Chapter 10

Analytic Geometry Topics

3
: =2 (x=
Exercise Set 10.1 2
1. Graph (f) is the graph of 2% = 8y.
2. Graph (c) is the graph of y? = —10z.
3. Graph (b) is the graph of (y — 2)% = —3(z + 4).
4. Graph (e) is the graph of (x 4+ 1)? = 5(y — 2).
5. Graph (d) is the graph of 1322 — 8y — 9 = 0.
6. Graph (a) is the graph of 41z + 62 = 12.
10. 3?2 = 22
7. 22 =20y 1
2 e 2 y2 =4 — = |z
z*=4-5-y  Writing z* = 4py 2
Vertex: (0,0 1 1
ertex: (0,0) v (o,o),F:(ff,o),D:zzf
Focus: (0,5) [(0,p)] 2 2
Directrix: y = -5 (y= —p) ,
I
H
7 L 4-| y?=—2x
o
o2 =20y N
2 —4 -2 (m2 4 %
\;74_&// 72-I
4 -2 [ 2 4 x ,4:|
_27 _:
”””””””” 11. 22— 4y =0
2 _ 4
8. 2 =16y 5 4y1 Writing 22 = 4
:7:2:4~4y r*=4-1-y riting x= = 4py
Vi (0,0), F:(0,4), D:y— 4 Vertex: (0,0)
Focus: (0,1) [(0,p)]
y Directrix: y=—-1 (y=—p)
ne
of )
:.44 4
S RS N N B L
r x? =16y T
R " — N A R W
72,
Fx2—4y=0
9. 42> =6z 4
y? = 4( - §)x Writing y? = 4px
2 12, 42 +4x =0
Vertex: (0,0) y? = —4x
2 _
Focus: (7 g,()) [(p,0)] y' =41
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592 Chapter 10: Analytic Geometry Topics
on the y-axis so the axis of symmetry is the y-axis and p =
—m. The vertex (h,k) is the point on the y-axis midway
yrE =0 between the directrix and the focus. Thus, it is (0,0). We
L have
Lo (x—h)* = dp(y — k)
(x —0)2 = 4(—7)(y — 0) Substituting
2% = —dmy
13. 18. (y—k)? =4p(x —h)
a_l, (-0 = 4(~v2)(z - 0)
y? = —4\2x
1
y?=4- 3¢ Writing y? = 4px 19. Since the directrix, z = —4, is a vertical line, the equation
is of the form (y — k)2 = 4p(z — h). The focus, (3,2), is
Vertex: (0,0) on the horizontal line y = 2, so the axis of symmetry is
1 y = 2. The vertex is the point on the line y = 2 that
Focus: [ -,0
8’ is midway between the directrix and the focus. That is,
1 it is the midpoint of the segment from (—4,2) to (3,2):
Directrix: = —— —44+3 242 1 1
8 + 7i ,or [ —=,2]. Then h = —= and the
2 2 2 2
v, directrix is * = h — p, so we have
23: X% =2y2 r=h-—p
r 1
i 4=
iC = p
\7\2 \7\1 1 l 1 1\ 1 \2 1 2
0 * T,
I 2
,23: -
g — P

15. Since the directrix, x = —4, is a vertical line, the equation
is of the form (y — k)2 = 4p(x — h). The focus, (4,0),
is on the z-axis so the axis of symmetry is the z-axis and
p = 4. The vertex, (h, k), is the point on the z-axis midway
between the directrix and the focus. Thus, it is (0,0). We

have
(y —k)* = 4p(z — h)
(y—0)2 =4-4(x —0) Substituting
y? = 16z.

16. (x—h)? = 4p(y — k)
1

—0)2 =4.Z(y—
(=02 =43y~ 0) .
2=y
17. Since the directrix, y = m, is a horizontal line, the equation
is of the form (z — h)? = 4p(y — k). The focus, (0, —7), is

20.

Now we find the equation of the parabola.
(y—k)* = dp(z — h)

o ()

(y—2)2 = 14(x+ %)

Since the directrix, y = —3, is a horizontal line, the equa-
tion is of the form (z —h)? = 4p(y — k). The focus (-2, 3),
is on the vertical line x = —2, so the axis of symmetry is

x = —2. The vertex is the point on the line x = —2 that
is midway between the directrix and the focus. That is, it
is the midpoint of the segment from (—2,3) to (-2, —3):

_9_9 3_
( , Q) yor (—2,0). Then k = 0 and the directrix

3 2
is y =k — p, so we have
y=k—p
—-3=0-p
3 =p.

