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A dual-primal variant of the FETI-H domain decomposition method is designed for the fast,

parallel, iterativ e solution of large-scalesystemsof complex equations arising from the discretization

of acoustic scattering problems formulated in bounded computational domains. The convergence
of this iterativ e solution method, named here FETI-DPH, is shown to scalewith the problem size,
the number of subdomains, and the wave number. Its solution time is also shown to scalewith the
problem size. CPU performance results obtained for the acoustic signature analysis in the mid-

frequency regime of mockup submarines reveal that the proposedFETI-DPH solver is signi can tly

faster than the previous generation FETI-H solution algorithm.

1. Intro duction

Let and denote respectively a three-dimensionalimpenetrable obstacle, and a three-
dimensionalboundeddomain cortaining this obstacle(Fig. 1). The scattering of a wave by
the obstacle canbe modeledby the following boundary value problem (BVP)

Find u2 H() suchthat

u ku = 0 in
@ _ @, ikt x
u + g = (+ @)e on @ (1.1)
— = A(u)+ on
@ (w+g
wherek > 0is the wave number, = n, = @ isanarticial boundary, H1() isthe

usual Soholev space, is the outward normal, @@ denotesthe normal derivative, and
are two constarts with either (; ) = (1;0) or (; ) = (0;1), t 2 R?3 is the direction of
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the incident wave, x 2 R3, A is a di erential operator, and g is a source function which
may depend on k. The secondof Egs. (1.1) is a conciserepresetation of Dirichlet and
Neumann boundary conditions. The third of Egs. (1.1) encompassedleumann, Robin, and
many absorbing boundary conditions.

The boundary value problem (1.1) is known asthe formulation of the exterior Helmholtz
problem in a boundeddomain. If isreplacedby void | in which case and @
| and the secondof Egs. (1.1) is eliminated (or = = 0), the resulting instance of the
BVP (1.1) de nes an interior Helmholtz problem.

Fig. 1. Formulation of an acoustic scattering problem in a bounded domain

The discretization of the BVP (1.1) by nite elemeris (FE) leadsto a linear algebraic
problem of the form
(K kM + iA)u = f; (1.2)

whereK and M denotethe usual FE sti ness and masssymmetric matrices, respectively, i is
the imaginary complex number satisfyingi2 = 1, and A is a FE symmetric matrix arising
from the discretization of the absorbing boundary condition represerted by the di erential
operator A. Hence,A = O for interior Helmholtz problems. Otherwise, A is a sparsematrix
when A is a local di erential operator.
Let
Z=K KM +iA (1.3)
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denote the impedancematrix arising from the FE discretization of problem (1.1). Using
this notation, problem (1.2) can be re-written as

Zu = f; (1.4)

where Z is a sparse,symmetric (but not Hermitian) matrix.

In the mid-frequencyregime| for example,for ka 5, wherea denotesa characteristic
length of the obstacle | the discretization of the BVP (1.1) by the standard FE method
calls for ne meshesand therefore leads to large-scalesystems of equations of the form
givenin (1.4). In this case,solving Eqg. (1.4) by a direct method entails memory and CPU
requiremerts that often overwhelm the available computational resources.For this reason,a
signi cant amourt of researt e ort cortinuesto beinvestedin the developmert of iterativ e
algorithms for the solution of sudh problems.

Domain decomposition-based preconditioned Krylov methods have emergedas power-
ful equation solvers on both sequetial and parallel computing platforms 1. While most
successfuldomain decomposition methods (DDMs) have beendesignedfor the solution of
symmetric positive (semi-) de nite systems,someof them have targeted inde nite (A = 0)
or complex (A 6 0) problemsof the form givenin Eqg. (1.2) #34. Among these,the FETI-H
method # standsout asa DDM that hasbeenroutinely applied to the solution of large-scale,
three-dimensional, realistic acoustic scattering problems %87, The FETI-H solver is based
on a DDM with Lagrange multipliers known as the dual FETI method 89101112 FET],
which is provably numerically scalablefor second-'? and fourth-order 2 elliptic problems|
that is, its iteration cournt increasesonly weakly with the size of the subdomain and global
problems | was recertly transformed into a leaner, faster, and yet equally numerically
scalabledual-primal DDM known as FETI-DP 1415 Hence,the objective of this paper is
to dewelop an an alternative to FETI-H that is basedon FETI-DP rather than on FETI,
and assessts performancefor the solution of interior and exterior Helmholtz problems. For
this purpose,the reminder of this paper is organizedas follows.

In Section 2, the FETI-DP method is overviewed and its scalability properties are re-
called. In Section3, this DDM is extendedto the solution of interior and exterior Helmholtz
problemsthat give rise to algebraic systemsof the form givenin Eq. (1.2); this leadsto the
designof the FETI-DPH method \H" for Helmholtz problems . In Section4, the parallel
implemenrtation of FETI-DPH adopted in this work is briey overviewed. In Section 5,
the scalability properties of FETI-DPH are assessetumerically, rst for three-dimensional
academicHelmholtz problems, then for large-scaleacoustic scattering problems assaiated
with the signature analysis on an Origin 3200 parallel processorof a mockup submarine.
Finally, conclusionsare o ered in Section 6.

2. The FETI-DP Metho d

The dual-primal nite elemen tearing and interconnecting (FETI-DP) method
1415 is a third-generation FETI method for example, see®%10 deweloped for the fast,
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iterative, and parallel solution of systems of equations arising from the FE discretiza-
tion of static, dynamic, second-order,and fourth-order elliptic partial dierential equa-
tions (PDEs). When equipped with the Dirichlet preconditioner 11 and applied to plane
stress/strain or shell problems, the condition number of its interface problem grows asymp-
totically as 2

= 0O (1+ log™ % ), m 2 (2.5)

where H and h denote the subdomain and mesh sizes,respectively. When equipped with
the sameDirichlet preconditioner and an auxiliary coarseproblem constructed by enforcing
someset of optional constraints at the subdomain interfaces®, the condition number esti-
mate (2.5) alsoholds for second-orderscalarelliptic problemsthat model three-dimensional
solid mechanics problems 6. This estimate provesthe scalability of the FETI-DP method
with respect to all of the problem size, subdomain size,and number of subdomains. More
speci cally, it suggeststhat one can expect FETI-DP to solve small-scaleand large-scale
problemsin similar iteration counts (this property is usually referred to as numerical scala-
bility). This in turn suggestghat if the FETI-DP method is well-implemernted on a parallel
processorso that for a xed problem sizeit can deliver a speed-upthat increasesalmost
linearly with the number of processorgqthis property is usually referredto as parallel scala-
bility) , it should be capable of solving an m-times larger problem using an m-times larger
number of processorsin almost a constart CPU time (this property is usually referred to
simply assalability). The scalability of the FETI-DP method wasdemonstratedin practice
for many complexstructural medanicsand structural dynamicsproblems for example,see
141517 and the referencescited therein

In order to keepthis paper as self-cortained as possible,the FETI-DP method is next
overviewed in the context of the genericsymmetric positive semi-de nite static problem

Ku = f; (2.6)
where K hasthe samemeaning asin problem (1.2) and f is an arbitrary load vector.

