Real Analysis.
Instructor: Dmitry Ryabogin

Assignment VI.

1. Problem 1. [o, M‘g
a) Let u be a measure on X, f : X — [0, 00]" be measurable ff Ydp = ¢, where

0<c<oo,and > 0 be a Constant Find
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Hint: If o > 1, the integrands are dominated by «.f(z ) It O < o< 1, Fatou’s lemma,
g?g > Qﬁ can be applied. e )
K b) Put f,(z) := 1a(z) if nis odd, and f,(z) :=1—14(x) if n is even. Show that strict
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d) Does
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lim —/log (1 + 6”f<“))d:c
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exist for every real f € L([0,1],dz)? If it exists, what is it?

2. Problem 2.

a) Let u(X) < oo, (fn)$2, be a sequence of bounded measurable functions on X.
Assume also that f, — f uniformly as n — oc. Prove that

Jim fn Jdp = / J(@)dp,

and show that the hypothesis “u(X) < c0” can not be omitted.
Hint: Take X = R, p1 - Lebesgue measure, f, (1) = 1[_,2 2 (z)/n.
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Definition. Let p be a measure on.X. We say that a sequence of integrable functions

(fn), converges to integrable f m(Ll,{kX p)-sense, if for any € > 0 there exist a natural
g7 ‘,

N = N(e), such that Vn > N we have - )(re% ey
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b) Construct a sequence of integrable on [0, 1] functions (f,,)52, satisfying

lim £, () =0 Vz € [0, 1], / fula)ldz < C vn,

n—oo
[0,1]
but such that the sequence does not converge in L'([0, 1], dz).
Hint: Consider f,(z) := nl(o1/n))-
c¢) Construct a sequence (f;)72; of continuous on [0, 1] functions, such that

0< filz) <1, mn/n

k— o0

but such that the sequence converges for no z € [0, 1].
Hint: Consider fi(x) defined in Assignment IV, Problem 4, b).

Problem 3. Let E;, i = 1,...,n be measurable subsets of [0, 1] such that every point
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xr € [U lJ Delongq to at ieast q sets L’/l, q Q 7. I’I’OVG‘ EﬂaE Lnere LXISEb l SUCH U’ldE
m(E,) > q/n.
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. Problem 4. Let f(z) be bounded on [0, 1]. Prove that [ fff der =0Vce [0 1] implies

0
f(x) = 0 almost everywhere. Thw m’l w @ g@,ﬂ,@
Hint:
a) Observe that for any open interval (a,b) C [0, 1] we have

/bf clx——/a f(z)dz =0,

and the same is true for any open set.
b) Prove that the same is true for any closed subset of [0, 1].

c¢) Prove that the same is true for any subset X := U F; C [0,1] of type F, (a set X
is called of type F, if it is a union of countably many closed sets). To do this, assume
at first that F; C Fiy; (otherwise put Fy = FyUF,, Fy = F{UFRUF;,.., F; = U Fy).
Then observe that

X=FRUHB\FR)U(F\FR)U. U(F\F)U




