Skorohod integration and stochastic calculus beyond the fractional

Brownian scale

Oana Mocioalca Frederi Viens
Department of Mathematics Department of Statistics

Purdue University, 150 N. University St.
West Lafayette, IN 47907-2067, USA

oana@math.purdue.edu, viens@purdue.edu

April 8, 2004

Abstract

We extend the Skorohod integral, allowing integration with respect to Gaussian processes that can
be more irregular than any fractional Brownian motion. This is done by restricting the class of test
random variables used to define Skorohod integrability. A detailed analysis of the size of this class is
given; it is proved to be non-empty even for Gaussian processes which are not continuous on any closed
interval. Despite the extreme irregularity of these stochastic integrators, the Skorohod integral is shown
to be uniquely defined, and to be useful: an Ito formula is established; it is employed to derive a Tanaka
formula for a corresponding local time; linear additive and multiplicative stochastic differential equations
are solved; an analysis of existence for the stochastic heat equation is given.

1 Introduction

The purpose of this paper is to establish a stochastic calculus for processes that may have longer-range
negative interactions than even fractional Brownian motion (fBm) with small Hurst parameter H (see next
section for definitions). This general class of stochastic processes will encompass fBm with H < 1/2, and
more generally any class of Gaussian stochastic processes defined by any given scale of almost-sure uniform
continuity that is bounded below by the modulus of continuity of Brownian motion. For processes that are
not less regular than Brownian motion, a different construction could be used, which we do not discuss here.

The topic of stochastic calculus, which originated more than sixty years ago, with legendary associated
names such as Levy, Ito, Stratonovich, saw a renewed interest in the late eighties, when, for example, a
study of stochastic integration of non-adapted processes with respect to Brownian motion first appeared
in [15] in the context of two-sided integration, and subsequently in [14] a general theory of anticipating
stochastic integration was developed using the connection to Skorohod integrals. Our work inscribes itself
in this context, which uses as its main tool the Malliavin calculus (see for example Nualart’s book [13] on
the topic).

The most recent trend in Malliavin calculus has been in the study of fBm, anticipating stochastic inte-
gration being particularly well-suited for the study of this process whose increments are not independent,
but can still be represented using standard Brownian motion. The theory of stochastic calculus for fBm is
becoming relatively solid, whose main results include Ito formulas (the chain rule for non-random functions
of fBm) which can be found for example in [1] and [2]. Other approaches to stochastic integration w.r.t.



fBm include the so-called Russo-Vallois integral, with recent stochastic calculus results in [12] and [11].
However both approaches have had difficulties in establishing the Ito formula, which is the cornerstone of
the stochastic calculus, particularly when the fBm’s regularity, as measured by its Hurst parameter H, is in
the range H € (0;1/4]. The Russo-Vallois integral has a limit of H > 1/6, according to the recent results
of [11], despite some intriguing results for a special version of the Russo-Vallois integral in [11] in which no
restriction on H is needed. On the other hand, Cheridito and Nualart propose in the preprint [6] a new,
relaxed way of defining Skorohod integration which results in an Ito formula with no restriction on H > 0.
The idea is to restrict the space of test random variable needed to define the notion of Skorohod integrability.
It is this idea which we adopt here. Our techniques and tools differ significantly from the preprint [6] by
their increased simplicity (freeing ourselves from the use of fractional integrals and derivatives), and by their
scope (going beyond the Holder regularity scale, including even unbounded integrators). Lastly we mention
the only other work which proposes an Ito formula for fBm with H < 1/4: that of [3], which is in the context
of white noise calculus, and also uses fractional integrals and derivatives crucially.

We begin our study in Section 2 by proposing a basic and wide class of Gaussian processes which contains
processes very close to fBm, as well as processes which may be much more irregular than fBm, including
processes that are neither uniformly continuous nor bounded. Section 3 shows briefly how to define Wiener
integration w.r.t. our processes, and gives a detailed account on how to approximate the filtrations generated
by our processes. Before establishing the Malliavin calculus, Skorohod integration, and the Ito formula for
our processes in Section 5, we take some time and effort in Section 4 to evaluate the precise size of the
Hilbert spaces on which our test random variables will be constructed; this is particularly important since
there is no a priori guarantee that the spaces will not be empty, which would result in a failed definition of
the Skorohod integral. As applications of the Ito formula (Theorem 31), we establish a Tanaka formula and
discuss related issues for the local time of our processes in Section 6. Then we solve some simple finite and
infinite-dimensional stochastic differential equations in Section 7. These last two sections of this article are
meant as an illustration of our theory of Skorohod integration: we do not seek the most general results that
may be readily available at this stage, as we hope to encourage further research on the topic.

We are grateful to a wise question of Michael Réckner which lead us to include Subsection 3.2 and the
uniqueness result for the Skorohod integral.

2 Gaussian noise with arbitrary correlation

2.1 Definition

We begin by considering a class of Gaussian processes that may have arbitrary correlation between incre-
ments. First recall the scale of fBm is defined as the class of centered Gaussian processes B on R such
that with H fixed in [0,1], B¥ (0) = 0 and E|B(t) — BH(s)|?> = |t — s|?". It is natural to generalize this
class as follows. Let « be a continuous increasing function on R or possibly only on a neighborhood of 0 in
R, such that limgy = 0. The most naive idea is to attempt to define BY to be the Gaussian process such
that

E|B7(t) = B"(s)]* = v*(|t - s)),
B (0) =0.

However, the corresponding process may not exist because, depending on the exact form of y, its covariance
function may not be of positive type (symmetric and non-negative definite). Therefore, for any fixed v as
above, we will be satisfied with finding a Gaussian process B such that the following hold:

(i) defining the canonical metric § of B on (R4)> by
5 (s,1) == E|B () — B (5))°



and denoting that two functions f and g are commensurable (f < g) if there exist positive constants
¢, C such that cg (z) < f(x) < Cg(z) for all values of a common variable x, we have

§(s,t) <y (|t —sl);
(ii) B(0) =0.
It is most comforting to assume that B can also be taken to satisfy the following:
(iii) B is adapted to a Brownian filtration.

If 7 (r) > r for all H > 0 then neighboring increments of B are negatively correlated, and the range of
correlation is longer than for any fBm. Consider for example the following choice of v: 72 (r) < (log %)71.
It is worth noting that by Gaussian regularity theory (see [18] for example), the corresponding process B is
not almost-surely uniformly continuous. We will analyze this and other examples in more detail below.

Proposition 1 Let W be a standard Brownian motion on Ry with respect to the probability space (Q, F, P)
and the filtration {Fi}1>0. Assume ¥? is of class C* everywhere in Ry except at 0 and that dvy*/dr is
non-increasing. The following centered Gaussian process satisfies conditions (i), (i) and (iii) with respect
to {Fi}t>0: for any t >0,

B(t) = B(t) ;:/O et —s)dW (s) (1)

o\ 1/2
e(r):= (_dE;)) )

In fact the constants ¢ and C in (i) can be taken as 1 and \/2 respectively.

where

Remark 2 The C? assumption on vy is not restrictive in terms of the magnitude of the almost-sure modulus
of continuity of B, and can be achieved without loss of generality given the possibility of multiplying v by a
factor that is bounded above and away from zero.

Remark 3 The modulus of continuity v for a non-Lipshitz function v(r) satisfies lim,_o(dy/dr) = +o0.
Thus, we can assume, again without loss of generality, that dvy/dr is decreasing. Moreover, since we are
aiming to study processes that are less regular than Brownian motion (for which «* (r) =), we can assume
without loss of generality that dvy?/dr is non-increasing.

Proof. (of the Proposition). Assume ¢ > s. Then

2

E(Bv(t)—Bv(s))‘Z—E</Os[a(t—r)—a(s—r)]dW(rH/ 5(t—r)dW(r)>
_ [ —r) —e(s—r)dr t2—rr
7/0[8(15 )—e( )]d—l—/se(t )d
:/0 e(t—1) —e(s—r)2dr++2(t —5). 2)
because [ €2 = 42, Thus it is sufficient to show that

/OS[E(t—r)—s(s—r)]2dr<72(t—s).



We calculate

/S[e(t—r)—e(s—r)]2dr
0

(1) =2 (= 8) + 42 (s) —2/ V= (5 = 1dr.
0
We assumed that €2 is non-increasing, so that
/ [e(t—r)—e(s—r)>dr
0

S72(25)—72(25—8)+72(8)—2/0862(25—7“)657"

=72 () =7t =)+ (5) =2 (V2 () =~* (t — )
=72 (t—5) = (v (t) =7* ()
S’YQ(t_S)v

which finishes the proof. m

Stochastic integration with respect to the increments of a process B defined by the previous proposition
can be achieved by means of the Malliavin calculus, as we will see below. The first step, however, is to
understand the Wiener integral with respect to B, and indeed much work can be achieved without stochastic
calculus, using only the Wiener integral, including linear additive stochastic evolution equations (see Section
7.2); the range of the Wiener integral (see paragraph 3.2) is even crucial in the development of the stochastic
calculus (see proof of Proposition 28). Before covering these integrals, we conclude this section with some
remarks on fBm.

2.2 Relation to fractional Brownian motion

The fractional Brownian motion B, defined in the previous section, is a process that also satisfies properties
(i), (ii), and (iii). However, it does not quite satisfy a representation formula (1). What we have shown
above is that by letting 7 (1) = vz (r) = r¥, we have constructed a process B"# whose covariance structure
is commensurate with that of fBm, which is to say that it shares the same regularity properties as fBm,
and several other crucial properties ((i), (ii), (iii)); however, B is arguably easier to work with in terms
of stochastic calculus than fBm. This is an indication that for any other fixed v, B is a good choice for a
process with covariance structure satisfying (i). A reader who is familiar with the technicalities inherent in
the use of fractional integrals and derivatives needed to establish stochastic calculus for standard fBm, may
appreciate the ease with which we establish the Ito formula and other results in this article.

Our process BY# shares another important property with standard fBm: that of self-similarity, a.k.a.
the power scaling property. We recall the relevant concept before stating the result.