2.1. Domain decomposition and notation

Let denote the computational support of a solid medanics or shell problem whosedis-

cretization leadsto problem (2.6), f (5)95'\';1 denoteits decomposition into Ng subdomains
S¥ Nsg

with matching interfaces 9 = @ T @ @ andlet = (59 denote the global
s=1;0>s

interface of this decomposition. In the remainder of this paper, each interface (&9 is re-
ferred to as an \edge", whether is a two- or three-dimensional domain. Let also K (9
and f(9) denote the cortributions of subdomain (9 to K and f, respectively, and let u(®
denote the vector of dof assaiated with it.

Let N¢ of the N, nodeslying on the global interface be labeled \corner" nodes (see
Fig. 2), . denote the set of these corner nodes, and let 0= n .. The selectionof the
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corner nodes s briey discussedin Section 2.3. If in eah subdomain (9 the unknowns
are partitioned into global corner dof designatedby the subscript ¢, and \remaining" dof
designatedby the subscriptr, K ), u(® and f(® can be partitioned as follows

mn # mn n
(s) (s) (s) (s)
K K
K@= BB yee U and (&= T @2.7)
K¢ Kee Uc fc

The r-type dof can be further partitioned into \in terior" dof designatedby the subscript
i, and subdomain interface \b oundary" dof designatedby the subscript b. Hence,uﬁs) and
fr(s) can be further partitioned as follows
h it
ugs) — ui(s) uf)s)

h i T
and &= & & (2.8)

where the superscript T designatesthe transpose.

Fig. 2. Sample de nition of corner points

Let u. denotethe global vector of corner dof, and ués) denoteits restriction to (9. Let
also Bﬁs) and B.(;s) be the two subdomain Boolean matrices de ned by

BOu® = u® and BOuc=u®; (2.9)

Rs
wherethe signis sethy any corvention that implies that Bﬁs)uﬁs) represerts the jump

s=1
of the displacemen solution u acrossthe subdomain interfaces. Finally, let
Xs .
fo=  BO £9): (2.10)

s=1

In ** and 1°, it wasshown that solving problem (2.6) is equivalert to solving the following
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subdomain-basedproblem

KOu®+KOBO ue+ B +BO'Q, = 9, s=1::Ns (2.11)
R Xs
BO'K® u®+  BO'K@BO uc = fo (2.12)
s=1 s=1
Ws
BOUO = o (2.13)
s=1
s
ol BOU® = o (2.14)
s=1

where isan N -long vector of Lagrange multipliers introducedon °to enforcethe corti-
nuity (2.13) of the displacemen vector u, and is another vector of Lagrange multipliers
introduced to enforcethe optional linear constraints (2.14). These optional constraints, a
concept rst dewveloped in 18, generatea matrix Qp, with Ng < N columnsde ned on °©
The word \optional" refersto the fact that Eqg. (2.14) and the vector of Lagrange multi-
pliers are not necessarilyneededfor formulating the above subdomain-basedproblem.
Indeed, sincethe solution of problem (2.6) is cortinuous acrossthe subdomain interfaces,
it satis es Eq. (2.13) and therefore satis es Eq. (2.14) for any matrix Q. Note also that
ead of Egs. (2.11) is a local subdomain equation, whereaskq. (2.12) is an assenbled global
equation.

The subdomain-basedproblem (2.11{2.14) was labeled \dual-primal" in 1* and ° be-
causeit is formulated in terms of two di erent typesof global unknowns: the dual Lagrange
multipliers represenied by the vector , and the primal corner dof represened by the vector
Ug.

In the remainder of this paper, the j-th column of Qy, is denoted by qg; sothat

Qb= [0 aj ano 1! (2.15)

2.2. Interfac e and coarse problems

Let
Ke O s o Xis .
Ree= 0% o 0 Kee = BETKEBE; di=" BEKE 'Y,
s=1 s=1
Xs .
and f. = fc (KEIBEHYTKE () (2.16)
s=1

After some algebraic manipulations aimed at eliminating u® s = 1;::5Ng, ug, and

the subdomain-basedproblem (2.11{2.14) can be transformed into the following symmetric
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positive semi-de nite interface problem

(F|rr + p|rc|QCClP;I—r¢) = dr g'rcleCClT-C; (217)
where
R Ok ® RO R O ©® e ®
F|rr = Br Krr Br ; P'rc: Br Krr Ierc;
rs1=1 . s=1
|
T f
R = KEBE BO'Q:  f= (5.
pYr
° P DaO\Tr (O e Da@y P (r T () La )" 3
(Krc Bc ) Krr (Krc Bc ) (Krc Bc ) Krr (Br Qb)
1 1 .

sS=

Ree = Ke -
Ps T 1 Rs T 1 T
(B QuTKIY (KiZBE) (B QuTKIP (BrY Qu)
s=1 s=1
(2.18)

The FETI-DP method is a DDM that solves the original problem (2.6) by applying

a preconditioned conjugate gradient (PCG) algorithm to the solution of the correspond-

ing dual interfacle problem (2.17). At the n-th PCG iteration, the matrix-v ector product
(Fi,, + B, R Bl ) "incurs the solution of an auxiliary problem of the form

R .z=FE ™ (2.19)

lrc

From the fth of Egs. (2.18), it follows that the size of this auxiliary problem is equal to
the sum of the number of corner dof, NSOf, and the number of columns of the matrix Qy,
No.

For No = 0| that is, for Q, = 0, the auxiliary problem (2.19) is a coarseproblem,
and R .. is a sparsematrix whosepattern is that of the sti ness matrix obtained when ead
subdomain is treated as a \sup erelemet" whosenodes are its corner nodes. This coarse
problem ensuresthat the FETI-DP method equipped with the Dirichlet preconditioner (see
Section 2.4) is numerically scalablefor plate and shell problems as well as two-dimensional
plane stress/strain problems 1512, Howevwer, for Q, = 0, the FETI-DP method equipped
with the Dirichlet preconditioner is not numerically scalable for three-dimensional solid
problems.

