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A dual-primal variant of the FETI-H domain decomposition method is designed for the fast,
parallel, iterativ e solution of large-scalesystemsof complex equations arising from the discretization
of acoustic scattering problems formulated in bounded computational domains. The convergence
of this iterativ e solution method, named here FETI-DPH, is shown to scalewith the problem size,
the number of subdomains, and the wave number. Its solution time is also shown to scalewith the
problem size. CPU performance results obtained for the acoustic signature analysis in the mid-
frequency regime of mockup submarines reveal that the proposedFETI-DPH solver is signi�can tly
faster than the previous generation FETI-H solution algorithm.

1. In tro duction

Let � and � denote respectively a three-dimensional impenetrable obstacle, and a three-
dimensionalboundeddomain containing this obstacle(Fig. 1). The scattering of a wave by
the obstacle � can be modeled by the following boundary value problem (BVP)

Find u 2 H 1(
) such that

� � u � k2u = 0 in 


�u + �
@u
@�

= � (� + �
@

@�
)eik t �x on @�

@u
@�

= A(u) + g on �

(1.1)

where k > 0 is the wave number, 
 = � n�, � = @� is an arti�cial boundary, H 1(
) is the

usual Sobolev space,� is the outward normal,
@

@�
denotesthe normal derivative, � and �

are two constants with either (�; � ) = (1; 0) or (�; � ) = (0; 1), t 2 R3 is the direction of
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the incident wave, x 2 R3, A is a di�eren tial operator, and g is a source function which
may depend on k. The secondof Eqs. (1.1) is a conciserepresentation of Dirichlet and
Neumann boundary conditions. The third of Eqs. (1.1) encompassesNeumann, Robin, and
many absorbing boundary conditions.

The boundary value problem (1.1) is known asthe formulation of the exterior Helmholtz
problem in a boundeddomain. If � is replacedby void | in which case� � 
 and � � @

| and the secondof Eqs. (1.1) is eliminated (or � = � = 0), the resulting instance of the
BVP (1.1) de�nes an interior Helmholtz problem.

Fig. 1. Formulation of an acoustic scattering problem in a bounded domain

The discretization of the BVP (1.1) by �nite elements (FE) leads to a linear algebraic
problem of the form

(K � k2M + iA )u = f ; (1.2)

whereK and M denotethe usualFE sti�ness and masssymmetric matrices, respectively, i is
the imaginary complex number satisfying i 2 = � 1, and A is a FE symmetric matrix arising
from the discretization of the absorbing boundary condition represented by the di�eren tial
operator A. Hence,A = 0 for interior Helmholtz problems. Otherwise, A is a sparsematrix
when A is a local di�eren tial operator.

Let
Z = K � k2M + iA (1.3)
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denote the impedancematrix arising from the FE discretization of problem (1.1). Using
this notation, problem (1.2) can be re-written as

Zu = f ; (1.4)

where Z is a sparse,symmetric (but not Hermitian) matrix.
In the mid-frequency regime| for example,for ka � 5, wherea denotesa characteristic

length of the obstacle� | the discretization of the BVP (1.1) by the standard FE method
calls for �ne meshesand therefore leads to large-scalesystems of equations of the form
given in (1.4). In this case,solving Eq. (1.4) by a direct method entails memory and CPU
requirements that often overwhelm the available computational resources.For this reason,a
signi�cant amount of research e�ort continuesto be investedin the development of iterativ e
algorithms for the solution of such problems.

Domain decomposition-basedpreconditioned Krylo v methods have emergedas power-
ful equation solvers on both sequential and parallel computing platforms 1. While most
successfuldomain decomposition methods (DDMs) have beendesignedfor the solution of
symmetric positive (semi-) de�nite systems,someof them have targeted inde�nite (A = 0)
or complex (A 6= 0) problemsof the form given in Eq. (1.2) 2;3;4. Among these,the FETI-H
method 4 standsout asa DDM that hasbeenroutinely applied to the solution of large-scale,
three-dimensional, realistic acoustic scattering problems 5;6;7. The FETI-H solver is based
on a DDM with Lagrange multipliers known as the dual FETI method 8;9;10;11;12. FETI,
which is provably numerically scalablefor second-12 and fourth-order 13 elliptic problems|
that is, its iteration count increasesonly weakly with the sizeof the subdomain and global
problems | was recently transformed into a leaner, faster, and yet equally numerically
scalabledual-primal DDM known as FETI-DP 14;15. Hence, the objective of this paper is
to develop an an alternative to FETI-H that is basedon FETI-DP rather than on FETI,
and assessits performancefor the solution of interior and exterior Helmholtz problems. For
this purpose,the reminder of this paper is organizedas follows.

In Section 2, the FETI-DP method is overviewed and its scalability properties are re-
called. In Section3, this DDM is extendedto the solution of interior and exterior Helmholtz
problems that give rise to algebraicsystemsof the form given in Eq. (1.2); this leadsto the
designof the FETI-DPH method

�
\H" for Helmholtz problems

�
. In Section4, the parallel

implementation of FETI-DPH adopted in this work is brie
y overviewed. In Section 5,
the scalability properties of FETI-DPH are assessednumerically, �rst for three-dimensional
academicHelmholtz problems, then for large-scaleacoustic scattering problems associated
with the signature analysis on an Origin 3200 parallel processorof a mockup submarine.
Finally, conclusionsare o�ered in Section 6.

2. The FETI-DP Metho d

The dual-primal �nite element tearing and interconnecting (FETI-DP) method
14;15 is a third-generation FETI method

�
for example, see 8;9;10

�
developed for the fast,
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iterativ e, and parallel solution of systems of equations arising from the FE discretiza-
tion of static, dynamic, second-order,and fourth-order elliptic partial di�eren tial equa-
tions (PDEs). When equipped with the Dirichlet preconditioner 11 and applied to plane
stress/strain or shellproblems,the condition number � of its interfaceproblem growsasymp-
totically as 12

� = O (1 + logm H
h

); m � 2; (2.5)

where H and h denote the subdomain and mesh sizes,respectively. When equipped with
the sameDirichlet preconditioner and an auxiliary coarseproblem constructed by enforcing
someset of optional constraints at the subdomain interfaces 15, the condition number esti-
mate (2.5) alsoholds for second-orderscalarelliptic problemsthat model three-dimensional
solid mechanics problems 16. This estimate proves the scalability of the FETI-DP method
with respect to all of the problem size, subdomain size,and number of subdomains. More
speci�cally , it suggeststhat one can expect FETI-DP to solve small-scaleand large-scale
problems in similar iteration counts (this property is usually referred to as numerical scala-
bilit y). This in turn suggeststhat if the FETI-DP method is well-implemented on a parallel
processorso that for a �xed problem size it can deliver a speed-up that increasesalmost
linearly with the number of processors(this property is usually referred to as parallel scala-
bilit y) , it should be capableof solving an m-times larger problem using an m-times larger
number of processorsin almost a constant CPU time (this property is usually referred to
simply asscalability). The scalability of the FETI-DP method wasdemonstratedin practice
for many complexstructural mechanicsand structural dynamicsproblems

�
for example,see

14;15;17 and the referencescited therein
�
.

