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SUMMARY

The dual-primal finite element tearing and interconnecting (FETI-DP) domain decomposition method
(DDM) is extended to address the iterative solution of a class of indefinite problems of the form(
K − �2M

)
u = f , and a class of complex problems of the form

(
K − �2M + i�D

)
u = f , where K,

M, and D are three real symmetric matrices arising from the finite element discretization of solid
and shell dynamic problems, i is the imaginary complex number, and � is a real positive number.
A key component of this extension is a new coarse problem based on the free-space solutions
of Navier’s equations of motion. These solutions are waves, and therefore the resulting DDM is
reminiscent of the FETI-H method. For this reason, it is named here the FETI-DPH method. For a
practically large � range, FETI-DPH is shown numerically to be scalable with respect to all of the
problem size, substructure size, and number of substructures. The CPU performance of this iterative
solver is illustrated on a 40-processor computing system with the parallel solution, for various �
ranges, of several large-scale, indefinite, or complex-valued systems of equations associated with
shifted eigenvalue and forced frequency response structural dynamics problems. Copyright � 2005
John Wiley & Sons, Ltd.
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1. INTRODUCTION

Real linear or linearized systems of equations of the form(
K − �2M

)
u = f (1)
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and complex linear or linearized systems of equations of the form(
K − �2M + i�D

)
u = f (2)

are frequent in computational structural dynamics. Equation (1) is encountered, for example,
in the finite element (FE) simulation of the forced response to a periodic excitation of an
undamped mechanical system. In this case, K and M are the FE stiffness and mass matrices
of the considered mechanical system, respectively, � is the circular frequency of the external
periodic excitation, f is its amplitude,

(
K − �2M

)
is the impedance of the mechanical system,

and u is the amplitude of its forced response. Such problems also arise during the solution by
an inverse shifted method [1] of the generalized symmetric eigenvalue problem Ku = �2Mu
associated with an undamped mechanical system. In this example, K and M have the same
meaning as in the previous case,

(
�2, u

)
is a pair of eigenvalue and eigenvector represent-

ing the square of a natural circular frequency and the corresponding natural vibration mode
of the undamped mechanical system, respectively, and the shift �2 is introduced to obtain
quickly the closest eigenvalues to �2. In both examples given here, the matrix K is symmetric
positive definite or semi-definite, M is symmetric positive definite, and therefore

(
K − �2M

)
rapidly becomes indefinite when � is increased. Equation (2) is encountered in similar problems
when the mechanical system is damped, in which case i denotes the pure imaginary number
satisfying i2 = −1. D denotes the FE damping matrix and is assumed here to be symmetric
positive definite.

With the pressing need for higher-fidelity, three-dimensional structural models with millions
of degrees of freedom (dof), and the significant demands placed by direct methods on com-
puter resources for storing and solving the associated large-scale linear and linearized systems
of equations, a large segment of the computational structural mechanics community has shifted
its attention from direct to iterative solution strategies. More specifically, domain decomposition-
based preconditioned conjugate gradient (PCG) methods have emerged as powerful equation
solvers in this field on both sequential and parallel computing platforms [2]. While most success-
ful domain decomposition methods (DDMs) have been designed for the solution of symmetric
positive (semi-) definite systems, some have targeted indefinite problems of the form given in (1)
[3, 4]. The objective of this paper is to present an alternative DDM that addresses both classes
of indefinite (Equation (1)) and complex (Equation (2)) problems, that is based on the FETI-DP
[5, 6] DDM, and that is scalable when K, M, and D result from the FE discretization of solid,
plate, and shell vibration problems. For this purpose, the remainder of this paper is organized
as follows.

In Section 2, the dual-primal finite element tearing and interconnecting (FETI-DP) method
is overviewed and its scalability properties are recalled. In Section 3, this DDM is extended
to the solution of problems of the form given in Equations (1) and (2); this leads to the
design of yet another iterative substructuring method named here the FETI-DPH method.
Next, the relationship between problems (1) and (2) and Navier’s displacement equations
of motion is highlighted then exploited to construct an auxiliary coarse problem for ac-
celerating the convergence of the FETI-DPH method. In Section 4, the parallel implemen-
tation of this DDM is briefly overviewed. In Section 5, its performance and scalability
properties are demonstrated on a 40-processor Silicon Graphics system for several large-scale
structural vibration problems featuring various � ranges. Finally, conclusions are offered in
Section 6.
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2. THE FETI-DP METHOD

The FETI-DP method [5, 6] is a third-generation FETI method (for example, see References
[7–9]) developed for the scalable and fast iterative solution of systems of equations arising
from the FE discretization of static, dynamic, second-order, and fourth-order elliptic partial
differential equations (PDEs). When equipped with the Dirichlet preconditioner [10] and applied
to plane stress/strain or shell problems, the condition number � of its interface problem grows
asymptotically as [11]

� =O

(
1 + log2 H

h

)
(3)

where H and h denote the substructure and mesh sizes, respectively. When equipped with
the same Dirichlet preconditioner and an auxiliary coarse problem constructed by enforc-
ing some set of optional constraints at the substructure interfaces [6], the condition number
estimate (3) also holds for second-order scalar elliptic problems that model three-dimensional
solid mechanics problems [12]. This estimate proves the numerical scalability of the FETI-DP
method with respect to all of the problem size, substructure size, and number of substructures.
More specifically, it suggests that one can expect FETI-DP to solve small-scale and large-scale
problems in similar iteration counts (numerical scalability). This in turn suggests that when
the FETI-DP method is well-implemented on a parallel processor, it should be capable of
solving an n-times larger problem using an n-times larger number of processors in almost a
constant CPU time (parallel scalability). This was demonstrated in practice for many com-
plex structural mechanics problems (for example, see References [5, 6, 13] and the references
cited therein).

In order to keep this paper as self-contained as possible, the FETI-DP method is next
overviewed in the context of the generic symmetric positive semi-definite static problem

Ku = f (4)

where K has the same meaning as in problems (1) and (2), and f is an arbitrary load vector.

2.1. Substructuring and notation

Let � denote the computational support of a solid mechanics or shell problem whose discretiz-
ation leads to problem (4), {�(s)}Ns

s=1 denote its decomposition into Ns substructures with match-

ing interfaces �(s,q) = ��(s) ∩ ��(q), and let � = ⋃s=Ns

s=1,q>s �(s,q) denote the global interface of

this decomposition. In the remainder of this paper, each interface �(s,q) is referred to as an
‘edge’, whether � is a two- or three-dimensional domain. Let also K(s) and f (s) denote the
contributions of substructure �(s) to K and f , respectively, and let u(s) denote the vector of
dof associated with it.

Let Nc of the NI nodes lying on the global interface � be labelled ‘corner’ nodes (see
Figure 1), �c denote the set of these corner nodes, and let �′ = �\�c. The selection of the
corner nodes is briefly discussed in Section 2.3. If in each substructure �(s) the unknowns are
partitioned into global corner dof designated by the subscript c, and ‘remaining’ dof designated
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Figure 1. Example of a definition of corner points.

by the subscript r, K(s), u(s) and f (s) can be partitioned as follows:

K(s) =
 K(s)

rr K(s)
rc

K(s)T

rc K(s)
cc

 , u(s) =
 u(s)

r

u(s)
c

 and f (s) =
 f (s)

r

f (s)
c

 (5)

The r-type dof can be further partitioned into ‘interior’ dof designated by the subscript i, and
substructure interface ‘boundary’ dof designated by the subscript b. Hence, u(s)

r and f (s)
r can

be further partitioned as follows:

u(s)
r =

[
u(s)

i u(s)
b

]T
and f (s)

r =
[
f (s)
i f (s)

b

]T
(6)

where the superscript T designates the transpose.
Let uc denote the global vector of corner dof, and u(s)

c denote its restriction to �(s). Let
also B(s)

r and B(s)
c be the two substructure Boolean matrices defined by

B(s)
r u(s)

r = ± u(s)
b and B(s)

c uc = u(s)
c (7)

where the ± sign is set by any convention that implies that
∑Ns

s=1 B(s)
r u(s)

r represents the jump
of the displacement solution u across the substructure interfaces. Finally, let

fc =
Ns∑
s=1

B(s)T

c f (s)
c (8)

In References [5, 6], it was shown that solving problem (4) is equivalent to solving the
following substructure-based problems:

K(s)
rr u(s)

r + K(s)
rc B(s)

c uc + B(s)T

r � + B(s)T

r Qb� = f (s)
r , s = 1, . . . , Ns (9)

Copyright � 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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Ns∑
s=1

B(s)T

c K(s)T

rc u(s)
r +

Ns∑
s=1

B(s)T

c K(s)
cc B(s)

c uc = fc (10)

Ns∑
s=1

B(s)
r u(s)

r = 0 (11)

QT
b

Ns∑
s=1

B(s)
r u(s)

r = 0 (12)

where � is an N�-long vector of Lagrange multipliers introduced on �′ to enforce the con-
tinuity (11) of the displacement vector u, and � is another vector of Lagrange multipliers
introduced to enforce the optional linear constraints (12). These optional constraints, a con-
cept first developed in Reference [14], generate a matrix Qb with NQ<N� columns defined
on �′. The word ‘optional’ refers to the fact that Equation (12) and the vector of Lagrange
multipliers � are not necessarily needed for formulating the above substructure-based problem.
Indeed, since the solution of problem (4) is continuous across the substructure interfaces, it
satisfies Equation (11) and therefore satisfies Equation (12) for any matrix Qb. Note also that
each of Equations (9) is a local substructure equation, whereas Equation (10) is an assembled
global equation.

The substructure-based problem (9)–(12) was labelled ‘dual-primal’ in References [5, 6]
because it is formulated in terms of two different types of global unknowns: the dual La-
grange multipliers represented by the vector �, and the primal corner dof represented by the
vector uc.

In the remainder of this paper, the j th column of Qb is denoted by qj so that

Qb = [
q1 · · · qj · · · qNQ

]
(13)

2.2. Interface and coarse problems

Let

K̃cc =
[

Kcc 0

0 0

]
, Kcc =

Ns∑
s=1

B(s)T

c K(s)
cc B(s)

c , dr =
Ns∑
s=1

B(s)
r K(s)−1

rr f (s)
r

and f∗
c = fc −

Ns∑
s=1

(
K(s)

rc B(s)
c

)T
K(s)−1

rr f (s)
r (14)

After some algebraic manipulations aimed at eliminating u(s)
r , s = 1, . . . , Ns , uc, and �, the

substructure-based problem (9)–(12) can be transformed into the following symmetric positive
semi-definite interface problem:(

FIrr + F̃IrcK̃∗−1

cc F̃T
Irc

)
� = dr − F̃IrcK̃∗−1

cc f̃∗
c (15)

where

FIrr =
Ns∑
s=1

B(s)
r K(s)−1

rr B(s)T

r , F̃Irc =
Ns∑
s=1

B(s)
r K(s)−1

rr K̃(s)
rc
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K̃(s)
rc =

[
K(s)

rc B(s)
c B(s)T

r Qb

]
, f̃∗

c =
[

f∗
c

−QT
bdr

]

K̃∗
cc = K̃cc −


Ns∑
s=1

(
K(s)

rc B(s)
c

)T
K(s)−1

rr

(
K(s)

rc B(s)
c

) Ns∑
s=1

(
K(s)

rc B(s)
c

)T
K(s)−1

rr

(
B(s)T

r Qb

)
Ns∑
s=1

(
B(s)T

r Qb

)T
K(s)−1

rr

(
K(s)

rc B(s)
c

) Ns∑
s=1

(
B(s)T

r Qb

)T
K(s)−1

rr

(
B(s)T

r Qb

)
 (16)

The FETI-DP method is a DDM that solves the original problem (4) by applying a PCG
algorithm to the solution of the corresponding dual interface problem (15). At the nth PCG

iteration, the matrix–vector product
(

FIrr + F̃IrcK̃∗−1

cc F̃T
Irc

)
�n incurs the solution of an auxiliary

problem of the form

K̃∗
ccz = F̃T

Irc
�n (17)

From the fifth of Equations (16), it follows that the size of this auxiliary problem is equal to
the sum of the number of corner dof, Ndof

c , and the number of columns of the matrix Qb, NQ.
For NQ = 0—that is, for Qb = 0, the auxiliary problem (17) is a coarse problem, and K̃∗

cc is
a sparse matrix whose pattern is that of the stiffness matrix obtained when each substructure is
treated as a ‘superelement’ whose nodes are its corner nodes. This coarse problem ensures that
the FETI-DP method equipped with the Dirichlet preconditioner (see Section 2.4) is numer-
ically scalable for plate and shell problems as well as two-dimensional plane stress/strain
problems [6, 11]. However, for Qb = 0, the FETI-DP method equipped with the Dirichlet
preconditioner is not numerically scalable for three-dimensional solid problems.

For any choice of Qb �= 0, K̃∗
cc remains a sparse matrix. If Qb is constructed edgewise—that

is, if each column of Qb is constructed as the restriction of some operator to a specific edge
of �′—the sparsity pattern of K̃∗

cc becomes that of a stiffness matrix obtained by treating
each substructure as a superelement whose nodes are its corner nodes augmented by virtual
mid-side nodes. The number of dof attached to each virtual mid-side node is equal to the
number of columns of Qb associated with the edge on which lies this mid-side node. If NQ is
kept relatively small, the auxiliary problem (17) remains a relatively small coarse problem. This
coarse problem was labelled ‘augmented’ coarse problem in Reference [5] in order to distinguish
it from the smaller coarse problem obtained with Qb = 0. Furthermore, each column of Qb
is referred to as an ‘augmentation coarse mode’. When these augmentation coarse modes are
chosen as the translational rigid body modes of each edge of �′, each three consecutive columns
of Qb can be written as follows:

qx = [0 · · · 0 [1 0 0 · · · 1 0 0 · · · 1 0 0] 0 · · · 0]T

qy = [0 · · · 0 [0 1 0 · · · 0 1 0 · · · 0 1 0] 0 · · · 0]T

qz = [0 · · · 0 [0 0 1 · · · 0 0 1 · · · 0 0 1] 0 · · · 0]T

(18)

and the FETI-DP method equipped with the Dirichlet preconditioner becomes numerically
scalable for three-dimensional scalar elliptic problems [12]. In (18), each of the vectors
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qx , qy , and qz has non-zero entries only between the pair of brackets [ ] delimiting the
dof attached to the edge associated with these three vectors. Within these brackets, the
sequence 1 0 0 corresponds to a translational rigid body mode of this edge in the x-direction,
the sequence 0 1 0 corresponds to a translational rigid body mode in the y-direction, and the
sequence 0 0 1 corresponds to a translational rigid body mode in the z-direction.

2.3. Corner selection

From the definitions of FIrr , K̃∗
cc, and dr given in (16), (14) it follows that the corner nodes

must be chosen such that K(s)
rr is non-singular. From Equation (15), it follows that when

Qb �= 0, the selection of the corner nodes must furthermore guarantee that K̃∗
cc is non-singular.

From the theory and results exposed in References [15, 16], it follows that the corner nodes
must also include crosspoints—that is, points that belong to three or more substructures—when
these are attached to a beam, plate, or shell element. A corner selection algorithm that meets
all of these requirements was proposed and discussed in Reference [17].

2.4. Local preconditioning

So far, two local preconditioners, originally developed for the FETI method, have been applied
with the FETI-DP approach:

1. The Dirichlet preconditioner which can be written as

FD−1

Irr
=

Ns∑
s=1

W(s)B(s)
r

[
0 0

0 S(s)
bb

]
B(s)T

r W(s)

where

S(s)
bb = K(s)

bb − K(s)T

ib K(s)−1

ii K(s)
ib (19)

the subscripts i and b have the same meaning as in Section 2.1, and W(s) is a substructure
diagonal scaling matrix that accounts for possible substructure heterogeneities [18]. The
roots of this preconditioner and its mechanical interpretation can be found in Reference
[10]. It is mathematically optimal in the sense that it leads to the condition number
estimate (3).

2. The lumped preconditioner which can be written as

FL−1

Irr
=

Ns∑
s=1

W(s)B(s)
r

[
0 0

0 K(s)
bb

]
B(s)T

r W(s) (20)

The roots of this preconditioner and its mechanical interpretation can be found in Reference
[8]. This preconditioner is not mathematically optimal in the sense defined above;
however, it decreases the cost of each iteration in comparison with the Dirichlet pre-
conditioner often with a modest increase in the iteration count.