For any choiceof Q, 6 0, IR .. remainsa sparsematrix. If Qp is constructed edge-wise|
that is, if ead column of Qy is constructed asthe restriction of someoperator to a speci c
edgeof °| the sparsity pattern of K .. becomesthat of a stiness matrix obtained by
treating ead subdomain asa superelemen whosenodesare its corner nodesaugmered by
virtual mid-side nodes. The number of dof attached to ead virtual mid-side node is equal
to the number of columns of Q,, assaiated with the edgeon which lies this mid-side node.
If Ngq is kept relatively small, the auxiliary problem (2.19) remains a relatively small coarse
problem. This coarseproblem was labeled \augmented" coarseproblem in # in order to
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distinguish it from the smaller coarseproblem obtained with Q, = 0. Furthermore, eat
column of Qy, is referred to as an \augmentation coarsemode". When these augmertation
coarsemodesare chosenasthe translational rigid body modesof eat edgeof © ead three
consecutive columns of Qy can be written as follows

g« = [0 O0[L00 100 100]0 O] ;
g = [0 0[010 010 010]0 0] ;
g = [0 0[001 001 o001]0 0] ; (2.20)

and the FETI-DP method equipped with the Dirichlet preconditioner becomeshumerically
scalable for three-dimensional second-orderelasticity problems 6. In (2.20), ead of the
vectors gy, gy, and g, hasnon-zeroertries only betweenthe pair of brackets [ ] delimiting
the dof attached to the edgeassaiated with thesethree vectors. Within thesebrackets, the
sequencel 0 0 correspondsto a translational rigid body mode of this edgein the x direction,
the sequenced 1 0 correspondsto a translational rigid body mode in the y direction, and
the sequenced 0 1 correspondsto a translational rigid body mode in the z direction.

2.3. Corner selection

From the de nitions of F| ,, B, andd, givenin (2.18) and (2.16), it follows that the corner
nodesmust be chosensud that K ﬁ) is non-singular. From Eq. (2.17), it follows that when
Qb 6 0, the selection of the corner nodes must furthermore guarantee that K. is non-
singular. From the theory and results exposedin *° and %, it follows that the corner nodes
must also include crosspints | that is, points that belongto three or more subdomains
| whentheseare attached to a beam, plate, or shell elemen. A corner selectionalgorithm

that meetsall of theserequiremerts was proposedand discussedin 21,

2.4. Local preconditioning

Sofar, two corventional local preconditionershave beendevelopedfor the FETI-DP method:

1. The Dirichlet preconditioner which can be written as

XI n #
—D 1! ° 0 0 T
Pl = 7 wesw o BEYWE;
s=1 bb
T 1
where S = k& kB K kO (2.21)

the subscriptsi and b have the samemeaning asin Section 2.1, and W (® is a sub-
domain diagonal scaling matrix that accours for possiblesubdomain heterogeneities
22 The roots of this preconditioner and its medanical interpretation can be found
in 1. It is mathematically optimal in the sensethat it leadsto the condition number
estimate (2.5).
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2. The lumped preconditioner which can be written as

n #

Xs 0 0 T
F., = wOB® 0 KO B w®: (2.22)

s=1 bb

The roots of this preconditioner and its medanical interpretation can be found in °.
This preconditioner is not mathematically optimal in the sensale ned above; howewer,
it decreaseshe cost of ead iteration in comparisonwith the Dirichlet preconditioner,
often with a modest increasein the iteration court.

The Dirichlet preconditioner is lesseconomical per iteration than the lumped precon-
ditioner. Howewer, experience has shown that it is more computationally e cient when
K in problem (2.6) arisesfrom the discretization of shell problems. When K arisesfrom
plane stress/strain and solid medanics problems, the lumped preconditioner becomesanore
computationally e cien t even though it is not mathematically optimal.

3. The FETI-DPH Metho d for Interior and Exterior Helmholtz Problems

In the context of Eq. (1.4), Zﬁ) repIacesKﬁ) in the formulation of the FETI-DP method.
For interior Helmholtz problems or exterior onesbut away from the arti cial boundary ,

zH =k KME; (3.23)

and therefore the direct application of FETI-DP to the solution of problem (1.4) raisesthe
following questions:

1. Away from or in the absenceof the arti cial boundary , Aﬁf) = 0, which begsto
ask whether the subdomain matrix Zﬁ) can becomein this casesingular (or nearly
singular)?

2. For the exterior Helmholtz problem (A 6 0), the dual interface problem (2.17) is
complex-walued. For the interior Helmholtz problem (A = 0), it is real-valued. In the
latter case,what is the algebraictype (positive de nite or inde nite) of this interface
problem?

3. The restriction of the augmenation coarsemodes(2.20) to onedof per node doesnot
addressneither the physical nor the mathematical nature of problem (1.2). Which
augmenation coarsemodesdo?

The signi cance of the above three questionscan be summarized as follows.

The answer to the rst question impacts the solution of the local subdomain problems
(2.11). In practice ( nite arithmetic), given a wave number Kk, it is dicult to determine
whether a subdomain impedancematrix z® s singular or not. However, z9 s typically

very ill-conditioned when k? coincideswith or is very closeto an eigervalue of the pencil
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(Kﬁ); M ﬁ)). This can be alarming becauseround-o errors are known to give rise to er-
roneoussolutions to very ill-conditioned problems. Furthermore, it should be noted that
FETI-DP aswell as many other DDMs rely on a direct method for solving the local subdo-
main problems. In the low-frequency regime, Zﬁ') can be expected to be positive de nite.
Howewer, in the mid-frequency regime| that is, for higher values of the wave number k
| Zﬁ) can becomeinde nite in which casepivoting may becomerequired. Since pivoting
degradesthe performance of a direct skyline or sparsesolver, it follows that it may also
degradethe overall CPU performanceof FETI-DP .

The objective of the secondquestion is to determine the Krylov method that is most
suitable for solving the dual interface problem (2.17) for interior Helmholtz problems.

The third question aims at recognizingthat for acoustic scattering problems, there are
perhapsother important modesbesidesthe subdomain constart modesthat can accelerate
the iterativ e solution of the dual interface problem (2.17).

Next, the three questionsraised above are addressedin somedetails, and the Dirichlet
and lumped preconditioners summarizedin Section2.4 are tailored to Helmholtz problems.
This leadsto the developmert of yet another FETI method for the parallel iterativ e solution
of problem (1.4). This method is named here the FETI-DPH method.

