5 is easily
established.

COROLLARY 3.6. With the hypotheses of Theorem 3.5, if fe Wit a, bl
withl <r < wand0 <k < 2m, then for max(r, 2) < 4 < oo,

lec+1—j+(1/q>+min(~1/r,~1/2) A

m Dy(f _ S)HLq[a,b] > 0 < J < ks
> Dis e O k<j<2m—1. (3:23)

For polynomial splines, | f llw+ttam > €At be replaced in (3.23) by | D¥ L, ta,01 -

There is, of course, an obvious extension of the result of Corollary 3.6,
under the weaker hypotheses of Corollary 3.4. Such extensions will, for
reasons of brevity, be omitted.

We remark that Corollary 3.6 generalizes the result of Lemma 3.1, in that
the first inequality of (3.23) of Corollary 3.6 for the case k = 2m — 1 and
r = 2, reduces to the inequality (3.2) of Lemma 3.1

For the error bounds established in this section for various types of spline
interpolation, we remark that in many cases these bounds have been shown
(as in Birkhoff, Schultz, and Varga [7], Schultz and Varga [32], and Golomb



SWARTZ AND VARGA 18

[15]) to be sharp, in the sense that the exponents of = cannot in general be
improved. Finally, since the result of Corollary 3.6 is valid for general
L-splines, we remark that the bounds of (3.23) in particular extend to even
less smooth functions all the upper bounds recently obtained by Schultz [31]
for polynomial splines, i.e., L = D™,

4, L-SPLINE INTERPOLANTS VIA LLAGRANGE INTERPOLATION

We begin with the following extension of a result of Schultz [29, Theorem
6.1].

THEOREM 4.1. Given fe C*[a, b], k = 0, and given 4 e P(a, b) with at
least (n + 1) knots, ie., 4:a = x5 <x; <+ <<xy=20b with N >=n, let
Ly..f,n =1 fixed, denote the Lagrange polynomial interpolation of degree n
of fin the knots x; , X;4q sy Xipn , Where 0 <i < N —n, e,

(Lo ) =f(x), I<j<i+n 4.1
Then, for s = min(k, n),

I D](f"" Ln,z’f)HLw[wi,ac”n] s 0<j<s, 4.2)

Kms=ia(Df, >3 : .
T DL U DL D rtopneon] j>s

Proof. Consider first the case when k = 0. It is well known that we can
write L, ; f as

i+n

(Lo i) = 2 f0x5) ), 43)
where
Li(x) = @ﬁ x — x;)/zﬁ (x; — Xp).
175 iy

From their definition, it is clear that the /,(x)’s form a partition of unity i.e.,
Z:-’:? l;(x) = 1. Thus, we can express f as

i+n

f(X) = g f(X) l,'(.X), X € [xi 5 xi+n]'

Hence,
i+n

(f = Lui)x) = 2_: (Jx) — fx)) (), x € [xi, Xpwn] (44)
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Because 4 € #(a, b) and m is fixed, it is readily verified that
| DL b tosesn) < Ka7s 7 =0 4.5)
Using the above inequality for r = 0 in (4.4) then gives

Hf'" Ln,z‘fHLw[wi,an] < Kw(f: 77)5

the special case s = 0 of the first inequality of (4.2). Next, since the 1(x)’s
form a partition of unity, then for any r with r >0,

i+n

)Y Do) =0, x € [, Xl
Hence, from (4.3) we can write
D)) = 3 (00) = ) D), 7= 00 € [ xial

and applying the bounds of (4.5) in the above expression then gives the second
inequality of (4.2) for the special case s = 0. For k >0, one can use the
Peano kernel theorem argument, as employed in the proof of Lemma 3.2.

Q.E.D.

For functions f &€ WF™[a, b], we have the following extension of
Theorem 4.1.

COROLLARY 4.2. With the hypotheses of Theorem 4.1, if fe Wi a, b]
withk = 0and 1 < r < oo, then for s = min(k, n) and r < ¢ < 0,

Ko Wm0 | D
T Vit n

| DI(f — Loiflefapeiads O <J<S
= ; . (4.6)
H DJ(Ln,if)”Lq[wi,an s J >S5

It is now useful to quote a stability (or perturbation) result concerning
two-point Hermite interpolation, due to Swartz [37, 38].

Lemma 4.3.  Let h(x) be any polynomial of degree at most (4m <+ 1) satis-
fying

| DRO) < F(®) 8-, | DIA@®)| < F@®) 87,  0<j< 2m, (4.7
for some function F(8). Then, for 1 <qg< oo,

| DIl < KF(8) « 377400, j = 0. (4.8)
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The next stability result shows that error bounds similar to those of (4.2)
of Theorem 4.1 hold for the Lagrange polynomial interpolation of approxi-
mate data.

THEOREM 4.4. Given fe C*a, b),k = 0, and given 4 € P(a, b) with at
least (n + 1) knots, ie., 4:a = x, <x; < <xy=>b with N > n, let
L, .f,n =1 fixed, denote the Lagrange polynomial interpolation of approxi-
mate values of f in the knots X; , X; 1 yeurr Xipm , 0 <i < N —n,ie., L, ,fisa
polynomial of degree n satisfying

Lo HE) =, i<j<i+n, 4.9)
where, with s = min(k, n), we assume that a function F(f, ) exists such that
oy —fOe)l < mF(f,m),  i<j<i+n (4.10)
Then,
—j | Dy(f'" znzf)]éL [EPRTIN Y 0<]<S:
Kors—i Dk’ !F’ 2‘[ ~ , ol @i &ipn ]
DL AT DL ey j>s.

4.1D

Proof. If L, ,fdenotes the Lagrange polynomial interpolation of f'in the
sense of (4.1) of Theorem 4.1, then we can write

DIf = Ly if)x) = DI(f — Lpif)x) + DULnsif — Lo f)),
DL, if(x) = DLy f)x) + Di(Lpif — Laif)),

where L, ,f is the Lagrange polynomial interpolation defined by (4.9).
Clearly,

I Dj(f’— f’n,z’f)”Lw[mi,an]
<l Dj(f'— Ln,z‘f)HLoo[oci,oeiM] -+l Dj(Ln,if"‘ zn.z‘f)”Lw[m,:,an] . (4-13)

For 0 < j < s, the first error bound of (4.2) of Theorem 4.1 can be used to
bound the first term on the right of (4.13). To bound the second term on the
right of (4.13), we have from the definition of /;(x) in (4.3) and the hypothesis
of (4.10) that

(4.12)

i+n

S (f) — o) D)

fe=1

| DI(Lyif — L)) =

i+n
< wF(f, m) Y | DIy(x)|

fe=1

< Ka*7F(f, ), X €[xX;, Xipnls
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the last inequality following from (4.5). Thus,
| DI(Lyif = Loifigloposn < K 7F(f, m), (4.14)

which then gives the desired result of the first inequality of (4.11). The proof
of the second inequality of (4.11) is similar. Q.E.D.

The analogue of Corollary 4.2 for Theorem 4.4 is

COROLLARY 4.5.  With the hypotheses of Theorem 4.4, if [ € W+ [a, b] with
k>0and1 <r < o, and for s = min(k, n), if [¢f, (4.10)]

| oy — fx)] < Kast=Wm | DY ||y o1y PSS <im0 (419)
then for r < g < 0,
K =5+ a/a) | D gz,
! Pl Widn

“Di(f_\'f’nif)”L[mAx-ﬁL]: 0<j<s,
= X ) ’ Hibgl®gLggn i 4_16
| DL gt j = 16

We now show how one may estimate derivatives of f at knots, needed to
define L-spline interpolants.