In order to keep this paper as self-contained as possible,the FETI-DP method is next
overviewed in the context of the genericsymmetric positive semi-de�nite static problem

Ku = f ; (2.6)

where K has the samemeaning as in problem (1.2) and f is an arbitrary load vector.

2.1. Domain decomposition and notation

Let 
 denote the computational support of a solid mechanics or shell problem whosedis-
cretization leadsto problem (2.6), f 
 (s)gN s

s=1 denote its decomposition into Ns subdomains

with matching interfaces� (s;q) = @
 (s) T
@
 (q) , and let � =

s= N s[

s=1 ;q>s

� (s;q) denote the global

interface of this decomposition. In the remainder of this paper, each interface � (s;q) is re-
ferred to as an \edge", whether 
 is a two- or three-dimensional domain. Let also K (s)

and f (s) denote the contributions of subdomain 
 (s) to K and f , respectively, and let u (s)

denote the vector of dof associated with it.
Let Nc of the N I nodes lying on the global interface � be labeled \corner" nodes (see

Fig. 2), � c denote the set of these corner nodes, and let � 0 = � n� c. The selection of the
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corner nodes is brie
y discussedin Section 2.3. If in each subdomain 
 (s) the unknowns
are partitioned into global corner dof designatedby the subscript c, and \remaining" dof
designatedby the subscript r , K (s) , u (s) and f (s) can be partitioned as follows

K (s) =

"
K (s)

r r K (s)
r c

K (s)T

r c K (s)
cc

#

; u (s) =

"
u (s)

r

u (s)
c

#

and f (s) =

"
f (s)
r

f (s)
c

#

: (2.7)

The r -type dof can be further partitioned into \in terior" dof designatedby the subscript
i , and subdomain interface \b oundary" dof designatedby the subscript b. Hence,u (s)

r and
f (s)
r can be further partitioned as follows

u (s)
r =

h
u (s)

i u (s)
b

i T
and f (s)

r =
h

f (s)
i f (s)

b

i T
; (2.8)

where the superscript T designatesthe transpose.

W1

W2

W3

C

C

C

C

Fig. 2. Sample de�nition of corner points

Let uc denote the global vector of corner dof, and u (s)
c denote its restriction to 
 (s) . Let

also B (s)
r and B (s)

c be the two subdomain Boolean matrices de�ned by

B (s)
r u (s)

r = � u (s)
b and B (s)

c uc = u (s)
c ; (2.9)

where the � sign is set by any convention that implies that
N sP

s=1
B (s)

r u (s)
r represents the jump

of the displacement solution u acrossthe subdomain interfaces. Finally, let

fc =
N sX

s=1

B (s)T

c f (s)
c : (2.10)

In 14 and 15, it wasshown that solving problem (2.6) is equivalent to solving the following
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subdomain-basedproblem

K (s)
r r u (s)

r + K (s)
r c B (s)

c uc + B (s)T

r � + B (s)T

r Qb � = f (s)
r ; s = 1; :::; Ns (2.11)

N sX

s=1

B (s)T

c K (s)T

r c u (s)
r +

N sX

s=1

B (s)T

c K (s)
cc B (s)

c uc = fc; (2.12)

N sX

s=1

B (s)
r u (s)

r = 0; (2.13)

QT
b

N sX

s=1

B (s)
r u (s)

r = 0; (2.14)

where � is an N � -long vector of Lagrangemultipliers introduced on � 0 to enforcethe conti-
nuit y (2.13) of the displacement vector u, and � is another vector of Lagrange multipliers
introduced to enforce the optional linear constraints (2.14). These optional constraints, a
concept �rst developed in 18, generatea matrix Qb with NQ < N � columns de�ned on � 0.
The word \optional" refers to the fact that Eq. (2.14) and the vector of Lagrange multi-
pliers � are not necessarilyneededfor formulating the above subdomain-basedproblem.
Indeed, since the solution of problem (2.6) is continuous acrossthe subdomain interfaces,
it satis�es Eq. (2.13) and therefore satis�es Eq. (2.14) for any matrix Q b. Note also that
each of Eqs. (2.11) is a local subdomain equation, whereasEq. (2.12) is an assembled global
equation.

The subdomain-basedproblem (2.11{2.14) was labeled \dual-primal" in 14 and 15 be-
causeit is formulated in terms of two di�eren t typesof global unknowns: the dual Lagrange
multipliers represented by the vector � , and the primal corner dof represented by the vector
uc.

In the remainder of this paper, the j -th column of Q b is denoted by q j so that

Qb = [q1 � � � q j � � � qNQ ]: (2.15)

2.2. Interfac e and coarse pr oblems

Let

eK cc =
�

K cc 0
0 0

�
; K cc =

N sX

s=1

B (s)T

c K (s)
cc B (s)

c ; d r =
N sX

s=1

B (s)
r K (s) � 1

r r f (s)
r ;

and f �
c = fc �

N sX

s=1

(K (s)
r c B (s)

c )T K (s) � 1

r r f (s)
r : (2.16)

After some algebraic manipulations aimed at eliminating u (s)
r , s = 1; :::; Ns, uc, and � ,

the subdomain-basedproblem (2.11{2.14) can be transformed into the following symmetric
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positive semi-de�nite interface problem

(F I r r + eF I r c
eK � � 1

cc
eFT

I r c
)� = d r � eF I r c

eK � � 1

cc
~f �
c ; (2.17)

where

F I r r =
N sX

s=1

B (s)
r K (s) � 1

r r B (s)T

r ; eF I r c =
N sX

s=1

B (s)
r K (s) � 1

r r
eK (s)

r c ;

eK (s)
r c =

h
K (s)

r c B (s)
c B (s)T

r Qb

i
; ~f �

c =
�

f �
c

� QT
b d r

�
;

eK �
cc = eK cc �

2

6
6
4

N sP

s=1
(K (s)

r c B (s)
c )T K (s) � 1

r r (K (s)
r c B (s)

c )
N sP

s=1
(K (s)

r c B (s)
c )T K (s) � 1

r r (B (s)T

r Qb)

N sP

s=1
(B (s)T

r Qb)T K (s) � 1

r r (K (s)
r c B (s)

c )
N sP

s=1
(B (s)T

r Qb)T K (s) � 1

r r (B (s)T

r Qb)

3

7
7
5 :

(2.18)

The FETI-DP method is a DDM that solves the original problem (2.6) by applying
a preconditioned conjugate gradient (PCG) algorithm to the solution of the correspond-
ing dual interface problem (2.17). At the n-th PCG iteration, the matrix-v ector product
(F I r r + eF I r c

eK � � 1

cc
eFT

I r c
)� n incurs the solution of an auxiliary problem of the form

eK �
ccz = eFT

I r c
� n : (2.19)

From the �fth of Eqs. (2.18), it follows that the size of this auxiliary problem is equal to
the sum of the number of corner dof, N dof

c , and the number of columns of the matrix Q b,
NQ .