3.1. On the algebraic type of the real-value d subdomain impedance matric es

Consider the casewhere Aﬁf) = 0. The corner nodes selectedby the FETI-DP solwver

are such that ead subdomain matrix Kﬁ) is non-singular. Howewer, at least in theory,
z® = kK®  k2M® will still be singular when k? coincideswith an eigenvalue of the
pencil (Kﬁ); M ﬁ)). This issuewas addressedin # by introducing in the FETI method a
regularization procedurethat prevents all subdomain problemsfrom bein? singular for any
wave number k, without destroying the sparsity of the local matrices K r?) kM ﬁ), and
without a ecting the solution of the global problem (1.4). The resulting DDM was hamed
the FETI-H method (H for Helmholtz). Unfortunately, the regularization procedure char-
acterizing FETI-H transforms ead real-valued subdomain problem into a complex-valued
one. For exterior Helmholtz problems, this is not a signi cant issue becausethe global
problem is complex-valued. However, for interior Helmholtz problems for which Eq. (1.4)
is real-valued (A = 0), the regularization procedureof the FETI-H method is unjusti able

from both computational resourceand performanceviewpoints. For this reason,an alter-
native approad is adopted here for addressingboth the algebraic type and the potential

singularity of a local subdomain impedancematrix z. This alternative approad exploits
the fact that whereasK () can be singular in the FETI method, K & is always non-singular
in the FETI-DP method.

In practice, if k? approades an eigervalue of the pencil (K ﬁ); M ﬁ)) or coincideswith
it, Zﬁ) becomesonly very ill-conditioned becauseof the e ect of nite arithmetic. One
approad for preverting this from happening is to somehav make sure that, given a sub-
domain (), any value of the wave number k in a mid-frequency regime of interest is such
that k2 < k2, where k2 denotesthe smallest eigervalue of the pencil (K ;M (). This
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approad is enabled by the fact that k# > 0in FETI-DP (whereask? 0in FETI), and
motivated by the following example.

Consider an interior Helmholtz problem with = [0; a] [0; a] and homogeneous
Dirichlet boundary conditions at the four points de ning this squaredomain (Fig. 3). In
this case,the eigervalues of the pencil (K ;M) are given by

k2= =—5—; n=1 2 1: (3.24)

p

Next, supposethat is decomposedinto = Ng Ns subdomains (Fig. 3). In this case,

a
-
S
= - \\
C
S - // S \p q
/ \ a
\ /) —
\
/Ns
C g
S

Fig. 3. Interior Helmholtz problem with homogeneousDiric hlet boundary conditions at the four points
de ning the squaredomain | Uniform decomposition into Ns subdomains.

ead subdomain is a squareof size
a
a® = p—: (3.25)
Ns
In the FETI-DP method, ead subdomain away from the boundary conditions is treated as

if it has Dirichlet boundary conditions at its four corner nodes (seeFig. 3). Hence, from
Eq. (3.24) and Eq. (3.25) it follows that the rst eigervalue of the pencil (K ;M ) is

2Ng 2
2 — S .
k% = et

(3.26)

It follows that the impedance matrix Zﬁ) of the typical subdomain shown in Fig. 3 is

positive de nite for all valuesof k? satisfying

(ka)? < 2Ng 2 (3.27)
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The condition (3.27) suggeststhat given a wave number k, the subdomain matrices Zﬁ)
assaiated with an interior Helmholtz problem or subdomainsthat are away from the arti -
cial boundary can be prevented from being singular or very ill-conditioned by increasing
the number of subdomains Ng | or equivalertly, decreasingthe subdomain sizes. For
example, for the interior Helmholtz problem consideredhere and a mid-frequency regime
characterized by ka = 20, Eq. (3.27) revealsthat it su ces to decompose into 20 subdo-
mains to prevent all subdomain impedancematrices from being singular. This illustrates
the practical feasibility of criterion (3.27).

In summary, for wave numbersin the low and mid-frequencyregimes,the global impedance
matrix Z may be inde nite, but the local subdomainsimpedancesZ (9 can be maintained
positive de nite by choosing appropriately the number of subdomains.

3.2. On the algebraic type of the dual interfac e problem

Recall that in the corntext of Eq. (1.4), .. (2.18) has the meaning of the impedance
matrix obtained when ead subdomain is treated as a superelemen whose nodes are the
subdomain corner nodes, and virtual mid-side nodeswhen Q, 6 0. It follows that when
the global impedancematrix Z (1.3) is inde nite, K is also inde nite. Hence, for inte-
rior Helmholtz problems, even when the subdomain impedancematrices Zﬁ) can be main-
tained positive de nite by choosingappropriately the number of subdomainsN g, the matrix
(Fy,, + PMIQCCI?'TFC) (2.17) will bein generalinde nite. For exterior Helmholtz problems,
the matricesF, ., B, ., and 2. are complex-\alued, and therefore the dual interface prob-
lem (2.17) is complex-valued. These obsenations suggestthat for robustnessand code
uni cation, a preconditioned generalizedminimum residual (PGMRES) algorithm is more
appropriate than a PCG algorithm for solving iterativ ely the dual interface problem (2.17).

3.3. Wave-b ased augmentation coarse modes

In 4, it was advocated to equip the regularized FETI method with a coarseproblem based
on plane waves when addressingHelmholtz applications. By construction, the FETI-DP
method embedsa coarseproblem that doesnot however recognizeany speci ¢ character of
the Helmholtz equation. For this reason,the plane wavesintroducedin # for equipping the
regularized FETI method with an auxiliary coarseproblem are usedagain hereto augmert
the coarseproblem characterizing the FETI-DP method. Also, this section explains why
plane waves can in general acceleratethe convergenceof a FETI method applied to the
solution of a Helmholtz problem.

Let r denote the residual assaiated with the iterative solution of the dual interface
problem (2.17). From Egs. (2.11{2.14) and Eq. (2.17), it follows that

1

Ws
f. (Fi,, +B, R PL) =  BOu®; (3.28)

s=1

r= dr ﬁIFCIQCC

which shaws that the residual r represens the jump of the iterate solution acrossthe
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subdomain interfaces. Hence,the FETI-DP method convergeswhen the iterate u" becomes
cortinuous acrossall the subdomain interfaces.

From Eq. (2.14), Eq. (2.18), Eq. (2.17) and Eq. (2.13), it follows that at ead iteration of
a PGMRES algorithm applied to the solution of problem (2.17), FETI-DP forcesthe jump
of the solution acrossthe subdomain interfacesto be orthogonal to the subspacerepreserted
by the matrix Qp. This feature is a strategy for designingan auxiliary coarseproblem that,
when Qy, is well chosen,acceleratesthe corvergenceof a DDM 18,

Supposethat the spaceof traceson ©of the solution of problem (1.4) is best approxi-
mated by a set of orthogonal vectorsfv;_ gj'\'zvl, where the subscript E indicates that v;_ is
non-zeroonly on edgeE 2 C Then, the residual r de ned in Eq. (3.28) can be approxi-
mated as

Xy
r iVigs (3.29)
j=1
where f jgj'\';l is a setof Ny coe cien ts. If eadh augmenation coarsemode is chosenas
i = Vie:  1=1  Ng; (3.30)

