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Some Mathematical Terminology

In Section 1.2, we introduced the idea of a direct proof. Since then, we
have used some common terminology in mathematics without much expla-
nation. Before we proceed further, we will discuss some frequently used
mathematical terms.

A proof in mathematics is a convincing argument that some mathemat-
ical statement is true. A proof should contain enough mathematical detail
to be convincing to the person(s) to whom the proof is addressed. A proof
must use correct, logical reasoning and be based on previously established
results. These previous results can be axioms, definitions, or previously
proven theorems. These terms are discussed below.

Surprising to some is the fact that in mathematics, there are always un-
defined terms. This is because if we tried to define everything, then we
would end up going in circles. Simply put, we must start somewhere. For
example, in Euclidean geometry, the terms “point,” “line,” and “contains”
are undefined terms. In this text, we are using our number systems such
as the natural numbers and integers as undefined terms. We often assume
that these undefined objects satisfy certain properties. These assumed re-
lationships are accepted as true without proof and are called axioms (or
postulates). An axiom is a mathematical statement that is accepted with-
out proof. Euclidean geometry starts with undefined terms and a set of
postulates and axioms. For example, the following statement is an axiom of
Euclidean geometry:

Gven any two distinct points, there is ezactly one line that contains
these two points.

The properties we listed in Preview Activity 1 from Section 1.2 are being
used as axioms in this text.

A definition is simply an agreement as to the meaning of a particular
term. For example, in this text, we have defined the terms “even integer” and
“odd integer.” Definitions are not made at random, but rather, a definition
is usually made because a certain property is observed to occur frequently.
As a result, it becomes convenient to give this property its own special name.
Definitions that have been made can be used in developing mathematical
proofs. In fact, most proofs require the use of some definitions.

In dealing with mathematical statements, we frequently use the terms
“conjecture,” “theorem,” “proposition,” “lemma,” and “corollary.” A con-
Jecture is a statement that we believe is plausible. That is, we think it is
true, but we have not yet developed a proof that it is true. A theorem is
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a mathematical statement for which we have a proof. A term that is often
considered to be synonymous with theorem is proposition.

Often the proof of a theorem can be quite long. In this case, it is of-
ten easier to communicate the proof in smaller “pieces.” These supporting
pieces are often called lemmas. A lemma is a true mathematical statement
that was proven mainly to help in the proof of some theorem. Once a given-
theorem has been proven, it is often the case that other propositions follow
immediately from the fact that the theorem is true. These are called corol-
laries of the theorem. The term corollary is used to refer to a theorem that
is easily proven once some other theorem has been proven.

Constructing Mathematical Proofs

To create a proof of a theorem, we must use correct logical reasoning and
mathematical statements that we already accept as true. These statements
include axioms, definitions, theorems, lemmas, and corollaries.

organize our work when we are attempting to prove a statement. We also
introduced some guidelines for writing mathematical proofs once we have
created the proof. These guidelines should be reviewed before proceeding.

In Section 1.2, we introduced the use of a know-show table to help us

Please remember that when we start the process of writing a proof, we
are essentially “reporting the news.” That is, we have already discovered the
proof (discovered the news), and now we need to report it. This reporting
often does not describe the process of discovering the news (the investigative
portion of the process).

The first step is to develop a conjecture. This is often done after working
within certain objects for some time. For example, after dealing with the
definition of one integer dividing another integer in Preview Activity 1,
several examples where an integer a divided an integer b and the integer b
divided the integer ¢ were investigated. In all cases, it should have been
observed that a also divided ¢. So we can form the following conjecture.

Conjecture: Let a, b, and c be integers. If a divides b and b divides c, then
a divides c.

To try to prove this conjecture, we will, of course, have to use the defi-
nitions in Preview Activity 1. They are repeated here along with some new
notation.