The Dirichlet preconditioner is less economical per iteration than the lumped preconditioner.
However, experience has shown that it is more computationally efficient when K in problem (4)
arises from the discretization of shell problems. When K arises from plane stress/strain and
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solid mechanics problems, the lumped preconditioner becomes more computationally efficient
even though it is not mathematically optimal.

3. THE FETI-DPH METHOD

Let

Z = K − �2M (21)

Z(s)
rr = K(s)

rr − �2M(s)
rr (22)

and

ZD(s)

rr = K(s)
rr − �2M(s)

rr + i�D(s)
rr (23)

In the context of Equations (1) and (2), Z(s)
rr and ZD(s)

rr , respectively, replace K(s)
rr in the

formulation of the FETI-DP method. Hence, the direct application of this DDM to the solution
of problem (1) or (2) raises the following questions:

1. For the aforementioned applications and in the absence of damping, most �2 values of
practical interest cause the global impedance matrix Z to be indefinite. In this case, are
the substructure matrices Z(s)

rr also indefinite? Furthermore, can any of these substructure
impedances become singular or nearly singular?

2. In the context of Equation (2), the dual interface problem (15) is complex-valued. What
is its type (positive definite or indefinite) in the context of real-valued problems of the
form given in (1)?

3. The augmentation coarse modes (18) address neither the physical nor the mathematical
nature of problem (1) or (2). Which augmentation coarse modes do?

The significance of the above three questions can be summarized as follows.
The answer to the first question impacts the solution of the local substructure problems (9).

For a given �2, it is very difficult to determine in practice (finite arithmetic) whether a substruc-
ture impedance matrix Z(s)

rr is singular or not. However, Z(s)
rr is very ill-conditioned when �2

coincides with or is very close to an eigenvalue of the pencil
(
K(s)

rr , M(s)
rr
)
. This can be alarming

because round-off errors are known to give rise to erroneous solutions to very ill-conditioned
problems. It should also be noted that FETI-DP as well as most DDMs rely on a direct
method for solving the local substructure problems. In the event of an indefinite impedance
matrix Z(s)

rr , the performance of a direct skyline or sparse solver significantly degrades because
pivoting becomes required. This in turn can degrade the CPU performance of a DDM.

The objective of the second question is to determine the Krylov method that is most suitable
for solving the dual interface problem (15).

The third question aims at recognizing that for structural dynamics applications, there are
perhaps other important modes besides the substructure rigid body modes that can accelerate
the iterative solution of the dual interface problem (15).

Next, the three questions raised above are addressed in some detail, and the Dirichlet and
lumped preconditioners summarized in Section 2.4 are tailored to the target applications of this
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paper. This leads to the development of yet another FETI method, named here the FETI-DPH
method, for the parallel iterative solution of problems (1) and (2).

3.1. On the type of the local undamped substructure problems

Even in the context of Equation (1) (and for that matter also Equation (2)), the corner nodes
selected by the FETI-DP solver are such that each substructure matrix K(s)

rr is non-singular.
However, at least in theory, Z(s)

rr will still be singular when �2 coincides with an eigenvalue
of the pencil

(
K(s)

rr , M(s)
rr
)
. This issue was addressed in Reference [19] in the context of the

basic FETI method [7, 8] and acoustic scattering applications—that is, for the scalar exterior
Helmholtz problem where �2 = k2 and k denotes the wave number. More specifically, a reg-
ularization procedure was developed in [19] to prevent all substructure problems from being
singular for any value of the wave number k, without destroying the sparsity of the local
matrices K(s)

rr − k2M(s)
rr and without affecting the solution of the original problem (1). The

resulting DDM was named the FETI-H method (H for Helmholtz). Unfortunately, the regular-
ization procedure characterizing the FETI-H method transforms each real-valued substructure
problem associated with Equation (1) into a complex-valued substructure problem. For acoustic
scattering applications, this is not an issue because the Sommerfeld radiation condition causes
the solution of the original problem to be complex-valued. However, for real-valued problems
such as those represented by Equation (1), the regularization procedure of the FETI-H method
is unjustifiable from both computational resource and performance viewpoints. For this reason,
a different approach is adopted here for addressing the type and potential singularity of a local
substructure matrix Z(s)

rr .
In practice, if � approaches a natural circular frequency of the structure or coincides with

it, Z(s)
rr becomes only very ill-conditioned because of the effect of finite arithmetic. Therefore,

two interesting questions are:

1. What are the odds that a given �2 of practical interest coincides with an eigenvalue of
the pencil

(
K(s)

rr , M(s)
rr
)
?

2. For a given �2, can anything reasonable be done to prevent Z(s)
rr from being singular or

very ill-conditioned?

To address the above two questions, the a × a square plate shown in Figure 2 is considered.
This plate is assumed to be simply supported on its four edges. Therefore, its natural circular
frequencies are given by Géradin and Rixen [20]

� rn = �2

a2

(
r2 + n2) √D

m
, r, n = 1, 2, . . . , ∞ (24)

where

m = ��, D = E�3

12
(
1 − 	2

) (25)

� and � denote, respectively, the density and thickness of the plate and therefore m denotes its
mass per unit area, and E and 	 denote its Young modulus and Poisson coefficient, respectively.

Next, suppose that this plate is decomposed into
√

Ns × √
Ns substructures (Figure 2).

In this case, each substructure is a square of size a/
√

Ns . In the FETI-DP method, each

Copyright � 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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a

a

Ns

c

cc

c

S

SS

S

Figure 2. Square plate simply supported on its four edges—decomposition
into Ns uniform substructures.

substructure away from the boundary conditions is supported at its four corner nodes (see
Figure 2) (more precisely, the transverse displacement as well as the rotation dof are fixed at
the corner nodes). Hence, the natural circular frequency of the first vibration mode of such a sub-
structure is [21]

�1 = 7.14
Ns

a2

√
D

m
(26)

It follows that the impedance matrix Z(s)
rr of the typical substructure shown in Figure 2 is

positive definite for all values of �2 satisfying

�2<

(
7.14

Ns

a2

√
D

m

)2

(27)

In most shifted eigenvalue and forced frequency response problems, � is typically related
to or described in terms of a natural circular frequency of the mechanical system of interest.
Hence, for the square plate considered here, inequality (27) can be re-written as

�2
rn < 50.97

N2
s

a4

D

m
(28)

which in view of Equation (24) can also be written as

�4

a4

(
r2 + n2)2 D

m
< 50.97

N2
s

a4

D

m
(29)

or

Ns > 1.38
(
r2 + n2) (30)

It follows that in practice, given a �2, the number of substructures Ns can be increased—or
equivalently, the size of the substructures can be decreased—to prevent Z(s)

rr from being singular
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or very ill-conditioned. For the plate problem exemplified here, if r = n = 20, Equation (30)
reveals that decomposing the plate shown in Figure 2 in 1104 substructures allows us to consider
mass-shifting its global stiffness matrix by a real positive number of the order of the square
of the natural circular frequency of its 400th mode, or constructing a global impedance matrix
corresponding to this mode, while maintaining each local matrix Z(s)

rr positive definite. This is a
very encouraging result given that for a FE model with a million dof or more, the performance
of the FETI-DP solver is optimal when the number of substructures is of the order of a few
thousands.

In summary, for many �2 values of practical interest, the global impedance matrix Z may
be indefinite, but the local substructures impedances Z(s)

rr can be maintained positive definite
by choosing appropriately the number of substructures.

3.2. On the type of the dual interface problem

Recall that in the context of Equation (1), K̃∗
cc (16) has the meaning of the impedance

matrix obtained when each substructure is treated as a superelement whose nodes are the
substructure corner nodes. It follows that when the global impedance matrix Z (21) is in-
definite, K̃∗

cc is also indefinite. Hence, for undamped applications, even when the substruc-
ture impedance matrices Z(s)

rr can be maintained positive definite by choosing appropriately

the number of substructures Ns , the matrix
(

FIrr + F̃IrcK̃∗−1

cc F̃T
Irc

)
(15) will be in general in-

definite. For damped applications, the matrices FIrr , F̃Irc , and Z̃∗
cc are complex-valued, and

therefore the dual interface problem (15) is complex-valued. Therefore, in the context of
Equation (1) or (2), a preconditioned generalized minimum residual (PGMRES) algorithm
becomes more appropriate than a PCG algorithm for solving iteratively the dual interface
problem (15).

