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1. INTRODUCTION

Our basic aim here is to extend and improve the error bounds for spline
and L-spline interpolation recently given by Swartz and Varga [11]. In so
doing, we also extend some recent results of Scherer [9]. To illustrate one
such improvement, consider the interpolation of a given function f € C*[a, b},
with 0 < k < 2m, by a smooth polynomial spline s € C***[a, b], of local
degree 2m — 1 on each segment of a uniform partition A4 of [a, b], where s
is uniquely determined from f by means of

(f—sx) =0, 1<i<N-—1,
Di(f — s)(@) = Di(f —s5)(b) = 0 for 0 <j < mink,m —1), (L.1)
Dis(a) = Dis(h) =0 if k<j<m—1,

with x;, = a -~ ih, h = (b — a)/N, 0 < i < N. It is known from [11, Theo-
rem 7.4] that there exists a constant K, independent of f and A, such that

“ D](f_" S)HLm[a.b] s 0 <j < k’

k—j Y4
KWZ0DL0 20 piglly o, i k<j<2m—1,

(1.2)

where w,, denotes the usual L -modulus of continuity. If fe W,*a, b] with
1 <k <2m, and 2 <p < oo, one can deduce from (1.2) (cf. [11, Corol-
lary 7.5]) that

Khe=i+@/0=0/) || DEf||; o o

”Di(f_S)HLq[a,b]a 0<]<k_17 P<Q<°0, (1 3)
TN Dslligant, if k—1<j<2m—1, p<g<oo. '
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SPLINE AND L-SPLINE INTERPOLATION 243

For 0 <k <2m and 2 < p < o, the above results can be improved and
extended (cf., Theorem 6.2) to

th—i+(1/q)-—(1/p)wp(D7cﬂ h)

I D(f = Do, O0<j<k—1 if k>0, p<g< oo,
> “ Dk(f_ f)HLp[a,b] > j = ka P =4 (1‘4)
“ Djf»”Lq[a,b]; if k <] < 2m — 1> V4 < q < o,

where w, denotes the L,-modulus of continuity (cf. (2.2)), and § € C2m~2[q, b]
is again a smooth polynomial spline, of local degree 2 — 1 on each segment
of 4, which interpolates /'in a manner similar to (1.1) (cf. (6.9)).

We shall also obtain here improved interpolation error bounds for
L-spline interpolation (Section 4), Hermite L-spline interpolation (Section 4),
and an improved stability analysis for L-spline and Hermite L-spline inter-
polation (Section 5), as originally considered in [11]. In Section 6, we extend
the results of [11] concerning polynomial spline interpolation on uniform
partitions of [a, b] for general boundary interpolation of the second integral
relation type (cf. (6.4)). Finally, in Section 7, we give some improved inter-
polation error bounds for smooth spline interpolation, where the spline is
locally of even degree on each segment of the partition, which extend certain
recent results of Scherer [9].

2. NOTATION

For — o <a <b < + 0, and for any extended real number p satisfying
1 <p < oo, let L,[a, b] denote as usual the Banach space of real-valued
Lebesgue-measurable functions f defined on [a, 5] such that I ab [fOPdt < oo
if 1 < p < o, and such that f is essentially bounded on [a, 6] if p = + oo,
endowed with the norm

1 lleytans = (f; lf(f)lf’dt)w, 1<p< oo,

ess. sup{| f(#)|: t € [a, b, p = 0.

More generally, W,*[a, b], with k a positive integer and 1 < p < oo, denotes
the Sobolev space of all real-valued functions f defined on [a, 5] whose
(k — 1)st derivative is absolutely continuous, and for which D*f e L,la, b].
(Here, D¥ = (d/dx)*) We also set W,'[a, b] = L,[a, b]. The norm on
W,*a, b] is given, as usual, by

”f”w,,"[a,b] = z [ Djf“Lp[a,b] .
=0
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For any /€ W,*[a, b], it is well known (cf. Hestenes [6] and Whitney [14])
that f can be extended to a function fin W,*[2a — b, 2b — a]. One way of
concretely achieving this is to set (cf., Johnen [7])

Jo) = S b+ 26 —x),  xe®,2b—al

=0

= f(x), x €la, b},

%
= z cif(a + 2—i(a - X)), x€ [261 — b, a)a
=0
where the real numbers ¢;, 0 < i<k, uniquely solve the following
Vandermond system of linear equations:

k
Y e =270 = 1, 0<i<k.
i=0
We remark that the mapping /' — f, as defined in (2.1), is a bounded linear
transformation from W,*[a, b] to W, [2a — b, 2b — a}. We shall assume
throughout that f€ W, *a, b] (k=0 and 1 <p < o) is extended by
means of (2.1), if values of f(x)are required for x € [2a — b, 2b — a] — [a, b].
With the above convention, for any feL,la,bland forany0 <t <b—a,
we set

(" 156+ 1 — o) 22)

v a

w,(fs t) = sup

|hl<t

where w,(f, t) is called the L,-modulus of continuity of f on [a, b]. As is

well known, (cf. Achieser [1]) w,(fi 1) isa nondecreasing function of f, for
which

. _ . feL,la, bl, 1<p < o0,

lmw, (i) =0 if g e Can = o 2.3)

where C*a, b}, kK =0, denotes the set of all real-valued functions g(?).

defined on [a, b], such that Dig is continuous on [a, b] for all 0 < i<k

In addition, if f€ W, [a, b] with 1 < = < p, it can be verified, upon repre-

senting the integral of (2.2) as an appropriate sum, each term of which is

an integral over an interval of length at most 7, that

wy(f, 1) < 4= || Df [l ta01 - 24

For any 0 < 7 << 2(b — a) and for any f'€ L,la, b], we define

x—h/2

1 a+h/2
fh(x) = 71 f(t) dta X € [a; b]’ e (25)
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as the Stekloff function of f (cf. Achieser [1]). With Fubini’s Theorem and
the Holder inequality, it directly follows from (2.2) and (2.5) that
1S = fulln e < wu(f; B/2). (2.6)

More generally, if fe W, *[a, b], then evidently f;, & Wiiila, b1 for any
0 < h <2(b — a), and, moreover, from (2.5) we verify that

Dify(x) = (D (x), xela,b], 0<j<k 2.7
Thus, from (2.6) and (2.7), if f'€ W,*[a, b], then
1 DI(f — fillle e < 0, (D, h[2), 0 <j<k. (2.8)

Finally, for f'e W,*[a, b], it follows from (2.5) that
DEf(x) = (1R)}{Df (x + h/2) — D¥f (x — h/2)}
for almost all x in [a, b], from which we deduce that
| Dl < (1/A) w, (DY, h). 29
For a positive integer N,
diag=1xy<x <+ <xy=b (2.10)

denotes a partition of [, b] with knots x, . The collection of all such partitions
of [a, b] is called Z(a, b). We define 4 = max{(x,,; — x,): 0 <i << N — 1}
and 4 = min{(x;;; — x;): 0 <i <N — 1} for each partition 4 of the
form (2.10). For any real number o with ¢ > 1, Z,(a, b) then denotes the
subset of all partitions 4 in #(a, b) for which 4 < o4. In particular, Z,(a, b)
is the collection of all uniform partitions of [a, b].