THEOREM 4.6. Given f€ C*[a, b] with 0 < k << 2m and given 4 € Z(a, b)
with at least 2m knots, let s be the unique element in Sp(L, 4, z) such that
Zy=m=2Zy,

Dis(x;) = DLypy,: )(x:)s 0</j<z—1,0<i<N, (417

where Loy_y.;f is any Lagrange polynomial interpolation of fin 2m consecutive
Knots Xx; » Xji1 »ees Xsgam—a With x; € [X; , Xjyoma]. Then, for 2 < q < o,

K= 02480 {eo( DY, ) + 7 | 1 g}

1 D(f = Dliganr»  0<j<k

= Dis 1 o » if k< j<2m— 1 (4.18)

For polynomial splines, i.e., L = D™, the term involving | f lw pla.s1 in (4.18)
can be deleted.

Proof. This is a “3¢” proof. Let # € Sp(L, 4, z) be the unique L-spline
which interpolates f in the sense of (3.16) of Theorem 3.5, and let
h e H@1(4) be the unique polynomial spline such that

DI(f = Lypma,if)x), 0 <j<Kk (4.19)

D7h(-xi) = —*Dj(Lzm—l,if)(xi)’ k <] < 2m.
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Writing f — s = (f— t) + h + [(+ — s) — h], we evidently have that
I D(f — 9l tan
<UD = Dllgtas + 1 Dhlgaer + | DX(h — [t — sDlLfanr  (4.20)

for 0 <{j < k. The first term on the right side of (4.20) can be bounded
above by (3.17) of Theorem 3.5. For the second term on the right side of
(4.20), we see from the definition in (4.19) and Theorem 4.1 that 4 satisfies
the conditions (4.7) of Lemma 4.3 on each subinterval [x; , x,,,] defined by 4,
with

F(8) = K&"w(D*f, 8).

Again, because 4 € Z(a, b), it follows from (4.8) of Lemma 4.3 that for
2<q< o,

I Dkl an < Kn*lw(DY, m),  0<j<2m.  (421)

For the third term on the right side of (4.20), we observe that  — s is the
unique L-spline interpolant of # € C*"[qg, b], in the sense of (3.1). As such, we
can apply the bounds of (3.2) of Lemma 3.1. But, from (4.21), we see that

I 5 llwyria,e) < K*=2"a(D¥f, ).
Consequently, from (3.2), for 2 < g < o,
| Dith — (1 = g < Kat=imWRTA0G(DE, ), 0 < j < 2m — 1.

Combining these bounds gives the desired result of the first inequality of
(4.18). The remainder of the proof is similarly established. Q.E.D.

We remark that the error bounds of (4.18) of Theorem 4.6 and (3.17) of
Theorem 3.5 are identical even though the splines of interpolation in each
case are necessarily different. Note moreover that the interpolation of (4.17)
of Theorem 4.6 does not explicitly depend upon the continuity class of £; in
contrast with the interpolation of (3.16) of Theorem 3.5. In Section 5, we
shall show in a stability result that there is in fact a family of splines approxi-
mately interpolating / which satisfy these identical error bounds.

We conclude this section with an analogue of Corollary 3.6.

CoroLLARY 4.7.  With the hypotheses of Theorem 4.6, if fe W g, b]
with 1 <r < o0 and 0 < k < 2m, then for max(r, 2) < q < oo,

Kt =3 (O mIn1/n=1/2) | ] iy, 11

” D](f_ S)“Lq[a,b] B 0 < J < ka
| Disliggams ik <j<2m— 1

=

For polynomial splines, || f lwi+i1a,01 can be replaced by || DY Y e -
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5. STABILITY OF L-SPLINE INTERPOLATION

The technique of proof of Theorem 4.6 yields the following stability
result of Theorem 5.1, which generalizes Theorem 4.6. Roughly stated, one
can suitably perturb the data defining an L-spline interpolant without
affecting the nature of the original error bounds.

THEOREM 5.1.  Given fe C¥a, bl with 0 < k << 2m and given A € P(a, b),
let s be the unique element in Sp(L, 4, z) such that for zy = m = zy,

Dis(x) = a;;, 0<j<z—1  0<i<A, (5.1)
0

where it is assumed that functions Fy( f, ) exist such that for 0 < i < N,

‘ -Djf(xl) — Qg [’ 0 <] < min(k7 Z; — 1):

ooy |, if min(ez— ) <j<z—1 2

Knt=iF(f, m) > |

Define | F||, = [7 SN CES( S, ™M, for 1 <r < 0. Then, for 2 <q < o
Kah=i=02+0/0{(o(DY, ) + || Flly + 7% fllw a0}

%” Da(f"" S)HLq[a,b] ’ 0 < ./ < k:

2 Dis g i k<j<2m— 1. (5-3)

For polynomial splines, i.e., L = D™, the term involving || f llw 14,01 in (5.3)
can be deleted.

Proof. Let he H®)(A4) be the unique polynomial spline such that

Dif(x;) — o5, 0 < j < min(k, z; — 1),
Dih(x;) = {—oy;, if mink,z, — N <j<z;—1, (54)
.0, z; — 1 < j < 2m,
for all 0 << i << N, and let £ € Sp(L, 4, z) be the unique L-spline defined by

(3.16) of Theorem 3.5. Writing f — s = (f— t) + h + [(t — s) — h], then
for2 <g << oo,and 0 < j <k,

Il DS — )l ta.01
< D(f — Ollrganr + I Dhllzam + [ D — [t — sDllrfasy - (5.5)

The first term on the right side of (5.5) can be bounded above by (3.17) of
Theorem 3.5, i.e.,

| DS — Dl an < K i= 000 (D, ) - w410 | ]y, ).
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Next, from the hypotheses of (5.2), and the definitions of (5.4), we evidently
have from (4.8) of Lemma 4.3 that

| Dh(x)] < K™~ max(F(f, m); Fia(fim),  x€[x;, X4l (5.6)

But, since
max(F{f, m); Fia(f, 7))

N
S (FA(f m) + Fla(fe M2 < Z EA(f, )2 = 712 [ F

forall 0 <<i << N — 1, then
| Dkl o << Kot =12 || Fl, .

Similarly, squaring, integrating the inequality of (5.6), and then summing on
i yields

| DR | yan) << Ko7 [ Flly. (5.7
Then, it follows from the last two inequalities for 2 < ¢ <C oo that
| D ||z 10,01 << Kormi-QR 0 [ Fly (5.8)

which bounds the second term on the right of (5.5). Next, we observe, as in
the proof of Theorem 4.4, that ¢ — s is the unique L-spline interpolation of
h e C*[a, b] in the sense of (3.1). Since we have from (5.7) that

| A llwgntann << Ko [ Flly,
the error bounds of (3.2) of Lemma 3.1 then give us
| Dith — (t = Dlr oy < K== 025000 | F,.

Inserting these inequalities in (5.5) then gives us the first desired inequality
of (5.3). The lower inequality of (5.3) follows in similar fashion. Q.E.D.

We remark that the error bounds of (5.3) of Theorem 5.1 reduce to the
common bounds of (3.17) of Theorem 3.5 and (4.18) of Theorem 4.6 whenever
| Flls < Kw(D*f, ). Thus, there is a family of splines approximately inter-
polating f which satisfy the bounds (3.17) or (4.18).

We conclude this section with an analogue of Corollary 4.7.