3.3. Wave-based augmentation coarse modes

Let r denote the residual associated with the iterative solution of the dual interface problem (15).
From Equations (9)–(12) and Equation (15), it follows that

r = dr − F̃IrcK̃∗−1

cc f̃∗
c −

(
FIrr + F̃IrcK̃∗−1

cc F̃T
Irc

)
� =

Ns∑
s=1

B(s)
r u(s)

r (31)

which shows that the residual r represents the jump of the iterate solution across the substructure
interfaces. Hence, the FETI-DP method converges when the iterate un becomes continuous
across all the substructure interfaces.

From Equations (12), (16), (15) and (11), it follows that at each iteration of a PGMRES
algorithm applied to the solution of problem (15), FETI-DP forces the jump of the solution
across the substructure interfaces to be orthogonal to the subspace represented by the matrix Qb.
This feature is a strategy for designing an auxiliary coarse problem that, when Qb is well
chosen, accelerates the convergence of a DDM [14].

In this work, the search for a suitable matrix Qb is driven by the following reasoning.
Suppose that the space of traces on �′ of the solution of problem (1) is best approximated
by a set of orthogonal vectors {vjE

}Nv

j=1, where the subscript E indicates that vjE
is non-zero
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only on edge E ∈ �′. Then, the residual r defined in Equation (31) can be approximated as

r ≈
Nv∑
j=1


j vjE
(32)

where {
j }Nv

j=1 is a set of Nv coefficients. If each augmentation coarse mode is chosen as

qj = vjE
, j = 1, . . . , NQ (33)

Equation (12) simplifies to


j = 0, j = 1, . . . , NQ (34)

In this case, Equation (34) implies that at each iteration of the PGMRES algorithm, the first NQ

components of the residual r in the independent set {vjE
}Nv

j=1 are zero. Hence, if a few vectors

{vjE
}NQ

j=1, NQ>Nv , that dominate expansion (32) can be found, choosing these vectors as coarse
augmentation modes can be expected to accelerate the convergence of the iterative solution of
the dual interface problem (15). It remains to exhibit such a set of orthogonal vectors vjE

and
construct a computationally efficient matrix Qb.

As stated in Section 1, the focus of this paper is on structural dynamics applications where K
and M typically arise from the FE discretization of solids and/or plates and shells. A second-
order elastodynamic problem is governed by Navier’s displacement equations of motion

��u + (� + �)∇(∇ · u) + b = �
�2

u

�t2
(35)

where u ∈ R3 denotes the displacement field of the elastodynamic system, � and � its Lamé
moduli, b ∈ R3 its body forces, � its density, and t denotes time. If a harmonic motion is
assumed, i.e. if

u(X, t) = v(X)e−i�t (36)

where X ∈ R3 denotes the spatial variables and � denotes a circular frequency, the homogeneous
form of Equation (35) becomes

��v + (� + �)∇(∇ · v) + ��2v = 0 (37)

The free-space solutions of the above equation are

v = ap sin
(
kp� · X

)
, v = ap cos

(
kp� · X

)
(38)

v = as1 sin(ks� · X), v = as1 cos(ks� · X) (39)

v = as2 sin(ks� · X), v = as2 cos(ks� · X) (40)

where � ∈ R3 is an arbitrary vector of unit length (‖�‖2 = 1), ap ∈ R3 is a vector that is parallel
to �,

(
as1, as2

) ∈ R3 × R3 are two independent vectors in the plane orthogonal to �

kp =
√

��2

� + 2�
and ks =

√
��2

�
(41)
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The free-space solutions (38) are known as the elastic pressure or longitudinal waves, and the
free-space solutions (39) and (40) are known as the elastic shear or transverse waves.

Consider next the following fourth-order PDE associated with a given elastic body

�2u − m

D
�2u = 0 (42)

where all variables have the same meaning as before. The reader can check that the free-space
solutions (38)–(40) with

kp = ks = 4

√
m

D
�2 (43)

are also free-space solutions of Equation (42). The PDE (42) can model the harmonic transverse
motion of a plate. In this case, u is a scalar representing the transverse displacement field.
However, for the purpose of constructing an augmented coarse problem for the FETI-DP
method, and only for this purpose, it is assumed here that when u ∈ R3, Equation (42) can
model the harmonic motion of a shell in all three dimensions.

Hence, a general solution of either Equation (37) or (42) can be written as follows:

v =
∞∑

j=1

{
apj

(
c0j

sin
(
kp�j · X

)+ c1j
cos
(
kp�j · X

))}
+

∞∑
j=1

{
as1j

(
c2j

sin
(
ks�j · X

)+ c3j
cos
(
ks�j · X

))}
+

∞∑
j=1

{
as2j

(
c4j

sin
(
ks�j · X

)+ c5j
cos
(
ks�j · X

))}
(44)

where �j ∈ R3 is an arbitrary vector of unit length defining the direction of propagation of an
elastic pressure or shear wave, c0j

, c1j
, c2j

, c3j
, c4j

, and c5j
are real coefficients, and kp and ks

are given by Equation (41) for a second-order elastodynamic problem and by Equation (43) for
a fourth-order plate or shell dynamic problem. From Equations (44) and (33), it follows that
one choice for the desired matrix Qb is a matrix composed of blocks of six columns, where
the columns of each block are associated with one direction of propagation �j and one edge
E of the mesh partition. This choice can be expressed as follows:

qbl


3(m − 1) + 1

3(m − 1) + 2

3(m − 1) + 3

= apj
sin
(
kp�j · Xm

)
, qbl+1


3(m − 1) + 1

3(m − 1) + 2

3(m − 1) + 3

 = apj
cos
(
kp�j · Xm

)

qbl+2


3(m − 1) + 1

3(m − 1) + 2

3(m − 1) + 3

= as1j
sin
(
ks�j · Xm

)
, qbl+3


3(m − 1) + 1

3(m − 1) + 2

3(m − 1) + 3

 = as1j
cos
(
ks�j · Xm

)
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θ j

Figure 3. Generation of the directions of wave propagation (nc = 3).

qbl+4


3(m − 1) + 1

3(m − 1) + 2

3(m − 1) + 3

= as2j
sin
(
ks�j · Xm

)
, qbl+5


3(m − 1) + 1

3(m − 1) + 2

3(m − 1) + 3

 = as2j
cos
(
ks�j · Xm

)

l = 6(j − 1) + 1, m = 1, . . . , NI − Nc (45)

where qb[3(m − 1) + 1] designates the entry of qb associated with the dof in the x-direction
attached to the mth node on an edge E ∈ �′, qb[3(m − 1) + 2] designates the entry associated
with the dof along the y-direction, qb[3(m − 1) + 3] designates the entry associated with the
dof along the z-direction, and Xm ∈ R3 denotes the co-ordinates of this mth node. Hence, if
NE denotes the number of edges of the mesh partition, and N� the number of considered
directions of wave propagation, the total number of augmentation coarse modes is given in
general by

NQ = 6NEN� (46)

To these modes can be added the edge-based translational (18) and/or rotational rigid body
modes as these are free-space solutions of Equation (37) when � = 0.

In this paper, the directions �j are generated as follows. A generic cube is discretized into
nc × nc × nc points. A direction �j is defined by connecting the centre of the cube to a point
lying on a face of the cube (Figure 3). Since each direction �j is used to define both a cosine
and a sine mode, only one direction is retained for each pair of opposite directions. This results
in a total number of directions

N� =
(
n3

c − (nc − 2)3)
2

(47)
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Hence, for a specified N�, nc is chosen so that N� is as close as possible to the value given
by the above equation.

3.4. Filtering the coarse space

There are at least three mechanisms that can cause the matrix Qb described in Section 3.3 to
be rank deficient:

1. If a direction �j turns out to be perpendicular to an edge E ∈ �′, �j ·Xm becomes constant
for all Xm ∈ E, the rank of the six-column block of Qb associated with the edge E and
the direction �j becomes equal to three, and therefore Qb becomes rank deficient.

2. Similarly, if a direction �j turns out to be perpendicular to all vectors Xm ∈ E, �j ·Xm = 0,
the rank of the six-column block of Qb associated with E and �j becomes equal to three,
and therefore Qb becomes rank deficient.