Now we find the equation of the parabola.
(x —h)? = 4p(y — k)
[z = (=2)]* =4-3(y - 0)
(x+2)? =12y

(& +2)2=—6(y — 1)
o=-20P=a( = 3) 1) o1 = -]
Vertex: (—2,1) [(h, k)]
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3 1 2 _ _
Focus: (—2,1—5—(—5))701"(—27—5) 24. y*+6y—z+16=0
Y +6y+9=2-16+9

(y+3)2=a—-7
Directrix: y=1- (— 5) = g (y=k-p) Iy 3’(3)]2 = 4@)(1« -7)

(x+2)2=—6(r—1)

22. (y—3)2 = —20(z +2)

—3)? = 4(-5)[z - (-2)]

y2+6y—x+16=0

25. 22 -y—-2=0
22 =y+2

(02 =41y~ (-2)]
[(x — h)? = dp(y — k)]

Teo T [T Vertex: (0,-2) [(h,E)]
[
/_8: ! Focus: (0, -2+ i), or (0,—;) [(h, k+ p)]
_32— _
v=3 R Directrix: y = —2 — % = 72 (y=k—p)
23. 224+22+2y+7=0
22420 =297 y
(2 +20+1)=2y—T7+1=-2y—6 aF
(x+1)2=-2(y+3) 2
1 \_\ \_\ Il LfL 111
o= (0P =4( - 3 )y (-3) EANAE
[(x —h)* = 4p(y — k)] —45 xXX—y—2=0
Vertex: (—1,-3) [(h, k)]
Focus: <71 73+< l)) ( ) 26. 22 —4r—2y=0
2 ¢ —4dr+4=2y+4
2 =k — 1
)=-3 w=r-p (=22 =4(3 )y~ (-2
(27_2)
1 3
F (27—2-‘1-5)7 or (27 5)
1 5

W2+2x+2y+7=0
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594 Chapter 10: Analytic Geometry Topics

29. y¥?—y—x+6=0
Y -y=a-6

1 1
2 T +
Y y+4 x 6+4

1\* 23

Y=3) =%y
2 1\? 1 23
x“—4x —2y=0 _ —4.= _ ==
(r=3) =5(=-%)

27. y=2a2+4z+3 [(y — k)? = 4p(z — h)]
y—3=21a%+4x 23 1
tex: - h, k
B vatess (5.5) ()
= (3 2 2 11 1
y+l=(r+2) Focus: (—3+7,7>,0r <6,7) [(h+p, k)]
1 ) 442 2
1= (1) = o= (-2)] 5 1 2 1
Directrix: z = — — = = 22 or — =h—
[(m—h)2:4p(y—k:)] irectrix: 1 1 1 or 3 (z D)
Vertex: (—2,—1) [(h, k)] y
1 3 r
Focus: (—2,—1—1—1), or (—2,—1) [(h, k4 p)] 4 |
H I
D 1 L 5 ( k—p) T i
irectrix: Yy=-—-1—--=—-— Yy=~K—p 1 TR B | L
4 4 L 2 4 | 8
o f\x
y _al !
J —_—
/, y¥—y—x+6=0
,:,4,&,/:2,:,,2,,,4, x 30. Y’+y—z-4=0
s v 4y=x+4
I ) 1 1
Y +y+Z:x+4+Z
y=x>+4x+3
L1 2 L7
) =+ L
28. y =22 + 62 + 10 Y 4
y—10+9 =22 +6x+9 N, L 17
y—1=(z+3)?2 4 2 gl 4

1
F: ——7 1,—1 ,or | —4, L
4 4 2 2
17 1 9
D:x=—F—-=—=
TTTY 1T
| 7
I 41
I -
| 2:/
':(_'ilz't'x
Ll
| S
| —4\
| L

y=x>+6x+10
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31. a) The vertex is (0,0). The focus is (4,0), so p = 4.
The parabola has a horizontal axis of symmetry so
the equation is of the form y? = 4pz. We have

y? = dpx
v¥=4-4-z
y? = 162

b) We make a drawing.