COROLLARY 5.2, With the hypotheses of Theorem 5.1, if fe WFHa, b]
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with 1 <r < 0 and 0 < k < 2m, and if functions F(f, m) exist [¢f- (5.2)]
such that for 0 < i <N,

, R I Dif(x,)y — o 4 < i < mi . — 1
K i=iF(f, m) = 1](3]?({35@) o5 1 0 = J = min(k, z; 1),
i3

, if min(k, z; — H<j<zi— 1, (59)

N

then for max(r,2) < q <

Kol A=t @@ mint=1r =D | f kg ) L[| Fli

0D = igants  O<T =5
“ A DS L fat » if k<j<2m—1L

For polynomial splines, | f [l wk+1ta,01 can be replaced by || D | 1,1 -

6. IMPROVED ERROR BouNDS FOR INTERPOLATING HerMITE L-SPLINES

Thus far, our error bounds for general L-spline interpolation in the uniform
norm [cf. (3.23) with ¢ = o] for functions f in Wik+[a, b] have had an
exponent of 7 which is one-half less than those for the corresponding poly-
nomial spline error bounds in the uniform norm [cf. (7.17)] for functions fin
wktl{a, b]. In general, these error bounds for L-spline interpolation are
sharp (cf. Schultz and Varga [32]), but we now show that the general im-
proved form of the error bounds in the uniform norm for polynomial splines
can also be obtained for what we shall call Hermite L-spline interpolation. 1If
the incidence vector £ = (%, e £y fOr the L-spline space Sp(L, 4, %) is
such that &, =m, 1 < i < N — 1, then

H(L, 4) = Sp(L, 4, %)

is called the Hermite L-spline space, where L is the differential operator of

order m of (2.3).
The first result (6.2) of this section involving Hermite L-splines improves
(3.17) of Theorem 3.5 for any 2 << g < 9.

TuroreM 6.1.  Given fe C*la, bl with0 < k <2m and given 4 € Z(a, b),
Jet s be the unique element in H(L, 4) such that

Di(f — s)(x) =0, 0 < j < min(k, m — D, 0<i<N,

<
. . (6.1)
Dis(x;) =0, if mm(k,m——l)<j<m~1, 0<i<N
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Then,
Kb Ha(D¥, ) ++ 7™ % || flly kq,0}
]E D](f_ S)HL [a,b] » O < _1 < k7
= . o , . 6.2
TN Dslepam s i k<j<2m— L (62)

For polynomial splines, the term involving || f Hka[a,b] can be deleted in (6.2).

Proof. Let g€ H®"+1(4) be the polynomial spline interpolation of £ in
the sense of (3.3) of Lemma 3.2. Writing f — 5 = (f — g) -+ (g — 5), and
s = g -+ (s — g), it is evident that

I DI = Dz glawr < I D(f — et + 1 D(g — L tasd »
<7<
Osishk (53
1 D8 ||z ta0) < | Dg Nl faen + || D(& — i tani »
k<j<2m— 1.
Clearly, the results of Lemma 3.2 suitably bound the first terms on the right

side of (6.3). Next, by definition, s is also the H(L, 4)-interpolant of g in the
sense that

Di(g —s)x) =0, O0<j<m—1 O0<i<N

As such, we could make use of recent results of Ciarlet and Varga [13,
Corollary 4], but a self-contained proof is instead given. Let G(¢, ) denote
the Green’s function for the boundary-value problem

ngy(x) = T()C), X € (0, 1)9
Diy(0) = Diy(1) = 0,0 <j<m— L.

Because s interpolates g at the knots x; we can write for x € [x;, x;.,] that

Di(g — ) = i [ [ei6 (120, ) fegi] Dong — ).+ nh) d,
0<j<<2m— 1,

where #; = x;,; — x;; and the boundedness of &/G(¢, 0)/0&7 in [0, 1] x [0, 1]
gives us for 0 << j << 2m — 1, x € [x;, x4,4], that

| D(g — )X < KB (| D*™(g — i wpisal
(6.4)
< KE" | DR |l twpes ) + KB DS (L oy -
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Next, since the leading coefficient c,,(x) in the definition of the operator L is
strictly positive in [a, b] (cf. Section 2), then L*Ls(x) = 0 in (x;, Xi41)
implies that

2m—1
D¥s(x) = 3. di(x) D's(x),
=0
where each d,(x) is bounded on [a, b}, so that
2m—1

1 D*s 1 ot < K %, | D'sllza -
1=0

By means of the triangle inequality, this can also be bounded above by

T
1 D*s lp fa) < K 2 Ul DY Nz giann + | D(f = &)l fa)
1=0

2m—1

4+ 1 DH(g — Nrtasty + K Y DSl fan -

I=k+1

The first sum, by (2.5), is just K[| fllw (a1 » and the second sum is bounded
above from (3.4) of Lemma 3.2 by Kw(D¥f, 7r), which in turn is bounded
above by K| fllw #a.0- The third and fourth sums are, from (3.23) of
Corollary 3.6 with k = 2m — 1 and r = oo, bounded above by || g [lw? 14,015
and hence

| D25 |1 o) < KA Al taon 4 1 & llwarta.on:

Thus, comparing with (6.4), it remains to bound || g w451 - BY definition,
we can write

k om
14 HWEO"‘[a,b] = z | Dig L fa01 + Z | Dg HLOQ[G,?;} s
=0 it
and hence, from the triangle inequality,
m

g lwertan < 3 U D(f— Digan + I Diflictantt + 2o 1 Dglliglan -
7=0

J=k+1

Applying the bounds of (3.4) of Lemma 3.2, it follows then that

g HW?O"‘[a,b] < | fllw*tanl + Kak=2mew(DEf, ).
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Next, since the leading coefficient ¢,,(x) in the definition of the operator L is
strictly positive in [a, b] (cf. Section 2), then L*Ls(x) = 0 in (x;, Xi11)
implies that

2m—1
D¥s(x) = Y, dy(x) D's(x),
1=0
where each dy(x) is bounded on [a, b}, so that
2m—~1 .
1 D*™s e tan < K 3, [ DS [lzefam -
1=0
By means of the triangle inequality, this can also be bounded above by

k

f D*"s T PRy <K Z {li lei[Lw(a,b] + | Dl(f - g)”l.w[a,b]

1=0
2m—1 .

+ | D'(g — Nz tasty + K 2 I DS lrgfasn -
1=kt1

The first sum, by (2.5), is just K| fllw_#a,1 5 and the second sum is bounded
above from (3.4) of Lemma 3.2 by Kw(D*f, 7), which in turn is bounded
above by K| fllw_ a0l - The third and fourth sums are, from (3.23) of
Corollary 3.6 with k = 2m — 1 and r = oo, bounded above by || g llw?"1a,01 5
and hence

| D*s g ta) < K{IS lwgttand + 11 & lwamta -

Thus, comparing with (6.4), it remains to bound {| g w401 - BY definition,
we can write
k ) 2m )
| g llwemtar = 2, 11078 L tapl + Y 1 DigllLglant »

=0 j=k+1

and hence, from the triangle inequality,

k 2m
g llweran < Y {1 D= Dlegtant + I D lefam} + Y, 1 Digllefaer -
=0

Jj=k+1

Applying the bounds of (3.4) of Lemma 3.2, it follows then that

g lyzotant < |/l e + Kat=2ra(D, m).
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But combining this with the inequality of (6.4) gives for 0 < j << 2m — 1
[ DI(g — lirgtann < K{m (DY, ) + w7 || [y #a.01),

from which the inequalities of (6.2) follow from (6.3). Q.E.D.

COROLLARY 6.2. With the hypotheses of Theorem 6.1, if fe WEa, b]
with 1 <r < wand 0 < k < 2m, then for max(r,2) < g < o,

- | D(f— ey, 0<j<k,

E+1—j—(1/r)+(1/q) L@

K7T 4 “f”W’;*—l[a,b] > ” DjSHLq[a,b] , lf' k <J < 2m . 1
(6.5)

The technique of proof of Theorem 6.1 yields the following stability result
of Theorem 6.3. We omit its proof.