If 7, denotes the collection of all real algebraic polynomials of degree
at most n, then for any nonnegative integers n and m with # > m > 0, the
polynomial spline space Sp(n, m, 4) is defined (cf. Scherer [9]) by

Sp(n’ m, A) = {S(X)I se Wmm[a’ b]: S(x) €y for x e (xi s xz’+1):
i=0,1,.,N—1} (2.11)

We remark that Sp(n, m, 4) is a finite-dimensional subspace of W,.™[a, b].
If m > 1, then as W."[a, b] C C™[a, b], each element of Sp(n, m, 4) is in
C™a, b].

Since we shall make use of the related concept of L-splines, we describe
them briefly. Given the differential operator L or order m,

Lu(x) = % ¢i(x) Diu(x), m =1,

i=0
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where ¢; € Cila, b], 0 <j < m, with ¢a(x) =8 >0 for all xe [a, D], and
given a partition A of the form (2.10), for N > 1 let z = (21 » Zo 5eeer ZN—)s
the incidence vector, be an (N — 1)-tuple of positive integers with 1 <z; <m,
1 <i < N — L. Then, the L-spline space Sp(L, 4, z) is (cf. Ahlberg, Nilson,
and Walsh [2] and Schuitz and Varga [8]) the collection of all real-valued
functions w defined on [a, b] such that

L*Lw(x) = 0, x€(a, b) — {(xiss (2.12)

Drw(x;—) = D*w(x;+) for 0<k<2m—1—2z, 1 <i < N-—1,
where L* is the formal adjoint of L. From (2.12), we see that
Sp(L, 4,z)C w2 a, b] where p =max{z;: 1 <i< N—1. (2.13)

Moreover, on comparing the definitions of (2.11) and (2.12), we see that
Sp(D™, 4, 8) = Sp(2m — 1, om — 1, 4) if #=(,1..., 1), where 1<Ii<m.

In what is to follow, we shall denote throughout any generic constant
which is independent of the functions considered and is independent of the
maximum mesh spacing 4, by the symbol K. These constants, however, in
general do depend upon n, m, a, b, the various norms and orders of deriva-
tives used, as well as upon o if 4 € Z,(a, b).

3. Basic COMPARISON FUNCTIONS

As in Swartz and Varga [11], the key idea here is an elementary one,
based on the triangle inequality. From known interpolation errors for
smooth functions g, error bounds for less smooth functions, f, are determined
as follows. A smooth piecewise polynomial interpolant g of fis constructed,
and bounds for f — g are determined (Theorem 3.5). A spline interpolant, s,
of fis then defined, which is also the spline interpolant of this smooth g.
Then, bounds for /' — s will follow from known bounds for /' — g and g — 5.

To begin, we state an interpolation result of Swartz and Varga [11, Corol-
lary 3.3].

LemMa 3.1, Givenfe Witta, bl with0 < k < 2m, and given 4 € Z(a, b),
let § be the unique interpolant of f in Sp(dm + 1,2m + 1, A) such that
Di(f—PHx) =0, 0<j<k O0<i<N,
Diglx) =0, k<j<2m O0<Ii<N

(3.1)
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Then,
K(dy+1-i+1jm—-Q/p) || pr+if | Lla0]

1D = Do, O<T<Kk pP<g<o, (5,
TADE e, k<j<2m, p<g< .

We remark that since || 4|, o0 < (b — @)™/9=H/2 [ 4|, 1,51 for any
e Lyla, b] and for any ¢ with I < g < p, the upper bounds of (3.2) can
be trivially extended to the full range of ¢, i.e., 1 < g << oo, simply by
replacing the exponent of 4 in (3.2) by k 4 1 — j -~ min(0, (1/g) — (1/p)).
This same extension of course applies to all subsequent bounds developed.

‘With Lemma 3.1, we prove the following:

LemMA 3.2. Given fe W, a, b] with0 < k < 2m, and given 4 € # (a, b),
let g be the unique interpolant of 15, (defined in (2.5)) in Sp(4m + 1,2m + 1, 4),
in the sense of (3.1). With h = 4, then

K(dyr—i+ajm=a/n) o (DY, )
{}Dk(f—*g)”f_ [a,b] » k—]> P =4q
> o » 3.3
Z DG e k<j<2m p<g<c. O
Proof. To establish the first inequality of (3.3), the triangle inequality
gives

I DS — Dl taor < D = fidlletaor + 11 DX — llgylanr - G4

Since  is the unique interpolant of f;, € Wi ™[a, b]in Sp(d4m + 1,2m + 1, 4),
in the sense of (3.1), the last term of (3.4) can be bounded above from (3.2)
of Lemma 3.1 by K4 || D*+Lf, [z, fa.01 - But, it follows from (2.9) with 4 = yi)
that [| D*Ff, L a0 < ) (D’c . 4), whence

I DX f, — Dllryte < K, (DY, ).

Similarly, from (2.8) and the nondecreasing property of w,(D*, t), we have
that
I Dk(f fh)“L la,p] S Wy Dkf A)

which then gives the desired first inequality of (3.3). The second inequality
of (3.3) similarly follows from (2.9) and the second inequality of (3.2) Q.E.D.

The next lemma is well known, but for completeness, a short proof is given.