For NQ = 0 | that is, for Qb = 0, the auxiliary problem (2.19) is a coarseproblem,
and eK �

cc is a sparsematrix whosepattern is that of the sti�ness matrix obtained when each
subdomain is treated as a \sup erelement" whosenodes are its corner nodes. This coarse
problem ensuresthat the FETI-DP method equipped with the Dirichlet preconditioner (see
Section 2.4) is numerically scalablefor plate and shell problems as well as two-dimensional
plane stress/strain problems 15;12. However, for Qb = 0, the FETI-DP method equipped
with the Dirichlet preconditioner is not numerically scalable for three-dimensional solid
problems.

For any choiceof Qb 6= 0, eK �
cc remainsa sparsematrix. If Qb is constructed edge-wise|

that is, if each column of Qb is constructed as the restriction of someoperator to a speci�c
edgeof � 0 | the sparsity pattern of eK �

cc becomesthat of a sti�ness matrix obtained by
treating each subdomain asa superelement whosenodesare its corner nodesaugmented by
virtual mid-side nodes. The number of dof attached to each virtual mid-side node is equal
to the number of columns of Qb associated with the edgeon which lies this mid-side node.
If NQ is kept relatively small, the auxiliary problem (2.19) remainsa relatively small coarse
problem. This coarseproblem was labeled \augmented" coarseproblem in 14 in order to
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distinguish it from the smaller coarseproblem obtained with Q b = 0. Furthermore, each
column of Qb is referred to as an \augmentation coarsemode". When theseaugmentation
coarsemodesare chosenasthe translational rigid body modesof each edgeof � 0, each three
consecutive columns of Qb can be written as follows

qx = [0 � � � 0 [1 0 0 � � � 1 0 0 � � � 1 0 0] 0 � � � 0 ]T ;

qy = [0 � � � 0 [0 1 0 � � � 0 1 0 � � � 0 1 0] 0 � � � 0 ]T ;

qz = [0 � � � 0 [0 0 1 � � � 0 0 1 � � � 0 0 1] 0 � � � 0 ]T ; (2.20)

and the FETI-DP method equipped with the Dirichlet preconditioner becomesnumerically
scalable for three-dimensional second-orderelasticity problems 16. In (2.20), each of the
vectors qx , qy , and qz has non-zeroentries only betweenthe pair of brackets [ ] delimiting
the dof attached to the edgeassociated with thesethree vectors. Within thesebrackets, the
sequence1 0 0 correspondsto a translational rigid body mode of this edgein the x direction,
the sequence0 1 0 corresponds to a translational rigid body mode in the y direction, and
the sequence0 0 1 corresponds to a translational rigid body mode in the z direction.

2.3. Corner selection

From the de�nitions of F I r r , eK �
cc, and d r given in (2.18) and (2.16), it follows that the corner

nodesmust be chosensuch that K (s)
r r is non-singular. From Eq. (2.17), it follows that when

Qb 6= 0, the selection of the corner nodes must furthermore guarantee that eK �
cc is non-

singular. From the theory and results exposedin 19 and 20, it follows that the corner nodes
must also include crosspoints | that is, points that belong to three or more subdomains
| when theseare attached to a beam,plate, or shell element. A corner selectionalgorithm
that meetsall of theserequirements was proposedand discussedin 21.

2.4. Local pr econditioning

Sofar, two conventional local preconditionershavebeendevelopedfor the FETI-DP method:

1. The Dirichlet preconditioner which can be written as

F
D � 1

I r r
=

N sX

s=1

W (s)B (s)
r

"
0 0

0 S(s)
bb

#

B (s)T

r W (s) ;

where S(s)
bb = K (s)

bb � K (s)T

ib K (s) � 1

ii K (s)
ib ; (2.21)

the subscripts i and b have the samemeaning as in Section 2.1, and W (s) is a sub-
domain diagonal scaling matrix that accounts for possiblesubdomain heterogeneities
22. The roots of this preconditioner and its mechanical interpretation can be found
in 11. It is mathematically optimal in the sensethat it leadsto the condition number
estimate (2.5).
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2. The lumped preconditioner which can be written as

F
L � 1

I r r
=

N sX

s=1

W (s)B (s)
r

"
0 0

0 K (s)
bb

#

B (s)T

r W (s) : (2.22)

The roots of this preconditioner and its mechanical interpretation can be found in 9.
This preconditioner is not mathematically optimal in the sensede�ned above; however,
it decreasesthe cost of each iteration in comparisonwith the Dirichlet preconditioner,
often with a modest increasein the iteration count.

The Dirichlet preconditioner is lesseconomicalper iteration than the lumped precon-
ditioner. However, experience has shown that it is more computationally e�cien t when
K in problem (2.6) arises from the discretization of shell problems. When K arises from
plane stress/strain and solid mechanicsproblems, the lumped preconditioner becomesmore
computationally e�cien t even though it is not mathematically optimal.

3. The FETI-DPH Metho d for In terior and Exterior Helmholtz Problems

In the context of Eq. (1.4), Z (s)
r r replacesK (s)

r r in the formulation of the FETI-DP method.
For interior Helmholtz problems or exterior onesbut away from the arti�cial boundary �,

Z (s)
r r = K (s)

r r � k2M (s)
r r ; (3.23)

and therefore the direct application of FETI-DP to the solution of problem (1.4) raisesthe
following questions:

1. Away from or in the absenceof the arti�cial boundary �, A (s)
r r = 0, which begsto

ask whether the subdomain matrix Z (s)
r r can becomein this casesingular (or nearly

singular)?

2. For the exterior Helmholtz problem (A 6= 0), the dual interface problem (2.17) is
complex-valued. For the interior Helmholtz problem (A = 0), it is real-valued. In the
latter case,what is the algebraic type (positive de�nite or inde�nite) of this interface
problem?

3. The restriction of the augmentation coarsemodes(2.20) to onedof per node doesnot
addressneither the physical nor the mathematical nature of problem (1.2). Which
augmentation coarsemodesdo?

The signi�cance of the above three questionscan be summarizedas follows.
The answer to the �rst question impacts the solution of the local subdomain problems

(2.11). In practice (�nite arithmetic), given a wave number k, it is di�cult to determine
whether a subdomain impedancematrix Z (s)

r r is singular or not. However, Z (s)
r r is typically

very ill-conditioned when k2 coincideswith or is very closeto an eigenvalue of the pencil
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(K (s)
r r ; M (s)

r r ). This can be alarming becauseround-o� errors are known to give rise to er-
roneoussolutions to very ill-conditioned problems. Furthermore, it should be noted that
FETI-DP as well as many other DDMs rely on a direct method for solving the local subdo-
main problems. In the low-frequency regime, Z (s)

r r can be expected to be positive de�nite.
However, in the mid-frequency regime | that is, for higher values of the wave number k
| Z (s)

r r can becomeinde�nite in which casepivoting may becomerequired. Sincepivoting
degradesthe performance of a direct skyline or sparsesolver, it follows that it may also
degradethe overall CPU performanceof FETI-DP .

The objective of the secondquestion is to determine the Krylo v method that is most
suitable for solving the dual interface problem (2.17) for interior Helmholtz problems.

The third question aims at recognizing that for acoustic scattering problems, there are
perhapsother important modesbesidesthe subdomain constant modesthat can accelerate
the iterativ e solution of the dual interface problem (2.17).