3. In the appendix, it is shown that an interplay between a low mesh resolution and N� can
also cause Qb to become rank deficient.

From Equation (12) or the definition of K̃∗
cc given in the fifth of Equations (16), it

follows that whenever Qb does not have full column rank, K̃∗
cc becomes singular. Singu-

lar coarse problems can be solved by a number of different techniques among which is
the drop-tolerance-based direct method described in Reference [22]. However, preventing Qb
from being rank deficient—and therefore preventing K̃∗

cc from being singular—is desirable
as this improves the computational efficiency as well as the robustness of the solution of
the coarse problem (17), and therefore enhances the efficiency and robustness of the overall
solution method.

Let �QR denote a small tolerance value. The following describes a simple procedure for
filtering the matrix of augmentation coarse modes Qb and transforming it into a matrix Q∗

b
that has full column rank:

1. Perform the QR factorization [23] of Qb.
2. Construct Q∗

b as the union of the columns qj of Qb for which Rjj>�QR.

The following observations are worth noting:

1. Since each column of Qb has non-zero entries only for the dof associated with a corre-
sponding edge E, the QR factorization of Qb entails only local computations that can
be performed on an edge-by-edge basis. Hence, these computations are amenable to an
efficient parallelization.

2. A too small value of �QR can result in a matrix Q∗
b that is still rank deficient, thereby

defeating the purpose of the filtering procedure. On the other hand, a too large value of
�QR can only cause an excessive filtering. Since the columns of Qb serve only the purpose
of defining optional constraints aimed at accelerating the convergence of the iterative DDM
(see Equation (12)), it follows that this DDM is better served by setting �QR to a value
that is sufficiently large to prevent Q∗

b from being rank deficient, even if such a tolerance
can cause occasionally an excessive filtering of the matrix Qb.

Remark
From Section 3.3 (and in particular (46)) it follows that given a mesh partition characterized
by a number of substructures Ns , fixing the number of wave directions N� determines the
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size of the coarse problem (17) and therefore fixes in principle the cost of an iteration of the
extension of the FETI-DP method developed here, independently of the value of the shift �.
However, when the tolerance �QR is fixed, Ns and N� are kept constant, but � is varied;
the filtering procedure described above can result in a size of the coarse problem (17) that
varies with �. Essentially, this is because kp, ks—and therefore the columns of Qb and the
matrix K̃∗

cc—depend on � (see Equations (41) and (43) with � = �). For a fixed value of �QR,
a higher value of � typically results in filtering out fewer columns of Qb and therefore in
generating a larger coarse problem (17) than a lower value of �. For this reason, in practice,
the cost of one iteration of the extension of the FETI-DP solver developed in this paper can
be expected to vary with � even when the mesh partition (Ns) and the number of wave
directions (N�) are fixed.

3.5. Tailoring the Dirichlet and lumped preconditioners

M(s)
rr is a mass matrix; hence, in three dimensions and at the element level, this matrix is

proportional to h3. On the other hand, K(s)
rr is a stiffness matrix; in three dimensions and at the

element level, it is proportional to h for second-order elasticity problems, and to 1/h2 for fourth-
order plate and shell problems. It follows that for a sufficiently fine mesh, Z(s)

rr is dominated
by K(s)

rr . These observations suggest that the local matrices Z(s)
rr can be preconditioned by

Dirichlet and lumped constructs (see Section 2.4) that are based on the K(s)
rr stiffness matrices

rather than the Z(s)
rr impedance matrices. This results in real-valued FD−1

Irr
and FL−1

Irr
local

preconditioners and therefore reduces storage cost when the original problem is complex-valued.
When Rayleigh damping is used, the substructure damping matrices can be written as

D(s)
rr = cKK(s)

rr + cMM(s)
rr (48)

where cK and cM are two real constants. In this case, the same reasoning as above can be
invoked to justify preconditioning the local matrices ZD(s)

rr by simpler Dirichlet and lumped

constructs that are based on (1 + i�cK)K(s)
rr rather than ZD(s)

rr .
Finally, it is pointed out that the ad hoc reasoning outlined above can be mathematically

justified, at least in the context of the scalar Helmholtz equation which is closely related to the
vector elastodynamic equation (35) (for example, see References [24, 25] and the references
cited therein).

3.6. A substructure-based preconditioned GMRES solver with an auxiliary coarse problem

In summary, the FETI-DP method is extended here to address the solution of problems of the
form given in (1) or (2) by

1. replacing the CG interface solver by the GMRES interface solver;
2. adapting the Dirichlet and lumped preconditioners as explained in Section (3.5);
3. choosing as augmentation coarse modes the wave propagation modes derived in

Section (3.3).

Because the wave propagation modes (45) are reminiscent of the plane wave modes eik�T
j Xb

that characterize the FETI-H method [19] (Xb denotes here the co-ordinates of a node on �),
the extension of the FETI-DP method defined above is named here the FETI-DPH method.
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4. PARALLEL IMPLEMENTATION

All computational steps of the FETI-DPH method described in this paper, except the solution
of the coarse problem (17), can be carried out on a substructure-by-substructure basis. Hence,
these computations are trivially parallelized by assigning one or several substructures to each
processor. In this work, all substructure problems are solved by a sparse direct method. If the
given parallel processor consists of a network of shared memory parallel boxes (or boards),
the coarse problem is duplicated in each box. Otherwise, it is duplicated in each processor. In
all cases, this coarse problem is solved by a sequential sparse direct method. As long as the
size of the coarse problem is small compared to the size of the global problem, and the target
number of processors Np is also small, this serial step should not affect the overall performance
of the parallel implementation of the FETI-DPH solver adopted in this work. Otherwise, it can
degrade the overall parallel performance (see next section for details).

Remark
In Reference [26], a parallel distributed algorithm was proposed for solving FETI coarse
problems on massively parallel systems. As in this paper, this algorithm assumes that the
matrix governing the coarse problem is duplicated in each processor. It factors this matrix on
every processor, computes in parallel its inverse and distributes it across the processors, and
transforms all forward and backward solvers arising from the solution of coarse problems into
parallel matrix–vector products. In Reference [26], this algorithm was shown to deliver a good
performance and an excellent parallel scalability for up to 1000 processors, as long as each
processor is mapped onto one substructure only. Unfortunately, this algorithm is computationally
inefficient when more than one substructure is assigned to a single processor—that is, when
the number of substructures is larger than the number of processors. As such, it is not a
better alternative to a sequential sparse direct method on small systems with a few processors,
unless the problem to be solved is sufficiently small to warrant decomposing it into a few
substructures.

5. PERFORMANCE ASSESSMENT

In this section, the FETI-DPH method is applied to the solution of various problems of the
form given in (1) or (2) and associated with the vibration analyses of a cylinder head and a
car wheel. The cylinder head is represented by a FE model constructed with 8-noded brick
and 3-noded shell elements (Figure 4). The car wheel is modelled by 3-noded triangular
shell elements (Figure 5). All right sides f (see Equations (1) and (2)) are generated from a
distributed load. Whenever either structure is assumed to be passively damped, Equation (48) is
used to construct the FE damping matrix D, and the coefficients cK and cM are determined by
requiring that the critical damping ratio of the first 5 modes of the structure be equal in a least-
squares sense to a specified value, . In all cases, the shift is chosen so that �2 = �2 = 4�2f 2,
where �2 is the square of a (possibly natural) circular frequency of the structure, and f is the
corresponding frequency in Hz. As stated in the introduction of this paper, such problems arise,
for example, in the FE simulation of the forced response of a structure to a periodic excitation
characterized by the frequency f , or during the eigenanalysis of a structure by an inverse
shifted method.
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Figure 4. Finite element model of a cylinder head.

All computations are performed in double-precision arithmetic on a Silicon Graphics
Origin 3200 computer equipped with 40 R12 000 400 MHz processors. This parallel system
consists of 5 ‘boxes’ of 8 processors each. On each box, the 8 processors share 8 Gigabytes
of real memory. The 5 boxes are interconnected by a Brocade Silkwork 2400 switch.