LemMA 3.3, For ue W,lle, d] where — o0 < ¢ <d < o0, assume  that
there is some x, € [c, d] for which u(x,) = 0. Then, for any q with1 < q < ©

e < (d— HOOUD | Duflp 1,01 - (3.5)
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Proof. Clearly, | UHL le,d] = (d — o)t ulL fe,a1 = (d — ot | u(€)| for
some &€ [c,d]. Since u(g) = f Du(t) dt, then from Holder’s inequality,
[u(@) <& —xo 117 (I | Du(t)|? di)1» < (d — ¢)*/7| Dully 10,21 , Whence
llully oo < (d — C)“‘”q’ A2 Dutlp re.a1 - Q.E.D.

The result of Lemma 3.3 can be immediately applied as follows:

COROLLARY 3.4. Given fe W,ta, b] with 0 <k <2m, and given
A e P(a,b), let g be the unique interpolant of f in Sp(4m +1,2m + 1, 4),
such that

Di(f—g)x) =0, 0<j<k—11if k>0, 0<i<N\,
D(f, — @)(x) =0, 0 <Ii<N, (3.6)
Dig(x;) = 0, k<j<2m, 0<i<N.
Ifh =4 and if k > 0, then
K(dyr—i+tjo=a/o) || DE(f — g)l|L,ta,0)
> | DI — Dllgant>, O0<j<k—1 p<g<n @7
Proof. 1fk > 0andif 0 <j <<k — 1, then from (3.6), DI(f — g)(x;) =
0 < i< N. Since DI(f— g)e WE7[a, b], the inequality of (3.5) can be

applied on each interval [x;, xpu), 0 <i < N — 1, of [a, b], which gives,
forp <q <

[1f— &l ta.n1 <A D — Do) < 7 < (A= DFYf — @)l fa,01
< KAy @/o=a/m || DE(f — gl 1, a1 »
from which (3.7) follows. Q.E.D.

It is not difficult to show that the unique interpolant g in Sp(4m -+ 1,
2m + 1, 4) of f, in the sense of (3.6), has the following representation: for
x € [x;, X;11), and h; = x,,4 — X; , then for k > 0,

k-1

g = ¥ LX) Df(xi) (x = x| 1),j o (x> hz © ) DA+ hat) dt

j=0

+ h [Dkfh(xi) “ o (x

xi) + DMfy(Xi11) * brk (x ;Z xi)], (3.8)

where (cf. Swartz and Varga [11]) ¢o1(x) and ¢y,x(x) are the unique poly-
nomials of degree 4m + 1 such that

-qusi,k(o) = Bj,k : 81‘,0 P Dj‘ﬁi,lc(]) = Sj.k ' 8@',1 s 0<j< 2m, i= 0,1,
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and where Q(y; 1), for ¢ € [0, 1], is the unique polynomial interpolation, as
a function of y, of (y — )57 such that Q(y; 1) is a polynomial of degree
4m —+ 1 in y with

= (P =0 0 <k _
D,Q(yi;t) = 0, k<j<ami [=0o0r]l,
where y, = 0 and p, = 1, and D, denotes differentiation with respect to the
first variable y. Similarly, the unique interpolant g in Sp(4m -+ 1, 2m -+ 1, 4)
of /3 , in the sense of (3.1), has the following representation: for x e [x, , Xi41]
and for k > 0,

209 = 5 PR ey 0 (S ) v+

J

Xy

+ h* [D]ffh(xi) . <}50,k (x _h: ) + D¥i(x,) - 961,79 (x ;2 xz)] (3.9

For the case k = 0, the representations of (3.8) and (3.9) remain valid with
the sum and integral terms deleted.

With these representations for g and £, we now prove the main result of
this section, which will be repeatedly used in subsequent developments.

THEOREM 3.5. Givenfe W, a, bl with0 < k < 2m, and given 4 € P (a, b),
let g be the unique interpolant of fin Sp(dm + 1,2m - 1, 4), in the sense
of (3.6). Then, with h = 4,

K(Z)k—j+(1/4)—(1/p) w,(D*, Z)

1 DX(f — Dl tast » O0<j<k—1 if k>0, p<qg< o,
Z DM = Dlgam, J=k p=gq, (3.10)
1Dl tam,  k<j<2m, p<g< oo

Proof. Assume first that k = 0. If £ is the unique interpolant of f, in
Sp(dm +1,2m + 1, 4), in the sense of (3.1), it follows from (3.6) that
& = g. Hence, the inequalities of (3.3) for the case j =k =0 directly
establish the second and third inequalities of (3.10). :

Next, assume that 0 < k < 2m. To establish the first and second inequali-
ties of (3.10), it is sufficient, because of (3.7) of Corollary 3.4, to show that

| DS — i < Keoy(D, 2). RREAT
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Again, if § is the unique interpolant of f;, in Sp(4m + 1, 2m + 1, 4) in the
sense of (3.1), then by the triangle inequality,

| DX(f — Dl fae1 < | D(f — Dllrytann + 1| DHE — o - (3.12)

The first term on the right of (3.12) is, from the first inequality of (3.3) of
Lemma 3.2, bounded above by Kw,(Df, 4). To bound the last term of
(3.12), we make use of the representations of (3.8) and (3.9) for g and §.
For any x € [x;, x,,.4), and for any k <j < 2m, it follows from (3.8) and
(3.9) that

Di(§ — g)(x)
kh-jl)'f Dy Q(

Because D,Q(y;t) is uniformly bounded on [0, 1] x [0, 1] for any
0 <! < 2m, then by Holder’s inequality,

L) (DMiCxs + hut) — DA (x; -+ hit)} dlr.

DG — o < ki ([ D) — D d)

Ly
X € [x;, Xp4ql-

Upon integrating the above expression with respect to x, summing on i,
0 <i < N — 1, and upon applying Jensen’s inequality, it follows that

I D& — Dlrtan) < KAY—+@0=0) || DE(f — FllLta00 5
k<j<2m, p<gq=< .
Using (2.8), this implies that
| DI(F — Do < KAyr-i+@in=0/m ¢ (DEf, A),
k<j<2m, p<g< o (3.13)

Thus, with j = k and p = ¢, then || D*(§ — g)[ELp[a,b] < Kw (D", 4), which
establishes the first and second inequalities of (3.10).

Finally, to establish the third inequality of (3.10) when 0 < k << 2m and
p < g < oo, we have by the triangle inequality that

I Diglirten <1 D(g — Dot + I D& lraers K <j<om (314

The inequality of (3.13) then suitably bounds the first term on the right of
(3.14), and the second inequality of (3.3) then sultably bounds the last term
of (3.14). Q.E.D.
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4. L-SPLINE INTERPOLATION

Here, as well as in subsequent developments, we make use of the following
modified convention. If 4 € #(a, b) and if Dige L [x;, X;41] for each sub-
interval [x; , x;,] of [a, ] defined by 4, then || Dig || 1,la,0] 18 defined by

7 = 7.2 /e
1D llzta,m = (Z [ Dgltpope) » 1 <q< oo, 41
=0 ( ° )

= max(| D¢l fopn, 1 0 <E<KN—1), g= oo.