Next, the three questionsraised above are addressedin somedetails, and the Dirichlet
and lumped preconditionerssummarizedin Section2.4 are tailored to Helmholtz problems.
This leadsto the development of yet another FETI method for the parallel iterativ e solution
of problem (1.4). This method is named here the FETI-DPH method.

3.1. On the algebr aic typ e of the real-value d subdomain imp edance matric es

Consider the casewhere A (s)
r r = 0. The corner nodes selected by the FETI-DP solver

are such that each subdomain matrix K (s)
r r is non-singular. However, at least in theory,

Z (s)
r r = K (s)

r r � k2M (s)
r r will still be singular when k2 coincides with an eigenvalue of the

pencil (K (s)
r r ; M (s)

r r ). This issuewas addressedin 4 by introducing in the FETI method a
regularization procedurethat prevents all subdomain problems from being singular for any
wave number k, without destroying the sparsity of the local matrices K (s)

r r � k2M (s)
r r , and

without a�ecting the solution of the global problem (1.4). The resulting DDM was named
the FETI-H method (H for Helmholtz). Unfortunately, the regularization procedurechar-
acterizing FETI-H transforms each real-valued subdomain problem into a complex-valued
one. For exterior Helmholtz problems, this is not a signi�cant issue becausethe global
problem is complex-valued. However, for interior Helmholtz problems for which Eq. (1.4)
is real-valued (A = 0), the regularization procedureof the FETI-H method is unjusti�able
from both computational resourceand performanceviewpoints. For this reason,an alter-
native approach is adopted here for addressingboth the algebraic type and the potential
singularity of a local subdomain impedancematrix Z (s)

r r . This alternative approach exploits
the fact that whereasK (s) can be singular in the FETI method, K (s)

r r is always non-singular
in the FETI-DP method.

In practice, if k2 approaches an eigenvalue of the pencil (K (s)
r r ; M (s)

r r ) or coincideswith
it, Z (s)

r r becomesonly very ill-conditioned becauseof the e�ect of �nite arithmetic. One
approach for preventing this from happening is to somehow make sure that, given a sub-
domain 
 (s) , any value of the wave number k in a mid-frequency regime of interest is such
that k2 < k2

1, where k2
1 denotes the smallest eigenvalue of the pencil (K (s)

r r ; M (s)
r r ). This
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approach is enabled by the fact that k2
1 > 0 in FETI-DP (whereask2

1 � 0 in FETI), and
motivated by the following example.

Consider an interior Helmholtz problem with 
 = [0; a] � [0; a] and homogeneous
Dirichlet boundary conditions at the four points de�ning this squaredomain 
 (Fig. 3). In
this case,the eigenvaluesof the pencil (K ; M ) are given by

k2
n =

2n2� 2

a2 ; n = 1; :::; 1 : (3.24)

Next, supposethat 
 is decomposedinto
p

Ns �
p

Ns subdomains (Fig. 3). In this case,

a

a

Ns

c

cc

c

S

SS

S

Fig. 3. Interior Helmholtz problem with homogeneousDiric hlet boundary conditions at the four points
de�ning the square domain | Uniform decomposition into N s subdomains.

each subdomain is a squareof size

a(s) =
a

p
Ns

: (3.25)

In the FETI-DP method, each subdomain away from the boundary conditions is treated as
if it has Dirichlet boundary conditions at its four corner nodes (seeFig. 3). Hence, from
Eq. (3.24) and Eq. (3.25) it follows that the �rst eigenvalue of the pencil (K (s)

r r ; M (s)
r r ) is

k2
1 =

2Ns� 2

a2 : (3.26)

It follows that the impedancematrix Z (s)
r r of the typical subdomain shown in Fig. 3 is

positive de�nite for all valuesof k2 satisfying

(ka)2 < 2Ns� 2: (3.27)
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The condition (3.27) suggeststhat given a wave number k, the subdomain matrices Z (s)
r r

associated with an interior Helmholtz problem or subdomainsthat are away from the arti�-
cial boundary � can be prevented from being singular or very ill-conditioned by increasing
the number of subdomains Ns | or equivalently, decreasingthe subdomain sizes. For
example, for the interior Helmholtz problem consideredhere and a mid-frequency regime
characterized by ka = 20, Eq. (3.27) reveals that it su�ces to decompose
 into 20 subdo-
mains to prevent all subdomain impedancematrices from being singular. This illustrates
the practical feasibility of criterion (3.27).

In summary, for wavenumbersin the low and mid-frequencyregimes,the global impedance
matrix Z may be inde�nite, but the local subdomains impedancesZ (s)

r r can be maintained
positive de�nite by choosing appropriately the number of subdomains.

3.2. On the algebr aic typ e of the dual interfac e pr oblem

Recall that in the context of Eq. (1.4), eK �
cc (2.18) has the meaning of the impedance

matrix obtained when each subdomain is treated as a superelement whosenodes are the
subdomain corner nodes, and virtual mid-side nodes when Q b 6= 0. It follows that when
the global impedancematrix Z (1.3) is inde�nite, eK �

cc is also inde�nite. Hence, for inte-
rior Helmholtz problems, even when the subdomain impedancematrices Z (s)

r r can be main-
tained positive de�nite by choosingappropriately the number of subdomainsN s, the matrix
(F I r r + eF I r c

eK � � 1

cc
eFT

I r c
) (2.17) will be in generalinde�nite. For exterior Helmholtz problems,

the matrices F I r r , eF I r c , and eZ �
cc are complex-valued, and therefore the dual interface prob-

lem (2.17) is complex-valued. These observations suggest that for robustnessand code
uni�cation, a preconditioned generalizedminimum residual (PGMRES) algorithm is more
appropriate than a PCG algorithm for solving iterativ ely the dual interface problem (2.17).

3.3. Wave-b ased augmentation coarse modes

In 4, it was advocated to equip the regularized FETI method with a coarseproblem based
on plane waves when addressingHelmholtz applications. By construction, the FETI-DP
method embedsa coarseproblem that doesnot however recognizeany speci�c character of
the Helmholtz equation. For this reason,the plane waves introduced in 4 for equipping the
regularizedFETI method with an auxiliary coarseproblem are usedagain here to augment
the coarseproblem characterizing the FETI-DP method. Also, this section explains why
plane waves can in general acceleratethe convergenceof a FETI method applied to the
solution of a Helmholtz problem.

Let r denote the residual associated with the iterativ e solution of the dual interface
problem (2.17). From Eqs. (2.11{2.14) and Eq. (2.17), it follows that

r = d r � eF I r c
eK � � 1

cc
~f �
c � (F I r r + eF I r c

eK � � 1

cc
eFT

I r c
)� =

N sX

s=1

B (s)
r u (s)

r ; (3.28)

which shows that the residual r represents the jump of the iterate solution across the
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subdomain interfaces. Hence,the FETI-DP method convergeswhen the iterate u n becomes
continuous acrossall the subdomain interfaces.

From Eq. (2.14), Eq. (2.18), Eq. (2.17) and Eq. (2.13), it follows that at each iteration of
a PGMRES algorithm applied to the solution of problem (2.17), FETI-DP forcesthe jump
of the solution acrossthe subdomain interfacesto beorthogonal to the subspacerepresented
by the matrix Qb. This feature is a strategy for designingan auxiliary coarseproblem that,
when Qb is well chosen,acceleratesthe convergenceof a DDM 18.