The depth of the satellite dish at the vertex is x
15 . .
where (w, ?) is a point on the parabola.

y? = 16z
15\° 1
(75) = 16x Substituting 75 for y
225
- = 16x
225
o1 — x, or
33
3@ x

The depth of the satellite dish at the vertex is 32—?1 ft.

32. a) The parabola is of the form y? = 4pz. A point on
6
the parabola is (1, 5), or (1,3).

y* = dpx
3P =4-p-1
9

177

9
Then the equation of the parabola is y? = 4 - 50

y? = 9.

b) The focus is at (p,0), or (% 0>, so the bulb should

be placed 1 in., or 21 in., from the vertex.

33. We position a coordinate system with the origin at the
vertex and the z-axis on the parabola’s axis of symmetry.

34.

35.

36.

37.

(15,2)

The parabola is of the form y? = 4pz and a point on the

parabola is (1.5, %) or (1.5,2).
y? = dpx
22 =4.p-(1.5) Substituting
4 = 6p
4
g=Dbor
2 p—
g =P

2 2
Since the focus is at (p,0), or (5,0)7 the focus is 3 ft, or

8 in., from the vertex.

y
(18, y)
4.0 (18,0) X
y? = dpx
y? =4-4-18
y? = 288
y=12v2

The width at the opening is 2 - 12\/5, or 24+/2 in. =~ 34 in.

When we let y = 0 and solve for z, the only equation for

2
which =z = 3 is (h), so only equation (h) has z-intercept

2 0
37 )
Equations (a) - (f) are in the form y = ma +band b =7
in equation (d). When we solve equations (g) and (h)
1

7
for y we get y =2z — 1 and y = —iw + 37 respectively.

Neither has b = 7, so only equation (d) has y-intercept
0,7).

7
Note that equation (g) is equivalent to y = 2z — 1 and

1 1
equation (h) is equivalent to y = —3% + 3 When we look
at the equations in the form y = mxz+0b, we see that m > 0
for (a), (b), (f), and (g) so these equations have positive
slope, or slant up front left to right.
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38. The equation for which |m| is smallest is (b), so it has the
least steep slant.

39. When we look at the equations in the form y = mx+b (See
1 1
Exercise 37.), only (b) has m = 3 80 only (b) has slope 3

40. When we substitute 3 for z in each equation, we see that
y = 7 only in equation (f) so only (f) contains the point
(3, 7).

41. Parallel lines have the same slope and different y-
intercepts. When we look at the equations in the form
y = mz + b (See Exercise 37.), we see that (a) and (g)
represent parallel lines.

42. The pairs of equations for which the product of the slopes
is —1 are (a) and (h), (g) and (h), and (b) and (c).

43. A parabola with a vertical axis of symmetry has an equa-
tion of the type (z — h)? = 4p(y — k).
Solve for p substituting (—1,2) for (h,k) and (—3,1) for

(@,9).
[=3 = (=1)* = 4p(1 - 2)
4=—-4p
—1=p

The equation of the parabola is
[z = (=1)]* = 4(-1)(y — 2), or
(x+1)%2 = —4(y - 2).
44. A parabola with a horizontal axis of symmetry has an
equation of the type (y — k)% = 4p(z — h).
Find p by substituting (—2,1) for (h,k) and (—3,5) for

(z,y)-

(5—1)% = 4p[-3 — (-2)]
16 = 4p(—1)
16 = —4p
—4=0p

The equation of the parabola is
(y —1)? = 4(=4)[z — (=2)], or
(y—1)2 = —16(z + 2).