For the L-spline spaces Sp(L, 4, z) as defined in Section 2, we state an
interpolation result of Swartz and Varga [11, Corollary 3.6].

Lemma 4.1, Given fe Wiya, b] with 0 < k < 2m and 2 <p < oo, and
given 4 € 7 (a, b), let s be the unique interpolant of f in Sp(L, 4, z) such that
for zo =m = zy,

Dj(f_s)(xz):()a O<]<m1n(kazz—1)a O<i<N,

Dis(x;) = 0, if k<j<z—1, 0<i<N, 4.2
then,
K(Ayr+i=i+0 0=/ || g,
” D](f“ S)”Lq[a,b] ) 0 <.] < ka V4 < q < 00, (4 3)

T U Dislran,  if k<j<2m—1, p<q< oo.

For polynomial splines, i.e., L = D™, || f w14, can be replaced in (4.3)

by || Dh+]f“Lm[a,b] .
The following application of Theorem 3.5 is then an improvement of the

above result.

THEOREM 4.2. Given fe W a, b] with 0 <k <2m and 2 <p < o,
and given 4 € P(a, b), let s be the unique interpolant of f in Sp(L, 4, z) such
that for zy = m = zy,

Di(f — s)(x;) = 0, 0<j<mintk —1,z, — 1) if k>0, 0<i <N,
Dy —8)x) =0, if k<z—1, 0<i<N\, (4.4)
Then, with h = 4,

K(Aye-@io=0/D (oo (DY, A) 4 A - || f |1, a1}
IDXf = Srfarr, O0<j<k—1 if k>0, p<q< oo,

= H Dk(f_ S)”Lp[a,b] » .] = k7 P =4dq, (45)
1 Dsllfan, ¥ k<j<2m—1, p<gqg< oo
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For polynomial splines, ie., L= D™, the term 4| f lw Fla.p1 can be
deleted in (4.5).

Proof. Let g be the unique interpolant of fin Sp(4m + 1, 2m + 1,4) in
the sense of (3.6). Consider first the special case k = 0. By the triangle
inequality,

f = sl < If = fulltan + 1/ — & legtan + lg—slefan- (46)

From (2.6), the first term on the right of (4.6) is bounded above by w,(f, ).
Next, since fj € W,'la, b] and since the unique interpolant g of fj in
Sp(dm 4+ 1,2m +- 1, 4) in the sense of (3.1) is such that ¢ = g, then upon
applying (2.9) and (3.2) of Lemma 3.1 for the case ¢ =p and j =k =0,
we similarly have that [|f, — g1z a1 < Kw,(f, 4). Next, since s is also by
definition the unique interpolant of g in Sp(L, 4, z) in the sense of 4.2)
with & = 0, the bounds of (4.3) of Lemma 4.1 imply that

g — sliylen < K(Ay+@m=02 g fly 11,0 - .7

Now, || Dglir,tan < Kl Dfnlr, o from (3.2), so that [ Dgly el <
KA w,(f, 4), using (2.9). Similarly from (3.10),

g leyten < I1g = e 1l a0 < Koy (f, ) + 1 f | ytam -

Thus,
g llw,itaet = 1l gl taon + 1 DE lleyfamy < K- w,(f, 4) + 1Sz fes >
4.8)
and combining the above inequality with (4.7) yields
g — slleas < K@D~ (@,(/, Ay 4 A1 [ a0

The above bound, in conjunction with the other bounds for (4.6), then
gives that [/ — sl 01 < KD)HM-HP {0,(f, Ay 4+ A\ fle fasty, the
desired second inequality of (4.5) for the case k = 0. Finally, to obtain the
desired third inequality of (4.5) for the case k = 0, one simply combines the
second inequality of (4.3), i.e., || D's |z ta.y << K002 g [y tra0n »
with (4.8). .

Assume now that 0 < k << 2m. Write DI(f — ) = Di(f — g) + Di(g — 5)
or Dis = Di(s — g) + Dig, where g is the unique interpolant of f in
Sp(4m - 1,2m + 1, 4) in the sense of (3.6). Because of the inequalities of
(3.10) of Theorem 3.5, it suffices to suitably bound Di(g — s) and D’g to

£
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establish the inequalities of (4.5). Now, since s is also the unique interpolant
of g in Sp(Z, 4, z) in the sense of (4.2), then applying (4.3),

K(Ay1-sa0-a7) | g e, o

>~ H Dj(g - S)”Lq[a,b] > 0 </ < k: y4 < q < 0, (4 9)
T U Dslgtan, i k<j<2m—1, p<qg<o. ™

Next, since || Dig [y, 4,1 < || DICF — @l a1 + | Dif I o1 For 0 < j <k,
the bounds of (3.10) directly give that || Dig Iz, lam < K(dYe=i w,(D*f, 4) +
I Dfliz tam for 0 <j <k, and that | DIy 0] < K(A)™ w, (DY, ).
Hence, upon adding, || g w11, << K{(d)™ w, (DY, ) + || f lw,1a,01}- Thus,
substituting this bound in (4.9) then gives the desired inequalities of (4.5)
for the case 0 < k < 2m. Q.E.D.

It is worth noting that if e W ,*[a, b] with 0 < k < 2m and 2 < p < oo,
and if {4;}7., € Z,(a, b) with lim,_., 4, = 0, the above result of (4.5) of
Theorem 4.2 does not necessarily imply that lim,.., || D*(f — s'i)HLD[a,b] =0,
where s; is the unique interpolant of £'in Sp(Z, 4, , z), in the sense of (4.4).
However, if p = g =2 or if w,(D¥,§) < K3®/-U/nF(5) where F(8) — 0
as 8 — 0, then lim,.,, || D*(f — si)HLﬁ[a,b} = 0. However, we shall later show
in Section 6 that, for smooth polynomial splines over uniform meshes, this
limit is zero without further restrictions.

