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1. Problem 1. box Ry

a) Is it possible to construct f(z), z € [0, 1], such that f’( ) = D( )2 Here D(_ ) i ,/
/f/(}(s) Ehm% X F o

for z €[0,1]NQ, and D(z) =0 for z € [0,1]NR\ Q. spors AR
e Hint: Prove the Darboux Theorem: If f(x) is dzﬁerentzable on [0,1], then YC € .
Con* p e [F(0), /()] there exists © € [0, 1] such that f'(z) = C.

G f,(:g b) Construct a function f(z) on [0,1] such that f'(z) exists at every z € [0,1], (and
+ bounded), but f(z) is not continuous for every x € F, where F C fO,l} is closed,
nowhere dense inf ' =0,supF =1, and m(F) > 0.  (leck popertves for
Hint: Define )

f(z) = (x — ay)*(x — b,)?sin z € (ap, by),

(b = an) (2 — an) (2 — bn)’

where [0,1]\ F' = U2, (a;, b;), and f(x) = 0 otherwise.
) Construct a continuous function f on R which is not differentiable at a any point. (e
Hint: Put ¢(z) =z, z € [ 1], and ¢{z) =2 -z, z € [1,2] Define ¢0(x) = ¢(z),

x € [0,2], and ¢p(x +2) =

a) Fix any € R and any m € N. Observe that there ex1s'ts k € Z such that k < 4my <

k+1, and put oy, := 47"k, By :=47"(k +1). Prove that |¢o(4"5,,) —

b) Conclude that |f(8,) —

for n > m, and |¢(4"Bp) —

Go(4" )| = 477 for n < m.

(bO (4nafm) t - Oa

flam)| 2 1/2(3/4)™,

and show that f is not differentiable

at x
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2. Problem 2. a) Let f(0) =0, f(1) =5, f(z) =1—=, for z € (0,1). Use definition to

(w- =y >0  find the total variation of f(z) on [0,1]. 7] Ld 1
i ?:,4/*;1“ » ,,,w'

f (5 \CM Y b) Write out f(z) = cos?z on [0, 7] as a difference of two increasing functions. ™ _ - L
| | 7¢) Let flo) =22 2 €[0,1), f(x) =z +3, 2 € (1,2], f(1) = 5. Check that V2(f) =
LB V() + VR(F). Write out f(z) as a difference of two increasing functions.

3. Problem 3. a) Let f . V()l(lﬂ) < 0. Is it true that %1 (f) < 00 ? S
b) Let f be continuous on [() 1], and such that V{' (| f|) < oo. Prove that Vl(f) < o0.
Hint: Use the mean-value theorem
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4. 'Prcblem 4%*,
“is not Holder” for any o > 0, (f is said to satisfy the Holder condition for some o > 0
on [a,b], if there exists a constant K > 0 such that 7

Z CpScl [ fs B e
@) = F)] < Klo = i),

; ,)ci‘ei

Vz,y € la,b],

Hint: Take [a,b] = [0,1/2], and f(z) = —1/logz, z € (0,1/2], f( ) :’“0.@«

b) Construct an example of a continuous f(z) on [a,b], such that V'(f) =
“is Holder” of the given 0 < o < 1.

Hint: Let (a;)2, be such that a; > a;1; > 0 and Z a; = A. Put f(z) =0Vz = a1, a1+
=1

ag, a1+ ag+as, ...,; f(z) = 1/n at the point a1+ G2+ Qo+ G 1+an/2 n—l 2,3,.

' f(l) = 0, and make f to be linear on any segment of the type [Z a;, Z a; + an/2]
n—1

(> a; +an/2, Z a;], and on the segments [0, a1/2], [a1/2, a1].

i=1 i=1

To show that f “is Holder” of the given 0 < o < 1, take a,, := n~"/®, and consider two
cases, 1) points My (z1,y1), Ma(xs,y2) belong to “the same” part of the graph of f(z),
2) points My (x1,y1), Ma(z3,ys) do not belong to “the same” part of the graph of f(z).

. Problem 5. a) Let (fn(x))$2, be a sequence of functions having bounded variation
on [a,b]. Assume also that S VP(f,) < oo, and f,(a) = 0, ¥n € N. Prove that the

n=1

series > f,(x) is convergent Vz € [a,b], and V(S £,) < 32 VA(fa).
n=1 n=1

b) Let (fu(x))22 ’
[a, b].

; be a sequence of continuous functions having bounded variation on

o0
Assume also that the series Y f,(z) converges uniformly on [a,b]. Is it true
n=1

that V(3 fa) < o0?
n=1

Hint: Consider (f,(z))52, on [0,1], fu(z) := sin(nm(z(n+1)—1))/non [1/(n+1),1/n],
fn(z) :=0o0n [0,1]\ [1/(n + 1),1/n]. You may also use an example from Problem 1,

c*) Construct a function f, which is of bounded variation on any finite segment (and
hence is a difference of two monotonic functions), but, nevertheless, is not monotonic
on any segment.

Hint: Let ¢o(x)
min(¢g(z),

fe BY, =

= |z| for z € [-;01/2, 1/2], ¢o(z + 1)
8~™). Consider f(z) := ;02"”@1(8”:17).

Wﬂ‘ ) <f ,,,,,,,,,, ~

= ¢0($)a and let d)n(x) =

f
|
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a) éonstruct a continuous f(x) on [a, b] such that V2(f) < oo, but f(g;)
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