Eq. (2.14) simpli es to

i =0 j =1 ; No: (3.31)
In this case,Eq. (3.31) implies that at ead iteration of the PGMRES algorithm, the rst
Ng componerts of the residual r in the independert setfv;, gj'\':V1 are zero. Hence, if a few

vectorsfvj, gj'\':‘i, Ngo << Ny, that dominate the expansion(3.29) can be found, choosing
thesevectors as coarseaugmertation modescan be expectedto acceleratethe corvergence
of the iterativ e solution of the dual interface problem (2.17). It remainsto exhibit such a
set of orthogonal vectorsv;. and construct a computationally e cien t matrix Qp.
Recallthat the vectorsv|, aresupposedto approximate the traceson ©of the solution of
problem (1.4), and this algebraicproblem arisesfrom the FE discretization of the BVP (1.1).
It followsthat free-spacesolutions of the BVP (1.1) are good candidatesfor constructing v
and therefore Q. Plane waves are free-spacesolutions of the BVP (1.1), and the following
real-valued represetiation of plane wavesis also a free-spacesolution of the BVP (1.1):

R
V= Co sin(k j X))+ ¢y cogk j X) ; (3.32)
j=1

where ; 2 R® is an arbitrary vector of unit length de ning the direction of propagation of
a plane wave, and ¢ and c;; are two real coe cien ts. From Eq. (3.32) and Eqg. (3.30) it
follows that one choice for Qy, is the matrix composedof blocks of two columns, where the
columns of ead block are assaiated with one direction of propagation ; and one edgeE
of the mesh partition. This choice can be expressedas follows:

dp[m] = sin(k j Xm); dp,, [M]=cosk ; Xm); 1=2( 1)+1, m=1 ;N Ng
(3.33)
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where gy[m] designatesthe entry of qp assaiated with the dof attached to the m-th node
on an edgeE 2 © and X, 2 R3® denotesthe coordinates of this m-th node. Hence, if
Ng denotesthe number of edgesof the mesh partition, and N the number of considered
directions of wave propagation, the total number of augmertation coarsemodesis given by
by

NQ = 2NgN : (334)
To these modes one can add the edge-basedconstart modes as these are also free-space
solutions of the BVP (1.1) with k = O.

In this paper, the directions ; are generatedas follows. A generic cube is discretized
into n¢  nc n¢ points. A direction ; is de ned by connecting the certer of the cube to
a point lying on a face of the cube (Fig. 4). Sinceead direction ; is usedto de ne both a
cosineand a sine mode, only one direction is retained for ead pair of opposite directions.
This results in a total humber of directions

3 3
N = _© (nZC 2" (3.35)
Hence,for a specied N , n¢ is chosensothat N is as closeas possibleto the value given
by the above equation.

.....................

Fig. 4. Generation of the directions of wave propagation (nc = 3).

3.4. Filtering the coarse space
There are at least two medanismsthat can causethe matrix Qy described in Section 3.3
to be rank de cient:

1. If adirection ; turns out to be perpendicular to an edgeE 2 % ; X, becomes
constart for all X, 2 E, the rank of the two-column block of Q| assaiated with the
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edgeE and the direction ; becomesequal to one, and therefore Q,, becomesrank
de cient.

2. In the appendix, it is shonn that an interplay betweena low meshresolution and N
can also causeQyp to becomerank de cient.

From Eq. (2.14) or the de nition of K .. givenin the fth of Egs. (2.18), it follows that
whenewer Qyp is rank de cient, R .. becomessingular. Singular coarse problems can be
solved by a number of di erent techniques among which the drop-tolerance-baseddirect
method describedin 23. Howewer, preverting Qy, from being rank de cient | and therefore
preverting K .. from being singular | is desirable as this improves the computational
e ciency aswell asthe robustnessof the solution of the coarseproblem (2.19), and therefore
enhancesthe e ciency and robustnessof the overall solution method.

Let or denote a small tolerance value. The following describesa simple procedure for
ltering the matrix of augmertation coarsemodesQp and transforming it into a matrix Q
that hasfull column rank:

1. Perform the QR factorization %4 of Qy,.
2. Construct Q, asthe union of the columns q; of Qy for which Rj; > or.
The following obsenations are worthy noting:

1. Since ead column of Qy has non-zero ertries only for the dof assaiated with a
corresponding edge E, the QR factorization of Qy entails only local computations
that can be performed on an edge-ly-edge basis. Hence, these computations are
amenableto an e cien t parallelization.

2. A too small value of or canresultin a matrix Q, that is still rank de cient, thereby
defeating the purposeof the ltering procedure. On the other hand, a too large value
of gr canonly causean excessie ltering. Sincethe columns of Qy sere only the
purposeof de ning optional constraints aimed at acceleratingthe convergenceof the
iterative DDM seeEq. (2.14) , it follows that this DDM is better sened by setting

or to avalue that is su cien tly largeto prevert Q, from being rank de cient, even
if such a tolerance can causeoccasionally an excessie ltering of the matrix Qy,.

Remark. From Section3.3 and in particular Eq. (3.34) , it follows that given a mesh
partition characterizedby a number of subdomainsNg, xing the number of wave directions
N determinesthe sizeof the coarseproblem (2.19) and therefore xes in principle the cost
of an iteration of the extension of the FETI-DP method developed here, independertly of
the value of the wave number k. Howewer, when the tolerance or is xed, Ns and N are
kept constart, but k is varied, the Itering procedure described above can result in a size
of the coarseproblem (2.19) that varies with k. Essettially, this is becausethe columns
of Qp and the matrix .. | dependon k. For a xed value of g, a higher value of k
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typically results in Itering out fewer columns of Qy and therefore in generating a larger
coarseproblem (2.19) than a lower value of k. For this reason,in practice, the cost of one
iteration of the extension of the FETI-DP solver deweloped in this paper can be expected
to vary with k even when the meshpartition (Ns) and the number of wave directions (N )
are xed.

3.5. Tailoring the Dirichlet and lumped preconditioners

F?) iS a mass matrix; hence,in three dimensionsand at the elemern level, this matrix
is proportional to h3. On the other hand, K ﬁ) is a sti ness matrix; in three dimensions
and at the elemen level, it is proportional to h. It follows that for a su cien tly ne mesh,
Z is dominated by K (Y. These obsenations suggestthat the local matrices Z{$ can be
preconditioned by Dirichlet and lumped constructs (see Section 2.4) that are basedon the
K ﬁ) sti ness matrices rather than the Zﬁ) impedancematrices. This results in real-valued

| 1 . 1

FP” and F|Lrr local preconditioners and therefore reducesstorage cost. This intuitiv e
reasoning can be mathematically justi ed (for example, see?%2® and the referencescited
therein

3.6. A subdomain-b ased preconditione d GMRES solver with an auxiliary coarse prob-
lem

In summary, the FETI-DP method is extended hereto addressthe solution of interior and
exterior Hemimholtz problems by

1. Replacing the CG interface solver by the GMRES interface solwer.
2. Adapting the Dirichlet and lumped preconditioners as explained in Section 3.5.