Another case in which lim,_, | DI f — sz-)HLp[a,b] =0 for fe W, *[a, b] is
that of Hermite L-splines (cf. Swartz and Varga [11, Section 6]), i.e., for the
L-spline space Sp(L, 4, ) for which

2= (%, % ,.., %y with & =m, 0<i<N. (4.10)
The following result, derived in [11], but stated in a slightly weaker form

in [11, Corollary 6.2], is the starting point.

LemmA 4.3, Given f'e WE™a, b] with 0 < k < 2m and 1 < p < o0, and
given 4 € Z,(a, b), let s be the unique interpolant of fin (cf. (4.10)) Sp(Z, 4, §)
in the sense of

Di(f —s)(x) =0, 0<j<minlk,m—1), 0<i<AN,
Dis(x) =0, if k<j<m—1, 0<i<AN. (411
Then,
K= -a/m | £y, o

~ H D]:(f——s)HLq[a,b]a 0 </ < k; V4 < q < 0, (4 12)
T DS lan, i k<j<2m—1, p<g<on
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For polynomial splines, i.e., L = D™, the term I/ w1001 can be replaced
in (4.12) by | D g a1 -
With Lemma 4.3 and Theorem 3.5, we then establish the following:

THEOREM 4.4. Given fe W, Xa,b] with 0 <k <2m and 1 <p < @,
and given 4 € P (a, b), let s be the unique interpolant of fin Sp(L, 4, 8) in the
sense of (4.4) with 8; = m, 0 < i << N. Then, with h = 4,

K(Aye=i+a/o=a12) {eo, (D, A) 4 (Ay™ || fllw,pta.o0

1 D(f — rgamr» O0<j<k—1 if k>0, p<g=<x,

= H Dk(f“ S)”Lj,[a,b] ) ] = k» p =4 (413)
H DjSHLq[a,b] s lJ[ k <] < 2]’7’1 - 1) §4 < q < 0.

~ For polynomial splines, i.e., L = D™, the term (dyzm=r | f llw, .51 can be
deleted in (4.13).

Proof. Assume k > 0, and let g € Sp(4m + 1, 2m + 1, 4) be the unique
interpolant of fin the sense of (3.6). Writing D/(f-s) = Di(f—-g) + D¥(g-s),
it suffices from (3.10) to suitably bound || D(g — S)HLq[a’b] for0 <j<k—1
and p < ¢ < co. Next, s is by definition also the unique interpolant of g
in Sp(L, 4, %), both in the sense of (4.11), as well as in the sense of

Di(g — s)(x;) = 0, 0<j<m—1, 0<i<N.

As such, it follows from Swartz and Varga [11, Eq. (6.4)] that, for
x € [x;, X;41] and for 0 <j < 2m — 1,

] Dj(g - S)(X)I < thm-J{H Dzmg HLoo[xi,le] -+ D*"s HLoo[mi,aciH]}»

where i, = x;,; — X; . Thus,

1 DX(g — )llfrpora < KB4 D™ L e, + D¥$ || 1wy eial)-
(4.14)

Since L * Ls(x) = 0 in (x; , X;41) and ¢,(x) = 6 > 0 for x € [a, b], we have,
as in [11], that

2m—1

|| D2ms ”Lw[aci,wﬂﬂ <K Z | D's ”Lw[mi,wiﬂ] >
=0

which, with the triangle inequality, yields

2m—1

” D2 ”Lw[:ci,mi_u] <K Z {H DZ(S - g)”Lw[m,-,mHl] -+ H Dlg 1|Lw[w¢,m¢+1]}~ (415)
1=0 .
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Because of the local character of Hermite L-spline interpolation, we can
apply (4.12) of Lemma 4.3 with ¢ = o0, k = 2m — 1, and [a, b] = [x,, x Xi1]
to bound the first term on the right of (4.15), i.e., || DA(s — g)l;, L] <
K(dym=1-a/v | g w22, ) for 0 </ <<2m — 1. The fact that g is a poly-
nomial on [x;, xm] snmlarly allows us to bound the last term of (4.15) by
(cf. Swartz [i0]) | Dglly 10,2, 1 < K(d)y-a/» || Dg ”Lp[wz"mi+1 With these

bounds, (4.15) becomes il
D2 (| i) << KA | g lypantay 01 + (D0 || g llyam=ipy, o, 1 -
With the above bound, (4.14) becomes
D8 = )L lwpoga) < K@=+ M0-010) || g |pang, oy (4.16)

Summing now on i and applying Jensen’s inequality yields for 0 < j << 2m -1
and p < g,

1 D(g — e tan < K(dypm=i+Qja—a/n) | g | W2 a,p] - 4.17)

To complete the proof, write

lg ij;m[a,b] = Z || Dig ”Lp[a,b]

j=0

< Z 11 DX(g = Pligytawt 1 DS oy + Y 1 D€ lryfa -

j=k+1
Applying (3.10) of Theorem 3.5, then gives that
1 g lwarta,on < K(A)e-2m o (DX, ) + I w001 -

The above inequality, when combined with (4.16) and (3.10) of Theorem 3.5,
yields the desired first two inequalities of (4.13) for the case k > 0. To obtain
the third inequality of (4.13) for the case k >0, it suffices to write
Dis = Di(s — g) + D’g, and to apply the same analysis. The case k = 0
can be similarly established with obvious modifications in the above
analysis. Q.E.D.

As an immediate consequence of Theorem 4.4, we have the following:
COROLLARY 4.5.  With the assumptions of Theorem 4.4, let {47, € 2 (a, b)
with lim;_, 4; = 0, and let s; be the unique interpolant of fin the Hermite

L-spline space SP(L, 4, , 39) in the sense of (4.11). Then, with the additional
hypothesis (cf. (2.3)) that D*f e C%a, b] if p = o0,

lim | D*(f = )il 0,01 = O. (418
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It is interesting to remark that if f'€ W, [a, b] with m < k < 2m, then
the unique interpolant s of f/in Sp(L, 4, £) in the sense of (4.4) is independent
of f,, and thus, this interpolant s is identical with the one considered in
Swartz and Varga [11] in their Theorem 6.1 and Corollary 6.2. Comparing
these results, we see that the special case p = o of Theorem 4.4 above
essentially reduces to Theorem 6.1 of [11], the only change being that the
hypothesis that /e C*[a, b in [11, Theorem 6.1]1is weakened to /€ W ta, bl
in Theorem 4.4. Moreover, when m < k < 2m, Theorem 4.4 above sharpens
the corresponding result of Lemma 4.3 (cf. [11, Corollary 6.2]), with k + 1
replaced by k, in the following ways: (i) an upper bound for || D*(f — )z fa.01
is determined in Theorem 4.4 which is not provided by Lemma 4.3, and (ii) the
quantity || fllw "Ta.01 in (4.12) of Lemma 4.3 is replaced in (4.13) of Theorem 4.4
by the smaller quantity (when A —0): {w (D, 4) + (A FIlf llw 1,00}
Finally, if f€ W3"a, b], a case already covered by Lemma 4.3, we remark
that the use of (2.4) in conjunction with the case k = 2m — 1 of (4.13) of
Theorem 4.4 gives the same upper bounds as in (4.12), i.e.,