Definition 4 A stochastic process X defined on Ry is said to be self-similar with parameter H if for any
a >0, the law of {X (at) : t € Ry} and the law of {a® X (t) :t € Ry} are identical.

Proposition 5 B is self-similar with parameter H.

Proof. By construction, B"¥ is a separable Gaussian process. Therefore, we only need to check the
self-similarity property on the first two moments of the finite-dimensional distributions of BY#. In other
words, we need only to check that if f is a polynomial of degree 2 on (R,)™ and t1,--- ,t,, are fixed times,
we have

E[f (B (aty), -+ ,B" (aty,))] = E [f (a"B™ (t1),--- ,a" B (t,,))] .



Since B7H is centered, it is thus sufficient to check this equality for monomials of degree 2. Equivalently, we
can calculate, for 0 < s < t fixed, the following two second moments:

o2 :=E [BVH (t)Q] and §(s,1)% = E [(B™ (1) — B™ (s))?] .
We get by definition of ¢ that 02, = foat g% (at — s) ds = a**7 = a*" o}, which is the self-similarity property

for this moment, while for the other term, the calculation in the proof of the previous proposition yields
immediately from (2):

as
§ (as,at)® = / e (at —r) — e (as — r)]* dr ++2 (at — as)
0
s 2
- / 2H [(a(t =) = (a(s =) adr + (a(t - 5))*"
0
s 2
_ 2H [/ OH [(t _ r/)QH—l C(s— r/)QH—l} dr' + (t — 8)211]
0
= a?M§(s,1).
This finishes the proof of the proposition. m
With so many shared properties between standard fBm and our process B¥ |, one may ask what difference
there is between the two processes. It is well-known (see for example [16]) that fBm is the only stochastic
process with finite variance that is self-similar with parameter H and has stationary increments. Therefore

B7H cannot have stationary increments. Of course, we can easily calculate by how much the increments of
B7# fail to be stationary. We record this in the following

Remark 6 Standard fBm BY has stationary increments in the sense that for all s,t,h € R,
H H 2 H H 2
E[(B (t+h) — BH (1)) } :E[(B (s +h) — B (s)) }
The proof of Proposition 1 (line (2)) shows that
1
SE[(B (s +h) =B (s))ﬂ <E {(B‘YH (t+h) — B™ (t))ﬂ < 2B [(BWH (s+h) — B (s))ﬂ

In other words BYH only fails to have stationary increments by factors no greater than 2.

3 Wiener integral with respect to B”

3.1 Definition

Let (B7 (t))¢cjo,r) be the centered Gaussian process defined by its Wiener integral representation as in (1).
We can formally take the differential of (1), to get

dBV(t)—dt/ts’(t—s)dW(s)+s(t—t)dW(t).
0



However, we are well aware of the fact that € (0) = +00. Thus we formally perform the following transfor-
mation to properly define the Wiener integral: for a deterministic function f

/f t)dB (t /dsf / "(s—r)dW (r /f (s 8)dW (5)
:/ds/ (f(s) = f(r)e (s—r)dW (r)
/ds/f (s—=r)dW (r /f c (s — ) dWW (5)
:/0 ds/o (f (s) = f(r))e (s =) dW (r)

+/Otf(7‘)dW(r (e(t—r)—ce(r—r) /f (s —s)dW (s)

= [t [[G@ =100 G=naw )+ [ rraw e,

This justifies the following definition of the Wiener integral with respect to B”.

Definition 7 Let BY be defined as in (1). Let f be a deterministic measurable function on Ry. We define
the operator K* = K7 on f by

K3f(r) = lf(r)E(T—TH/ (f(s) = f(r)e' (s —r)ds|.

if it exists. If K3 f (-) is in L? (dr) then we say that f belongs to the space L?v ([0,T7), and we denote

1 =15 oy = [ [ 0e@ =+ [0 =rene s =ras

This L% is the so-called canonical Hilbert space of BY on [0,T]. We will also denote it by H. For any f in
‘H we define the stochastic integral of f with respect to BY on [0,T] as the Gaussian random variable given

by
/f 1) dB (¢ /dW VEF(r).

2

dr.

3.2 Sigma-fields

Let Fr be the sigma field generated by our Brownian motion W up to time 7. Let Gr be the sigma field
generated by all the Gaussian random variables fOT f(#)dBY (t) for f € H. By the previous definition, we
immediately have Gr C Fp. The converse inclusion does not seem to hold. To give an idea why, and in
order to introduce the result we can actually prove in this subsection, consider the following. If the opposite
inclusion did hold, we would have for each ¢ € [0, T'] the existence of a function f € H such that K*f = 1j9 4.
Assume ¢ is fixed and strictly positive. Let g be a function in L?([0, 7). Consider the function f in L?([0,T7])
defined by

f(r)=g(r)liqg(r).

For r > t we clearly have K*f (r) = 0. For r < ¢, we have
t T
K*f(ry=g(r —l—/ e (s—r)ds—/ g(r)e' (s—r)ds
t
=e(t—r)g +/ r)]e (s —r)ds.



This shows that K*f does not depend on T'. Note as a consequence that (G;), is a filtration, the natural
filtration of B". B

It would remain to show that g can be chosen so that the last expression above is equal to 1 for all r» < .
We can rewrite this equation as Lg = g where L is a linear operator defined by

Lg = fo+ Log
where for all r < ¢,
fo(r) = ﬁ
Log (1) = =5 [ o) =g (a))¢’ (s =) s

Thus we need to solve a fixed point equation. Unfortunately it does not seem possible to show that the
operator L is stable over any Banach space of functions. Alternately, one easily checks that for general
the Picard iteration based on the above fixed point equation yields a diverging term after three iteration,
even if the initial function fy is in Cy°, as is the case for the function fy above.

Abandoning this negative situation, we now establish positive results in the direction of approximating
the field Gr generated by B?Y. These results will be crucial in the sequel. For any function g € L? ([0, T]) we
define g (k) as its k-th Fourier coefficient, so that with ey (x) = exp (27TT’1ik) the following equality holds
in L2 ([0, T)):

g(@) =Y g(k)ex(x).

keZ

Lemma 8 Let ¢ be as in Proposition 1. For all  in a neighborhood of 0, let E (z) = x~! [ e (s)ds. Let
FF be the Banach space of functions defined by

FP = {9:96 L2((0,T); > 1§ (k)| E (1/k) < OO}-
keZ

For every g € FP, there exists a sequence (gn),, of functions in C;° such that lim, g, = g and lim, K*g, =
K*g where the limits hold in L* ([0,T7).

Proof. Without loss of generality we assume T = 27 to simplify the notation. We use g, (z) =
2 iki<n 9 (k) ex (z). The L2-convergence lim,, g, = g follows by definition. Moreover we have

K" (9 =gn) (r) = G1(r) + G2 (r)
where G1 (1) =e (T —r) (g — gn) (r) and
T
Gs(r) = Z et*rg (k:)/ (eik(sf’”) - 1) e (s —r)ds.
|k|>n+1 r

For the first term we have

/0 |G1<r>|2drs/o e Y gk et dr =21 3 13 (k)

|k|>n+1 [k|>n+1




which converges to 0 by the definition of F'Z since for small z, E (x) > ¢ (z) > 1. For the second term, we
bound |e“"” — 1| above by 2 for > 1/k and by kx for x < 1/k, yielding

T

/TT (ez’k(s—r) - 1) e'(s—r)ds < /01/’C ks e’ (s)| ds + 2/1/k I’ (s)| ds
k l—%e <%> +/01/k6(s)ds] —2e(T) + 2¢ (%)
<

<E(1/k)+e(1/k) < 2E(1/k).

Therefore
2

/O Gy (Par<T| 3 la)2E/E) |

|k|>n+1

from which the lemma follows, again by definition of F¥. m
The proof of the next proposition requires the use of a sharp summability lemma introduced in [18] in
the context of Gaussian regularity theory.

Proposition 9 Let G™ be the sigma field generated by the random variables {fo r)dBY(r): g€ C’,‘fo}.
Then G = Gr.

Proof. It is sufficient to show that for any fixed g € H the Gaussian variable fo g(r)dBY (r) =
fo K*g (r)dW (r) is the limit in L? (Q,FT, P) of Gaussian variables of the form fo gn (1) dB7 (r) for g, €
Cg°. The Gaussian property implies that it is sufficient to show K*g,, converges in L? ([0,7]) to K*g. By
the previous lemma, it is sufficient to show that g € F¥.

Since g € L? ([0,T]) we can decompose g into a Fourier series; we will do so by extending g into an even
function on [-T,T1], so that its Fourier series contains only cosine terms: g (r) = Y po, ax cos (2rkr/T).
Since FF is a vector space, by decomposing ¢ into the sum of its Fourier terms for a; > 0 and the sum for
ar < 0, we can restrict ourselves to ax > 0. Moreover note that since g € H, the function

T
m/ (9(s) — g (M) < (s - r) ds 3)

is in L2 ([0, 7). This means that for almost all r, the function g has to be (Hélder-)continuous at r in order
for the above integral to converge. We assume without loss of generality that » = 0 is such a point: otherwise
the Fourier analysis in this proof just needs to be shifted around an r # 0. Hence the formula

6%(r) == g(0) —g(r) = Y ar (1 cos (kr)) (4)

k=1

defines a canonical metric function in the sense of [18]. Theorem 2 therein implies that for any continuous
decreasing function h in a neighborhood of 0 such that fo h < oo,

iakh (6% (1/k)) < o0
k=1

It now suffices to show that there exists a function h as above such that h (62 (z)) > E (z) near 0. We



rewrite the integral in (3) for r = 0:

T T
oo>/0 (9(s) — 9 (0)) €' (s)] ds —‘/ 52 (r) €' (s)] ds

T
lién 6% — 82 (T) e (T) + /0 d(6%) (s)e (s)|.

where the last integral can be understood in the generalized Stieltjes sense. We leave it to the reader to
check that the last limit above is zero. The formula (4) defines §2 as a continuous increasing function in a
neighborhood [0, @] of 0. In particular we get

oo > /Oa d (8°%) (s)e(s) = /052(a) € ((52)_1 (u)) du.