45. Position a coordinate system as shown below with the y-
axis on the parabola’s axis of symmetry.

(=100, 50) (100, 50)

20 40 60 80 100

The equation of the parabola is of the form (x — h)? =
4p(y — k). Substitute 100 for z, 50 for y, 0 for h, and 10
for k£ and solve for p.
(z —h)? = 4dp(y — k)
(100 — 0)2 = 4p(50 — 10)

10,000 = 160p
20 _
1 =p

Then the equation is

2? = 4<¥>(y —10), or

2?2 = 250(y — 10).
To find the lengths of the vertical cables, find y when x = 0,
20, 40, 60, 80, and 100.
When 2z = 0: 02 = 250(y — 10)

0=y—10
10 =y
When z =20: 202 = 250(y — 10)
400 = 250(y — 10)
1.6 =y—10
116 =y
When z =40: 40% = 250(y — 10)
1600 = 250(y — 10)
6.4=y—10
164 =y
When 2 = 60: 602 = 250(y — 10)
3600 = 250(y — 10)
144 =y—10
244 =y
When z=80: 80% = 250(y — 10)
6400 = 250(y — 10)
25.6 =y — 10
35.6 =y

When z = 100, we know from the given information that
y = 50.

The lengths of the vertical cables are 10 ft, 11.6 ft, 16.4 ft,
24.4 ft, 35.6 ft, and 50 ft.

Exercise Set 10.2

1. Graph (b) is the graph of 22 + y% = 5.

2. Graph (f) is the graph of y? = 20 — z2.

3. Graph (d) is the graph of 2% + y? — 6z + 2y = 6.

4. Graph (c) is the graph of 22 + y2 + 102 — 12y = 3.
5. Graph (a) is the graph of 22 + 4% — 5z + 3y = 0.

6. Graph (e) is the graph of 2% + 42 — 2 = 6y — y* — 6.
7

. Complete the square twice.

22+ % — ldx +4y = 11
2?2 — o +y? +4y = 11

22 — 14w +49 +y? +dy +4=114+49+4
(=7 +(y+2)* =64

(2—7)2 +[y— (-2 = 8
Center: (7,-2)
Radius: 8

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



Exercise Set 10.2

2+ —ldx+ 4y =11

8. 22+ y%+2x -6y = —6
22 +22+14+9y?—6y+9=-6+1+9
(+1)*+(y—3)* =4
[t = (=D + (y - 3)* = 2
Center: (—1,3)
Radius: 2

()

X+ yP+2x—6y=—6

9. Complete the square twice.

22+ y2+62 -2y =6

22 +6x+y> -2y =26
2?46 +9+y?—2y+1=6+9+1

(@+3)?2+(@y—1)2%=16

[z = (=3)* + (y — 1)? = 42

Center: (-3,1)
Radius: 4

2+ +6x—2y=6

10. 224y’ —dx+2y =4
2 —dr+4+y?+2y+1=4+4+1
(x—-22+@y+1)2=9
(=22 +[y—- (- =3
Center: (2,-1)
Radius: 3

x4yt —dx+2y=14

11. Complete the square twice.
224 y? +4r—6y—12=0

22 +4z +y? — 6y = 12

22 +dr+4+92—6y+9=124+4+9
(z+2)2+(y—3)2=25

[r = (=2)) + (y - 3)* = 5°
Center: (—2,3)
Radius: 5

K+ tdx—6y—12=0

12. 2?2 4+y?—8x—2y—19=0
22 —8r+y? -2y =19
22 —824+16+¢y? —2y+1=19+16+1
(z—4)2+(@y—1)2%=36
(r—4P+{y—-1)7*=6
Center: (4,1)
Radius: 6

X+ —8x—2y —19=0
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13. Complete the square twice.
2?4+ y* -6z —8y+16 =0

22 — 6z +y* — 8y = —16

2 —6x+9+y*—8y+16 = —-16+9+16
(o3 +(y-9? =9
(x=3)%+(y —4)? = 3

Center: (3,4)

Radius: 3

x4+ y?—6x—8y+16=0

14. 224y —224+6y+1=0
2?2 -2z 4+9y? +6y = -1
2220+ 1+y? +6y+9=—-1+1+9
(z—-1)2+(@y+3)?%=9
(x =12+ [y—(=3) =3
Center: (1,-3)
Radius: 3

x2+y?—2x+6y+1=0

15. Complete the square twice.
22 +y? + 62— 10y =0
224+ 6x+9y%—10y =0
22462 +9+y?—10y+25=0+9+25
(z+3)2+(y—5)?2=34
[t — (=3)]* + (y — 5)* = (V34)?
Center: (—3,5)
Radius: /34

x2+y2+6x—10y=0

16. 22 4+y2—Tx—2y =0
49 49
x277x+1+y272y+1zz+1

(w—g)2+(y—1)2 %
(s-3) ro-= ()

2
7
Center: (5, 1)

53
Radius: g

K +yr—Tx—2y=0

17. Complete the square twice.
224 y? -9 =74y
=9z +y?+4y =7

81 81
?? =9zt Sy Ay HA =T+ -+

(q,-— §)2+(y+2)2
(o~ %) - (-2

9
Center: (5, —2)

5v'5
Radius: %_

I
7N
ot
<|Z
N———
no
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18.