As coded, the FETI-DPH solver relies on MPI for interprocessor communication and allows
the number of substructures, Ns , to be different from the number of processors, Np. In this
work, the filtering tolerance is set to

�QR = 10−2 (49)

and the convergence of this iterative solver is declared when the relative residual satisfies

REn =
∥∥(K − �2M + i�D

)
un − f

∥∥
2

‖f‖2
� 10−6 (50)

if the structure is damped, and

REn =
∥∥(K − �2M

)
un − f

∥∥
2

‖f‖2
� 10−6 (51)

if it is undamped.

5.1. Cylinder head

The cylinder head shown in Figure 4 is assumed to be attached to a rigid body at three
different mounting locations in its lower part. Three different FE models are considered. Model
CH-M1 contains 1055 3-noded shell elements, 11 587 8-noded solid elements, and 51 384 dof.
Model CH-M2 is finer: it contains 4220 3-noded shell elements, 92 696 8-noded solid elements,
and 326 847 dof. Model CH-M3 is obtained by further refining model CH-M2: it contains 16 880
3-noded shell elements, 741 568 8-noded brick elements, and 2 260 587 dof.
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Figure 5. Finite element model of a car wheel.

In order to appreciate the magnitude of the various � values considered next for this problem,
the spectrum of natural frequencies of this cylinder head is characterized in Table I using for
this purpose the computational model CH-M2.

5.1.1. Scalability studies for the undamped case. Here, the cylinder head is assumed to be un-
damped. First, attention is focussed on model CH-M3 which is partitioned into 542, 789, 1040,
and 1311 substructures. Four shift values ranging between �2 = 3.95e +07 and �2 = 3.09e +10
are considered. From the information reported in Table I, it follows that the smallest of these
�2 values is close to the first eigenvalue of the pencil (K, M), and the largest of these values
is greater than the 500th eigenvalue of the pencil (K, M). In all cases, the number of wave
directions is set to N� = 3, and the edge-based translational rigid body modes are added to
the augmentation coarse modes. The performance results obtained on Np = 8 processors are
reported in Table II where Ndof and Nitr denote the total number of degrees of freedom and the
number of iterations for convergence, respectively. For each considered shift value, the number
of iterations of the FETI-DPH method is shown to be almost insensitive to the number of
substructures, which suggests that the FETI-DPH solver is numerically scalable with respect to
the number of substructures. Note that for a fixed number of wave directions N�, the size of the
coarse problem (17) increases with the number of substructures Ns . For this two-million-plus
dof model, in most cases, the optimal value of Ns appears to be somewhere between Ns = 789
and Ns = 1040, and the lumped preconditioner is reported to perform almost as well if not
better than the Dirichlet preconditioner CPU-wise.

The optimal number of substructures for model CH-M1 turns out to be around Ns = 45, and
that for CH-M2 turns out to be around Ns = 300. Table III reports the performance results
obtained on Np = 8 processors for the FETI-DPH solver applied to these models using their
nearly optimal number of substructures. Again, these results show that in all cases, the lumped
preconditioner performs as well as if not better CPU-wise than the Dirichlet preconditioner.
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Table I. Partial spectrum of the pencil (K, M) (cylinder head).

Mode number Eigenvalue (�2) Frequency (f ) (Hz)

1 3.53e + 07 9.46e + 02
100 5.02e + 09 1.13e + 04
200 1.10e + 10 1.67e + 04
300 1.70e + 10 2.07e + 04
400 2.42e + 10 2.47e + 04
500 3.03e + 10 2.77e + 04
600 3.72e + 10 3.07e + 04
700 4.41e + 10 3.34e + 04
800 5.12e + 10 3.60e + 04
900 5.82e + 10 3.84e + 04
1000 6.55e + 10 4.07e + 04

Table II. Undamped cylinder head model CH-M3: Ndof = 2 260 587—N� = 3 (+ the three translational
rigid body modes)—Np = 8.

Frequency Nitr CPU Nitr CPU
shift (Hz) Shift �2 Ns (Lumped) (Lumped) (s) (Dirichlet) (Dirichlet) (s)

542 89 746 60 848
1.0e + 03 3.95e + 07 789 70 528 46 547

1040 64 462 49 514
1311 63 459 46 512

542 204 1549 165 1778
1.70e + 04 1.14e + 10 789 171 1227 135 1274

1040 164 1195 130 1241
1311 168 1268 138 1355

542 218 1790 181 1955
2.10e + 04 1.74e + 10 789 182 1326 148 1436

1040 173 1288 143 1358
1311 180 1467 149 1498

542 317 2403 262 3075
2.80e + 04 3.09e + 10 789 272 1960 225 2087

1040 263 2002 223 2095
1311 260 2817 230 2310

Model CH-M2 is roughly 7 times larger than model CH-M1, and model CH-M3 is roughly 7
times as large as model CH-M2. For each considered shift value, the FETI-DPH solver is
reported to consume about 9 times more CPU for model CH-M2 than for model CH-M1, and
also about 9 times more CPU for model CH-M3 than for model CH-M2. This demonstrates a
good scalability of the performance of the FETI-DPH solver with respect to the problem size.

Next, attention is focused again on the large-scale model CH-M3, the number of substructures
is fixed to Ns = 789, and the shift value is set to �2 = 1.74e + 10 (f = 2.10e + 04 Hz). The
number of wave directions is set to N� = 3 and the edge-based translational rigid body modes
are added to the augmentation coarse modes, which generate a coarse problem with a size
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Table III. Undamped cylinder head: N� = 3 (+ the three translational rigid body modes)—Np = 8.

Frequency Nitr CPU Nitr CPU
shift (Hz) Shift �2 Ndof Ns lumped lumped (s) Dirichlet Dirichlet (s)

51 384 45 139 16 123 19
1.70e + 04 1.14e + 10 326 847 300 137 143 119 146

2 260 587 1040 164 1195 130 1241

51 384 45 166 19 151 22
2.10e + 04 1.74e + 10 326 847 300 159 145 162 126

2 260 587 1040 173 1288 143 1358

51 384 45 250 26 233 31
2.80e + 04 3.09e + 10 326 847 300 230 214 190 235

2 260 587 1040 263 2002 230 2310

Ncoarse
dof = 47 226. In this case, the performance of the FETI-DPH solver equipped with the

lumped preconditioner is reported in Table IV for a number of processors varying between 4
and 40. The CPU performance on 4 processors is adopted as ‘reference’ performance because
it takes 4 processors to meet the memory requirement of this problem. Excellent to good
parallel speed-ups and efficiencies are achieved for 4 �Np � 20. In this range of number of
processors, the amount of CPU time consumed by the sequential solution of the coarse problem
varies between 16 and 53% of the total CPU time consumed by the parallel FETI-DPH solver.
Once the ratio of sequential to parallel work reaches 53%, increasing the number of processors
from 20 to 40 decreases the parallel efficiency of the FETI-DPH solver from 67 to 36%.

5.1.2. Scalability studies for the damped case. To illustrate the performance of the FETI-DPH
solver for problems of the form given in (2), the cylinder head is next assumed to be damped.
Model CH-M3 is considered again but with two different realistic damping levels described by
 = 1 and 2%. As before, N� is set to 3 and the edge-based translational rigid body modes
are added to the augmentation coarse modes. The performance results of the FETI-DPH solver
equipped with the lumped preconditioner and obtained on Np = 16 processors are reported in
Table V. These results demonstrate the numerical scalability of the FETI-DPH method with
respect to the number of substructures. Amazingly, they also reveal that the FETI-DPH solver
converges faster for damped problems of the form given in (2) than for undamped problems
of the form given in (1), and almost independently from the value of the shift �. The reader
is reminded that in the undamped case, the FETI-DPH solver operates in the real domain
whereas in the damped case, it operates in the complex plane. This explains why, as can be
expected, each iteration of FETI-DPH is slower in the presence of damping than in its absence.
However, because of the faster convergence rate in the presence of damping, for a given
problem, the FETI-DPH solver exhibits comparable CPU performances for the damped and
undamped cases.

5.1.3. Benchmark against a sparse solver. Sparse direct solvers are popular in structural and
solid mechanics, structural dynamics, and structural acoustics codes. They perform best on
sequential computing platforms because they are not as well amenable to parallel processing
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Table IV. Undamped cylinder head model CH-M3: Ndof = 2 260 587—
Ncoarse

dof = 47 226—�2 = 1.74e + 10 (f = 2.10e + 04 Hz)—Ns = 789—Lumped
preconditioner—N� = 3 (+ the three translational rigid body modes).