Therefore we have found a decreasing continuous integrable function h on (0,«a]: h(u) =¢ <(52)71 (u)), ie.

for all z near 0

h(6%(z)) =e(x).

The last step in the proof is to show that E (z) < 2¢(x). Since €2 is integrable at 0, we can assume
without loss of generality that €2 (z)z is increasing near 0. This means 2¢ (z) &' (z) x + €% (x) > 0, which
implies for all x near 0

e’ (=)
e (2)

1
< —.
— 2z

Thus we have

/Ows(r)dr>2/0$|€/(r)|rdr——25(x)x+2/0w5(r)dr

which implies

/wE(T)dTSQE(J})JI.
0

This is exactly the statement that E (z) < 2e (z), which finishes the proof. m

4 The canonical spaces H and H»

The above notion of Wiener integral, apart from being defined only for non-random integrands, has the
additional uninviting property that it is only defined for members of #; we will see shortly that this canonical
space is uncomfortably small, since it may not even contain C'/2 when ~ is very irregular. This implies that
there should be no hope of defining stochastic integrals of standard processes such as semimartingales, or
even standard Brownian motion, with respect to BY. However, when integrating a random function, the
notion of Skorohod integral can be extended to include such processes, and many more, including B” itself.
In this section, we prepare the field by defining a new space of test functions.

Definition 10 Let us fiz the time interval [0, T], with T < 1. We define the operator K2 to be the adjoint
of the operator K in L*([0,T]). We denote by H the set

H = (K3)7 (L*([0,T))



and by Ha the set:
Ha = (K3)7H((K3) 71 (L*([0,T7)).

Note that this new definition of H coincides with H = L%, introduced previously as the domain of the Wiener
integral.

Remark 11 The space H endowed with the inner product
< f,9>u=< K f, KJg >r2(j0,1))
is a Hilbert space.
Remark 12 Observe that if we denote by H' = {f € L*([0,T]), K> f € L*([0,T]) then by definition
< K3 f,9 >0, =< f, K39 >r2(j0,1])>
for every f € H' and g € H.

Next we study the richness of the spaces H, H', and Ho by showing that these spaces contain sets of
functions with specific moduli of continuity.

Definition 13 Let n be a continuous increasing function on a neighborhood of 0 in Ry, with limg4 n = 0.
The space C" is defined as the space of all functions defined on [0, T that admit n as a uniform modulus of
continuity:

o — {f eI0.T]: sup |f(s)— F ()] /n(s—r) < oo}.

0<r<s<T

Proposition 14 If n satisfies

JRICIECIEE ()
then H contains C". Moreover condition (Cy) is equivalent to the following:

(Dy) There exists a positive function h defined and decreasing on a neighborhood of 0 in Ry — {0} such that

Joh < o0 and for small v >0
" h(s)
n(r) = / ds. 5)
(r) 6 (
Proof. For the first statement, for fixed 7, we only need to show that if f € C”, then K f € L2([0,T7).

We treat the two terms in the sum defining K f separately. First observe that if f € C" then f is bounded,
so that by definition of ~,

T T
[ POR@ =i < (11 [ @ = r)dr = (1£1)*2(T) <
0 0

For the L?[0, T]-norm of the second term in K7 f, since there exists a constant C'y such that |f(s) — f(r)| <

Cyn (s — ), we have:

T T
s) — Ff(r)e' (s — r)ds]?dr
LU ) = 100 s = asia
T T 2
SCJ%/O [/ n(s—r)|5’(s—r)|ds] dr
T[ (T—r 2
:C?/O [/0 n (s) |5’(s)|ds] dr.

10



Note that if n is not defined up to 7', we can simply extend 7 as an arbitrary constant by adjusting the
constant C since f is bounded. Now 7 |¢’| is integrable on all of [0, T], including at 0, because of hypothesis
(Cp) and the assumption that ¢ is differentiable except at 0 and 7 is continuous everywhere. This proves
that K*f € L*([0,T7).

To prove the second statement, first note that we can assume that ¢ is non-positive (see Remark 3).
Now consider the following calculation, assuming (Dy,):

[ o erae= [ ([ 1) oy
_/OT (/ST_g'(r)dr> h((gds

= TES—E h(S) S
SRy

T
§/ h(s)ds < 0.
0

This proves (Dy,) implies (C,,). The proof of the converse implication is more technical. However, the result
is less important since, with the first implication, we can already guarantee that C" is contained in H as
soon as 7 is of the form (5). Thus we leave the details of “(C,) implies (Dp,)” to the reader. m

Proposition 15 Let n and C" be as in the previous definition and proposition. Then C" is contained in H’
and the adjoint operator K3 can be explicitly calculated for any f € C" according to

K5 f(@) = F@)(@) + [ 1) = @)@~ )iy = 61 (@
Proof. We will show that for f,g € C" we have

<Gf,9>r20,m)=< f, K39 >r2()0,1)) - (6)

First observe that the left-had side of the equality is well defined, i.e. for f € C" we have Gf € L?([0,T]).
Indeed, if f € C" then fe is bounded hence in L2([0, T']). Moreover |[f(y) — f(z)]¢'(y — z)| is bounded above
by 7 (ly — z|) |¢’ (Jy — z|)| which implies as in the proof of the previous proposition that the second term in
the definition of Gf is in L?([0,T]). Thus we have C" C H'. Now we only need to show equality (6). We
denote by P(T) =< Gf,g >r2(j0,r)) and by Q(T') =< f, K39 >r2(j0,17), then we have

T x
PT) = [ f@a@)e(e) +9(e) | (H) = F@)e' @~ n)dslda
and
T T
QT) = / [F@)g(@)e(T - ) + f () / (9(v) — 9(@)e'(y — )dy)de

and we observe that P(0) = Q(0). Hence it is enough to show that P'(T) = Q'(T) in order to conclude the
proposition. But

P = g [ 1 @a@e@) + 9to) [ (1) - f@) @ - )avlda

— {(T)g(T)=(T) + ¢(T) / F(y) = FT)E (T — y)dy
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while
T T T
1) =55 [ 1@o@eT oo+ 5 [ @) [ (000) @)ty — a)aido
5 T
= [ e e+ 1) 0+ [ @) g (T i
— OO+ [ (0T e+ [ F@olT) ~ S@a@) (T i
— JOO(T) + [ (0@ )izt [ S@o(T) - S (T )
0

where the last equality was obtained by the change of variable T — 2 — x. Therefore by denoting k(z) =
f(@)g(z), it is clear that k € C", so we may write

PUT) = Q(T) = k(T)e(T) +/ [9(T)f(x) = g(T) f(T)|e"(T — w)da — k(0)e(T)

T
/ F@)g(T) — f(@)g(@))e (T — z)dz — / (f9)'(@)(T — x)da

_ +/OT T)]e'( —acdac—/k: ~ 2)da

T
= (K(T) = KO)=(T) + [ [(H(T) = K(@)e(T )} da

0
= (kK(T) = k(0))e(T) + [k(T) — k(2)]e(T — )5
= (K(T) = k(0))e(T) — (k(T) — k(0))e(T) = 0.
The last equality follows from the fact that limgne = 0. To prove this last statement, note that by statement

(Dy) in the previous proposition, we have the existence of a positive decreasing integrable function h defined
on a neighborhood of 0 in R4 — {0} such that

n(r)-/orms)/e(s)ds

Therefore, since ¢ is also decreasing, we get

n(r)e(r):/Ts(r)h(s)/s(s)dsg/OTh(s)ds

Since h is integrable at 0, the function r — fo s) ds tends to 0 when r tends to 0, which proves the claim
that limg ne = 0, and finishes the proof of the proposmon. ]
For the next proposition on the size of Hy, we need the following additional assumption on +.

(A) Assume that near 0, ¢ is thrice continuously differentiable, ¢’ is non-decreasing, and £” is non-increasing.
This can be assumed without loss of generality. Also recall that e(*) has the sign of (—1)k. Additionally,
assume that ¢/’ (¢”)~? is bounded near 0.

(A’) Assume that there exist an « > 0 such that near 0, 7~ = o (e (r)).

Condition (A) will be satisfied in all the examples we will encounter below; it does not reduce the
generality of the scale of processes that we may consider. Condition (A’) reduces the scale only very slightly:
it is satisfied for the full irregular fBm scale for which ¢ (r) =< rf~1/2 with H < 1/2, but it is not satisfied
for € (r) < r~'/2f (r) where f is negligible in front of any power. Given the fact that standard Skorohod
integration is known to allow a stochastic calculus as soon as H > 1/4, we are only really concerned with
the case H < 1/4, and in this sense Condition (A’) is certainly not a restriction.
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Proposition 16 Assume Conditions (A) and (A’). Let ¢ and CS be as the n and C" in Definition 13.
Assume moreover that { satisfies the following condition:

(Ep) There exists a positive function h defined, decreasing, and differentiable on a neighborhood of 0 in
R, — {0} such that [ h < oo and for small 7> 0,

Then Hy contains CS.

Proof.
Step 0. Setup. Observe that for any f € Ho, we have

K3 K3 (o) = K3 (@)oo + [ (K3 1() — K380 o~ )y

In order to show that K**K* f(z) € L*([0,T]) it is enough to show that

/ (K (@) — K2 () (@ — y)dy € L2(0.T]). ()
Indeed,

IS fellpzo,rp < WESF 2o, llEl 2o,y = 1E5 F Il 20,77y Y (1) < o0.

From the proof of the previous proposition, we know that (7) holds as soon as K f is included in C”
where 7 satisfies Condition (C,) or (D). Again, this clearly reduces to requiring that the function J defined
by

T
J () ::/ (f(s) = £ (m) €' (s — ) ds

belongs to C". We must consider, for a fixed pair (z,y), with say = < y, the quantity L (z,y) = J (z) = J (y).
We rewrite L = L1 + Lo + L3 where

Liew) = [ < (s=0)((5)~ 1 @)ds,

T
Ly (2,y) = / (& (s —2) &' (s — 9)) (f () — £ (4)) ds,

Ly (z,y) = (f(y) = f(2) (T —z) —e(y —x)).