Supposethat the spaceof traces on � 0 of the solution of problem (1.4) is best approxi-
mated by a set of orthogonal vectors f v j E gN v

j =1 , where the subscript E indicates that v j E is
non-zero only on edgeE 2 � 0. Then, the residual r de�ned in Eq. (3.28) can be approxi-
mated as

r �
N vX

j =1

� j v j E ; (3.29)

where f � j gN v
j =1 is a set of Nv coe�cien ts. If each augmentation coarsemode is chosenas

q j = v j E ; j = 1; � � � ; NQ ; (3.30)

Eq. (2.14) simpli�es to
� j = 0; j = 1; � � � ; NQ : (3.31)

In this case,Eq. (3.31) implies that at each iteration of the PGMRES algorithm, the �rst
NQ components of the residual r in the independent set f v j E gN v

j =1 are zero. Hence,if a few

vectors f v j E gNQ
j =1 , NQ << Nv , that dominate the expansion(3.29) can be found, choosing

thesevectors as coarseaugmentation modescan be expected to acceleratethe convergence
of the iterativ e solution of the dual interface problem (2.17). It remains to exhibit such a
set of orthogonal vectors v j E and construct a computationally e�cien t matrix Q b.

Recall that the vectorsv j E aresupposedto approximate the traceson � 0of the solution of
problem (1.4), and this algebraicproblem arisesfrom the FE discretization of the BVP (1.1).
It follows that free-spacesolutionsof the BVP (1.1) aregood candidatesfor constructing v j E

and therefore Qb. Plane wavesare free-spacesolutions of the BVP (1.1), and the following
real-valued representation of plane waves is also a free-spacesolution of the BVP (1.1):

v =
1X

j =1

�
c0j sin(k� j � X ) + c1j cos(k� j � X )

�
; (3.32)

where � j 2 R3 is an arbitrary vector of unit length de�ning the direction of propagation of
a plane wave, and c0j and c1j are two real coe�cien ts. From Eq. (3.32) and Eq. (3.30) it
follows that one choice for Qb is the matrix composedof blocks of two columns, where the
columns of each block are associated with one direction of propagation � j and one edgeE
of the meshpartition. This choice can be expressedas follows:

qbl [m] = sin(k� j � X m ); qbl +1 [m] = cos(k� j � X m ); l = 2(j � 1)+ 1; m = 1; � � � ; N I � Nc;
(3.33)
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where qb[m] designatesthe entry of qb associated with the dof attached to the m-th node
on an edgeE 2 � 0, and X m 2 R3 denotes the coordinates of this m-th node. Hence, if
NE denotesthe number of edgesof the mesh partition, and N � the number of considered
directions of wave propagation, the total number of augmentation coarsemodesis given by
by

NQ = 2NE N � : (3.34)

To these modes one can add the edge-basedconstant modes as these are also free-space
solutions of the BVP (1.1) with k = 0.

In this paper, the directions � j are generatedas follows. A generic cube is discretized
into nc � nc � nc points. A direction � j is de�ned by connecting the center of the cube to
a point lying on a faceof the cube (Fig. 4). Sinceeach direction � j is usedto de�ne both a
cosineand a sine mode, only one direction is retained for each pair of opposite directions.
This results in a total number of directions

N � =

�
n3

c � (nc � 2)3
�

2
: (3.35)

Hence,for a speci�ed N � , nc is chosenso that N � is as closeas possibleto the value given
by the above equation.

q j

Fig. 4. Generation of the directions of wave propagation (nc = 3).

3.4. Filtering the coarse space

There are at least two mechanisms that can causethe matrix Q b described in Section 3.3
to be rank de�cient:

1. If a direction � j turns out to be perpendicular to an edgeE 2 � 0, � j � X m becomes
constant for all X m 2 E, the rank of the two-column block of Q b associated with the
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edgeE and the direction � j becomesequal to one, and therefore Q b becomesrank
de�cient.

2. In the appendix, it is shown that an interplay betweena low meshresolution and N �

can also causeQb to becomerank de�cient.

From Eq. (2.14) or the de�nition of eK �
cc given in the �fth of Eqs. (2.18), it follows that

whenever Qb is rank de�cient, eK �
cc becomessingular. Singular coarseproblems can be

solved by a number of di�eren t techniques among which the drop-tolerance-baseddirect
method described in 23. However, preventing Qb from being rank de�cient | and therefore
preventing eK �

cc from being singular | is desirable as this improves the computational
e�ciency aswell asthe robustnessof the solution of the coarseproblem (2.19), and therefore
enhancesthe e�ciency and robustnessof the overall solution method.

Let � QR denote a small tolerance value. The following describesa simple procedurefor
�ltering the matrix of augmentation coarsemodesQ b and transforming it into a matrix Q �

b
that has full column rank:

1. Perform the QR factorization 24 of Qb.

2. Construct Q �
b as the union of the columns q j of Qb for which R j j > � QR .

The following observations are worthy noting:

1. Since each column of Qb has non-zero entries only for the dof associated with a
corresponding edge E, the QR factorization of Q b entails only local computations
that can be performed on an edge-by-edge basis. Hence, these computations are
amenableto an e�cien t parallelization.

2. A too small value of � QR can result in a matrix Q �
b that is still rank de�cient, thereby

defeating the purposeof the �ltering procedure. On the other hand, a too large value
of � QR can only causean excessive �ltering. Since the columns of Q b serve only the
purposeof de�ning optional constraints aimed at acceleratingthe convergenceof the
iterativ e DDM

�
seeEq. (2.14)

�
, it follows that this DDM is better served by setting

� QR to a value that is su�cien tly large to prevent Q �
b from being rank de�cient, even

if such a tolerance can causeoccasionallyan excessive �ltering of the matrix Q b.

Remark. From Section 3.3
�
and in particular Eq. (3.34)

�
, it follows that given a mesh

partition characterizedby a number of subdomainsN s, �xing the number of wave directions
N � determinesthe sizeof the coarseproblem (2.19) and therefore �xes in principle the cost
of an iteration of the extension of the FETI-DP method developed here, independently of
the value of the wave number k. However, when the tolerance � QR is �xed, Ns and N � are
kept constant, but k is varied, the �ltering proceduredescribed above can result in a size
of the coarseproblem (2.19) that varies with k. Essentially , this is becausethe columns
of Qb and the matrix eK �

cc | depend on k. For a �xed value of � QR , a higher value of k
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typically results in �ltering out fewer columns of Q b and therefore in generating a larger
coarseproblem (2.19) than a lower value of k. For this reason,in practice, the cost of one
iteration of the extension of the FETI-DP solver developed in this paper can be expected
to vary with k even when the meshpartition (N s) and the number of wave directions (N � )
are �xed.