3. Choosing as augmenation coarsemodesthe plane wave modes originally introduced
in 4, justied in Section 3.3, and expressedn real-valued form.

4. Preliminary Parallel Implemen tation

All computational stepsof the FETI-DPH method described above, except the solution of
the coarseproblem (2.19), can be carried out on a subdomain-by-subdomain basis. Hence,
thesecomputations are trivially parallelized by assigningone or seeral subdomainsto eat
processor.In this work, all subdomain problemsare solved by a sparsedirect method. If the
given parallel processorconsistsof a network of shared memory parallel boxes (or boards),
the coarseproblem is duplicated in ead box. Otherwise, it is duplicated in ead processor.
In all casesthis coarseproblem is solved by a sequential sparsedirect method. As long as
the size of the coarseproblem is small comparedto the size of the global problem, and the
target number of processorsN, is also small, this serial step should not a ect the overall
performanceof the parallel implementation of the FETI-DPH solver adopted in this work.
Otherise, it can degradethe overall parallel performance(seenext section for details).
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5. Numerical Scalabilit y and Performance Assessment

In this section, attention is focusedon the numerical scalability and CPU performance of
the FETI-DPH method presered in this paper. For this purpose,two di erent problems
are considered. The rst one is an academic Helmholtz problem that has the merit of
being simple to reproduce by the interested reader. The secondproblem involvesa mockup
submarine and highlights the potential of the FETI-DPH method for realistic acoustic
scattering applications. All computations are performed in double-precisionarithmetic on
a Silicon Graphics Origin 3200 computer equipped with R12000400 MHz processors.This
parallel system consistsof 5 \b oxes" of 8 processorsead. On ead box, the 8 processors
share 8 Gigabytes of real memory. The 5 boxesare interconnectedby a Brocade Silkwork
2400 switch.

As coded, the FETI-DPH solwer relieson MPI for interprocessorcommunication within
a box and acrossboxes, and allows the number of subdomains,Ng, to be di erent from the
number of processorsN,. In this work, the lItering toleranceis setto

or = 10 2 (5.36)
and the convergenceof this iterativ e solver is declaredwhen the relative residual satis es

_ kzZu"  fkp

RE" = 10 & .37
KTk 0 (5.37)

5.1. A three-dimensional waveguide problem
Here, isreplacedby void (and therefore = = 0), , @, and the computa-

tional domain is the cubedened by = [0; 1] [0; 1] [O; 1]. The following boundary
conditions are applied on two parallel facesof this computational domain:

u =1 on y=0

G 0O on y=1L

— + iku
@
In all cases,the computational domain is uniformly discretized by eight-noded brick
elemernts and the resulting meshis uniformly partitioned into N subdomains.
First, the number of subdomainsis xed to Ng= 5 5 5= 125and the meshsize

. . 1 1 .

is varied as 0 h —. Two wave numbers are considered,k = 4 and k = 20. The
performance results of the FETI-DPH solver equipped with the Dirichlet preconditioner
are reported in Table 1 for k = 4 and Table 2 for k = 20, where N, denotesthe number of
iterations for convergence. For k = 4, the generatedmeshesappear to be well-resohed as
measuredby the number of elemens per wave length, G = —. In this case,the FETI-DPH

solver exhibits a perfect numerical scalability with repect to the problem sizewhenN = 3.
The cortrast betweenthe performanceresults obtained with N = 0and N = 3 highlights
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the signi cant e ect on convergenceof the augmertation of the coarseproblem. For k = 20,
most of the consideredmeshesappearto be under-resohed. In this casetoo, the FETI-DPH
solver exhibits a perfect numerical scalability with repect to the problem size; howewer, it
requirestwice as many iterations asfor the casek = 4. To determine whether this increase
of the iteration court is due to an e ect of the wave number k, or an e ect of the mesh
resolution G, or to both e ects, Table 3 reports the performanceresults obtained for three
xed valuesof G that are represenativ e of under-resohed, well-resohed, and over-resohed
meshesand awave number4 k 24. Theseperformanceresults indicate that for a xed
value of N , the FETI-DPH solwver corvergesin a rather small number of iterations for all
values4 Kk 24;newvertheless,for any of the consideredmeshresolutions, the convergence
of the FETI-DPH solver doesnot exhibit a perfect numerical scalability with respectto the
wave numberwhenNg and N | and thereforethe sizeof the augmeried coarseproblem |
are xed. Howeer, the performanceresults summarizedin Table 3 also show that when k
is increased,the iteration court of FETI-DPH canbe maintained constart if N is increased
appropriately. In other words, FETI-DPH can adchieve numerical scalability with respectto
the wave number if the size of the augmerted coarseproblem is increasedappropriately.

Table 1. Waveguide problem: numerical scalability with respect to the mesh size

k = 4, Ns = 125, Diric hlet preconditioner

h G Nitr Nitr
(N =0 (N =3)

1=20 314 72 4
1=30 47.1 56
1-40 62.8 39
1=50 78.5 82

B DD

Table 2. Waveguide problem: numerical scalability with respect to the mesh size

k = 20, Ns = 125, Diric hlet preconditioner

h G Nitr Nitr
(N =0 (N =3

1=20 6.28 264 7

1=30 9.42 392 9

1=40 12.6 331 9

1=50 15.7 363 10

L 1 . )
Next, the mesh sizeis xed to h= — and the number of subdomains is varied as

8 Ns 125. The performanceresults reported in Table 4 and Table 5 show that in this
case,the augmerted FETI-DPH solver exhibits numerical scalability with respect to the
number of subdomainsin both of the low-frequency (k = 4) and mid-frequency (k = 20)
regimes.
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Table 3. Waveguide problem: numerical scalability with respect to the mesh size

Ns = 125, Diric hlet preconditioner

h k G Nitr Nitr
(N =0 (N =3
1= 4 6.75 5 1
1=10 8 6.75 35 15
1=15 12 6.75 61 5
1=20 16 6.75 99 6
1=25 20 6.75 292 8
1=30 24 6.75 594 17 (3 for N = 13)
1=10 4 15.7 26 7
1=20 8 15.7 54 4
1=30 12 15.7 77 5
1=40 16 15.7 250 5
1=50 20 15.7 363 10
1=60 24 15.7 617 14 (4 for N = 13)
1=20 4 314 72 4
1=40 8 314 67 6
1=60 12 314 93 5
1=80 16 314 350 6
1=100 20 31.4 453 11
1=120 24 314 652 20(5for N = 13)

Table 4. Waveguide problem: numerical scalability with respect to the number of subdomains

k = 4, h = 1=40, G = 62.8, Diric hlet preconditioner

Nsg Nitr Nitr
(N =0 (N =3

8 7 5

64 21 4

125 39 4

Table 5. Waveguide problem: numerical scalability with respect to the number of subdomains

k = 20, h = 1=40, G = 12.6, Diric hlet preconditioner

Ns Nitr Nitr
(N =0 (N =23

8 35 28

64 237 15

125 331 9
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Next, the meshsizeis setto h = — and the number of subdomainsis xed to Ng = 125.