K(Aym=i+010-0/2) | fllyemienn = | DU — et »
o<j<2m—1, p<qg<® (4.19)

We remark that the exponents of A, as given in (4.13), cannot in general
be improved. This can be seen from counterexamples in Schultz and
Varga [8], Birkhoff, Schultz, and Varga [4], and Subbotin [12]. We further
remark that upper bounds for interpolation errors in terms of norms of
Besov spaces, as described in Hedstrom and Varga [5], could also be readily
carried out here, but such extensions will not be considered further here.

5. STABILITY OF L-SPLINE INTERPOLATION

As discussed in Swartz and Varga [11], one can suitably perturb the data
defining an L-spline interpolant without affecting the nature of the original
error bounds for this interpolation. Such results are referred to as stability
results for L-spline interpolation (cf. [11]). We now give such a stability
result for the Hermite L-spline interpolation of Theorem 4.4 (which covers
the case of Lagrange interpolation, as discussed in [117). Its proof is based
on the following slightly improved result of [11, Corollary 6.4].

LEMMA 5.1, Given f€ Wi a, b] with 0 < k< 2mand 1 <p < o, and
given 4 € Z(a, b), let s be the unique interpolant of f in the Hermite L-spline
space Sp(L, 4, £) such that

Dis(r) — ay, 0<j<m—1, 0<ishN (5.1)
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where it is assumed thar functions F(f, 4),0 <i < N, exist such that
K(dy=+1-1 F(f, )
] Dyf(xz) X4y [7 0 <J < min(ka m — 1)3 0 < i < N,

Tl i k<j<m—1, 0<i< (52)
With
s e )"
F'ir 5 1] < < B
I Fll, = ( Eo U )) = (5.3)
max(F(f, 4):0 <i < N), r= oo,
then
K(dyei—itajo-/m) {1/ llwktia,pr 4 1 F 1}
> ” Dj(fi S)”Lq[a,b] ) 0 <j < k: P < q < OO: (5.4)

- I Djsf{Lq[a,b] » ik <j<2m-— LMp < g < co.

For polynomial splines, i.e., L = D™ || f ijf“[a,b} can be replaced in (5.4)
By || D1l 10,1

The following application of Theorem 3.5 is then an improvement of the
above result.

THEOREM 5.2. Given fe W, [a, b] with 0 <k < 2m and 1 <p < oo,
and given 4 € 2 (a, b), let s be the unique interpolant in the Hermite L-spline
space Sp(L, 4, 2) in the sense of (5.1), where it is assumed that Sunctions
F(f, d),0 <i <N, exist such that

K(dy= F(f, 4)

| Df(x) — o], O<j<mintk —1L,m—1) if k>0, 0<i<AN,
| D) — g |, k, if k<m—1, 0<i<N, (5.5)

= j=
fagl,  if k<j<m—1, 0<i<N.

Then, with h = 4,

K(dys=3+0/0=01 {(o (DY, A) + || |, + 4 - 1/ w000}

DA = gtas,  O0<j<k—1 if k>0, p<g< oo,

IDNf = e fams J=k p=gq, - (5.6)
I D% ta, i k<j<2m—1, p<gq< oo.

=

For polynomial splines, i.e., L = D™, the term If Hka[a,b] can be replaced
‘ by || Dkf”Lﬁ[a,b] . '
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Proof. Because of the similarity with past proofs, it is necessary only to
outline the basic idea of this proof. First, let # be the unique element in
Sp(dm -+ 1, 2m + 1, 4) such that

Diu(x;) = Df(x;) — oy 0<j<mintk —1,m-—-1) if k>0,
0<i<N,
= D*(x)y — o, J=k if k<m—1 0<i<N,
= —o,;, if k<j<m—1, 0<i<N,
=0, m<j<2m, 0<i<N, (5.7

and let ¢ be the unique interpolant of f in Sp(L, 4, £) in the sense of (4.4)
with 4, = m, 0 <<i << N. Thus, we can write that

f=s=(—0+u+[t—29 —u] (5.8)

and we see by definition that t — s is the unique interpolant of u in Sp(L, 4, £)
in the sense of (4.4). As such, we can directly apply the result of (4.12) of
Theorem 4.4 to (f — 1), and the result of (5.4) of Lemma 5.1 to [u — (t — ).
Because this last mentioned bound for [u — (f — s)] depends, from (5.4),
on | uHW’;+l[a,b} , it is necessary to estimate | u|]W2+1[a,,b]‘ However, from
the hypotheses of (5.5), Lemma 4.3 of [11], due to Swartz [10], shows that
u HWZC)H[Q,,)] < K()1||F|,, from which (5.6) then follows. Q.E.D.

As previously mentioned, the case for the Lagrange interpolation of data,
as described in [11], is effectively covered by the above stability result for
Hermite L-spline interpolation. Specifically, assume that f'e W,*[a, b] with
0 < k << 2m, and that 4 € Z(a, b) with N > 2m — 1 (cf. (2.10)). Extending
f to an element in W,*[2a — b, 2b — a] via (2.1) and similarly extending
the partition 4 to a partition A in #,2a — b, 2b — a), we can associate
with each knot x; of 4 in [a, b], 2m — 1 consecutive knots of 4, say
Xie1 » Xito seees Xizom—1 , tO its right. If Ly, , ;f denotes the Lagrange inter-
polation of f of degree 2m — 1 in these consecutive knots, in the sense that

(LZm—l,if)(xj) = f(xa')> I<j<i+ 2m — 1, if k>0,

(5.9)
(Lom-1,:1)0x5) = fu(x9)s i<j<i+2m—1, if k=0,

then let s be the unique interpolant of f/ in the Hermite L-spline space
Sp(L, 4, 8) such that