CPU
solution CPU Parallel speed-up Parallel efficiency

Np coarse problem (s) total (s) overall overall (%)

4 358 2258 Reference Reference
8 358 1326 6.8 85
12 358 918 8.8 82
16 358 707 12.8 80
20 358 675 13.4 67
24 358 650 13.9 58
28 358 641 14.1 50
32 358 639 14.1 44
40 358 635 14.2 36

as Krylov-based iterative solvers. Hence, the FETI-DPH solver is benchmarked here against a
sparse direct solver in order to assess its intrinsic performance, and highlight its potential not
only for parallel but also for serial production environments.

To this effect, the sparse direct solver considered in this work is the BLK solver developed
at the Oak Ridge National Laboratories [27]; it is provided bundled with an optimal reordering
scheme. This sparse solver is also used within FETI-DPH to solve the local substructure
problems (9), their preconditioned versions, and every occurrence of the coarse problem (17).
The CH-M2 model is chosen to generate the benchmark problem because it is a medium-scale
finite element model. Small-scale models tend to favour sparse solvers. Large-scale models tend
to favour iterative solvers, particularly from a memory viewpoint. The damping level is set to
 = 1%, and the shift parameter is set to � = 1.32e + 05 (f = 2.10e + 04 Hz). The performance
results obtained on a single processor are reported in Table VI. For this problem, the FETI-DPH
solver equipped with the lumped preconditioner is reported to be 6 times faster than the BLK
sparse solver. However, it is only 1.8 times more memory lean.

5.2. Car wheel

The car wheel shown in Figure 5 is assumed to be mounted at its centre on a testing equip-
ment. Three different FE models are constructed using 3-noded shell elements. The first one,
model CW-M1, contains 19 616 elements and 59 898 dof. The second one, model CW-M2, is
finer: it contains 78 464 elements and 235 614 dof. The third model, CW-M3, is the finest
with 313 856 elements and 936 102 dof.

Again, in order to appreciate the magnitude of the various � values considered next for this
car wheel problem, the spectrum of its natural frequencies is characterized in Table VII using
for this purpose the FE model CW-M2.

5.2.1. Scalability studies for the undamped case. Here, the car wheel is assumed to be
undamped. First, attention is focused on model CW-M3 which is partitioned into 206, 359, and
461 substructures. Three shift values, namely �2 = 1.00e + 06, 3.00e + 09, and 9.48e + 09 are
considered. The first of these �2 values is close to the third lowest eigenvalue of the pencil
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Table V. Damped cylinder head model CH-M3: Ndof = 2 260 587—Lumped precon-
ditioner—N� = 3 (+ the three translational rigid body modes)—Np = 16.

Frequency Critical damping CPU
shift (Hz) Shift � ratio  (%) Ns Nitr (s)

542 204 734
0 789 171 615

1040 164 677

542 73 1015
1.70e + 04 1.07e + 05 1 789 53 844

1040 50 982

542 67 975
2 789 48 809

1040 45 955

542 218 809
0 789 182 707

1040 173 726

542 70 1060
2.10e + 04 1.32e + 05 1 789 50 947

1040 46 993

542 65 1034
2 789 46 923

1040 43 967

542 317 1197
0 789 272 1059

1040 263 1159

542 66 1174
2.80e + 04 1.76e + 05 1 789 47 1058

1040 45 1211

542 63 1161
2 789 43 1030

1040 41 1195

Table VI. Damped cylinder head model CH-M2: Ndof = 326 847— = 1%—� = 1.32e +
05 (f = 2.10e + 04 Hz)—Ns = 300—Lumped preconditioner—N� = 3 (+ the three

translational rigid body modes)—Np = 1.

Sparse solver FETI-DPH Sparse solver FETI-DPH FETI-DPH
memory (Gbytes) memory (Gbytes) total CPU (s) Nitr total CPU (s)

3.9 2.2 3568 36 589

(K, M), the second of them is close to the 200th, and the third of these shift values is in the
neighbourhood of the 400th eigenvalue of the pencil (K, M). In all cases, the number of wave
directions is set to N� = 4, and the edge-based translational and rotational rigid body modes
are added to the augmentation coarse modes. The performance results obtained on Np = 8
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Table VII. Partial spectrum of the pencil (K, M) (car wheel).

Mode number Eigenvalue (�2) Frequency (f ) (Hz)

1 7.66e + 05 1.39e + 02
100 1.04e + 09 5.13e + 03
200 2.97e + 09 8.67e + 03
300 5.75e + 09 1.21e + 04
400 9.46e + 09 1.55e + 04
500 1.29e + 10 1.81e + 04

Table VIII. Undamped car wheel model CW-M3: Ndof = 936 102—N� = 4 (+ the translational and
rotational rigid body modes)—Np = 8.

Frequency Nitr CPU Nitr CPU
shift (Hz) Shift �2 Ns (Lumped) (Lumped) (s) (Dirichlet) (Dirichlet) (s)

206 175 329 81 150
1.59e + 02 1.00e + 06 359 142 278 60 127

461 145 226 62 139

206 345 567 181 393
8.72e + 03 3.00e + 09 359 161 281 86 214

461 167 330 85 233

206 190 288 120 254
1.55e + 04 9.48e + 09 359 155 285 97 238

461 169 354 96 268

Table IX. Undamped car wheel: N� = 4 (+ the translational and rotational rigid body modes)—Np = 8.

Frequency Nitr CPU Nitr CPU
shift (Hz) Shift �2 Ndof Ns lumped lumped (s) Dirichlet Dirichlet (s)

59 898 75 36 7 19 6
1.59e + 02 1.00e + 06 235 614 128 78 33 34 24

936 102 359 142 185 60 127

59 898 75 56 19 50 18
1.55e + 04 9.48e + 09 235 614 128 98 57 75 52

936 102 359 155 285 97 238

processors are reported in Table VIII. For each considered shift value, the FETI-DPH method
exhibits numerical scalability with respect to the number of substructures, even when equipped
with the lumped preconditioner. The optimal number of substructures appears to be Ns = 359.
In all cases, the Dirichlet preconditioner is reported to outperform the lumped one iteration-wise
and CPU-wise.

The optimal number of substructures for model CW-M1 turns out to be around Ns = 75,
and that for model CW-M2 turns out to be around Ns = 128. Table IX reports the performance
results obtained on Np = 8 processors for the FETI-DPH solver applied to these models using
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Table X. Undamped car wheel model CW-M3: Ndof = 936 102—
Ncoarse

dof = 25 803—�2 = 9.48e + 09 (f = 1.55e + 04 Hz)—Ns = 359—Dirichlet
preconditioner—N� = 4 (+ the translational and rotational rigid body modes).

CPU
solution CPU Parallel speed-up Parallel efficiency

Np coarse problem (s) total (s) overall overall (%)

4 115 346 Reference Reference
8 115 238 5.8 73
12 115 184 7.5 63
16 115 179 7.7 48
20 115 159 8.6 43
24 115 154 9.0 37

their nearly optimal number of substructures. These results show that in all cases, the Dirichlet
preconditioner outperforms the lumped one. Model CW-M3 is roughly 4 times larger than
model CW-M2 and 16 times larger than model CW-M1. For both considered shift values, the
FETI-DPH solver equipped with the Dirichlet preconditioner is reported to consume for model
CW-M3 about 5 times more CPU than for model CW-M2, and 13 times more CPU than for
model CW-M1. This suggests that the performance of the FETI-DPH solver equipped with the
Dirichlet preconditioner is scalable with respect to the problem size.

Next, attention is focused again on the large-scale model CW-M3, the number of substructures
is fixed to Ns = 359, and the shift value is set to �2 = 9.48e + 09 (f = 1.55e + 04 Hz). The
number of wave directions is set to N� = 4 and the edge-based translational and rotational rigid
body modes are added to the augmentation coarse modes. This generates a coarse problem
with a size Ncoarse

dof = 25 803. In this case, the performance of the FETI-DPH solver equipped
with the Dirichlet preconditioner is reported in Table X for a number of processors varying
between 4 and 24. Good parallel speed-ups and efficiencies are achieved for 4 �Np � 12. In
this range of number of processors, the amount of CPU time consumed by the sequential
solution of the coarse problem varies between 33 and 63% of the total CPU time consumed
by the parallel FETI-DPH solver. Once the ratio of sequential to parallel work exceeds 63%,
increasing the number of processors from 12 to 24 decreases the parallel efficiency of the
FETI-DPH solver from 63 to 37%.