Our assumption is that for some constant ¢, which we can take to be ¢ = 1 to simplify the notation, we have
for all r,r’ > 0,

1 d(h/e)
e (|r—r') dr

[f () =) <eC(Ir—r])=c (Ir =) (®)

We only need to show the three L;’s are bounded in absolute value by 7 (y — x).
Step 1. ( is acceptable. It would be well-advised to first check that the function ( defined in
Condition (Ej;) is a bona-fide modulus of continuity function. Since h is integrable at 0, we can assume
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that (—h') (r) < (r’log (r’l))fl near 0. Then since (—h/e) = (=h') /e + he'/e? < (—h') /e we get
(=h/e) (r) < (e(r)r*log (7"1))71. By Condition (A’), we can assume without loss of generality that
e (z) x* is decreasing near 0, so that e (z) az® ! + &' (z) z® < 0, so that we obtain |¢/ (r)| > ae(r) /r.
We can apply this argument to €’ instead of e, since Condition (A’) certainly holds for ¢’. This yields
g” (r) > a2e (r)r=2. This proves that limg ¢ = 0. The continuity of ¢ is trivial given our hypotheses. The
positivity of ¢ near 0 can be obtained as follows. Note that we can choose h so that h(r) > r~“ for any
a < 1, while by the definition of € (since £2 has to be integrable at 0), we must have ¢ (r) < r~'/2; therefore
as 7 tends to 0, h/e tends to infinity faster than r~**/2. Because of the flexibility of choice for h, this
limit can be attained in an increasing fashion, hence (h/¢)’ < 0; the positivity of €”, which is part of our
hypothesis, now guarantees that ( is positive. To guarantee that ( is increasing, we can again invoke the
flexibility on the choice of h, combined with the fact that ¢ = o(1).

Step 2. Estimate for L,. Using the notation § = y — z, the fact that & is non-decreasing, and the
hypothesis (8) on f, we have

Lol < | V8 - ()¢ () dr.

We can split up this estimate for Ly into two pieces:

4 T
Lz (z,y)| < /O (€ (r+0) =€ (r)C(r)dr+ /5 (€' (r+0) =€ (r)C(r)dr
= Lgl ((S) + L22 ((5) .

For the second piece we obtain, using the mean-value theorem and the hypothesis that £ is positive and

decreasing,
T
Los (6 / 5" (1) ¢ () dr = 0 /5 (h/e) (r) dr
=0[(h/e)(0) — (h/e) (T)] < b6 (h/e) () < n(f)

where the last inequality follows from the definition of 1 (d) = f06 h/e and the fact that h/e is decreasing.

To estimate the first piece we need an integration by parts. We write Lo; () = f(;; udv where

= E 0+ -2 0) (55
dv = (h/e) (r)dr.

so that
du 1 e (r)

pr e LU R ")
2

The first term in —du/dr above is negative. The second term is positive and bounded above by 2¢’¢"’ (")~
which is bounded by Assumption (A), say by a constant c¢. Therefore

) 6h
—/ vdugc/—zcn(é),
0 o ¢

i} < im 2 ) (40— ()

. h 2 |6, (T)|
< —
}L}H}) 9 (T) e” (T) ‘

(€' (r+0) —€'(r)).

and since u is negative,

1
e (r)
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We can show that this limit is 0. Indeed, we know h < 1/r. Moreover, using the argument with ¢ in Step
1, we have |¢'| /" < r. The required limit is then obtained since by assumption, 1/¢ tends to 0. Therefore
we have proved

Loy (6) < en(6),
which implies
|L2 (z,y)] < (c+1)n(y —2z).

Step 3. Estimate for Ls;. By assumption (8), using again § = y — x, and also using the estimate
(e/€") (0) < 62 which was proved in Step 1, we have

L~ (2) @50 < (1) 0.

3

By definition 7 (0) = fo(s h/e. Therefore, h/e = 1’ and (h/e) = n". First we can see that 1’ (§) < 1 () /9
because 7 is increasing and concave and 7 (0) = 0, the concavity coming from the fact that n’ = h/e can
be chosen to be decreasing by an appropriate choice of h since ¢ < r~1/2 while h > r~1/2, Next, since 7’
decreases from +oo, we can also assume that —n is decreasing; then by the mean value theorem, we have
n (6/2) — ' (8) > —n'" (§) §/2 which yields —n" (§) < 7' (§/2)2/r. Putting this together with the estimate
on 7’ we get —n’ (§) < 46721 (§/2). Since 7 is increasing, we finally get

|Ls (2,)] < =6%1" (8) < 4n(6/2) < 41 (3).

Step 4. Estimate for L;. By assumption (8), still using § =y — =z,

|L1 (xvy)| =

[ e-ne-s@as

< cen ()

where the last inequality is established by repeating the method of estimation of f06 udv in Step 2.

This finishes the proof of the proposition. m

The previous proposition is crucial in showing that Hs is non-empty (modulo constant functions), which is
a sine qua non condition for the validity of our stochastic calculus below. It will also be of crucial importance
when we investigate the uniqueness of the Skorohod integral below. The next corollary aids in showing how
sharp the previous proposition is, and the examples following show precisely how large we can expect Hs to
be in specific cases of interest.

Corollary 17 Let
~ 1 d (}NL/E,)
C(T) = _E/(T)T (7")

where h satisfies the same hypotheses as h except that foﬁ = +o00. This h can be chosen so that { is a

bona-fide modulus of continuity, and Hs does not contain CS.
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Proof. The proof of the corollary uses the estimates in the proof of the previous propositions. We give
only the main parts of the argument, leaving some of the details to the reader, since the corollary is not used
in the remainder of the paper. First we can invoke the same argument as in Step 1 of the proof of Proposition
16 to justify that with h (ry=r log™* (r’l) we do have (N non-negative, increasing and continuous at 0 with
¢ (0) = 0. Recall then that the dominant term in the calculation of the Hs-norm of a function f is

[ i) - #3500 0 - o) ©)

We will show that f can be chosen in C¢ so as to make the above term infinite for all z close to a fixed Y.
We treat the case y = T'; smaller values of y are treated similarly, although the calculations are slightly more
involved. The dominant term in K7 f(y) — K> f() is

T

/(f(s)—f(w))E’(s—w)ds—/ (F(5)— [ ()’ (s — w)ds

Y

:/y<f<s>—f<x>>e'<s—x>ds.

Since the integral of the above expression, as a function of z in the space L([0,y],&’ (y — x) dx), is required,
by definition of Hs, to be a member of L? ([0, T|, dy) after z-integration, we deduce that the expression must
be absolutely integrable except possibly for a null set of values of (x,y). There exists a function f in C¢
such that for all 0 < z < s <y, |f(x) — f(s)] > (s — z). Thus

Yy , v (B ' y=z [ '
[1r@-t@les-adaz [ (5] o= [ (5
T T € 0 €
_hly—u)
e (y—x)
where the last step is because of the fact that in all cases which we study, ¢’ (r) > 1/r, since we study
only processes B” that are more irregular than Brownian motion. Integrating this last expression against

¢’ (y — z) dz in [0,y] yields infinity by definition of 4. Since this holds for all # and y the expression in (9)
cannot be in L% ([0,T]). m

Definition 18 Let 3 > 0 be fized. Let v be defined by
¥ (r) = [log (1/r)] 7",
so that
e? (r) = Br{log (1/m)] 77"

We call the corresponding process BY, as defined in Proposition 1, the logarithmic Brownian motion (logBm)
with parameter 3.

Note that since v has a singularity at r = 1, it is safe to define logBm only on closed intervals in [0,1).
For larger intervals, simple scaling can be used; for infinite intervals, it is best to modify the behavior of
for large r.

From Proposition 1, we have that the canonical metric § of BY is commensurate with . It is then
well-known that if & (r) := 7 (r) log!/? (r) is continuous, it is almost-surely a uniform modulus of continuity
for BY,i.e. BY € C¢ a.s. In fact this property is sharp: if BY € C¢ then ~ is bounded below by & log /2 ();
this property was established for homogeneous Gaussian processes in [18]; here a slightly modified argument,
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using the estimates in the proof of Proposition 1, can be invoked; we leave this to the reader, since the result
is only tangential to our main results. What we can see immediately is that B” is a.s. uniformly continuous
if and only if 8 > 1.

It can also be established that if 3 < 1 then B” is unbounded. It is often quoted in the literature that
a homogeneous Gaussian process is either a.s. uniformly continuous or is a.s. unbounded, from which it is
sometimes inferred that in the unbounded case, the process is discontinuous. However, even though we know
of no proof of this fact, we believe that even if § < 1, the logBm is still pointwise continuous a.s., even if
only at countably many points; this certainly does not contradict its unboundedness. But more importantly
it would explain, heuristically, why we are able to define a stochastic calculus and a non-trivial local time
with respect to it. We now summarize the above discussion, and give an indication of the sizes of H and Ha,
by applying Propositions 14 and 16, with h (r) = r~tlog™“ (1/r) for some a > 1.

e Fractional Brownian scale. The process BY has a canonical metric that is commensurate with that
of H-fBm if v (r) = | or more generally if v (r) < r¥. In this case, our Skorohod integral defined
in Section (5.2) below has the same properties as that defined in [6]. It is interesting to note that
our results above prove that s, is indeed non-empty in this case, although this question did not
seem concerning in [6]. According to our results, #o contains C'~2H' for any H' < H < 1/2. The
larger H is, the bigger Hy is. However, Corollary 17 shows that Hs does not contain the space c¢
where ¢ (r) = r'=2Hlog™* (1/r). A slight historical digression on the Skorohod integral for fBm for
H € (1/4;1/2) might be relevant at this stage. However, we refer to the last paragraph in Subsection
5.2 below for such a development.

e Regular logBm: case > 1. The logBm process B” is a.s. uniformly continuous with modulus of
continuity £ (r) := log> /2 (r). H contains the space C" for

n(r) =r'/*log" = (1/r)

for any a > 1, so in particular it contains a space bigger than C'*/2. H, contains the space C¢ for
¢(r) =rlog”™ = (1/r)

for any a > 1, which is non-empty if a < 6+ 1.

o Irregular logBm: case § € (0;1]. The logBm process B? is a.s. unbounded. A contains the space C"
for 1 as defined in the previous case for any « > 1, which is never empty, but does not contains a space
bigger than C1/2. H, contains the space C¢ for ¢ as defined in the previous case for any o > 1, which
is non-empty if 1 < a < § + 1; therefore Hs is non-empty for any 5 > 0, and a stochastic calculus
w.r.t. BY will be defined below.

e Highly irregular processes. One could study examples such as v () < log™"! (log (1/7)), or even using
multiple iterations of the logarithm. One can check that H, is non-empty in these cases, although
the size of Ho decreases “dangerously”. However, since the transition between the continuous and
discontinuous processes occurs within the logBm scale, we have not yet found any compelling reasons
to expand on these other examples.

