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212 RICHARD S. VARGA

TueorEM B. Assume that A=[q,;]JEC™" and AT are both strictly
diagonally dominant, and set

n
B= min qla,|— MW_Q«L%
j=1

I<i<n i=
j7i

Then, the smallest singular value, 6,(A), of A satisfies

1A' =0,(A)> Vag . (2)

Our interest here is in both generalizing Theorems A and B, and
considering when equality is possible in (I) and (2). It should be remarked
here that Theorem A is known in the literature, and can be traced explicitly
back at least to Ahlberg and Nilson [1, p. 96].

In the case that ;=1 for all 1<i<n, so that A can be expressed as
A:=1-B, Eq. (1) of Theorem A becomes the classical result:

[(1=B)7 Y| <(1=1Bllw)

We first introduce some notation. Let n be a positive integer with n >
and set N:={1, 2,...,n}, and N;:=N\{i} for any iEN. Let C*" (R™")
denote the collection of all nXn complex (real) matrices A =g, ;], and let
R", denote the collection of all real column vectors v=[v,,0,...,0 v,]" with
v, >0 for all i EN. Denoting by R" the interior of R", we write u>0 for
:mw; Next, given any A =[g; J€C™", define V(A )= ﬁ o JER™" by

o =la i#j; 4,jEN, (3)

) i_w ;= —lg

a,l;
and define the possibly empty set U, CR" by
Upy: ={u>0:M(A)u>0and |ul,=1}, (4)

where as usual ||v]|,: =max{|v];:iEN}.

2. MAIN RESULTS

Given any A=[q, ,]eC™", then A is defined [4] to be a nonsingular
H-matrix if M(A) is a :o:%zm&wa M-matrix, i.e., if D(A) is nonsingular and
all entries of [M(A)]™! are nonnegative. Further, of the many known
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214 RICHARD S. VARGA

Next, write A~': =[c; ;]. Then, as is known, |[(AD)™}||,, is given by

e, |
ID A o= max| >, —

ien | “ u;
~m2
But
H.dmxﬂ M _0..;;
el | i€V Ljen 1A o
max | >, > = =AY,
ieN | oy ﬁwﬁi M:mmm?u

the last relation following from the normalization in (4). Combining the
above inequalities then gives

JA Y, <=4~ forany u€U,.

fa(w)

Then with the above-mentioned properties of f,, it follows that minimizing
the right side of the above inequality over U, yields the desired result of (7).
|

Note that if A={q, ] €C™" is a strictly diagonally dominant matrix, then
by definition §:=[1, 1,..., 1]"€ U,, and also A is a nonsingular H-matrix
from (5). Thus, we see that Theorem A is a special case of Lemma 1.

Next, note that the result of Lemma 1 applies equally well to every
matrix in the set 2, of matrices equimodular to A={q, ]:

Qy: Hﬁwﬂ TﬁL mOF:u_F.LH_S;_, imzw. 8)

ie.,

1
Bmxfm» (u):u€e Q\;

1B M < forany BEQ,,

whence

Ly 1
sup (| B __s.wm@%s&:%vamﬁ_ (9)

Note that M(A) is by definition an element of .




) AZ\D wsﬂ?f«%vﬁwﬁ _

! -

(z1) [((Vw]ll={ 52 g:",_qll}dns

uoy) xagpwi-[ aomduisuou v st 4,93 ['w]=v fI ‘1 xavTION0)

SuImo[[oy oY} T WRIOIY], JO 90UINDISUOD SIRIPOWWI] U SB IABY
om |, vii="llv|l eows ‘snyy, ‘st ;v y Auo pue jr xineur-p Ien3ursuou
e sty oouls ¢,y 0} Aposarp serdde sisAfeue owres oy ‘esimnoo O

] ‘SMO[[0F (OT) J0 3Mso1 paxrsop oy ‘Ayenba snorasd oy yim ‘Gouoym
()Y Acb wzn?v«\.\vxa&

> : > {3 gl _gll}dns s =) _[(v)ws]ll

1o} (B) WO MOUY oM ‘pury I9YI0 9y} U

“I IVl =18, _[(vhaw]l
i - T

.

3By} 90Npop om (9) Ul UOTIUTJOP
oy} woxj ‘90udf] 'Y/ Jo AW ue SI 0 jeyy mowy am ‘0 < TS5 _[(V)ug]l
/S =0.(V)yE S “IGACQIO ‘(<N 90USYM ‘SILIIUS danESouUUOU AJuo
sey (V)] yeup ([3] '30) umowy st 31 “XLew-py IB[IUISUOU € SI (Y )(§ 90uIg

- I Tl
s [vis]

Aqnougoep [T T “T]=:§ qiM “OOUdY] "XLIjew-Jy
remBursuou & st (Y 1eq [(g) jo] sendun sisoypodAy oyy foous

(o1) - A bwsnwa Ahiis == _[(vhs)l={"52q:~l,_ gl }dns

uaYy) XLIDUL-F] IDINSUISUOU D S 0, DD I'n]=v 1 1 wawoany,

ur pasoxd
st 0s st STy Yey L, *(6) InoySnoryy sproy Arenbs jr yse 0} [pajRU MOU ST 3]

¢1g SINHWNNODHUV HONVNINOJ TVNODVIA NO




216 RICHARD S. VARGA

We now consider an application of Theorem 1 and Corollary 1 to a
generalization of Theorem B. Given any A =[q; ,]€C™", its smallest singular
value, o,(A), can be defined by o,(A): =(]|A™"||y)”". Since, for any B €
C*" ||B|I2<||B||;" || B, we directly have from Theorem 1 and Corollary 1
the following generalization of Theorem B:

Tueorem 2. If A=[q,,JEC™" is a nonsingular H-matrix, then

0,(A) > inf{0,(B):B @) > {I[R(A)] - I[w(a)] M}

n

>(fy(u)fyr(v)}/?  forany u€U,, any vE€U,r (13)

3. REMARKS

We remark that the second inequality of (13) cannot in general be
replaced by equality, as the next simple example shows. Consider

a=mia)=|2 1

which is a nonsingular M-matrix. In this case,
oA ] =45 12(A)] =5

‘ inf{o,(B):BE€Q,) niki.&ﬁvgE%iﬁ___.m_gﬁ:L__LL\m

=13 =1.7321.

We finally remark that Varah [5] gives block diagonally dominant exten-
sions of Theorems A and B. Similar extensions of Lemma 1, Theorem 1, and
Theorem 2 are also possible, but the analogous case of equality, as consid-
ered in (10) of Theorem 1, remains an open question for the block parti-
tioned case.

The author is indebted to Professor Carl de Boor for a clever observation
which improved this note.
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