The performanceresults reported in Table 6 and Table 7 shaw that in both of the low- and
mid-frequency regimes, the e ect of coarseproblem augmenation on the performance of
the FETI-DPH solver dominatesthat of corvertional preconditioning.

Table 6. Waveguide problem: performance of the preconditioner

k= 4,h=1=40, G = 62.8,Ns = 125

Preconditoner Nitr Nitr

(N =0 (N =3
None 144 18
Lumped 51 5
Diric hlet 39 4

Table 7. Waveguide problem: performance of the preconditioner
k = 20,h = 1=40, G = 12.6,Ns = 125

Preconditoner Nitr Nitr

(N =0 (N =3
None 532 26
Lump ed 288 10
Diric hlet 331 9

In summary, the performanceresults preseried above suggestthat the FETI-DPH solver
preseried in this paper is numerically scalablewith respect to both the problem size and
the number of subdomains,and that the augmenation of its coarseproblem by plane waves
improvessigni cantly its iteration court. However, doesaugmertation necessarilyimprove
its CPU performance? To answer this question, the meshsizeis nally xed to h = 50’
the wave number is varied betweenk = 4 and k = 20, the number of subdomainsis varied
betweenNg = 64 and Ng = 216, and the FETI-DPH solver is applied with and without
coarseproblem augmertation to the solution on an 8-processorOrigin 3200 0of the resulting
systemsof equations. The performanceresults reported in Table 8 reveal that:

As in the caseof many DDMs, the CPU performanceof FETI-DPH dependson the
number of subdomains. Here, this is particulary noticeablenot only becausehe sizeof
the (augmerted) coarseproblem dependson Ng, but also becausethe coarseproblem
is solved by a sequetial algorithm.

In all frequencyregimes,the FETI-DPH solwer is faster with a suitable coarseproblem
augmertation than without, from both iteration count and CPU time viewpoints.

For this three-dimensionalwaveguide problem, the FETI-DPH solwver delivers a scal-
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able CPU performancewith respect to the wavenumber when the number of subdo-
mains is appropriately chosenand N is appropriately increasedwith k.

Table 8. Waveguide problem: CPU performance on an 8-processorOrigin 3200

h = 1=60, Diric hlet preconditioner

k G N Ns sizeof @, Ny  CPU time
4 94.2 0 27 28 24 105.2s.
4 94.2 0 64 72 37 65.5 s.
4 94.2 0 125 144 67 67.0s.
4  94.2 1 125 744 6 25.9s.
4 94.2 1 216 1,330 5 21.3 s.
4 94.2 1 1,000 6,534 4 28.7 s.
12 314 0 27 28 82 191.8s.
12 314 0 64 72 56 82.3 s.
12 314 0 125 144 93 85.6s.
12 314 2 125 1,144 7 29.0s.
12 314 2 216 2,050 6 24.5 s.
12 314 2 1,000 1,0134 5 37.6s.
20 18.8 0 27 28 188 358.0s.
20 18.8 0 64 72 268 323.0 s.
20 18.8 0 125 144 478 547.5s.
20 18.8 3 125 1,344 10 32.8s.
20 18.8 3 216 2,410 6 26.9 s.
20 18.8 3 1,000 11,934 9 58.2s.

The bold font is usedto highlight for each wave number
the parameter con guration leading to optimal CPU performance

5.2. Acoustic signatur e of a mockup submarine

Next, the FETI-DPH solver equipped with the Dirichlet preconditioner is applied to the
acousticsignature analysisat k = 4 of the mockup submarineshown in Fig. 5, whereL = 10,
D =1,1= 05, he = 0.5 and w = 0:25. For this application of the BVP (1.1), the arti cial

boundary is chosenasan ellipsoid (Fig. 6) positioned sothat the distance betweenead
end of the main tub e and the neighboring extreme point of located on the main axis of
the ellipsoid is m; = 0:5, and the distance betweenthe top of the submarine tower and the
neighboring extreme point of located on th[g_minob gxis of the ellipsoid is m, = 1:52. The
direction of the incident wave is setto t = [ 2=2; © 2=2; 0]". The computational domain
delimited by the ellipsoid and the surfaceof the mockup submarineis discretized by four-

: . . 1 .
noded tetrahedral elemens. A rst meshM1 with 264,436grid points (h E;G 25) is

generatedfor computations on eight processorsof the Origin 3200system.
Using the meshM1, Ng and N are varied until the optimal CPU performance of the
FETI-DPH solwer is reached. This processis documerted in Table 9. Again, augmertation
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Fig. 5. Mockup submarine: geometric features

Fig. 6. Mockup submarine: computational domain delimited by an ellipsoidal articial boundary , and
real part of the trace of the scattered eld on the surface of the scatterer
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of the coarseproblem is reported to be e ectiv e at reducing both the iteration count and
the solution time, and the performanceof the augmernied FETI-DPH solver is showvn to be
scalablewith respectto the number of subdomains.

Table 9. Mockup submarine problem: CPU performance on an 8-processorOrigin 3200

k=4,h 1=16,G 25 N%" = 264,436,Diric hlet preconditioner

N Ns sizeof K., Ny  CPU time

0 8 7 121 441.5s.
0 25 54 247 2949s.
0 50 81 327 305.5s.
2 102 2,212 37 64.7 s.
2 201 4,398 21 44.0s.
2 301 6,650 16 42.3s.

Next, the number of subdomains and the number of plane wave directions are xed to
Ns = 201and N = 2, respectively, the number of processorss varied betweenN, = 1 and
N, = 32, and the obtained performanceresults are reported in Table 10. Theseresults shov
that excellert to reasonableparallel speed-upsand e ciencies are achievedfor2 N, 16.
In this range of number of processorsthe amount of CPU time consumedby the sequettial
solution of the coarseproblem varies between 2.6 % and 29.2 % of the total CPU time
consumedby the parallel FETI-DPH solver. Once the ratio of sequettial to parallel work
reactes 37.4 %, increasing the number of processorsfrom 16 to 32 decreaseghe parallel
e ciency of the FETI-DPH solver from 57 % to 36 %.