5 Stochastic calculus

5.1 The derivative operator

We denote by S the set of smooth cylindrical random variables of the form

F=f(B(¢1),--B"(¢n)), n 21, feCP(R"), ¢icH. (10)
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We define the differential operator D on S by
- f (B ( BY A
= G (B0 B ()0

Remark 19 DF is an element of L*(Q,Gr, P;H).

Remark 20 For allp > 1, F — DF is closable from LP(Q, Gp, P) into LP(Q, G, P;H). The domain of D
in LP(Q) is denoted by D*P, meaning that DYP is the closure of the smooth random variables S with respect
to the norm

1
[Fll1p = [E(FP) + E(IDF(201)]7-
Remark 21 For p =2 the space D2 is the Hilbert space with the scalar product

< F,G >12=E(FG)+ E(< DF,DG >y)

Theorem 22 Let ¢ € H be an element of norm 1. Then it holds that

MU (BO) = [ 60)60) - bltm) B (A1) - B )
07 m

This theorem is a direct application of the well-known result on multiple Wiener integrals, which can be

found in Nualart’s book [13], established for all isonormal Gaussian processes, and hence for our particular

class of processes and their associated Hilbert spaces H. Moreover the proof of the following chain rule can
also be found in [13].

Proposition 23 Let ¢ : R™ — R be a continuous differentiable function with bounded partial derivatives,
and fix p > 1. Suppose that F = (F*,--- F™) is a random vector whose components belong to the space D'P.
Then

YDF".

:;&c (7

5.2 The divergence operator and its extension

Definition 24 The divergence operator § is defined to be the adjoint of the derivative opemtor D viewed as
an operator from L2(Q),Gr, P) — L*(Q,Gr, P;H). We will use the standard notation &(u f[o 7) ud By
and we will refer to this random variable as the Skorohod integral of u with respect to B”.

Remark 25 § is an operator from L*(Q, Gr, P;H) into L*(Q, Gr, P), and its domain denoted by Dom § is
the space of processes u € L*(Q, Gr, P;H) such that F — E(< DF,u >%) is a bounded linear functional on
(S, +|l2). Since for such u the functional F — E(< DF,u >4) is linear and bounded, we can write it as an
inner product, hence there is a unique element 6(u) in L?(Q2, Gz, P) such that

E(< DF,u>4) = E(5(u)F),

for all F € Sy.
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It is now understood that for fBm B¥ with parameter H < 1 /4, B is not in the domain Domd of its
own Skorohod integral: see [6]. The same argument used therein can be applied to our process BY with
v (r) > r'/%. An extension of the Skorohod integral was developed in [6] for which B¥ is integrable. We are
about to see how to extend the Skorohod integral and the Ito formula in general to allow for all our processes
B” to be integrable. Our proof of the Ito formula uses the same algebraic ideas based on Gaussian chaos and
Hermite polynomials as in [6]. However all our definitions and proofs are simpler, since they do not require
the use of fractional calculus, and wider-ranging, since they are not restricted to the Holder scale for fBm.

Definition 26 We denote by Sy, the set of smooth cylindrical random variables of the form
F=f(B"(¢1),---B"(¢n)), n =1, feCT(R"), ¢i€Ha.

Definition 27 Let {u,t € [0,T]} be such that EfOT uZdt < co. We say that u € Dom*§ if there eists
§(u) € L3(Q,Gr, P) such that for all F € Sy, we have

T
/ E [ut [K;"“Kjﬂ (D.F) (t)] dt = E[6(u)F]. (11)
0
The divergence operator defined for u € Dom™§ will also be called the Skorohod integral of u with respect to
B.

This definition does not require that ¢ (u) be uniquely defined by it. Propositions 9 and 16 will now be
used to settle the question of uniqueness.

Proposition 28 For each u in Dom*§, the Skorohod integral § (u) is uniquely defined in L*(Q, Gr, P).

Proof. Assume u € Dom*§ and assume there exists a random variable V in L?(2, Gz, P) such that for
all F' € Sy,, E(6(u)F) and E (VF) are both equal to the left-hand side of (11). Thus in particular for all
@ € Ho, and for all n € N,

E[(6 (u) = V) Hn (B ()] = 0.
The result of the proposition follows from the next lemma. m

Lemma 29 If G € L*(Q,Gr, P) is such that for all H, (B" (¢)) where ¢ € Ha and n € N, we have
E(GH, (B (¢))) =0, then G is 0 in L*(Q,Gr, P).

Proof. The first half of this proof is essentially borrowed from [13]. Let m € N. Since the monomial
z — ™ can be written as 2™ = Y" japHj (z) for some coefficients aj, we obtain E [(B” (¢))™ G] = 0,
and since for any ¢t € R, exp (tB” (p)) is in L*(Q,Gr, P), we also have E [Gexp (tB” (¢))]. Since Haz is a
vector space, we can translate this as

E

Gexp (Z t;,B7 (%‘))] =0

i=1

for any ¢; € Ha, t; € R, i =1,--- ,n, n € N. This means the Laplace transform of the signed measure on
the Borel sets of R™

v(B) := E[Glp ((B” (¢i)izy))]

is zero. Therefore the measure v is 0. Now let G’ be the sigma field generated by {B” (¢) : ¢ € Ha} ,s0 that
G’ C Gr. We have proved that for all A € G',

E[G14] =0,

19



which means G is zero in L? (Q,G’, P). Now recall from Proposition 9 that the sigma field generated by the
random variables {B7 (g) : g € Cs°} actually equals Gr. But by Proposition 16, Hs contains the space C¢,
and therefore 7, contains C;°. Combining these two results proves that G’ = Gz, which finishes the proof
of the lemma. m

Remark 30 The following properties now are easily seen.

1) Domd C Dom*§.

2) Ifu € Dom*d then E(u) € H.

3) If u is deterministic then u € Dom*d iff u € H iff u € Domd.

4) ¢ is a closed operator from Dom*§ C L*(Q,Gr, P;H) to L?(Q,Gr, P). In other words, if ux — u in
L?(,G7, P;H) and ux, € Dom*§ and & (ug) converges in L*(Q, Gr, P) to some random variable V,
then u € Dom*d and V = 0 (u).

Before presenting the Ito formula, we finish this subsection with some remarks and questions on the
relation with standard Skorohod integration. Before the preprint [6] was circulated, it was commonly thought
that Skorohod integration for fBm had a lower limit, and the threshold H > 1/4 was often quoted as the
most irregular level for which a Skorohod integration could be defined. Skorohod integration in [6] is pushed
beyond this level by modifying the size of the space of test functions needed to assert integrability. Our
results here show that in the range H € (1/4;1/2), the size of the space of test functions in [6] or in this
article is significantly smaller than the original test space for Skorohod integration; indeed (compare line
(10) and Definition (26) below), the latter is based on # while the former is based on H,. In view of
this, one may ask to what extent our Skorohod integral, or that of [6], generalizes the standard Skorohod
integral for H € (1/4,1/2). Proposition 28 implies that the Skorohod integrals actually coincide as members
of L2(Q, Gr, P). The coincidence of the Ito formulas in the standard case and in the case of [6] (Lemma 9
therein) is another aspect of the same phenomenon, signifying that the Ito formula contains much information
about the process. It is not surprising, for example, that a study of local time is possible. On the other
hand, our Ito formula (Theorem 31 below) has exactly the same form again, even though our process B4
is not identical to fBm (see Remark 6: it doesn’t even have the same covariance structure). Thus the Ito
formula for deterministic functions of BY is not a thorough test for comparing Skorohod integrals and/or
processes.

5.3 The Ito6 Formula

Following the arguments of Cheridito and Nualart in [6], in this section we will prove the basic result of
stochastic calculus. Our proof does not require the use of fractional derivatives — in fact we had to find a
way to do without them, since we do not work in the power scale. Some other aspects of the proof have
presumably well-known structures, and are similar to some arguments in [6], such as the proof of the algebraic
identities using Hermite polynomials (18), (19), and (20). We have included brief proofs of all such claims,
for the sake of readability.

Theorem 31 Let f € C®(R) be a function such that for all n > 0 there exist constants C,, and D,, with
D, < %log % such that

IF™(y) < CreP¥’, yeR.