Dis(x;) = DI (Lom—1,:)(x), 0<j<m—1, 0<<i<<N. (510)
In other words, s is the interpolant of (5.1) with oy ; = D¥(Lyy_q,./)(xs).
From known error bounds for Lagrange interpolation (cf. [11, Corollary 4.2]),

it can be shown that the conditions of (5.5) of Theorem 5.2 are fulfilled, and
that | F |, < Kw,(D*f, 4). This then establishes the following:
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COROLLARY 5.3. Given fe W,k[a, b] with 0 < k < 2m and 1 <p < oo,
and given 4 € 2 (a, b) with N = 2m — 1, let s be the unique Hermite L-spline
interpolant of f in the Lagrange sense of (5.10). Then, with h — A if k =0,

K( A= @i0=0/m (o, (DM, A) 4 A - || f 1w, 0,00}

ID(f = Dlrfon, 0<j<k—1 if k>0, p<qg< oo,

= ” Dk(f_ S)”Lp[a,b] s Jj= ka D =q, (511)
1D\ tpar, i k<j<2m—1, p<q< o

It is interesting to note from the definition of the Lagrange interpolation
in (5.9) that, for f'e W ,*[a, b] with k > 0, the Hermite L-spline interpolant s
of (5.10) is independent of f; . In this case, this interpolant s agrees with
the Lagrange-type Hermite L-spline interpolant considered in [11, Corol-
lary 6.4], and again, the above result of (5.11) of Corollary 5.3 sharpens the
corresponding result of [11, Corollary 6.4].

A result similar to Theorem 5.2 can also be easily deduced for general
L-spline interpolation, but for brevity, this is omitted. The following special
case of Corollary 5.3, however, is included.

COROLLARY 5.4.  With the assumptions of Corollary 5.3, let {437, € 2 (a, b)
with lim,_., 4; = 0, and let s; be the unique interpolant of f in the Hermite
L-spline space Sp(L, 4, , £9) in the Lagrange sense of (5.10). Then, with the
additional hypothesis that D*f e C%[a, b] if p = oo,

lim | D(f — 5yl ta01 = O. (5.12)

6. POLYNOMIAL SPLINE INTERPOLATION OVER UNIFORM MESHES

As in Section 8 of Swartz and Varga [11], consider any set of 2m real point
functionals B = {B)¥7™" on WE"[a, b, called boundary conditions, of the
form

2m—1

Big = ) f{a1:D'gla) + b Dig®)}, 0<j<2m—1, (6.1
i=0

where g € Wy™[a, b]. If the 2m X 4m matrix M is defined by

oo boo oy by - bo,am—
‘a by om—
M = 1',0 1,2.m 1 , . (62)
Qom—1,0 o b2m~1,2m—1

we assume that
rank M = 2m, e (6.3)
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ie., the functionals {B;}3";" are linearly independent. We further assume
that any g € W2™[a, b] with B;g = 0, 0 << j << 2m — 1, satisfies

[ @rgtoyrdr = =1 [ 2 Dretey (6.

Finally, as in [11], there is no loss of generality in assuming that, by means
elementary row operations, applied to M, the matrix M is in lower reduced
echelon form, i.e.,

(i) every leading entry (from the right) of each row is unity;

(i) every column containing a leading entry (from the right)
has all other entries zero; (6.5)

(iii) if the leading entry (from the right) of row i is in column 7, ,
then t, <ty < <lyp.

We remark that the elementary row operations which bring M into lower
reduced echelon form leave the property of (6.4) invariant. We further
remark that a special case of boundary conditions B = {B; amt which do
satisfy (6.3)=(6.5), are given by the so-called Hermite boundary conditions,
defined by

By; g = Dig(a), By g = Diglh), 0<j<m—1 (6.6)

Other examples of such boundary conditions satisfying (6.3)-(6.5) are cited
in [11].
We now state a particular result of Swartz and Varga [11, Corollary 8.11].

LEMMA 6.1. Given fe WE?[a, bl, with 0 <k <2m and 2 <p < o,
given 4 € P ,(a, b) with N > m (cf. (2.10)), and given the point functionals
{BY3m ™ of the form (6.1) which satisfy (6.3)-(6.5), let s be the unique inter-
polant of f in Sp2m — 1,2m — 1, 4), in the following sense:

(f—9Hx) =0, 1<i<N—-1
k 6.7
Bjs = Y {a;D¥f(a) + by Df (b)), 0<j<2m—L

i=0
Then,
K(Aysra=i+@/o=Q/e) | D[ r, )

= gH Dy(f_ S)HLq[a,b] ’ 0 <] < ka p < q < o0, (68)
TN Dislitaw, i k<j<2m—1, p<qgs o

The proof of the following result, based on Lemma 6.1 and Theorem 3.5,
is similar to previous proofs given, and is therefore omitted.
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THEOREM 6.2. Given fe W ta, b], with 0 <k < 2m and 2 <p < oo,
given 4 € Z1(a, b) with N > m, and given the point functionals {B}¥L of the
Jorm (6.1) which satisfy (6.3)—(6.5), let s be the unique interpolant of f in
Sp2m — 1,2m — 1, 4), in the following sense:

(f=9)x) =0, 1<i<N—1, if k>0,
(r—9)x) =0, 1<i<N—1, if k=0,

k-1
Bis = 3 {a;:D'f(@) + b, D (b)) + {a;xD(@) + by DH(b)} (6.9)
i=0
0<j<2m—1, if k>0,
Bis = a5 ofi(@) + biofi(®), O <j<2m—1, if k=0.

Then, with h = 4,

K(J)k_j.).(qu)‘(l/p) w (DY, J)

1 D(f = $)llLtae) > 0<j<k—1 if k>0, p<g< oo,
= ” Dk(f_ S)”Lx,[a,b] » ] = k’ P =4q, (610)
” Dis ”Lq[a,b] » lf k <] < 2m — 1, p < q < oo.