THEOREM 6.3. Given '€ C¥a, b] with0 < k < 2m and given 4 € P(a, b),
let s be the unique element in H(L, 4) such that

Disx) = o;;, 0<j<m—1,0<i<N, (6.6)

where it is assumed that functions Fy(f, m) exist such that for 0 < i < N,

Kt 2F(S, m) > :aDﬂIX) e if ?mf(lii njnl()k ’<m)'—<1725 —1. @7
Then,
KimtHa(DY, m) + | Fllo + 7 || fllw, 10,00}
ID(f = Dlegters, 0 <j<Kk, (6.8)

~ D e gl 5 if k<j<2m—1.
In particular, if
Oy, == Dj(L2m—1,i‘f)(xi)9 0 <j < m — 15 0 < l < Nz (6-9)

where Ly, ;[ is the Lagrange polynomial interpolation of f in the knots
Xj s Xja seers Xjpomey With X; € [X; , X 0m_1], then the bounds of (6.8) are valid
with the term || F ||, deleted.

COROLLARY 6.4.  With the hypotheses of Theorem 6.3, if fe WEF™[a, b]
with 1 < r < 00 and 0 < k < 2m and given 4 € P(a, b), let s be the unique
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element in H(L, 4) satisfying (6.6), where it is assumed that functions F(f, )
exist [cf. (6.7)] such that for 0 < i < N,

K+1—i . “ Dﬁf(xz) — Qg5 h 0 <] < min(k, m — 1)>
K22 F ™) 2 ) o, if min(k, m — ) <j<m—1,
(6.10)
then for max(r, 2) < ¢ < ©,
Kk s1=-0n | f ypsgen + | FllbY

H Dj(f — S)“Lq[a.b] ’ 0< .] < k:

2 D om0 k=) <2m— 1. (6.1

7. POLYNOMIAL SPLINE INTERPOLATION OVER UNIFORM PARTITIONS

In this section, we prove a result for smooth polynomial spline interpolation
over uniform partitions. We begin by stating the following result of Swartz
[37], involving «odd-derivative” boundary interpolation [cf. (7.2)].

LEMMA 7.1. Given fe C?*"[a,b] and given A4, €P(a,b), let s be the
unique element in Spt™(4,) such that

(f =) =0, 0<ish

DU(f — s)(@) = D¥(f — 5)(b) = 0,
1<j<m—1, if m>1L

(71.1)

Then,
| Di(f — )z e < Kol Dy faprs O SJ < 2m— 1. (7.2)

The result of Lemma 7.1 can be generalized as follows; we remark that
the case k = 0 can be found in Swartz [38, Corollary 9.1].

LeEMMA 7.2.  Given fe C*a, b] with 0 < k < 2m and given 4, #(a, b),
let s be the unique element in Sptm(d4,) such that
(f—s)x) =0, 0=<i=<N
D¥(f — s)(a) = DY (=)0 =0 ¥ 1<2j—1<k (13
D2i-15(q) = D*s(b) = 0 if k<2j—1<2m-— 3.
Then,

I DI(f — et 0<J<Kk

Jo—j k - .
K7T (D(Df; 77') = HD]SHLw[a,b] s If‘ k < J < 27’7’2 et 1.

(7.4)
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Proof. Let g e H®™1(4,) be the unique interpolation of £ in the sense
of (3.3) of Lemma 3.2. Then, s, as defined in (7.3), is the unique Sp™(4,)-
interpolant of g in the sense of (7.1) of Lemma 7.1, and hence, from (7.2),

[ DI(g — e tany < K™ [ Dl 1,51, 0<j<2m— 1.

But, from (3.4) of Lemma 3.2, || D¥"g |l,_1o.,1 < Kr*~*"w(D¥, ) so that
[ D(g — S tomy < KD, m),  0<j<2m—1. (1.5
On the other hand, ffom (3.4) of Lemma 3.2,
1 D(f = @l ylan < K T(DY, m), 0 < j <k,

and combining the last two inequalities establishes the first inequality of (7.4).
The second inequality of (7.4) follows similarly from (7.5) and (3.4) of
Lemma 3.2. Q.E.D.

We remark that the inequality of (7.2) will be seen (Lemma 8.3) to be valid
also using L, norms throughout. Hence, the conclusion of (7.2) can be
strengthened to read

DS = lirtay < Ka* 7| Df || a1,
0<j<2m—1, 2<qg< . (7.2)

This is used in proving

COROLLARY 7.3.  With the hypotheses of Lemma1.2, if fe Wi*a, b]
with 0 <k <2mand 1 < r < o, then for max(r, 2) < q <X w©,

; - Il D)(f““ S)“L la,b] s 0 < J< k:
F+1—i—(1/r)+(1/q) k+1 (A
K= 7 H D f”Lr[a,b] > H Dig HLq[a,b] , y(‘ k <_] < 2m — 1.
(1.6)

We now prove one of our main results, which for spline spaces improves
(3.17) of Theorem 3.5 for any 2 < ¢ < co.

THEOREM 7.4.  Givenfe C¥a, bl with0 < k < 2mand given 4, € #(a, b),
let s be the unique element in Sp™(4,) such that

(f=9)x) =0, 0<i<N,

Di(f — s)(a) = DI(f — s)(b) = 0 for 0 <j < mintk,m —1), (7.7)
Dis(a) = Dis(b) = 0 if mintk, m — 1) <j < m — 1.
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Then,

Kﬂ'k_j(!)(Dkf, 7T) > H D](f'ﬂ S)HLw[a,b} s 0<j < k,

| Disleom i k<j<am—1 T

Moreover, if 4, has at least 2m knots, and § € Sp™(4,) is instead defined by
means of

(f—Hx)=0 0<is<N,
(7.9)
0<J

Dis(a) = D' (Laym-1.0/)@), <j<m—1,

where Loy1.0f is the Lagrange polynomial interpolation of f in the knots
X » X1 oeees Xam—1 » With @ similar definition of § at x = b, then the bounds of
(7.8) remain unchanged if s is replaced by 3.

Proof* Let i€ Sp™(4,) be the unique polynomial spline which inter-
polates fin the sense of (7.3) of Lemma 7.2. We now construct a particular
polynomial spline 7 € H em+1)(4,). To begin the construction, let

{o.1(x), b1,4(x) P
be the unique polynomials of degree (4m -+ 1) such that
D' 50) = 81,1810, Didpis(1) = 8,81, 0<1Lj<2m,i=0,L

Explicitly, for example, we have

Boo(®) = [ rnt — o airf St — 1y at.

Next, we define for 0 <j < 2m

$0,j(x) = %Trquo,i ((x - a)/'n'), x e {a’ a -+ 77_]’

0, otherwise,

$1,j(x) — zﬂj‘?sl.f((x —b + 77')/77)3 xXe [b _ T, b]v

0, otherwise.