Then for all t < T the process f'(B7)1(0(s) € Dom*d and we have

5(F (B 0.) = /(BY) — £(0) — / (B () (s)ds.
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Proof. The process f'(B])1(,q(s) € Dom*é and the formula in the above theorem is true iff for all
F € Sy, we have

/ E(f'(B))L(0,q(s) K KX D, F)ds

— B((/(B / F(BI)y(s)7()ds)F). (12)

Since H,(BY(¢)),n > 1, with H,, being the n-th Hermitian polynomial, are dense in Sy, it is enough to
show (12) for F of this type.
However D;H,,(BY(¢)) = Hp,—1(B"(¢))$(s); hence (12) is equivalent to

[ B B 003K 1 (57 @) s
Sy [(f O [ £B00)is ) 13| (13)
Since H,,—1(B7(¢)) does not depend on s we can rewrite (13) as
T
| BB (B 005 K 100 (0)) s

—&|(sw0 - 10 - | t FB e 6)ds ) H (5(0)]. (14)

Let us compute E(f(™(B})).
The heat kernel p(o,y) := (2m0)~1/? exp(—

afs,

18),0>0,y€R, satlsﬁesa—U:%a—p Then

d n 7)) — n
SE(OB) =2 | (0,01 (w)dy

|%>w\

(2 (), 9)27(&)Y () £ (y)dy

g
2

Q Q
bS]

(@), ) ™ (m)v(t) (t)dy

1
i =

(o))

y2
Y)Y PV (), ) f " (y)dy
)y E(f "2 (B])) (15)

The fourth equality is obtained using the properties of f and integration by parts applied twice. Indeed,

I 1
2
b=

[ L 0.0 W)y = / PG00/ )iy

R

9 (n1)(
HREODI WL, s 0.0 W) (16)

But 6p ('yz(t),y)f(”) (y) < —2$E;)ey2(7ﬁ+[)") Since D,, < — (t) for all t < T we conclude that the term

gz( )™ (y)|~ = 0. Similarly p(y*(t),y)f " (y)|~_ = 0. Hence the 4th equality.
NOW we proceed to verify equality (14). For n = 0, the left hand side of equality (14) is 0, and the right
hand side is

E((f(B/) — f(0) —/O f"(BY)v(s)y'(s)ds) - 1) =0,
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by equality ?7?, so the equality is verified. For n > 1, for all s € (0,t] we have

(L(o,s> )m = (K31 (0,5), K30) £2(j0,17)
= (L(0,s, K3 " K3 6) L2 ((0,17)

S
- /0 K2 K () dy

and

%(E[f(”)(Bl)Kl(o,s],¢>%) = ()7 () B2 (BN](L 0,1, )3 + nELf ™ (B)(Lo,s), )" K K6 (s)-

Hence,

E[f™(B])[(1 (0,0, 9)%

= /Ot7(8)7’(8)E[f(”+2)(BZ)]<1(o,s],¢>%d8 + n/ot E[f™(B)){L(0,0: $)" K3 K5 ¢(s)ds.

Now let us show that
E[f™(BD)){1(0,0, )% = n'E[f (B]) Ha(B"(9))],
and
E[f™ (B, 9)5 ' = (n = DIE[f'(B))Hn-1(B(9))],
and also
E[f" (B (10,0, )% = nlE[f" (B Ha(B(9))].

We know E < u, DF >y= E[d(u)F]. Also, by Theorem 1.1.2 in [13],

u= Hea (B(0)001) = = /[ o OU02) Otk (1) - B 1)
and
1
o) = =y /[ | OU0) 1)) B ) B 1B ()
- %HABW» — kH(B"(9))

and u € Dom(§). Also observe that

E(f(BY)) < 1j,1),¢ >n= E(f(B})) < K;1j0,1, K¢ >120).1)
=< E(f(B{)1p,1, K;*K3¢ >12()1)

t
= [ BGED om0 = BG4
0
We prove the first equality by induction. The other two have the same proof. For n = 1 we have

E(f'(B))) < Lo, ¢ >n=E(()f(B/)) = E[H1(B"())f(B}))
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Now assume the equality is true for n = k and prove it is true for n = k 4+ 1.
(k+ DIE[f(B])Hi+1(B"(¢))] = KIE[f (B )d(Hk(B"(9))o(t))]

[ BB B (015 I 0(s)ds
t
= [ BUSER) < 106 > KoK o(e)ds

t
- / E(f®(BY) K2 K g(s)ds < L., 6 >k,
=E(f*(BY)) < i, 6 >4,

where the last equality is deduce by the induction step.
Using (18), (19), and (20) into (17) we obtain:

nlE[f(B])Hn(B"(¢))] :/O v(s)y' (s)n! E[f" (BY) | Hn (B (¢))ds

+n / (1 — DVE( (B} Ho 1 (BY(6)[ 5 K (5) s,

which is equivalent to (14). m

6 Local time

6.1 Introduction

There are two distinct “natural” ways of defining the local time of a Gaussian process. If one attempts to
keep the highest possible analogy with the standard Brownian case, one can define \; as the occupation
measure A (A) = fot 14(BH)ds and use the same notation abusively to define its density with respect to
Lebesgue measure. This was done for example originally in Berman’s paper [4]. On the other hand, and
more recently, several stochastic analysts working on fractional Brownian motion have chosen to consider a
different occupation measure because it yields a connection to stochastic calculus via the It6-Tanaka formula:
see for example [8]; also see the summary on local time for fBm-based processes in [19].

We use herein the same type of definition, since our motivations are of the same nature. Specifically, we
let L} be the density at point a of the occupation measure

A [1aBDA6R) () = [ 1aB29()7 (9 (21)

This is the same definition as for fBm in articles such as [8], since there 72 (s) = s*Z. In this section we
establish the existence of this occupation density. We will prove a Tanaka formula and the following result

I = [ 2v()7 ()3 (@s).

While L; can be interpreted as the density of an “occupation time measure”, it is important to note that
the word “time” cannot have the same interpretation as for \;; indeed, for L., time is heavily weighted at
the origin. In a forthcoming publication we will show that L has a version that is Holder-continuous in ¢
uniformly in a on any set bounded away from the line ¢ = 0, but at t = 0, a singularity occurs; we will
show that the regularity of L® at 0 is on the order of that of BY, which means that if B is not uniformly
continuous, L* cannot be continuous on any interval containing 0. Because of this difficulty, the existence
and the above formula for L* are non-trivial to prove. We found no easier path than to give first the chaos
decomposition for L.
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6.2 Chaos decomposition

The main tool for proving L exists is a chaos decomposition calculation. We fallow the classical main
arguments, as for example in [8]. Let us denote by p.(z) = (2me) /2 exp(—z?/ (2¢)) the heat kernel. Note
that we are using the letter € for a small parameter and for the kernel £2 = (72),. Which meaning is being
used should be clear from the context.
Proposition 32 For each a € R and t € [0,T] the following convergence of random variables

t

lim [ p.(Bs — a)dy*( Z/ Pry2(s) ( ﬁ) w(e(s — )®™)dA2(s)

e—0 0

occurs in L*(Q), with H,, the nth Hermite polynomial, and I,,(f®™) denotes the iterated Skorohod integral
with respect to BY of the tensor product of n copies of the deterministic function f.

Proof. Since p.(Bs — a) € D*2? = NyDY:2 by Theorem 1.1.2 in [13] we have
[e 9]
Bs —a) = Z L (fm)
m=0
and by the Stroock formula (exercise 1.2.6 in [13]) we have

fm = —B(D™ (po(B. — ),

where D™ is the mth iteration of the derivative operator D. But
D"[p<(Bs — a)] = p{™ (Bs — a)e(s — )"
and

E(pE(Bs - a)) = pw2(5)+6(a)'

Hence
B (B, —a)) = (~1)" 2= E(pe(B, — )

"
(_1) 8a”p7 (8)+£( )

=nl(v*(s) + &) 2 py2(s)4(a) Hn (ﬁ)

Therefore we obtain

pe(Bs —a) = r;::o %m (v ( )+e) 2 ) p72(8)+5 a)H,, ﬁ) I, (e(s — )®”)
= mz::o( ( ) + E) % (S)Jrs( )Hm (ﬁ) Im(E(S - )®n)

or



where

Let

Next we proceed to estimate o, c.
e =mt [ t / "B B () (2t = 5o (0) I (0 — 2] dr2(w)d2(0)
— m! / / E [ (et — )®™) I (e(w — )] Bon.e () Bon o (0)dr? () (v)
— ml / / 22(0) = 72 (1 — 0)]") B () B (0} () ()

Combining everything we get
ame < o [ [ 50200 +9%0) =2 = )20 ) a0
- m [ 16200 +20) =420 = )0 e

- / [ Dy o

Observe now that

((u) +7°(v) = ¥*(u —v))
2y(u)y(v)

Indeed, since v is an increasing, concave function it verifies y(u — v) > y(u) — y(v) hence

Y (u—v) > () + 9 (v) — 2v(u)y(v)

By Stirling formula W behaves as T therefore if we notice that for any positive numbers a < 1 and

<1

1 < p < 2 one can show that there is a constant ¢p such that

we conclude that

2y(u)v(v)
I[P =]
<o [ [ - [P ] e .



Now, because v%(s) is an increasing, concave function we have v2(u — v) > v?(u) — v2(v) hence
/ / [1_{ 87 v)2 )

/ / [1 N [%] ] "y (w)y (v)dvdu

/o [ [1 - D<Z>

With the change of variable z = ::ézg we obtain

A s e ) L
[ o B e e =158 [tz =0 <o

and the desired convergence holds. =

)y (o) dvdu

|
2
—
S
|
S
S—
—_
S
—_
s

6.3 Existence

Proposition 33 The local time LY exists as the density of the measure defined in (21). It satsifies the
following equality
t

a __ 1 _ 2
L —Elg% ; pe(Bs — a)dy*(s). (23)

In particular it has the following Wiener chaos expansion:

=3 [ @G lets =)

Proof. From the chaos decomposition proposition and its proof we deduce that fot pe(Bs — y)dy3(s)
converges uniformly in y as € goes to 0. We can write now, for each continuous function with compact

/R (gg% /Otpe(Bs - y)d72(5)> 9(y)dy = lim N </Otp5(Bs - y)d72(5)> 9(y)dy

= Ot < /RPE(Bs - y)g(y)dy) dy?(s)

Since ¢ is continuous with compact support it will have a maximum on [0,¢] and applying dominated

support:

convergence we obtain

iy [ ([ =gt ars) = [ (1 [ o3 = gt ar?s
= [ st

Therefore for each continuous function g with compact support we have

/R (3136 /Ot pe(Bs — y)d72(8)> 9(y)dy = /Rg(y)Li’dy,

which implies (23). m
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Lemma 34 Almost surely, for almost all a, we have

: 2 a __

lim £2 (1) A{ = 0. (24)
Additionally, for any measurable set A, almost surely we have

. 2 a o
}gl(l) . e“(t)A\fda = 0. (25)

Proof. First we show lim; ,g L{ = 0 for almost all a. Indeed, for any set A, since L{ is an increasing
function in ¢ we have

¢
/ lim L¢da = lim [ L¢da =lim [ 14(Bs)dy*(s) < lim~%(t) = 0.
A

t—0 t50 [ 4 t=0 /, -0

Now, observe that

Then we have

=lim lim | &?(t)pa(Bs —a)ds

t—=0a—0 /,
¢
< lim lim [ &%(s)pa(Bs — a)ds

t—=0a—0 /,
t
=lim lim [ po(Bs —a)dy*(s)
t—=0a—0 /,

=lim L} =0.
50

In a similar fashion we can show that lim;_,o [, e?(t)Afda < lim_o [, L{da = 0. =
The following proposition gives the relationship between L{ and A{.