Table 10. Mockup submarine problem: parallel scalability on a 32-processorOrigin 3200

k=4,h 1716, G 25 N%®" = 264,436,N = 2, Ns = 201, Diric hlet preconditioner

Np CPU CPU Parallel speed-up Parallel e ciency

(solution coarseproblem)  (total) (overall) (overall)

1 1=1 5.7s. 217.8s. 1 100 %
1 2=2 5.7s. 118.6s. 1.8 92 %
4 1=4 7.3s. 60.6 s. 3.6 90 %
4 2=18 7.3s. 36.8s. 5.9 74 %
4 4=16 7.0s. 24.0s. 9.1 57 %
4 8= 32 7.0s. 18.7s. 11.6 36 %

The pollution e ect of discretization by linear elemerts dictates decreasingthe mesh
sizewith increasingthe wave number as to maintain constart the product k3h2. For this
reason,the acoustic signature analysisat k = 5:4 of the mockup submarine described above
is performed using a mesh M2 with 1,038,974grid points. In this case,the best CPU
performance of the FETI-DPH solver is obtained using N = 2 and Ng = 501 (seeTable
11). The performanceresults gathered in Table 11 also shaw that when the wave number
is increasedfrom k = 4 to k = 5:4 and the meshis re ned to maintain constart k3h?, the
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FETI-DPH solver achievesnumerical scalability with respectto k. Mesh M2 is 3.9times as
large as mesh M1, but the FETI-DPH CPU time assaiated with mesh M2 is reported to
be 6.8 times larger than that assaiated with meshM1. This is mainly due to the fact that
to maintain numerical scalability when increasingthe wave number from k = 4 to k = 5:4,
the coarseproblem has to be increasedby a factor equalto 2.9. In sud as case,solving
the coarseproblem in serial mode while performing the rest of the computations in parallel
mode preverts the FETI-DPH solver from achieving CPU time scalability with respect to
the wave number.

Table 11. Mockup submarine problem: CPU performance on a 16-processor(4 4) Origin 3200

Diric hlet preconditioner

k h k3h? Nof N Ns sizeof 8, Ny  CPU time
4 1=16 025 264,436 2 201 4398 21 24.0s.
54 1=25 0.25 1,038,974 2 501 12,836 22 162.5s.

Finally, the FETI-DPH solwver is benchmarked against the previously developed FETI-H
counterpart. For this purpose,similar parallel implemertations are usedfor both solers.
The wave numbersk = 4 and k = 8 are considered, mesh M1 is employed, and N and
Ns are varied until the optimal CPU performanceon eight processorsof the Origin 3200
systemis reacted separatelyfor ead of the two solvers. Theseoptimal performanceresults
are summarizedin Table 12. Again, the readercan obsene that becauseof the serialization
of the solution of the coarseproblem, the FETI-DPH solver cannot achieve simultaneously
numerical scalability with respect to k and best parallel CPU performance. Howeer, in
both cases,the FETI-DPH solwer is reported to outperform its FETI-H courterpart by
more than a factor two.

Table 12. Mockup submarine problem: FETI-DPH vs. FETI-H on an 8-processorOrigin 3200

h = 1=16, N%" = 264,436, Diric hlet preconditioner, augmented coarse problem

k G Ns N size of IR Nitr CPU time
DPH (H) DPH (H) DPH (H)

4 2500 201(301) 2(2) 4,398(2,709) 21(48)  44.0s. (85.2s.)

8 1250 201 (301) 4(3) 8,076(8,127) 59(76) 124.9s. (322.15.)

8 12,50 301 (NA) 6 (NA)  16,792(NA) 25 (NA) 217.5s. (NA)

6. Conclusions

The FETI-DPH iterativ e solver presened in this paper is an extension of the FETI-DP
method to Helmholtz problemsin which the interface problem is solved by a preconditioned
generalized minimum residual algorithm instead of a conjugate gradient algorithm, and
the basic coarse problem is augmened with plane waves. Numerical studies performed
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for waveguide and acoustic scattering problems shaw that this solver achieves numerical
scalability with respect to both the problem size and the number of subdomains. They
also reveal that when the coarse problem size is increased with the wave number, the
FETI-DPH solver also achieves numerical scalability with respect to the wave number. A
parallel implementation of FETI-DPH in which the solution of the coarseproblem is simply
serializedis found to deliver good parallel e ciency for up to 16 processors.lt alsodelivers
CPU time scalability with respect to the problem size. Howewer, if this implementation is
to be executede cien tly on a larger number of processors,and/or if it is to achieve CPU
time scalability with respect to the wave number, it requires rst parallelizing the coarse
problem solver.
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App endix A

The objective of this appendix is to shav that an interplay betweena low meshres-
olution and the number of wave directions N can causethe matrix Qp to becomerank
de cient. Hence,this interplay is one among se\eral motivations for Itering the matrix of
augmertation coarsemodesQy, asdescribed in Section 3.4.

For simplicity, the following proposition considersthe caseof a two-dimensionalproblem,
a uniform discretization characterizedby a meshsizeh, and an edgeE of the meshpartition
that is aligned with the x-axis and beginsat its origin. In this case,

- _  cos#j _ Xm _ mh _ _ .

i = sin# Xm = 0o - 0 i Xm = Xm COS#;; (A.1)
and Eqgs. (3.33) become
dp[M] = sin(kxm cos#); Qp,, [M] = cogkxm cos#j); |1=2(G 1)+1; m=1 ;N; N

(A.2)
Prop osition. If the augmertation coarseproblem cortains two directions ; and ; whose
angleswith the x-axis #; and #; satisfy

COs#; Ccos#j = ZkLh; (A3)

wheren is an integer, then
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1. # and #; satisfy

coskxm cos#i) = co{kxm cos#j); 8Xm 2 E: (A.4)

2. The matrix Qy de ned by Egs. (A.2) is rank de cient.

Pro of. SincekE is alignedwith the x-axis and beginsat its origin, and the meshis assumed
to be uniform, then
8Xm2E; Xm=mh: (A.5)

From Eq. (A.3) and Eq. (A.5), it follows that

cogkxm (2% cos#;))
al

"
h

COSKXm COSH;)

coy KkXm COSH#j + Xm

coy kxm cos#j + (mh)——)
coy kxm cos# + 2nm ):

Hence,8 X, 2 E,
cosKXm COs#i) = cogkxm COS#;):

From Eq. (A.2) and the above result, it follows that the matrix Qp hasat leasttwo identical
columns and therefore is rank de cient.

Sincejcos#; cos#;j 2, the result stated in the above proposition is signi cant when
2 2 o
on | and therefore, when the meshresolution is lessor equalto 2 elemerts per wave

k
length (n = 1) | and when the augmenation coarseproblems contains two directions
and j for which cos#; = cos#; (n= 0).
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