Real Analvsis, Math 821.
Instructor: Dmitry Ryabogin

2228 RORED A.LLI..

1. Problem 1. a) Compute the Hardy-Littlewood maximal function M1y (z), of the
characteristic function of segment [(, 1].

b) Let f(z) =z '(logz)~% if z € (0,1/2), and zero on the rest of R. Prove that f is
integrable. On the other hand, show that J\/[f(x) > |2z log(22)|7Y, if z € (0,1/4). so0
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¢) Assume that both f and M f are integrable on R™. Prove that, flz) =0 almost

everywhere.

Hint. Show that there exists a constant ¢ = c(f) such that Mf(z) > o(f)|z|™

whenever z is sufficiently large.

2. Problem 2. Let f(z) = 1 if z € [0,1], and zero otherwise. Define h,(z) :=
SUppen 1°f(nx). Prove that
a) he is integrable on Rif ¢ € (0,1).
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¢) he is not in weak-type L if ¢ > 1.

Hint. For a.e. z € R, h.(z) = E Lty m) ()0

3. Problem 3. Tor any set £ C R?, the boundary 9F of E is, by definition, the closure
of F minus the interior of E.
a) Show that £ is Lebesgue measurable whenever m(9F) = 0.

b) Suppose that £ 18 the Union of a (possibiy uncouniabie) CoLECTION oI ClOSed s
in R? whose radii are at least 1 and at most 2. Use a) to show that F is Lebesgue
measurable.
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aana, if m(dﬁ,) > 0, then the Lebesgue theorem gives 1 for almost all T € dE

¢} Show that the conclusion of b) is true even when the radii are unrestricted.
d) Show that some unions of closed discs of radius 1 are not Borel sets.
Hint. What if all the discs touch the straight line?

4#Problem 4. Let f be periodic with the pericd 1 and Lebesgue integrable with respect
to the Lebesgue measure on [0, 1]. Define the Riemann sum

fulz) = %;f(:c + ;-’j!), neN.
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I OTOBE & BEeqUSnee ( foniz)) )=z converges almost everywhere to A = }/ flaidx
bv completing the following steps.

a) Assume that f > 0. Show that sy f(x) := supycp<y for(2) is in weak type. Mors
precisely, prove that

YAS 0 Am(Ey) < / f@)de,  Ey:i={z € [0,1]:snf(z) > A}

Hint. Define E, = {z € [0, 1] for(a £)> A}, 0<n < N, NN, and observe that
By = U\, By = UL\ Ay, Ay = Ey, A, —F, \(anE) n=0,.,N-1

where A,L are disjoint. Prove that all A, are periodic with period 27", and conclude
that

/ f(x)dxzf fon(@)dz > Am(A,).

This imphes N).

b) Letting Iv — 00 PIove uia

1
am{z €[0,1]: sup fan(x) > A}) < ,/ Fa)de
ne{0UN

¢) Define ®(z) := lim, . fon(z). Prove that ® has arbitrary small periods, hence
®(x) = const almost everywhere. ‘ :

Hint. Use Problem 1, d) of Assignment XI.
d) Prove that ® < A by taking any A < ®. Conclude that ® = A.
Hint. Replace f(z) by —f(z).

J) Show that in fact any sequence\( Jmn ()22, converges to A almost everywhere,
provided my,..1 divides m,,.

J) Find an integrable periodic function f such that a sequence of hiemann sunis
(fu(z))e2, diverges almost everywhere.

Hint. Assume (do not prove) that for every irrational z there are infinitely many
integers n such that [z — m/n| < 1/n? for some integer m.

Fix 0 < a < 1/2. Take f(z) = |z|~'" for |z| < 1/2, and define f(z) for all other z by
periodicity. Then f(z —m/n) > f(1/n?) = n?72% so f.(z) > ni~2