19.
20.
21.
22.

23.

x2+y279x=774y

2 —6y—1=8r—22+3
22 —8x+1y>—6y =4
22 —8r+164+y* —6y+9=4+16+9
(r—4)2+ (y—3)2 =29
(z—4)* + (y — 3)* = (V29)?
Center: (4,3)
Radius: /29

~

yr—6y—1=8x—x*+3

Graph (c) is the graph of 1622 + 4y? = 64.

Graph (a) is the graph of 42? + 5y? = 20.

Graph (d) is the graph of 22 + 9y? — 6x + 90y = —225.
Graph (b) is the graph of 922 + 4y? + 18z — 16y = 11.

2 2

I A |

4 + 1

2 2

;—2 + % =1 Standard form
a=2,b=1
The major axis is horizontal, so the vertices are (—2,0)
and (2,0). Since we know that ¢ = a? — b?, we have

2 =4—-1=3,s0c=+/3 and the foci are (—/3,0) and
(v/3,0).

To graph the ellipse, plot the vertices. Note also that since
b = 1, the y-intercepts are (0,—1) and (0,1). Plot these
points as well and connect the four plotted points with a
smooth curve.

24. -

25.

X }/_
7+T71
’L'2 y2 Z2 y2
LYy Yy
%36 T T
a=6,b=5

The major axis is vertical, so the vertices are (0, —6) and
(0,6). Since ¢ = a? — b?, we have ¢2 = 36 — 25 = 11, so

¢ = /11 and the foci are (0, —/11) and (0, v/11).

22y .
5 + 6= 1 Dividing by 144
2,2
2—2 + % =1 Standard form
a=4,b=3

The major axis is vertical, so the vertices are (0, —4) and
(0,4). Since ¢ = a® — b2, we have ¢ = 16 —9 = 7, so
¢ =+/T and the foci are (0, —v/7) and (0, /7).

To graph the ellipse, plot the vertices. Note also that since
b = 3, the z-intercepts are (—3,0) and (3,0). Plot these
points as well and connect the four plotted points with a
smooth curve.

16x% + 9y% = 144

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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26. 922 + 4y =36

22 g2
I A
4+9
2 2
@ vy
22 32

a=3,b=2

The major axis is vertical, so the vertices are (0, —3) and
(0,3). Since c® = a? — b%, we have ¢> = 9 —4 = 5, so

¢ = +/5 and the foci are (0, —v/5) and (0,/5).

—41

9x? + 4y> = 36

27. 222 +3y% =6
x2 U2

A
372

2 v

(V32 (v2)?
a=+V3,b=12

The major axis is horizontal, so the vertices are (—v/3,0)
and (v/3,0). Smcoc—abe,Wohavcc—372—1
so ¢ =1 and the foci are (—1,0) and (1, 0).

To graph the ellipse, plot the vertices. Note also that since
b = /2, the y-intercepts are (0, —+/2) and (0,v/2). Plot
these points as well and connect the four plotted points
with a smooth curve.

¥
XY

2x2+3y°=6

28. 522 4+ 7y? = 35
PR

ST AR
7+5
2 2

I
(V7?2 (V5)?
azﬁ,b:\/g

The major axis is horizontal, so the vertices are (—+/7,0)
and(\/_()) SmceC*a—b2 we have ¢2 =7 —5 =2,
so ¢ = /2 and the foci are (— \f, 0) and (v/2,0).

&
)
T T T LI L
5
S
®

5x2 + 7% = 35
29. 402 4+ 992 =1
22 42
THT !
4 9
z? y
+
1\* /1
2 3
1 1
a=- b=
2’ T3
. - . . 1
The major axis is horizontal, so the vertices are | — 3 0
1 1 1 5
and (E’O . Sincecz:a2fb2,vvehavecg:175:—67

S0 ¢ = % and the foci are (— ?,0) and <§,0).