COROLLARY 6.3.  With the assumptions of Theorem 6.2, let {4,}7 , € P\(a, b)
with lim,, ., 4, = 0, and let s; be the unique interpolant of f in Sp(2m — 1,
2m — 1, 4,) in the sense of (6.9). Then, with the additional hypothesis (cf. (2.3))
that D*fe C'a, bl if p = oo,

Hm | DX(f — sl tan1 = O. (6.11)

It is interesting to remark that if the point functionals B; of (6.1) depend
only on Dig(a) and Dig(h) for 0 <i < r < 2m — 1, ie, a;;,=b;;, =0
for all 0<j<2m—1, 7+ 1 <Ii<2m —1, and if fe W,*a,b] with
7 <k < 2m — 1, then the unique interpolant s of fin Sp(2m — 1, 2m — 1, 4)
in the sense of (6.9), is independent of Ju . In this case, the interpolants s in
Sp@2m — 1,2m — 1, 4), as defined by (6.7) and (6.9), are identical, and
the error bounds of (6.10) represent a sharpening of the error bounds of
(6.8) (with k replaced by k — 1). If, moreover, f € W2"[a, b] with 2 < p < oo,
a case already covered in Lemma 6.1, we again remark that the use of 2.9
in conjunction with case k = 2m — 1 of (6.10) of Theorem 6.2 gives the
same upper bounds as in (6.8), i.e., for p < g < oo,

K(dyzm—it@jo=a/o || pamf), o0 > || DI(f — Mrfapi, 0<j<2m—1.
(6.12)



262 DEMKO AND VARGA

We further remark that the inequality of (6.12) in the case j = O has been
shown by Scherer [9, Theorem 9] to hold for more general partitions of [a, b]
than uniform partitions. In addition, if m =2 or m = 3, i.e., if cubic or
quintic splines are considered, it is easy to show that (6.10) is valid for
4 eP(a,b) for any o = 1.

7. EVEN DEGREE APPROXIMATION BY LOCAL INTEGRATION

Several authors (cf. Anselone and Laurent [3], Scherer [9], and Varga [13])
have considered the approximation of a given smooth function f, defined on
[a, b], by even-ordered splines s which, for a given partition 4 of [a, b},
interpolates f by means of f:::“ (f—s8)dx=0,0 <i<N— 1, in addition
to certain specified boundary interpolation. The object of this section is to
derive new error bounds for such interpolation, based on the results of the
previous section.

In analogy with Section 6, consider now any set of 2m + 2 real point
functionals B = {B;}2"* on W7™*a, b], of the particular form

Eog = g(a), B1g = g(b),

2m-+1 7.1
B,g = Y {a;.D*g(a) + b, ;Dig(b)}, 2<j<2m+1, geW;"a,b],
i=1

where it is assumed that the associated (2m -+ 2) X (4m + 4) matrix N
satisfies all the hypotheses of (6.3)-(6.5), with m replaced by m +- 1. Note
that since B,g = g(a) and B, g = g(b) from (7.1), then the assumption of
(6.5ii) implies that the sum for B;g in (7.1), 2 <j < 2m -+ 1, begins with
i = 1. For any f € W2™?[a, b] and for any partition of [a, b]with N >m + 1,
it follows from the discussion in Section 6 that there is a unique § in
Sp(2m + 1, 2m + 1, 4) which interpolates £ in the sense that

(f—Hx) =0, 0<i<N,

~ L. (7.2)
Bs=B,f, 2<j<2m+1.

In particular, if f(x) = [, f(?) dt, so that f€ W3""[a, b], let § be the unique
interpolant of # in Sp(2m + 1, 2m + 1, 4) in the above sense, and define
s(x) = Di(x). Clearly, s € Sp(2m, 2m, 4), and it directly follows from (7.1)
and (7.2) that :

Tipy
f (f — s)dt = 0, <i< N—1, a3

B;s = B;f, 2<]<2m+1’ ’
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where
2m
Bif = Eif = Z {a;,6D'f (@) -+ bj,i1:Df (B)},
=0
2<j<2m—1, fewiHq, b]. (7.9
Conversely, it is readily verified that, for any fe W™ a, b], there is a
unique s € Sp(2m, 2m, 4) which interpolates f"in the sense of (7.3).
Since our construction yields DI(f — 5)(x) = D'*(f — §)(x), then the
bounds of (6.10) of Theorem 6.2 can be directly used to prove the following
result which extends the results of Scherer [9, Theorem 10] and Varga [13].

THEOREM 7.1.  Given fe W, *a, b], with 0 <k <2m41land2 <p < oo,
given 4 € Z,(a, b) with N > m + 1, and given the point functionals { B,)2m+
of (1.1) which satisfy (6.3)-(6.5), let s be the unique interpolant of f in
Sp2m, 2m, 4), in the following sense:

Liyy
[T —9d=0, o<i<n-—1,

z;

Bys = I_CZI {a),641D%f (a) + by, Df (B)} + {4,121 D¥3(a) + b;, k11 D*(B)}, (7.5
2<j<mA1, i k>0,
Bis = a;1fu(@) + by fi0), 2<j<2m+1, if k=o.
Then, with h = 4,
K(Z)k—i+(1/q)~(l/1)) w (D, j)

IDU(f = llefapt, O0<j<k—1, p<g< oo,
= “ Dk(f'“ S)”Lp[a,b] s .] = k> P =aq, (76)
I Ds|tenr, if k<j<2m, p<g< oo

COROLLARE’ 1.2. With the assumptions of Theorem 1.1, let {4} € P (a, b)
with lim,_., 4, = 0, and let s; be the unique interpolant of f in Sp(2m, 2m, 4)
in the sense of (1.5). Then, with the additional assumption that D* e C%a, b]

ip= o, _
}1_)1}_3 I DHf — s9)lI 10,01 = O. (7.7)
Making use once more of (2.4), we also have from (7.6) the result of

COROLLARY 7.3. Given fe W2+ a, b], 2 < P < o0, and the assumptions
of Theorem 7.1, then

K(dypmi=r+ajo-a/m | D a1 2 1| DI = i fas »
0<j<2m, p<g<oo. (18
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We remark that this simple idea, viz. that of obtaining error bounds for
spline interpolation in Sp(2m, 2m, 4) by considering the derivative of an
associated interpolation error in Sp(2m -+ 1,2m -+ 1,4), can also be
extended to L-spline-like interpolation where the interpolant is defined
locally as the solution of an odd-ordered ordinary differential equation.
It is also clear that a stability analysis for even-ordered splines, i.e.,
where s Sp(2m, 2m, 4) interpolates approximate data for fe W,*q, b],
0 <k < 2m 4+ 1, can also be easily carried out, in analogy with the results
of Section 5. This permits one, as in Scherer [9, Theorem 10], to replace the
integrals f:j“ fdt in the first equation in (7.5) with suitable quadratures,
with no change in the form of the error bounds of (7.6).
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