3.5. Tailoring the Dirichlet and lump ed pr econditioners

M (s)
r r is a mass matrix; hence, in three dimensions and at the element level, this matrix

is proportional to h3. On the other hand, K (s)
r r is a sti�ness matrix; in three dimensions

and at the element level, it is proportional to h. It follows that for a su�cien tly �ne mesh,
Z (s)

r r is dominated by K (s)
r r . Theseobservations suggestthat the local matrices Z (s)

r r can be
preconditioned by Dirichlet and lumped constructs (seeSection 2.4) that are basedon the
K (s)

r r sti�ness matrices rather than the Z (s)
r r impedancematrices. This results in real-valued

F
D � 1

I r r
and F

L � 1

I r r
local preconditioners and therefore reducesstorage cost. This intuitiv e

reasoningcan be mathematically justi�ed (for example, see25;26 and the referencescited
therein

�
.

3.6. A subdomain-b ased pr econditione d GMRES solver with an auxiliary coarse pr ob-
lem

In summary, the FETI-DP method is extendedhere to addressthe solution of interior and
exterior Hemlmholtz problems by

1. Replacing the CG interface solver by the GMRES interface solver.

2. Adapting the Dirichlet and lumped preconditioners as explained in Section 3.5.

3. Choosing as augmentation coarsemodes the plane wave modesoriginally introduced
in 4, justi�ed in Section 3.3, and expressedin real-valued form.

4. Preliminary Parallel Implemen tation

All computational stepsof the FETI-DPH method described above, except the solution of
the coarseproblem (2.19), can be carried out on a subdomain-by-subdomain basis. Hence,
thesecomputations are trivially parallelized by assigningoneor several subdomainsto each
processor.In this work, all subdomain problemsare solved by a sparsedirect method. If the
given parallel processorconsistsof a network of sharedmemory parallel boxes (or boards),
the coarseproblem is duplicated in each box. Otherwise, it is duplicated in each processor.
In all cases,this coarseproblem is solved by a sequential sparsedirect method. As long as
the sizeof the coarseproblem is small comparedto the sizeof the global problem, and the
target number of processorsNp is also small, this serial step should not a�ect the overall
performanceof the parallel implementation of the FETI-DPH solver adopted in this work.
Otherise, it can degradethe overall parallel performance(seenext section for details).
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5. Numerical Scalabilit y and Performance Assessment

In this section, attention is focusedon the numerical scalability and CPU performanceof
the FETI-DPH method presented in this paper. For this purpose,two di�eren t problems
are considered. The �rst one is an academic Helmholtz problem that has the merit of
being simple to reproduceby the interested reader. The secondproblem involvesa mockup
submarine and highlights the potential of the FETI-DPH method for realistic acoustic
scattering applications. All computations are performed in double-precisionarithmetic on
a Silicon Graphics Origin 3200computer equipped with R12000400 MHz processors.This
parallel system consistsof 5 \b oxes" of 8 processorseach. On each box, the 8 processors
share8 Gigabytes of real memory. The 5 boxes are interconnectedby a BrocadeSilkwork
2400switch.

As coded, the FETI-DPH solver relies on MPI for interprocessorcommunication within
a box and acrossboxes,and allows the number of subdomains,N s, to be di�eren t from the
number of processors,Np. In this work, the �ltering tolerance is set to

� QR = 10� 2 (5.36)

and the convergenceof this iterativ e solver is declaredwhen the relative residual satis�es

RE n =
kZu n � f k2

kf k2
� 10� 6: (5.37)

5.1. A thr ee-dimensional waveguide pr oblem

Here, � is replacedby void (and therefore � = � = 0), � � 
, � � @
, and the computa-
tional domain is the cube de�ned by 
 = [0; 1] � [0; 1] � [0; 1]. The following boundary
conditions are applied on two parallel facesof this computational domain:

u = 1 on y = 0
@u
@�

+ ik u = 0 on y = 1:

In all cases,the computational domain 
 is uniformly discretized by eight-noded brick
elements and the resulting meshis uniformly partitioned into N s subdomains.

First, the number of subdomains is �xed to N s = 5 � 5 � 5 = 125 and the mesh size

is varied as
1
50

� h �
1
20

. Two wave numbers are considered,k = 4 and k = 20. The

performance results of the FETI-DPH solver equipped with the Dirichlet preconditioner
are reported in Table 1 for k = 4 and Table 2 for k = 20, whereN itr denotesthe number of
iterations for convergence. For k = 4, the generatedmeshesappear to be well-resolved as

measuredby the number of elements per wave length, G =
2�
kh

. In this case,the FETI-DPH

solver exhibits a perfect numerical scalability with repect to the problem sizewhen N � = 3.
The contrast betweenthe performanceresults obtained with N � = 0 and N � = 3 highlights
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the signi�cant e�ect on convergenceof the augmentation of the coarseproblem. For k = 20,
most of the consideredmeshesappear to beunder-resolved. In this casetoo, the FETI-DPH
solver exhibits a perfect numerical scalability with repect to the problem size; however, it
requires twice as many iterations as for the casek = 4. To determine whether this increase
of the iteration count is due to an e�ect of the wave number k, or an e�ect of the mesh
resolution G, or to both e�ects, Table 3 reports the performanceresults obtained for three
�xed valuesof G that are representativ e of under-resolved, well-resolved, and over-resolved
meshes,and a wave number 4 � k � 24. Theseperformanceresults indicate that for a �xed
value of N � , the FETI-DPH solver convergesin a rather small number of iterations for all
values4 � k � 24; nevertheless,for any of the consideredmeshresolutions, the convergence
of the FETI-DPH solver doesnot exhibit a perfect numerical scalability with respect to the
wave number when Ns and N � | and therefore the sizeof the augmented coarseproblem |
are �xed. However, the performanceresults summarizedin Table 3 also show that when k
is increased,the iteration count of FETI-DPH can be maintained constant if N � is increased
appropriately. In other words, FETI-DPH can achieve numerical scalability with respect to
the wave number if the sizeof the augmented coarseproblem is increasedappropriately.

Table 1. Waveguide problem: numerical scalability with respect to the mesh size

k = 4, Ns = 125, Diric hlet preconditioner

h G N itr N itr

(N � = 0) (N � = 3)
1=20 31.4 72 4
1=30 47.1 56 4
1=40 62.8 39 4
1=50 78.5 82 4

Table 2. Waveguide problem: numerical scalability with respect to the mesh size

k = 20, Ns = 125, Diric hlet preconditioner

h G N itr N itr

(N � = 0) (N � = 3)
1=20 6.28 264 7
1=30 9.42 392 9
1=40 12.6 331 9
1=50 15.7 363 10

Next, the mesh size is �xed to h =
1
40

and the number of subdomains is varied as

8 � Ns � 125. The performanceresults reported in Table 4 and Table 5 show that in this
case,the augmented FETI-DPH solver exhibits numerical scalability with respect to the
number of subdomains in both of the low-frequency (k = 4) and mid-frequency (k = 20)
regimes.
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Table 3. Waveguide problem: numerical scalability with respect to the mesh size

Ns = 125, Diric hlet preconditioner

h k G N itr N itr

(N � = 0) (N � = 3)

1=5 4 6.75 5 1
1=10 8 6.75 35 15
1=15 12 6.75 61 5
1=20 16 6.75 99 6
1=25 20 6.75 292 8
1=30 24 6.75 594 17 (3 for N � = 13)
1=10 4 15.7 26 7
1=20 8 15.7 54 4
1=30 12 15.7 77 5
1=40 16 15.7 250 5
1=50 20 15.7 363 10
1=60 24 15.7 617 14 (4 for N � = 13)
1=20 4 31.4 72 4
1=40 8 31.4 67 6
1=60 12 31.4 93 5
1=80 16 31.4 350 6

1=100 20 31.4 453 11
1=120 24 31.4 652 20 (5 for N � = 13)

Table 4. Waveguide problem: numerical scalability with respect to the number of subdomains

k = 4, h = 1=40, G = 62.8, Diric hlet preconditioner

Ns N itr N itr

(N � = 0) (N � = 3)
8 7 5

64 21 4
125 39 4

Table 5. Waveguide problem: numerical scalability with respect to the number of subdomains

k = 20, h = 1=40, G = 12.6, Diric hlet preconditioner

Ns N itr N itr

(N � = 0) (N � = 3)
8 35 28

64 237 15
125 331 9
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Next, the meshsizeis set to h =
1
40

and the number of subdomainsis �xed to N s = 125.