1 We have just discovered a recent result of Subbotin [42, Corollary 21, showing that there
exists a spline of odd (even) degree, interpolating f at (half-way between) the interior knots,
which satisfies the first inequality of (7.8). The boundary conditions and the proofs,
however, are different.
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By construction, each q?z-,j(x) is a polynomial spline in H®"+1(4,). We then
set
min(k,m—1) i N ] "
h(x) = 3 (DIt — s)@) * os(x) + Dt — 5)(b) - Fy,(x)}
7=0
2m—1 . - ) N
+ 2 {D7t(a) * o, i(x) + DIt(b) - by ,(x)}, (7.10)

J=min(k,m—1)+1

so that / is also an element of H®"+(4,). Writing
f=s=(—=0+h+[t—s) —h]

it is evident that for 0 < j < k,

| DI(f — )L a1
S D = Ollztamd + | Dl oy + | Dih — (1 — SDiytany - (7.11)

The first term on the right side of (7.11) can evidently be bounded above by
(7.4) of Lemma 7.2. To bound the second term on the right side of (7.11), we
note from a simple calculation based on the definitions of & () that

1D lryam < Kai=t00, | < g < oo, 0<1<2m. (1.12)
Next, note that from the definition of s and ¢ that

| Di(s — t)(@)| = | DI(f — t)(a)] < Kn"~iw(D, ), 0 < j < min(k, m — 1),
(7.13)
the last inequality following from (7.4) of Lemma 7.2. Similarly,

| Di(s — t)(a)| = | Dt(a)| < Ka*—w(D*f, ), if min(k, m — D<j<2m-1,
(7.19)

with analogous inequalities holding at the endpoint 4. Thus, from the
combined inequalities of (7.12)~(7.14), it follows then from the definition of
A in (7.10) that

1 D%h e o1 < Krt=leo( D, ),
<

0 < 2
I DR (| ytan) < K=t gy(D, o), 0< 2 (7.15)

The first inequality of (7.15) then bounds the second term on the right side
of (7.11). For the third term of (7.11), we note that t — s is in fact
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the Sp‘™(4,,)-interpolant of % in the sense of (3.1). As such, the error bounds
of (3.2) of Lemma 3.1 are applicable, i.e.,

[D7(h — (t — Sllr o) < Kr? 22 DRl pgy, 0 <j<2m— 1
But, from the second inequality of (7.15), we deduce that
| D2 | Lo,y << Kar=2m 1 2w ( DY, ),
and consequently,
1 DI(h — (& = Dz o < KD, m),  0<j<2m— 1.

Combining these bounds gives the desired result of the first inequality of (7.8).
The remaining inequalities of (7.8) are similarly established.

Finally, suppose that § € Sp™(4,) is defined, as described in the statement
of Theorem 7.4, by means of Lagrange polynomial interpolation of f at the
boundaries of [a, b]. In this case, we define z € H@m+(4,), in analogy with
(7.10), by

2m~~1

h(x) = Z DIt — (@) + Go.i(x) + DIt — H®) = $1x)}.  (7.16)

Since | D(§ — 1)(a@)| < | DI(§ — f)(@)| + | DI(f — t)(a)| , and
| DI(s — t)a)l < | Dis(a) + | Dt(a)|,
it follows directly from Theorem 4.1 and Lemma 7.2 that
DS = 0@ < Kn oD, m), 0 << 2m— L

But since these same bounds were used in (7.13)—(7.14) to establish the bounds
of (7.8) for s, it follows that the bounds of (7.8) remain unchanged if s is
replaced by §. Q.E.D.

COROLLARY 7.5.  With the hypotheses of Theorem 7.4, if f € W*[a, b] with
0<k<2mand 1 <r < o, then for max(r,2) < q < o and for either
sor s,

; Di(f — ) tam, 0<j<k
E1—j—(1/7)+(1/q) -+l > I i qta,bl s ’
K P et 2 0 Dy U k<< 2m — 1.
(7.17)
It is worth mentioning the relationship of Theorem 7.4 with the many
known results in the literature on interpolation and approximation errors for
polynomial spline functions. Most authors have considered error bounds in
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the uniform norm. For cubic splines (m = 2), the validity of the case k — 2
of Theorem 7.4 was first indicated in Ahlberg and Nilson [1, p. 104], while
the case k = 3 was given by Birkhoff and deBoor [4, 5], both results being
for more general partitions 4 of [a, 5] than those considered in Theorem 7.4;
see also Swartz [38, Section 10]. For periodic cubic splines, the earlier results
(k = 2) of Walsh, Ahlberg, and Nilson [41] were extended by Sharma and
Meir [34], Nord [24] (with his well-known counterexample), Cheney and
Schurer [12], Meir and Sharma [23], and Ahlberg, Nilson, and Walsh [31].
For cubic splines defined by interpolation not necessarily at knots, Meir and
Sharma [22] have related results.

Concerning the case of higher-order spline interpolation of odd degree for
general partitions, Schoenberg [27] and Ahlberg, Nilson, and Walsh [2, 3]
have presented results related to Theorem 7.4 and Corollary 7.5, generally
under different boundary conditions.

For higher-order odd-degree splines and uniformly spaced knots, Ahlberg,
Nilson, and Walsh [3] gave a result like that of Lemma 7.1 for periodic
boundary conditions, while Subbotin [36], working with even-degree inter-
polating splines with interpolation taking place half-way between the knots,
proved related results. For general odd- as well as even-degree interpolating
splines, Golomb [14, 15] has error bounds in the periodic case which
correspond exactly to those of Theorem 7.4 and Corollary 7.5, but the proofs
are of a different nature. Golomb [14, 15] also presented the first few terms
in the asymptotic expansions of the errors (cf. also Swartz [37]), and he also
exhibited [15, Theorem 4] cases in which the use of periodic boundary
conditions for interpolating splines (of degree at least five) yields dramatically
poorer convergence rates than Hermite boundary conditions.

Approximating splines which are defined by linear processes other than
interpolation have been considered by various authors. Schoenberg [28]
showed the convergence of his high-order splines (with uniformly placed
knots) to a continuous function. In the fundamental work of deBoor [9],
error estimates like those of Theorem 7.4 have been obtained for even- as
well as odd-degree splines with no assumptions on the partitions. The splines
used there are obtained by linear projections, these projections being explicitly
given for linear and quadratic splines (cf. deBoor [8, 9]). We note that, in
contrast with interpolatory splines, deBoor’s approximations converge
locally, at rates depending on the local smoothness of the function approxi-
mated. Schultz [30, p. 198] gives error estimates for integral least-square
spline approximations. Finally, we mention that other linear maps onto the
splines have been successfully used by Strang and Fix [35] for periodic spline
approximation in higher dimensions.

To conclude this section, we state a stability result which is established in
the manner of Theorems 5.1 and 7.4.
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THEOREM 7.6. Givenfe C*la, b] with0 < k <2m and given 4, € #(a, b),
let s be the unique element in Spt™(4,) such that

S(xi):ai.o, 0<i<N

. . (7.18)
Dis(@) = o, Ds0) = oo f 1<j<m—15

where it is assumed that functions F,(f, m) exist such that

KatF(f,m) = | f(x) — ol 0<i<N,
Kai—IFy(f,m) = | Dif (@) — %o Lo 1S min(k, m — 1), (7.19)
Knb-iFy(f,m) = sl I min(k, m — D) <j<m—1
with similar inequalities holding at x = b. Then, with
H an = 0%28\, Fz(fa 77)’
. | DICf — Slizgla.s) » 0<j<k
ke k | ot
K 7(0)(Dﬂ 77) + }IFHOO) 2 3” Dis HLw[a,b] , l:f k <J < I — 1.
(7.20)

In particular, if 4, has at least 2m knots, and if s and its first (m — 1) derivatives
at x — a are defined by (7.9) in terms of Lagrange polynomial interpolation of
{0, 00amst, where the ;.o satisfy the first inequality of (1.19), with a similar
definition holding at X = b, then the bounds of (7.20) are valid.