Proposition 35 The following equality holds almost surely for almost every a:

Lo = /O £2(s)\%(ds) (26)

Proof. Let A be a measurable set. We have
t s
- / 4 e2(s)) / 1a(B,)drds
o ds 0

t

[ wiaa= | () La(Ba)ds = 20 [(1amar] 0

_ [52(5) /A )\gdy}:— /O t%(EQ(s)) /A Ndyds

2\ dy — hm e2(s)\Vdy — /0 5(52(8))/14)\§dyds

S
2 y y 2
e?(t)A/dy — // ARG ))A\Ydsdy (27)
[52 HAY — / )\yds} dy
ds
)AYds| d 2

[ / 2 ] y (28)
/ g2 $)dANY (s

0

m\m.\m\;u\

-

ES
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Here the second and last equalities are obtained by integration by parts using the fact that 2 is integrable
at 0. Lines (27) and (28) are found by applying (25) and (24) respectively, with A denoting A N where Q°
is a set of Lebesgue measure 0 off of which (24) holds. We proved that for any measurable set A we have

AL?da—A/Ot52(s)dAy(s).

From this we can deduce (26). m

6.4 Tanaka formula
Theorem 36 Let x <T andy € R. Then 1(y,)B” (-) 1(0,2) (-) € Dom*0 and

1

/0 Ly (B ()) 4B (5) = 8(1y o) (B)L(0.1()) = (BL —y)s — 5L

Proof. For ¢ > 0, denote by p.(,) = (271'5)_1/2 exp (—x2/25) and by

fe(a) = /_O;O /_;pe(z —y)dzdv,a € R.

Observe now that f-(a) — (o —y)" and fl(a) = [*_ p(z—y)dz = 310} () + 1(y,00) (). Hence f.(BY) —
(BY —y)s in 12(2) and f2(B})10(t) = 1) (B)10)(t) in L( x R).

Moreover, since the functions f. satisfy the conditions of Ito formula we deduce that f/(B})1(0.(t) €
Dom*§ and

OB 0. () = (B2 = FB9) = [ £2(BIno (91, (29)
Therefore if we show that
lim 6[f2(B)10,2]()] = 0(1(y,00) (B7 )1 (0,41 (")) (30)
and that
tiay [ 7282097 ()ds = L2 (31)

the theorem will be proved.

The convergence (30) follows from the fact that 0 is a closed operator on Dom™*¢, i.e. if u,,u €
Dom*§ N L?(Q, L?(R4)) are such that lim, o u, = u in L2(2, L?(R4)) and if there is U € L?(2) such
that lim, o 6(un) = U in L?(2) then u € Dom*d and §(u) = U. In our case u. = fL(BY)1(g4)(-) and using
Cauchy convergence in (29) we obtain the convergence of §(u.) hence (30).

The convergence (31) follows from (23). m

7 Finite and infinite-dimensional stochastic differential equations

A well-known difficulty with Skorohod stochastic integration w.r.t. fBm is that solving even the simplest
non-linear differential equation is yet an open problem. There are two notable exceptions, however: the
linear additive and the linear multiplicative equations, yielding the so-called fractional Ornstein-Uhlenbeck
and Geometric fractional Brownian motion processes respectively. In this section, we show that this can
be done for integration with respect to our processes BY. We keep our formulations to a minimal level of
complexity. Additional non-linear terms in the drift parts can be considered using variants of the arguments
given in some of the references cited in the introduction; we will not investigate these details here.
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7.1 Finite-dimensional equations

Proposition 37 Let v and B be fixed as in Proposition 1. Consider the stochastic differential equation
t t
X(t):XO+/ bX(s)ds+/ cX (s)éB7(s), t=>0, (32)
0 0

where Xg, b, 0 are fixed non-random constants, and where fg 0X (s)dB7 (s) represents the Skorohod integral
) (1[07,5] ) O’X) as in Definition 27.

This linear multiplicative stochastic differential equation (32) has a solution given by the following geo-
metric y-Brownian motion (GyBm):

X (t) = Xgexp <aB7 (t) + bt — %0’2’}/2 (t)) : (33)

This solution is unique in the class of processes Z such that Z (t) = g (t, B (t)) where g is a deterministic
function in CY2 satisfying the conditions of Theorem 31 uniformly in t.

Proof. Ito’s formula (Theorem 31) can be extended to include functions that depend also on time. This
can be proven by approximation of such functions with respect to the time parameter. We omit the details.
We thus have for any function f of class C*2 on R, x R satisfying the hypotheses of Theorem 31 with
respect to the second parameter uniformly in the first parameter, that % (wB7(-)) 1j9,4 is in Dom*$ and
for all ¢t > 0:

157 0) = 10.0)+ [ (5.5 () s

tof Lo f )
+/ o= (5,B7(s)) 6B (s) + [ -5 (s,B7(s)) 17" (s) ds. (34)
o Oz o O0x?
We apply this with f (t,z) = Xoexp (ox + bt — (1/2) 02y* (t)) which immediately yields equation (32).
For the uniqueness, let Y be another solution to (32). Since Y (t) = g (¢, B” (t)) for some g, we can use
Ito’s formula to show that for any function h such that h o g is of class C''? and satisfies the conditions of
Theorem 31 uniformly in ¢, the following version of Ito holds for Y:

MY () = £V O)+ [ W @)oY ()45 [ 1 @) Ay, o),
where the notations §Y (s) and d[Y, Y], (s) are defined as follows:

(5, B (5)) 5B (5) + 02 (5, BY (5)) 7' (s) s,
2vv' (s) ds.

0
3Y (s) := 8—Z

dlY,Y], (s) := % (s, B (s))

With this Ito formula in hand, we can now consider the processes U = log X and V = logY. A trivial
calculation then yields that both U and V are solutions of the following equation in Z:

t
Z (t) =log X + 0B (t) + bt — o> /0 v (s) ds.

Obviously, this is a trivial equation since the right-hand side is explicit, which proves uniqueness. m

Remark 38 We are not able to find a simple proof of uniqueness for the above equation in a wider space,
because of the restrictive range of our Ito formula, valid only for deterministic functions of BY. Extending
the validity of the Ito formula will be the subject of another article.
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Proposition 39 Let v and BY be fized as in Proposition 1. Consider the stochastic differential equation
t
X(t):XO—i—/aX(s)ds—kBV(t), £>0, (35)
0

where Xy and a are fized non-random constants.
This linear additive stochastic differential equation (32) has a solution given by the following v-Ornstein-
Uhlenbeck process (yOU):

t
X (t) = Xoe + /0 e®t=3)5BY (s). (36)

where the last integral is in the Wiener sense (section 3). The solution is unique, up to indistinguishability,
in the class of all separable processes in L* (Q).

Proof. Although this proposition can be considered as a consequence of the results presented in the next
section, we include a quick proof for completeness. First note that the Wiener integral in (36) is well-defined
since the smooth function exp (—as) is obviously in H which contains any C*, « > 1/2. Assume that X
exists satisfying (35). Then we define Y by Y (¢) = exp (—at) X (¢). Then Y is the sum of a differentiable
process ae” % fg X (s)ds and of e~ B7 (t) which is of the form g (¢, BY (t)) where g is deterministic. By
Ito’s formula (34) and equation (35) we see that

Y(t)=Xo— /Ot ae”*a {/OSX (r) dr} ds — a/ot e % B7 (s)ds
+ /Ot e % (aX (s)ds+6B7 (s)).

Now from (35) again, we may replace a UOS X (r) dr} by X (s) — B7(s), yielding simply

t
Y(0)=Xo+ [ 3B (s),
0
which proves uniqueness. This same calculation also shows that X given by (36) solves (35). ®

7.2 Stochastic heat equations

An equation is commonly called the stochastic heat equation on R if it is of the form

t t
u(t,z) =uo (z) + / Agu (s, z)ds + / o (u(s,x))dW (s) (37)

0 0
for some Gaussian noise term W and some possibly non-linear function o. As announced above, because
of the difficulties inherent in Skorohod integration, we restrict ourselves to o = Id or o = 1. For the case

o = Id, we present our results as conjectures.
The additive stochastic heat equation

u(t,z) =ug (z) + /0 Agu(s,z)ds + B7 (¢, x) (38)

can be interpreted in its evolution form, as is often done, in the manner of Da Prato and Zabczyk [9], as

w(t,z) = P (z) + /O Pr B (65,) (). (39)
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where B (t,-) is an infinite-dimensional version of our B (t). Obviously here, since the right-hand side of
the equation does not contain u, this w given by (39) is the unique (evolution) solution to (38), when it
exists. It is well-known however that u may exist even if a strong-sense solution of (38) fails to exist, hence
the use of the terminology evolution solution.