The performanceresults reported in Table 6 and Table 7 show that in both of the low- and
mid-frequency regimes, the e�ect of coarseproblem augmentation on the performanceof
the FETI-DPH solver dominates that of conventional preconditioning.

Table 6. Waveguide problem: performance of the preconditioner

k = 4, h = 1=40, G = 62.8, N s = 125

Preconditoner N itr N itr

(N � = 0) (N � = 3)
None 144 18
Lump ed 51 5
Diric hlet 39 4

Table 7. Waveguide problem: performance of the preconditioner

k = 20, h = 1=40, G = 12.6, N s = 125

Preconditoner N itr N itr

(N � = 0) (N � = 3)
None 532 26
Lump ed 288 10
Diric hlet 331 9

In summary, the performanceresults presented above suggestthat the FETI-DPH solver
presented in this paper is numerically scalablewith respect to both the problem size and
the number of subdomains,and that the augmentation of its coarseproblem by plane waves
improvessigni�cantly its iteration count. However, doesaugmentation necessarilyimprove

its CPU performance? To answer this question, the mesh size is �nally �xed to h =
1
60

,

the wave number is varied betweenk = 4 and k = 20, the number of subdomains is varied
between Ns = 64 and Ns = 216, and the FETI-DPH solver is applied with and without
coarseproblem augmentation to the solution on an 8-processorOrigin 3200of the resulting
systemsof equations. The performanceresults reported in Table 8 reveal that:

� As in the caseof many DDMs, the CPU performanceof FETI-DPH dependson the
number of subdomains. Here, this is particulary noticeablenot only becausethe sizeof
the (augmented) coarseproblem dependson N s, but also becausethe coarseproblem
is solved by a sequential algorithm.

� In all frequencyregimes,the FETI-DPH solver is faster with a suitable coarseproblem
augmentation than without, from both iteration count and CPU time viewpoints.

� For this three-dimensionalwaveguideproblem, the FETI-DPH solver delivers a scal-



FETI-DPH: A DUAL-PRIMAL DOMAIN DECOMPOSITION METHOD FOR ACOUSTIC SCATTERING

able CPU performancewith respect to the wavenumber when the number of subdo-
mains is appropriately chosenand N � is appropriately increasedwith k.

Table 8. Waveguide problem: CPU performance on an 8-processorOrigin 3200

h = 1=60, Diric hlet preconditioner

k G N � Ns size of eK �
cc N itr CPU time

4 94.2 0 27 28 24 105.2 s.
4 94.2 0 64 72 37 65.5 s.
4 94.2 0 125 144 67 67.0 s.
4 94.2 1 125 744 6 25.9 s.
4 94.2 1 216 1,330 5 21.3 s.
4 94.2 1 1,000 6,534 4 28.7 s.

12 31.4 0 27 28 82 191.8 s.
12 31.4 0 64 72 56 82.3 s.
12 31.4 0 125 144 93 85.6 s.
12 31.4 2 125 1,144 7 29.0 s.
12 31.4 2 216 2,050 6 24.5 s.
12 31.4 2 1,000 1,0134 5 37.6 s.

20 18.8 0 27 28 188 358.0 s.
20 18.8 0 64 72 268 323.0 s.
20 18.8 0 125 144 478 547.5 s.
20 18.8 3 125 1,344 10 32.8 s.
20 18.8 3 216 2,410 6 26.9 s.
20 18.8 3 1,000 11,934 9 58.2 s.

The bold font is used to highlight for each wave number

the parameter con�guration leading to optimal CPU performance

5.2. A coustic signatur e of a mockup submarine

Next, the FETI-DPH solver equipped with the Dirichlet preconditioner is applied to the
acousticsignatureanalysisat k = 4 of the mockup submarineshown in Fig. 5, whereL = 10,
D = 1, l = 0:5, he = 0:5, and w = 0:25. For this application of the BVP (1.1), the arti�cial
boundary � is chosenas an ellipsoid (Fig. 6) positioned so that the distance betweeneach
end of the main tub e and the neighboring extreme point of � located on the main axis of
the ellipsoid is m1 = 0:5, and the distance betweenthe top of the submarine tower and the
neighboring extreme point of � located on the minor axis of the ellipsoid is m2 = 1:52. The
direction of the incident wave is set to t = [

p
2=2;

p
2=2; 0]T . The computational domain

delimited by the ellipsoid � and the surfaceof the mockup submarine is discretizedby four-

noded tetrahedral elements. A �rst meshM1 with 264,436grid points (h �
1
16

; G � 25) is

generatedfor computations on eight processorsof the Origin 3200system.
Using the mesh M1, Ns and N � are varied until the optimal CPU performanceof the

FETI-DPH solver is reached. This processis documented in Table 9. Again, augmentation
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Fig. 5. Mockup submarine: geometric features

Fig. 6. Mockup submarine: computational domain delimited by an ellipsoidal arti�cial boundary �, and
real part of the trace of the scattered �eld on the surface of the scatterer
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of the coarseproblem is reported to be e�ectiv e at reducing both the iteration count and
the solution time, and the performanceof the augmented FETI-DPH solver is shown to be
scalablewith respect to the number of subdomains.

Table 9. Mockup submarine problem: CPU performance on an 8-processorOrigin 3200

k = 4, h � 1=16, G � 25, N dof = 264,436,Diric hlet preconditioner

N � Ns size of eK �
cc N itr CPU time

0 8 7 121 441.5 s.
0 25 54 247 294.9 s.
0 50 81 327 305.5 s.
2 102 2,212 37 64.7 s.
2 201 4,398 21 44.0 s.
2 301 6,650 16 42.3 s.

Next, the number of subdomains and the number of plane wave directions are �xed to
Ns = 201 and N � = 2, respectively, the number of processorsis varied betweenN p = 1 and
Np = 32, and the obtained performanceresults are reported in Table 10. Theseresults show
that excellent to reasonableparallel speed-upsand e�ciencies are achieved for 2 � N p � 16.
In this rangeof number of processors,the amount of CPU time consumedby the sequential
solution of the coarseproblem varies between 2.6 % and 29.2 % of the total CPU time
consumedby the parallel FETI-DPH solver. Once the ratio of sequential to parallel work
reaches 37.4 %, increasing the number of processorsfrom 16 to 32 decreasesthe parallel
e�ciency of the FETI-DPH solver from 57 % to 36 %.