COROLLARY 7.7.  With the hypotheses of Theorem 7.6, if fe Wi a, bl
with 1 <r < oo and 0 < k < 2m, and if functions F(f, m) exist [cf. (7.19)]
such that for 0 <1 < N,

Kt E(fm) = 1 fG) — ounl . OSTSH
Kt E fom) = | D@ — 005 1> T TSTS min(k, m — 1), (721
KB o) = Lagg ], i minfem =D < =T 1,

with similar inequalities holding at x = b, then for max(r, NEY RS
Kateri—i—am+ao{) DS L fa,0) + | Flirk

4D — et 0TS
> Do k<j<2m =1 (7.2

As an application of Theorem 7.6, consider the case of cubic splines
(m=2)ona uniform partition, Sp®(4,), where A, has at least four knots,
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Le., N = 3. Then, given fe C¥a, b],0 < k < 4, let se Sp®(4,) be the
unique element such that

S(xi) - f(xi)) = %05 0 < i < N,
Ds(a) = (1/6m){—11f(xo) + 18f(x1) — 9 (x2) + 2 (x5)} = v,
Ds(b) = (1/6m){11f (xx) — 18f (xy_y) + 9 (Xy—s) — 2f (Xy—g)} = vy,

where 7 = (x,.; — x;),0 << i << N — 1. Because the right sides of the last
two expressions above are simply obtained by differentiating the cubic
Lagrange interpolation of f in the four knots Xo, X1, X, X3 and
XN-35 Xy-2> Xn—1, Xy, and evaluating the result, respectively, at x = X, and
X = Xy, then the inequalities of (4.2) of Theorem 4.1 are applicable with
s ==k, from which the inequalities of (7.19) follow with F(f, m) = (DY, ).
Consequently [cf. (7.20)],
Te—j % “ Dj(f" S)”Lm{a,b] ) 0 <] < k,
AL 2 Dy 0 k< g <3

which was stated in Section 1.

We remark that the special case of the stability result of Theorem 7.6 for
cubic spline interpolation (m = 2) has also been independently developed by
matrix techniques in Carlson and Hall [11].

8. POLYNOMIAL SPLINE INTERPOLATION ERRORS UNDER SECOND INTEGRAL
RELATION BOUNDARY CONDITIONS

In this final section, we discuss extensions of our previous results for
polynomial splines (L = D™) to more general boundary conditions.

Consider now any set of 2m real point functionals B — {B;}3"* on
W2™a, b], called boundary conditions, of the form

2m—1
B;g = z {a;,:Dg(a) + b;,:D'g(b)},

=0 (8.1
O0<j<2m—1, geWila bl

If the 2m X 4m matrix M is defined by

9.0 by, ay1 Doy bo,3m-1
M= T : , (8.2)

Aom—1,0 byt ame
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we assume that

rank M = 2m, (8.3)

i.e., the functionals of (8.1) are linearly independent. In addition, we assume
that, for any g € W2™[a, b] with B;g = O for all 0 <j < 2m — 1,

b b
f (g di = (=1 f g Dig . (8.4)

In other words, since integration by parts gives

b b a:=$
| gy dt = (v [ g Dredr+ P9

a

where the bilinear concomitant P(g) is defined by

m—1

P(g) = ) (1) D™g(x) - D™Hg(x),

j=0

then (8.4) is equivalent to P(g) = O for all g such that
Big=00<j<2m— 1.

By means of elementary row operations applied to M (cf. Birkhoff and
MacLane [6, p. 162]), there is no loss of generality in assuming that M is in
lower reduced echelon form, i.e.,

(i) every leading entry (from the right) of each row is unity;

(ii) every column containing a leading entry (from the right) has all
other entries zero; (8.5)

(iii)  if the leading entry (from the right) of row i is in column ¢, , then
t1<t2<”' <tm.

We remark that the elementary row operations which bring M into lower
reduced echelon form leave the property of (8.4) invariant.

We now cite a few examples of boundary conditions B = {B;}3";" which
satisfy (8.3)-(8.5).

ExawmpLE 1. Hermite boundary conditions:

By g = Dig(a), Byi18 = Dg(b), 0<j sm— L.
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For the case m = 2, M is given explicitly by

10000000
0100000 0
M=1001000 0 0
0001000 0

ExAmpLE 2. Odd-derivative boundary conditions:

Byg = gla);  B,g = g(b);
Byjg = D*7g(a);  Byag = D¥g(h), 1 <j<m— 1.

ExampLE 3. Even-derivative boundary conditions:
By g = D¥g(a); Byii1g8 = D¥g(b), 0</j<m—1
ExampLE 4. Periodic-type boundary conditions I:

Byg = gl@);  Big = g(b);
B;g = Di~ig(a) — Di~'g(b), 2 < j<2m~— 1.
ExampLe 5. Periodic-type boundary conditions II:
B;g = Dig(a) — Dig(h), 0 <j<2m—1.
ExAampLE 6. Natural boundary conditions:
Byg = g(@),  Byg= D¢, 1<j<m-—]1,
Big =gb),  Byug=D"H7glh), 1<j<m-—1

We next define a way in which functions f'e C*[a, b] can be interpolated
in Sp(D™, 4, z) when 0 << k < 2m. The approach is like that of the inter-
polation in (3.3) of Lemma 3.2, i.e., high “derivatives” of f which are needed
to define the interpolation are treated as though they were zero.

Lemma 8.1, Given fe C*a, b] with 0 < k < 2m, given 4 € P(a, b) with
N > m [cf. (2.1)], and given point functionals {B;}325" of the form (8.1) satis-
Sying (8.3)~(8.5), then there exists a unique s € Sp(D™, 4, z) which interpolates
fin the sense that

DI(f — 5)(x;) = O, 0<j<mintz —1), 1<i<N—I,
Djs(xi)zo, if n’lin(k,zi_' 1)<‘j<22*], 1 <i<N‘—'l,
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and

B = ¥ auDif@) + b, DY), 0<j<m—1 (87

=0

Proof. Since the complete proof follows rather familiar lines (cf. Schultz
and Varga [32, Theorem 3]), we merely sketch it. The determination of such
an s € Sp(D™, 4, z) depends on the solution of 2mN linear equations in 2mN
unknowns, and as such, it is sufficient to show that if f(x) = 0 on [q, 4], then
s(x) = 0 also on [a, b]. Consider

b N-1 244
f (D7s(x))2 dx = Y f (D™s(x))? dx.

=0

Integrating by parts, and using the continuity requirements of (2.4), the
interpolation requirements of (8.6), and the assumption of (8.4), gives us
that s(x) is a polynomial of degree at most m — 1, But from (8.6), since s
interpolates f = 0 in (N — 1) distinct points then, as N — 1 > m, s(x) = 0
on [a, b]. Q.E.D.

The proof of the next lemma, the second integral relation, also follows
along the same familiar lines (cf. [32, Theorem 5]), and is omitted.

LemMma 8.2, Given f e W3"[a, b], given 4 € P(a, b) with N > m,
and given point functionals {B;}:"s" of the form (8.1) satisfying (8.3)(8.5), let
seSp(D™, 4, z) be the unique interpolation of f in the sense of (8.6)-(8.7)
with k = 2m — 1. Then,

| (Dn(f — ) dx = (— 1y | (f — ) D*f d. 8.8)

We next state a result on error bounds for the interpolation of Lemmas
8.1-8.2, which is the analogue of Lemma 3.1. This too can be proved in
analogy with the results of Ahlberg, Nilson, and Walsh [3, Chapter 5] and
Schultz and Varga [32]. We remark that our proof of Lemma 8.3 depends
on an inequality like that of Hille, Szegd, and Tamarkin [17], relating the
norm of the derivative of a polynomial to the norm of the polynomial. For
details, see Swartz [39].