To be specific, let us assume B? is a centered Gaussian random field on R, x S! where S! is the
circle (parameterized by [0, 27)) with a given covariance structure @ in space and the same behavior as our
one-dimensional BY defined in Proposition 1. In other words it can be written as

Bw,x):/o e (t—s)W (ds, )

where W has covariance E [W (¢, 2) W (s,y)] = @ (z,y) min (s, t). The operator P is the semigroup generated
by A. In other words, for any test function f in L? (R)

Pt @)= [ (en) e (< -/ (20) £ )

The notation fg P,_sB7 (ds,-) (z) is best understood if W (and consequently B?) can be expanded in a basis
of a convenient space of functions. We use the trigonometric basis for L? (R), which are also the set of
eigenfunctions of the Laplacian A. To make matters as simple as possible, we assume that ug = 0 and that
W is spatially homogeneous. In this case, we know W can be expanded along the trigonometric basis, with
identical coefficients for like sine and cosine terms. Consequently we have

B (t,7) = @By (t) + Y _ /@u By (t)sin (nz) + Y _ \/gn B)) (t) cos (nx)
n=1 n=1

where (B)), and (B;{)n are independent families of independent copies of the B7 in Proposition 1, and
(gn),, is a sequence of non-negative numbers. Since sinnz and cosnx share the eigenvalue —n? with respect
to A, they have the eigenvalue exp (—n2t) for P;. Consequently, we can rewrite (39) as

¢
u(t,x) = \/q_o/ e*(tfs)”QBg (ds)
0
oo n ,
+ Z gr, COS (mc)/ B (6s) e~ t=o)n
n=1 0

0o t
+Z qnsin(nx)/ BY (8s5) e~ (t=sn*,
n=1 0

This shows in particular that for fixed ¢, u (¢,-) is a homogeneous Gaussian process. It is worth noting
that the above solution v may exist as a bona-fide Gaussian process even if BY (¢,-) is not a bona-fide
process in the space variable. The random element B” (¢,-) may be generalized-function-valued (Schwartz-
distribution-valued). For a precise description of such an object, the reader is referred to Section 3, and
in particular Paragraph 3.1., in [17]. However, it is enough to notice that if > ¢, = co then B (¢,-) is a
random generalized function. The next theorem gives a precise result in this direction.

Theorem 40 Let v and € be as in Proposition 1. Assume moreover that €' satisfies
—&'(r) = | ()| =72 f (r)

where f is an increasing differentiable function. Also define
2

F(:z:)—/ow (é/oss(r)dr> ds.

Assume also that f satisfies the following technical assumptions:
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1. f'/f is bounded by A on the interval [1/ (4\),1];
2. for some a >0, for allr <a, f'(r) < f(r)/(2r);
5. with g (z) = (xf' (z) f (2))"/%, g/ (r) < g (r) / (2r).

Then the evolution solution u (t,x) to equation (38) exists and is unique as a random field in L?(Q x
[0,t] x S1) as soon as

S (P () £ (072) < ()

The second statement in the following corollary shows that the above theorem is sharp, since it reproduces
the sufficient condition of [17] which was also shown therein to be necessary in the case of fBm itself. It also
shows that in the two basic scales of regularity, the functions F and f2 are commensurate.

Corollary 41 The functions f and F' can be estimated in the cases of logBm and fBm scales. Specifically we
have that in the following two cases, the technical conditions on v and € all hold, and the theorem translates
as follows:

e logarithmic Brownian scale. If &’ (r) = r—3/2log=®*V/2 (r) for some 8 > 0, so that v (r) = log™?/% (r),
then (40) can be replaced by

o0
Zq log~ Y (n) < 0.

e fractional Brownian scale. If &' (r) < r1=3/2 for H € (0,1/2], so that v (r) < v, then (40) can be
replaced by

o0

—4H
E qnn
n=1

Proof. (Theorem 40). The proof’s structure is identical to the general theorem relative to infinite-
dimensional fBm in [17], proved in Section 3.3 therein. We give only the main difference in the calculation.
It is regarding, in the notation of [17], the bounding of the term I (A, ¢). In our context, one can check that
the only relevant values of A are A = n2,n € N, and that we have

L) = /O feos ( /O (e —1)e () dr) s,

We will assume in this proof that ¢ < 1, and we will indeed replace ¢ by this value for all upper bounds
below. More generally, to be able to consider arbitrary bounded intervals [0, T'], cases such as logBm must be
modified in consequence to ensure that - is defined and bounded on such intervals, e.g. in the case of logBm
by replacing 7 (r) by v (r/2T') say. The results in the theorem hold for the existence of wfor all ¢ € [0, 00) as
long as one begins with a locally bounded . We omit the details.

We rewrite

IL(\t) <L (M) = /01//\ o2\ (/OS (" —1)e () dr>2 N
i /1; e ( /Om (e —1)¢ () dr) s
i /1; e </1:/\ (¥ =1)&'(r) dT) 2 ds

=ThoA)+ 121 (A)+ 122 (N).
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The first term I o (\) is controlled as follows. Up to universal constants, we bound e’ — 1 above by Ar,

and e~2** by 1, yielding:
1/X s 2
Lo (V) < / 22 (/ rle (r)|dr> ds.
0 0

By integration by parts we get that

/Osr|5'(r)|dr—/Oss(r)dr—se(s)—kfllig})ha(h).

The limit above is 0 since ¢ (r) < 7~ /2. Since ¢ is decreasing, [; € (r) dr exceeds se (s), and thus we decide
to ignore the smaller of the two, yielding an upper bound. It follows that

Lo(\) < /01/A ¥ (/Osg(r) dr>2ds
S/Om <§/Ose(r)dr>2ds,

For the second term, using the integration by parts calculation above,

1 1/x 2
Li(\) < / e 2 (/ Ar " (r)] dr) ds
1/2 0
1 1/x 2
S/ e~ 252 ()\/ e(r) dr) ds
1/A 0
1 2 2) o
:ﬁ(e —e )()\/O 5(r)dr>
UX /1 s 2
< / (—/ e(r) dr) ds,
0 s Jo

where the last inequality comes from the fact that the function h (s) = s~* [ & (r) dr is decreasing on [0,1/A].
This fact can be see as follows: &' (s) = s72 (se (s) — [, € (r) dr) < 0 since ¢ itself is decreasing.
The last term can be rewritten using a scalar change of variables, and then integration by parts, as

follows:
3 A 2 ° r ?
<\~ —aSs r I ‘
Ia (A) < A /16 </16 6()\) dr) ds

Now we use the representation |&’ (r)| < r~3/2f (r) with f differentiable and increasing, and |¢’| decreasing:

Ins (M) < /1/\ e~ 2 </18 err_3/2f (%) dr>2 ds.

We decompose the inside integral into three parts, and exploit the monotonicity of the integrands in each
corresponding interval:

/S e'r 32 f (g) dr

1

= /5/4 err32f (%) alr—f—/j/2 err32f (%) dr+// e f (%) dr
1 s/4 s/2

et () e () ) e ) (G

=1I520(5A) +1221(5,A) +1222(s,A).

which is the required estimate.

2
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To deal with I 2o (s, A), we first integrating by parts, using the condition that f’/f is bounded by XA on the
interval [1/ (4)),1]:
A

Inoo(X) = /)\1220(8 )\)26725(13:/ e °f? (i) ds
- 1 Y 1 41

—erp () e ame ke ()5 () d

=e o e o, e o o) ds
1 1 s

<e lf2|— z —202 (8

=< <4A>+2/1 e (3)
1 1

= 6_1f2 (ﬂ) + 5]2’2,0 (/\)

This implies that

Inoo(N) < f2 <$> .

For the next term we can see that can be dealt with exactly as Iz 2 ¢ (A); in fact, it is of smaller order because

of the factor s—3.

The last term is more delicate. We begin by noting that
A

A
L 2 _—2s _ =3 r2 i
I (N) = /1 Ip20(s,A) e *ds = 8/1 sf (2)\) ds

1
_ )2 —3 2
=8\ /1/)\7“ fe(r/2)dr.

To bound this quantity, we introduce a modified version of it: for fixed a > 0, we let
1
2 -3 2
I (z) ==z / r=°g°(r)dr
x

where the function g will be chosen to be equal to g (z) = (zf’ (z) f (m))l/Q. With this choice we do see
that according to the hypotheses of the theorem, for some a > 0, assuming A > a~ !, for all » < a,
g’ (r) < g(r)/(2r). We calculate I by integration by parts, using the parts v = =2 and du = r~'g? (r) so
that u (r) = [ y~'¢* (y) and dv = —2r~3dr:

I (z) = 2%u (1) — u () + 2° / r32u (1) dr. (41)

Now let J¢ (x) := 2? fxl r~32u (r) dr. By hypothesis, 2g (r) ¢’ (r) < g2 (r) /r for all r € [0, a], which implies
for all such r that

g2<r>—g<o>=/T2g<y>g'<y>dysw>.
0

We have that g (0) = limg g = 0. Indeed, by hypothesis, g2 (z) = 2z f’ (z) f (x) < f? (z) which tends to 0 at
0. This implies

Iy (z) < :1:2/ 3 (r)dr = J% (). (42)
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which implies
Jy (z) <2u(z). (43)

Returning now to the definition of J7 and u we have
x
u(z) = / g% (r)dr
0
— [ e sy ar

= P @ (4

and
Jy (z) = z? /1 r=3 2 (r) dr.

With z = A~!1, we recognize a piece of the integral defining I5 2 > (A). In fact we have by (43) and (44) that

1

Lo (\) =812 / =32 (r/2)dr

1/A

1
< 8)\_2/ r3f2 (r)dr
1/x

1
=8J3 (A7) + 8)\_2/ r=3 2 (r)dr

1 1
<4f? <X> + 2 K-

where K is a constant depending only on f. The second term above is negligible compared to the first,
since we know that f (r) > r—1/2.
In conclusion we have for large A and for all ¢t < 1, with F (z) = [ (£ [ & (r) dr)2 ds,

L(\t) < F (%) + 482 (%) ,

which is the result required to obtain the first statement of the theorem. m

Proof. (Proof of the Corollary).The statements in the corollary regarding the fBm and logBm scales
are readily verified by trivial estimations of f and F' in these cases. m

We finish this article by mentioning a conjecture on the multiplicative stochastic heat equation. This is
the case o (u) = u.

Conjecture 42 The evolution form of equation (37) with o (u) = u, namely
t
u(t;a) = P (@) + [ Pres [BY (B u(s,9)] (@)
0

has a unique solution in L? (Q x [0,¢] x Sl) as soon as Y qn < 00, and it is given by the following Feynman-
Kac formula:

u(t,z) = E° {uo (z + by) exp (/0th (6r,z+b; — b)) —Q(0)~? (t)/zﬂ ,

where b is a standard Brownian motion independent of BY, and where E® is the expectation with respect to
b.

35



A joint paper in preparation by one of the two authors of this paper establishes this Feynman-Kac formula
for fBm in the case of H > 1/2. It uses a Wiener chaos decomposition and some associated estimates. We
do not believe that these estimates are yet available for H < 1/2, making proving the above conjecture
non-trivial, although the result is readily believable.
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