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ale with respect to the infor-
1sF” price changes AS, ?
bilities given in (86)
Dp+(-D(1-pl, @

i§ the expectation of AS, , the
time /[, . Clearly, if p =1/2,

L] = S[k~1’ (88)
With respect to the informa-
with respect to this particular

rtingale with respect to {7, }.
y K

S, +(1=2p)] (89)

+D, (90)
16

»f an uptick at any time ¢; is
»wntick for a particular asset,
sbserved trajectories:

O1)
L —(1=2p), (92)
> St (93)

hat {S, } is a submartingale.

onditional on past {Z, }, will equal

8 Martingale Representations

Now, as shown earlier, we can write

s, =—(1-2p)(k+ 1)+ Zy,» (94)
is a martingale. Hence, we€ decomposed a submartingale into
two components. The first term on the right-hand side is an increasing

deterministic variable. The second term is a martingale that has a value
of S + (1 —2p) at time f The expression in (94) is a simple case of

Doob-Meyer decomposition.”?

where Z;,

8.2.1 The General Case

The decomposition of an upward-trending submartingale into a deter-
istic trend and a martingale component was done for a process observed
points during a continuous interval. Can a similar de-
ly observed

min
at a finite number of

composition be accomplished when we work with continuous

processes?
The Doob-Meyer theorem provides the answer to this question. We state

the theorem without proof.
Let {I,} be the family of information sets discussed above.

THEOREM: If X/, 0<it<ooisa right—continuous submartingale with

respect to the family {I,}, and if E[X,] < oc for all ¢, then X, admits
the decomposition
X, =M+ A, (95)

where M, is a right-continuous martingale with respect to probability P,
and A, is an increasing process measurable with respect to I,.

This theorem shows that even if continuously observed asset prices con-

tain occasional jumps and trend upwards at the same time, then we can coni-
bserved as of time 7.

vert them into martingales by subtracting a process 0
If the original continuous-time process does not display any jumps, but

is continuous, then the resulting martingale will also be continuous.

8.2.2 The Use of Doob Decomposition
The fact that we can take a process that is not a martingale and convert
it into one may be quite useful in pricing financial assets. In this section we

consider a simple example.
me t €[0,T]is continuous. The value of a call

We assume again that ti
option C, written on the underlying asset S will be given by the function

Cp = max[Sy — K, 0] (96)

at expiration date T.

1This term is often used for martingales in continuous time. Here we are working with a

discrete partition of a continuous-time interval.
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According to this, if the underlying asset price is above the strike price
K, the option will be worth as much as this spread. If the underlying asset
price is below K, the option has zero value.

At an earlier time £, ¢ < T, the exact value of Cr is unknown. But we
can calculate a forecast of it using the information I, available at time t

E"[Cr|1] = E¥[max[S; — K, 0] | 1,], 7

where the expectation is taken with respect to the distribution function that
governs the price movements.

Given this forecast, one may be tempted to ask if the fair market value
C, will equal a properly discounted value of E” [max [S; — K, 0111,].

For example, suppose we use the (constant) risk-free interest rate r to
discount Ef[max[S; — K, 0]|1,], to write

C, = e T DEPImax[S; — K, 0] | 1,]. (98)

Would this equation give the fair market value C, of the call option?
The answer depends on whether or not e™"'C, is a martingale with re-
spect to the pair /,, P. If it is, we have

EfleTCr|C = e"C,, t<T, (99)

or, after multiplying both sides of the equation by e,

EP [e~f<T—f>chc,] =C, t<T (100)

Then e~ C, will be a martingale.
But can we expect e™"S; to be a martingale under the true probability P?.
As discussed in Chapter 2, under the assumption that investors are
risk-averse, for a typical risky security we have

E? [e—*<T-'>STjs,] > S, (101)
That is,
e, (102)

will be a submartingale.
But, according to Doob-Meyer decomposition, we can decompose the

e"Ss, (103)
to obtain ‘
eSS, =A,+2Z, (104)

where A, is an increasing I, measurable random variable, and Z, is a mar-
tingale with respect to the information 1,.
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If the function A, can be obtained explicitly, we can usc the decompo-

sition in (104) along with (101) to obtain the fair market value of a call

option at time 7.
However, this method of asset pricing is rarely pursued in practice. It is

more convenient and significantly easier to convert asset prices into martin-
gales, not by subtracting their drift, but instead by changing the underlying

probability distribution P.

9 The First Stochastic Integral

We can use the results thus far to define a new martingale M.

Let H, , be any random variable adapted to I tl_l.lg Let Z, be any mar-
tingale with respect t0 I, and to some probability measure P. Then the

process defined by

k
Mrk = Mto + thH[Zz,- - Zt,»_l] (105)
i:l

will also be a martingale with respect to I,.
The idea behind this representation is not difficult to describe. Z; is

2 martingale and has unpredictable increments. The fact that H, , 18

I, l-adapted means H,  ar¢ “constants” given [ . Then, increments in

Z; will be uncorrelated with H;_, as well. Using these observations, we

1
can calculate

k
E (M, =M, +E, [}: E, (H,(Z - Zt,.,m]. (106)
i=1

But increments in Z, are unpredictable as of time #;_1.° Also, H,  is
1,-adapted. This means we can move the E,_[] operator “inside” to get
Hti—lEti~l [Zfi - Zti~1] =0.
This implies
E,, [M,k] =M, (107)
M, thus has the martingale property.

given the information in I;_j» that the value of

18We remind the reader that this means,
H,  wil be known exactly.

9Remember that E,O[E[HH] =E,['l