LemMmaA 8.3.  Given fe Wi"[a, b], given 4 € Z(a, b) with N > m, and given
point  functionals (B}’ of the form (8.1) satisfying (8.3)-(8.5), let
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S€Sp(D™, 4, z) be the unique interpolation of fin the sense of (8.6)—(8.7) with,
k=2m—1. Then, for 2 g < oo,

FD = ltytans < Kmmarsagm 1D a1, 0 <j<om — 1,

We now extend the result of Lemma 8.3 to less smooth functions, just as
Theorem 3.5 extends the result of Lemma 3.1,

THEOREM 8.4.  Given J€C*a, b] with o <k <2m, given Ae Z(a, b)
with N > m, and given point functionals {B;13 of the Jorm (8.1) Satisfying
(8.3)~(8.5), let s Sp(D™, 4, z) be the unique interpolation of fin the sense of
(8.6)~(8.7). Then, for 2 < q < oo,

Kﬂ]c_j_(1/2)+(1/g)w(07y; 77') > ” D](f_ S)”L,_,[a,b] , 0 <J < ka

DS lletonys if k<G <o (810)

Proof.  Given f€ C¥a, b], let g€ C*[q, b] be its interpolation in the sense
of (3.3) of Lemma 3.2, The triangle nequality gives us for 2 < ¢ << oo that

IDAS = e gamy < || DI(f — e aor + 1| Di(g — e a0 »
0<j<k (811

where 5 € Sp(D™, 4, z) is the interpolation of Jin the sense of (8.6)~(8.7). The
first term on the right-hand side of the above inequality can be bounded
above by (3.4) of Lemma 3.2, Next, note that s, while interpolating fin the
sense of (8.6)—(8.7), necessarily also interpolates g in the sense of Lemma 8.3,
Thus, from (8.9) of Lemma 8.3,

1D —= e am < Km2m-i-amiaso D% |l tay 0<j<2m—1.
But from the case J = 2m of (3.4) of Lemma 3.2, we have that

1D fip 0y < Kat=2m0(D¥f, ),
and thus

1DHe — $)ligtan < Kl T= U+ Qlooy(prf, ),

which yields the first inequality of (8.10). The remainder of the proof is
similar. Q.E.D.

The following extension of Theorem 8.3 is easily established,
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COROLLARY 8.5. With the hypotheses of Theorem 8.3, if f€ Wka, bl
withl <r < 0 and 0 < k < 2m, then for max (r,2) < ¢ <X ©,

Kahti—i+ (o) +min(=1/r.=1/2) || DEf ] po o

(| DI — $)lrta.n 0<j<k

N Disligmn s i k<j<2m— 1 (®.12)

Actually, a more general form of Theorem 8.4 can be proved, along the
lines of Corollary 3.4. This is

COROLLARY 8.6. Given f(x) defined on [a, b] such that D*=Yf (for k = 1) is
absolutely continuous and D¥f, 0 < k << 2m, is defined and piecewise-con-
tinuous on [a, b] with M = 0 discontinuities in the points { y;}%; C (a, b),
assume that D¥f is absolutely continuous on each subinterval (i, Yiii)s
0 < i< M (whereyy, = a, Y1 = b), with D*f e L[ y; , Vil 0 I KM,
where 1 < r < . If A€ P(a,b) with N >m, and if the point functionals
(B2t of (8.1) satisfy (8.3)-(8.5), let s€ Sp(D™, 4, z) be the unique inter-
polation of [ in the sense of (8.6)~(8.7). Then, for max (r,2) < q < @,

K= /2 MY aa(DYf, ) 4 = [ DY a0t}

I DJ(f”’ S)l]Lq[a,b] P 0</j= k, 8 13}
Z N Dislifam,  if k<j<2m—L ‘

Proof. Following the proof of Theorem 8.4, let g € C*"[a, b] be the inter-
polation of f in the sense of (3.3), and consider the inequality of (8.11). For
r < g < oo, the first term on the right-hand side of (8.11) can be bounded
above by (3.15) of Corollary 3.4. To bound the second term on the right-hand
side of (8.11), we use (8.9) of Lemma 8.3, coupled with the second inequality
of (3.15), i.e., for max (r, 2) < ¢ < 0 and 0 < j < k,

1 D(g — Mirgtam < Kb 34 M (D', ) —+ =" | DF L et}

which is the first inequality of (8.13). The remainder of the proof is similar.
Q.E.D.

We remark that for the special case of periodic boundary conditions, as
given in Example 4, the global error estimates of (8.13) of Corollary 8.6
contain, in the case of uniform partitions, certain error bounds obtained by
Golomb [15]. We should add, however, that Golomb [15] obtains in the cases
he considers a more precise description of the local behavior of the inter-
polation errors at certain points.

We now turn to stability results related to Theorem 8.4. To establish such
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stability results, we first recall (cf. Section 7) the polynomials ®;,1(x) of degree
(4m+- 1) defined by

Dz@i,k‘(o) = 8l.7c : 82’,0 H Dl(Pi,k(l) = 8l,k81,1 > 0 < i < 1; O < la k < 2m>
and we set

=y 5}’0]“%,7@((35 — a)lhy), Xela, a4 hy = .
Po,z(X) = 0, otherwise,

51 (x) = h;i/—lqjl,lc((x — b+ hN—-l)/hN—-l), xelb— hnoy = Xy, b,
Prr 0, otherwise.

Similar piecewise polynomials where used in Section 7 for uniform partitions
of [a, b]. Note that all @1,1(x) are identically zero in [x1, xy_1], and are of
class C[a, b]. Next, applying the functional B; of (8.1) to @ ,(x) gives

Bi@o 1 = 5,1 Bi@1 = by, 0<j k<2m—1. (8.14)
Note that the value of these functionals in (8.14) is independent of the parti-

tion. Thus, if we consider any

2m—1

P(x) = Z {“ln(ﬁo,k(x) + Bl@l,k(x)},

Te=0)
which is in C27[q, b] and identically zero in [x1, xy_;], then finding a
(x) with 0 <7 << 2m — 1 such that
By =8,,,  0<j<2m - 1, (8.15)

amounts to solving the matrix problem [cf. (8.2)]

M (b, B, b, B, ..., L L (So,z s gzm_m)r. (8.16)

This, by virtue of the assumption (8.3) that rank M — 2m, has a nonzero
solution for each / with 0 << 2m — 1. In fact, making use of the assump-
tion (8.5-iii) that A is in lower reduced echelon form, we can find a solution
(x) of (8.15) which can be expressed as

(1)

i) = 3 g, () + FPPah  0<i<2m—1, (8.17)
k=0

where (1), the order of B, , is simply determined from the /-th row of A/
by means of

) =minfk:ay, |+ (b,,| =0 foral r-— k.. (8.18)
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This of course means that we can also write [cf. (8.1)]

7(J)

Big = Y {a;Digla) + b :Digb)}, 0<j<2m—1  (@&.I)

$==0
This order =(/) of B; is used in
LEMMA 8.7. Given the point functionals {B;};25" of the form (8.1) satisfying

(8.3)~(8.5), let s (x) be given by (8.17), so that s, satisfies (8.15). Then, for
A e P(a, b) and for 1 < q < o,

DRy ey < Knr®@F#1n, 0 <k <2m 0<I<2m—1 (819

Proof. Using the representation of (8.17), the result of (8.19) follows
immediately from the bounds of (7.12) for the @; ,(x) and the definition of
7(J) in (8.18) Q.E.D.

This brings us now to the following stability form of Theorem 8.4, in

which the boundary conditions {B;}37™ are only approximately satisfied.

This extends the result of Theorem 5.1 to polynomial splines satisfying
more general boundary conditions.