Table 10. Mockup submarine problem: parallel scalability on a 32-processorOrigin 3200

k = 4, h � 1=16, G � 25, N dof = 264,436,N � = 2, Ns = 201, Diric hlet preconditioner

Np CPU CPU Parallel speed-up Parallel e�ciency
(solution coarseproblem) (total) (overall) (overall)

1 � 1 = 1 5.7 s. 217.8 s. 1 100 %
1 � 2 = 2 5.7 s. 118.6 s. 1.8 92 %
4 � 1 = 4 7.3 s. 60.6 s. 3.6 90 %
4 � 2 = 8 7.3 s. 36.8 s. 5.9 74 %

4 � 4 = 16 7.0 s. 24.0 s. 9.1 57 %
4 � 8 = 32 7.0 s. 18.7 s. 11.6 36 %

The pollution e�ect of discretization by linear elements dictates decreasingthe mesh
size with increasing the wave number as to maintain constant the product k3h2. For this
reason,the acousticsignature analysisat k = 5:4 of the mockup submarinedescribed above
is performed using a mesh M2 with 1,038,974grid points. In this case, the best CPU
performanceof the FETI-DPH solver is obtained using N � = 2 and Ns = 501 (seeTable
11). The performanceresults gathered in Table 11 also show that when the wave number
is increasedfrom k = 4 to k = 5:4 and the mesh is re�ned to maintain constant k3h2, the
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FETI-DPH solver achievesnumerical scalability with respect to k. Mesh M2 is 3.9 times as
large as meshM1, but the FETI-DPH CPU time associated with mesh M2 is reported to
be 6.8 times larger than that associated with meshM1. This is mainly due to the fact that
to maintain numerical scalability when increasing the wave number from k = 4 to k = 5:4,
the coarseproblem has to be increasedby a factor equal to 2.9. In such as case,solving
the coarseproblem in serial mode while performing the rest of the computations in parallel
mode prevents the FETI-DPH solver from achieving CPU time scalability with respect to
the wave number.

Table 11. Mockup submarine problem: CPU performance on a 16-processor(4 � 4) Origin 3200

Diric hlet preconditioner

k h k3h2 N dof N � Ns size of eK �
cc N itr CPU time

4 1=16 0.25 264,436 2 201 4,398 21 24.0 s.
5.4 1=25 0.25 1,038,974 2 501 12,836 22 162.5 s.

Finally, the FETI-DPH solver is benchmarked against the previously developed FETI-H
counterpart. For this purpose,similar parallel implementations are used for both solvers.
The wave numbers k = 4 and k = 8 are considered,mesh M1 is employed, and N � and
Ns are varied until the optimal CPU performanceon eight processorsof the Origin 3200
systemis reached separatelyfor each of the two solvers. Theseoptimal performanceresults
are summarizedin Table 12. Again, the readercan observe that becauseof the serialization
of the solution of the coarseproblem, the FETI-DPH solver cannot achieve simultaneously
numerical scalability with respect to k and best parallel CPU performance. However, in
both cases,the FETI-DPH solver is reported to outperform its FETI-H counterpart by
more than a factor two.

Table 12. Mockup submarine problem: FETI-DPH vs. FETI-H on an 8-processorOrigin 3200

h = 1=16, N dof = 264,436,Diric hlet preconditioner, augmented coarseproblem

k G Ns N � size of eK �
cc N itr CPU time

DPH (H) DPH (H) DPH (H)
4 25.00 201 (301) 2 (2) 4,398 (2,709) 21 (48) 44.0 s. (85.2 s.)
8 12.50 201 (301) 4 (3) 8,076 (8,127) 59 (76) 124.9 s. (322.1 s.)
8 12.50 301 (NA) 6 (NA) 16,792 (NA) 25 (NA) 217.5 s. (NA)

6. Conclusions

The FETI-DPH iterativ e solver presented in this paper is an extension of the FETI-DP
method to Helmholtz problemsin which the interfaceproblem is solved by a preconditioned
generalizedminimum residual algorithm instead of a conjugate gradient algorithm, and
the basic coarseproblem is augmented with plane waves. Numerical studies performed
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for waveguide and acoustic scattering problems show that this solver achieves numerical
scalability with respect to both the problem size and the number of subdomains. They
also reveal that when the coarse problem size is increased with the wave number, the
FETI-DPH solver also achieves numerical scalability with respect to the wave number. A
parallel implementation of FETI-DPH in which the solution of the coarseproblem is simply
serializedis found to deliver good parallel e�ciency for up to 16 processors.It also delivers
CPU time scalability with respect to the problem size. However, if this implementation is
to be executede�cien tly on a larger number of processors,and/or if it is to achieve CPU
time scalability with respect to the wave number, it requires �rst parallelizing the coarse
problem solver.
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App endix A

The objective of this appendix is to show that an interplay between a low mesh res-
olution and the number of wave directions N � can causethe matrix Qb to becomerank
de�cient. Hence,this interplay is one among several motivations for �ltering the matrix of
augmentation coarsemodesQb as described in Section 3.4.

For simplicit y, the following proposition considersthe caseof a two-dimensionalproblem,
a uniform discretization characterizedby a meshsizeh, and an edgeE of the meshpartition
that is aligned with the x-axis and beginsat its origin. In this case,

� j =
�

cos#j

sin#j

�
; X m =

�
xm

0

�
=

�
mh
0

�
; � j � X m = xm cos#j ; (A.1)

and Eqs. (3.33) become

qbl [m] = sin(kxm cos#j ); qbl +1 [m] = cos(kxm cos#j ); l = 2(j � 1)+1 ; m = 1; � � � ; N I � Nc:
(A.2)

Prop osition. If the augmentation coarseproblem contains two directions � i and � j whose
angleswith the x-axis # i and #j satisfy

cos#i � cos#j =
2n�
kh

; (A.3)

where n is an integer, then
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1. #i and #j satisfy

cos(kxm cos#i ) = cos(kxm cos#j ); 8X m 2 E: (A.4)

2. The matrix Qb de�ned by Eqs. (A.2) is rank de�cient.

Pro of. SinceE is aligned with the x-axis and beginsat its origin, and the meshis assumed
to be uniform, then

8 X m 2 E; xm = mh: (A.5)

From Eq. (A.3) and Eq. (A.5), it follows that

cos(kxm cos#i ) = cos(kxm ( 2n�
kh � cos#j ))

= cos(� kxm cos#j + xm
2n�

h
)

= cos(� kxm cos#j + (mh)
2n�

h
)

= cos(� kxm cos#j + 2nm� ):

Hence,8 X m 2 E,
cos(kxm cos#i ) = cos(kxm cos#j ):

From Eq. (A.2) and the above result, it follows that the matrix Q b hasat least two identical
columns and therefore is rank de�cient. �

Sincej cos#i � cos#j j � 2, the result stated in the above proposition is signi�cant when
2�
kh

�
2
n

| and therefore, when the meshresolution is lessor equal to 2 elements per wave

length (n = 1) | and when the augmentation coarseproblems contains two directions � i

and � j for which cos# i = � cos#j (n = 0).
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