5.2.2. Scalability studies for the damped case. Next, the car wheel is assumed to be damped.
Model CW-M3 is considered again but with two different realistic damping levels described
by  = 1 and 2%. As before, N� is set to 4 and the edge-based translational and rotational
rigid body modes are added to the augmentation coarse modes. The performance results of the
FETI-DPH solver equipped with the Dirichlet preconditioner and obtained on Np = 8 processors
are reported in Table XI. They are also contrasted with the performance results obtained in
the undamped case. Again, the reader is reminded that in the damped case, the FETI-DPH
solver operates in the complex plane; in the undamped case, it operates in the real domain
and therefore is naturally faster per iteration. As in the case of the cylinder head problem,
the tabulated performance results reveal a numerical scalability of the FETI-DPH method with
respect to the number of substructures. They also suggest that (a) for damped problems of the
form given in (2), the performance of FETI-DPH solver is independent of the value of the
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Table XI. Damped car wheel model CW-M3: Ndof = 936 102—Dirichlet precondi-
tioner—N� = 4 (+ the translational and rotational rigid body modes)—Np = 8.

Frequency Critical damping CPU
shift (Hz) Shift � ratio  (%) Ns Nitr (s)

206 81 150
0 359 60 127

461 62 139

206 81 333
1.59e + 02 1.00e + 03 1 359 60 262

461 62 289

206 81 329
2 359 60 279

461 62 291

206 181 393
0 359 86 214

461 85 233

206 43 319
8.72e + 03 5.47e + 04 1 359 37 334

461 38 379

206 42 351
2 359 36 317

461 38 366

206 120 254
0 359 97 238

461 96 268

206 40 340
1.55e + 04 9.73e + 04 1 359 32 322

461 35 388

206 49 343
2 359 32 323

461 34 386

shift �, and (b) its convergence rate is better for higher values of the shift than for lower ones,
in which case this convergence rate is also better than that for undamped problems.

5.2.3. Benchmark against a sparse solver. Finally, the FETI-DPH solver equipped with the
Dirichlet preconditioner is benchmarked against the BLK sparse direct solver for the FE model
CW-M3 and a damping level defined by  = 1%. The shift parameter is set to � = 9.73e + 04
(f = 1.55e + 04 Hz). The performance results obtained on a single processor are reported in
Table XII. They show that for this shell problem, the FETI-DPH solver equipped with the
Dirichlet preconditioner is twice as fast as the BLK sparse solver. However, it reduces the
memory requirement of the BLK sparse solver by 15% only. This is partly because sparse
direct solvers are not as memory greedy for shell problems as they are for three-dimensional
solid problems.
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Table XII. Damped car wheel model CW-M3: Ndof = 936 102— = 1%—� = 9.73e + 04
(f = 1.55e + 04 Hz)—Ns = 359—Dirichlet preconditioner—N� = 4 (+ the translational

and rotational rigid body modes)—Np = 1.

Sparse solver FETI-DPH Sparse solver FETI-DPH FETI-DPH
memory (Gbytes) memory (Gbytes) total CPU (s) Nitr total CPU (s)

4.7 4.0 2176 40 1085

6. CONCLUSIONS

The domain decomposition-based FETI-DPH iterative solution method presented in this paper
addresses a class of indefinite problems of the form

(
K − �2M

)
u = f , and a class of complex

problems of the form
(
K − �2M + i�D

)
u = f , where K, M, and D are three real symmetric

matrices arising from the finite element discretization of solid and shell dynamic problems,
i is the imaginary complex number, and � is a real positive number. This method is essentially
an extension of the FETI-DP [5, 6] method that can be characterized as follows. The interface
problem is solved by a PGMRES algorithm instead of a conjugate gradient algorithm. For
second-order elastodynamic problems, the basic coarse problem is augmented with free-space
solutions of Navier’s homogeneous displacement equations of motion. These free-space solu-
tions are also known as the elastic pressure (or longitudinal) and shear (or transverse) waves.
For plate and shell dynamic problems, the basic FETI-DP coarse problem is augmented with
free-space solutions of the fourth-order partial differential equation modelling the harmonic
transverse motion of a plate. For the case of real-valued problems, local singularities (or reso-
nances) are avoided by choosing a sufficiently fine mesh partition. Numerical studies performed
for large-scale problems that are representative of a class of structural dynamics applications in
the automotive industry suggest that the proposed FETI-DPH method is numerically scalable
with respect to all of the problem size, substructure size, and number of substructures. They
also reveal that this method can handle values of �2 that are large in comparison with the
converged eigenvalues of the pencil (K, M). On a single processor, FETI-DPH is found to be 6
times faster than a good sparse direct solver when the finite element model contains essentially
solid elements and about 300 000 dof, and twice as fast when it contains essentially shell
elements and about 900 000 dof. A parallel implementation of FETI-DPH in which the solution
of the coarse problem is however serialized delivers a good parallel efficiency for up to 28
processors in the first case, and 16 processors in the second case. However, if this implemen-
tation is to be executed efficiently on more processors, it requires first parallelizing the coarse
problem solver.

APPENDIX A

The objective of this appendix is to show that an interplay between a low mesh resolution and
the number of wave directions N� can cause the matrix Qb to become rank deficient. Hence,
this interplay is one among several motivations for filtering the matrix of augmentation coarse
modes Qb as described in Section 3.4.
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For simplicity, the following proposition considers the case of a two-dimensional problem,
a uniform discretization characterized by a mesh size h, and an edge E of the mesh partition
that is aligned with the x-axis and begins at its origin. In this case

�j =
[

cos ϑj

sin ϑj

]
, Xm =

[
xm

0

]
=
[

mh

0

]
, �j · Xm = xm cos ϑj (A1)

and Equations (45) become

qbl

[
2(m − 1) + 1

2(m − 1) + 2

]
= apj

sin
(
kpxm cos ϑj

)
, qbl+1

[
2(m − 1) + 1

2(m − 1) + 2

]
= apj

cos
(
kpxm cos ϑj

)

qbl+2

[
2(m − 1) + 1

2(m − 1) + 2

]
= asj sin

(
ksxm cos ϑj

)
, qbl+3

[
2(m − 1) + 1

2(m − 1) + 2

]
= asj cos

(
ksxm cos ϑj

)
l = 4(j − 1) + 1

m = 1, . . . , NI − Nc (A2)

Proposition
Let k denote either a wave number kp associated with a pressure wave, or a wave number ks

associated with a shear wave (see Equations (41)). If the augmentation coarse problem contains
two directions �i and �j whose angles with the x-axis ϑi and ϑj satisfy

cos ϑi ± cos ϑj = 2n�

kh
(A3)

where n is an integer, then

1. ϑi and ϑj satisfy

cos(kxm cos ϑi ) = cos
(
kxm cos ϑj

)
, ∀Xm ∈ E (A4)

2. The matrix Qb defined by Equations (A2) is rank deficient.

Proof
Since E is aligned with the x-axis and begins at its origin, and the mesh is assumed to be
uniform, then

∀Xm ∈ E, xm = mh (A5)

From Equations (A3) and (A5) it follows that:

cos(kxm cos ϑi ) = cos

(
kxm

(
2n�

kh
∓ cos ϑj

))
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= cos

(
∓kxm cos ϑj + xm

2n�

h

)

= cos

(
∓kxm cos ϑj + (mh)

2n�

h

)
= cos

(∓kxm cos ϑj + 2nm�
)

Hence, ∀Xm ∈ E,

cos(kxm cos ϑi ) = cos
(
kxm cos ϑj

)
From Equation (A2) and the above result it follows that the matrix Qb has at least two identical
columns and therefore is rank deficient. �

Since |cos ϑi ± cos ϑj | � 2, the result stated in the above proposition is significant when
2�/kh � 2/n—and, therefore, when the mesh resolution is less or equal to 2 elements per
wavelength (n = 1)—and when the augmentation coarse problems contain two directions �i

and �j for which cos ϑi = − cos ϑj (n = 0).
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