THEOREM 8.8. Given fe C*a,b] with 0 <k < 2m, given AdePla, b)
with N > m, and given the point functionals {BY3"™ of the form (8.1) satisfving
(8.3)~(8.5), let s € Sp(D™, 4, z) be the unique interpolation of f in the following
sense:

Dis(x;) = o5, 0<j<z~—1, 1 <i<N-—1, (8.20)

where it is assumed that functions Fy f, ) exist such that for 1 <i <N — 1,

Knk=iF(f, m) = 3§ Dif(x)) — a5l 0 < j < minlk, z; — 1),

1 o s if mintk,z, — 1) <j <z — 1, (8.21)

while at the boundary,
Bis = B, 0<j<2m—1, (8.22)

where it is assumed [cf. (8.18)] that, with =(j) the order of B; ,

Ket=rOF(f, m) = | By — Y. {a.D(@) -+ by DB,

0<j<2m—1  (823)
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Then, with | F|3 == YN L F2(f,m) and for 2 < g < oo,
K== 02010 DY, ) + | F 5}

| DA = igans 0 <)<k 6.2
T DS (L ta 5 ik <j<2m—1 ’

Proof.  The proof is like that of Theorems 3.5 and 5.1, and is merely
sketched. Let teSp(D™, 4, z) be the interpolation of f in the sense of
(8.6)(8.7) of Lemma 8.1. Let %(x) € H?"+)(4) be the polynomial spline
such that for 1 << i << N — 1 [ef. (5.4)]

Dif(x)) — o, 0 <j < min(k, z; — 1),
Dihy(x;) = {—ay, if mintk,z; — 1) <j <z —1,
0, z; — 1 <j<2m,
and
Dihy(a) = Dihy(b) = 0, 0 <j<2m.
Let

2m—1 k

h0) = o)+ Y[ X {aaD'f@) + byuDY(b) — B3] ).

Then upon writing f— s=(f— 1)+ h+ [(t —s) — h], we have for
0<j<kand 2 < g < o that

I DICf — $lIL a1
SIDU = Ol + 1 Dk llpgasy 4 1| DHh — (¢ — iz faer - (8.25)

The first term on the right side of (8.25) can be suitably bounded above by
(8.10) of Theorem 8.4. The second term on the right side of (8.25) can be
bounded above as in the proof of Theorem 5.1, using the bounds on the
i(x)’s (8.19) of Lemma 8.7, coupled with the assumption of (8.23), for
x€[xy,x] or x€[xy4,xy]. In the same fashion, Lemmas 8.3 and 8.7
aid in suitably bounding the third term on the right of (8.25). The remainder
of the proof now exactly parallels the proof of Theorem 5.1, Q.E.D.

CoROLLARY 8.9.  With the hypotheses of Theorem 8.8, if fe W [a, b]
with 1 <r < 00 and 0 < k < 2m, and if functions F{ f, m) exist [cf. (8.21)-
(8.23)] such that for 1 <i <N — 1,

—j l D]f(xl) — Oy Ia 0 < ] < min(ka Zy — 1)’
k1 X > »J .
K 7Fl(f; 77) - I g5 la lf‘ min(k7 Zy — 1) < J < Z; — 19 (8.26)
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while at the boundary,

Kﬂ.k-H«'r(i)Fo(ﬂ 77) 2

- Y (@@ + b, D)
0<j<2m—1, (827
then with || F|; = Zi-i_ol F7(f, ), and for max(r, 2) < g < o0,
Kokt (asmin1/r. =12 ) DEFY, 0y -+ LF (]}

(1 D(f — Slgarr, 0<j<k,

“ A Ds | r o) » if k< j<2m— 1. (8.28)

The preceding results of this section for polynomial splines were proved
for general partitions 4 € Z(a, b). If, however, we restrict attention to
uniform partitions 4, € #(a, b), then the sharper results of Section 7
generalize to our “second integral relation” boundary conditions. The
proofs are similar to those in Section 7, with Lemma 8.3 replacing
Lemma 3.1, and the ¢, of Lemma 8.7 entering into the analogues of (7.10)
and (7.16). For details, see Swartz [39]. We state the analogue of Theo-
rem 7.6 as

TrEOREM 8.10. Given f'e C¥a, b] with 0 < k < 2m, given 4, € % (a, b)
with N > m, and given the point functionals { B;}3" 2’"‘1 of the form (8. I) satisfying
- (8.3)(8.5), let s € Spt™(4,) be the unique mterpolatlon of f in the following
sense:

s(x) = oy, 1 <i<N—1,

<
(8.29)
Bys = B;, 0<j<2m—1

2

where it is assumed that functions Fi( f, m) exist such that

Ka'F(f,m) = | fx) — o], 1<i<N—1,
Kot OF,(f, ) > lg] z {a; :D'f(a) + b DY},  (8.30)

0<j<2m—1,

where 7(j) is the order of B; . Then,

] ” D7(f_ S)le[a,b] > 0 <.] < k:
Knb=i(w(D¥, 7) + || Fll) = g” Dstn ™ kS om o1,

(8.31)
In particular, ift 4, has at least 2m + 2) knots, and if Lyp_1.1 f(Lam-1,x-11)
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is the Lagrange polynomial interpolation of the data o ,..., &, in the knots
Xy Xg geees Xom (FESP.y Qy g seeny Qg i the KNOLS Xy, XN—2m+1 5> Xn—1)s
and if we take

7{7)

Bis = p; = Z {a;,:D*(Loy—1,1f)(a) + by, D (Lop_y, n-1/)(D)},
0<j<2m—1, (832

then the error bounds of (8.31) are valid, assuming only the first inequality

of (8.30).

For the last part of Theorem 8.10 involving the use of Lagrange poly-
nomial interpolation of the data, it is necessary to remark that the quantities
DLy, /)@) and Di(Ly, 4 v, f)b) in (8.32) involve extrapolation of
the data at interior knots to boundary knots. [We have used extrapolations
because neither f(a) nor f(b) may be involved in any B; f, 0 < j < 2m — 1.]
The proof of this portion of Theorem 8.10 than depends on the observation
that the error bounds of Theorems 4.1 and 4.4 remain valid for these particular
extrapolations.

CorOLLARY 8.11.  With the hypotheses of Theorem 8.10, if fe Wit'a, b]
with 1 <r < 0 and 0 < k << 2m, and if functions Fy( f, =) exist such that

Ka* W E(f, m) = | f(x) — o |, I<i<N-—1,

K7T7C+1——‘r(i)F0(f; 77-) >

Bi — 2 {a;,:D'f(a) + b, D(b)}, (8.33)

0<j<2m-—1,

then for max(r, 2) < g < oo,
Kk di= i) DRI g, + (| Fl

1 D(f = Dlegam,  0<j<k (.34
T DS (e s ik <j<2m— 1 ’

We remark that even if the functionals of (8.1) are not expressed in echelon
form (8.5), the results of Lemma 8.1 through Corollary 8.6 remain valid.
The same may not be true for the associated stability results. The conclusion
of Theorem 8.8 does hold true if the perturbations of the functionals B;
are due really to suitable perturbations in the derivatives which occur in
each functional. Instead, if one independently perturbs each functional by
a corresponding order of magnitude, the analogous result may not hold.
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This phenomenon can be observed in the piecewise-linear interpolation
(m = 1) on 4 € P(a, b), under boundary conditions associated with

Byg = Dg(a);  Big = Dgla) + g(b).

We finally observe that the results of Theorem 8.10 and Corollary 8.11
hold for nonuniform partitions 4 € #(a, b) in the cases of cubic (m = 2)
and quintic (m = 3) splines. The proofs are those of Theorem 8.10 and
Corollary 8.11, except that Lemma 7.1 is replaced with the analogous result
for Hermite boundary conditions, found in Birkhoff and de Boor [4],
Ahlberg, Nilson, and Walsh [3], and Swartz [38, Section 10] for m = 2,
and in de Boor [10] for m = 3.
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