To graph the ellipse, plot the vertices. Note also that since

1 1 1
b= 3 the y-intercepts are (07,§> and (0, §> Plot
these points as well and connect the four plotted points
with a smooth curve.

y

1+

42+ 92 =1
30. 2522 + 16y% = 1
2 2
X Yy _
T+T =1
25 16
2 2
x n Yy -1

The major axis is vertical, so the vertices are
1 1
(O, 71> and (0, Z) Since ¢ = a? — b?, we have

1 1 9 3 3
e s he foci =
6 25~ 100’ soc 20 and the foci are (O, 20)

3
and (0, 2—0)
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31.

32.

33.

34.

35.

A
of [ s

25x% 4+ 16y2 = 1

The vertices are on the z-axis, so the major axis is hori-
zontal. We have a = 7 and ¢ = 3, so we can find b

2 =2 _ 2

32 — 72 _ b2

b? =49 -9 =40

Write the equation:

The major axis is vertical; a = 6 and ¢ = 4.

2 =212

16 = 36 — b2
b2 = 20
22 P
Tt tion is — + == =1.
1e equation 18 20 + 36

The vertices, (0, —8) and (0, 8), are on the y-axis, so the
major axis is vertical and ¢ = 8. Since the vertices are
equidistant from the origin, the center of the ellipse is at
the origin. The length of the minor axis is 10, so b = 10/2,
or 5.

Write the equation:

2 2
Ty
e !
1'2 y2
e =l
N
25 64

The vertices, (—5,0) and (5,0) are on the z-axis, so the
major axis is horizontal and a = 5. Since the vertices are
equidistant from the origin, the center of the ellipse is at
the origin. The length of the minor axis is 6, so b = 6/2,
o 2

or 3. The equation is %5 + 9 = 1.

The foci, (—2,0) and (2, 0) are on the z-axis, so the major
axis is horizontal and ¢ = 2. Since the foci are equidistant
from the origin, the center of the ellipse is at the origin.
The length of the major axis is 6, so a = 6/2, or 3. Now
we find b%:

2 =a2_p?
22:32_b2
4=9-p
=5

36.

37.

38.

Write the equation:

22 g2
2t
$2 y2
i g
9 + 5

The foci, (0, —3) and (0, 3), are on the y-axis, so the major
axis is vertical. The foci are equidistant from the origin,
so the center of the ellipse is at the origin. The length of
the major axis is 10, so a = 10/2, or 5. Find b?:

2 =a%?-b?

9 = 25 — b?
b2 =16
2 2

The equation is %-ﬁ-%:l
@-1* (=27 _,

9 4

—1)2 —2)2
(z 32) +(y 22) =1 Standard form

The center is (1, 2). Note that a = 3 and b = 2. The major
axis is horizontal so the vertices are 3 units left and right
of the center:
(1-3,2) and (1 +3,2), or (—2,2) and (4,2).
We know that ¢ = a?> —b%,s0 > =9—4="5and ¢ = /5.
Then the foci are v/5 units left and right of the center:

(1 —+/5,2) and (1 +/5,2).
To graph the ellipse, plot the vertices. Since b = 2, two
other points on the graph are 2 units below and above the
center:
(1,2—2) and (1,2 +2) or (1,0) and (1,4)

Plot these points also and connect the four plotted points
with a smooth curve.

y
ro—1?2 272
L T+f—l
02: °
-4 =2 | 2 4 %
72,
—1)2 —92)2
(:cl ) +(314) 1
- 1)2 —92)2
(z 12) +(y 22) =1 Standard form

The center is (1,2). Note that a = 2 and b = 1. The major
axis is vertical so the vertices are 2 units below and above
the center:

(1,2—2) and (1,2 +2), or (1,0) and (1,4).

We know that ¢2 = a2 —b2,s0 2 =4—1=3 and ¢ = V3.
Then the foci are v/3 units below and above the center:

(1,2 = v/3) and (1,2 + v/3).
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Since b = 1, two points on the graph other than the vertices
are (1 —1,2) and (1+1,2) or (0,2) and (2,2).

(x—11)2+(z—42)2=1

—1 R
2 =\2
39. (z+3) (y —5) _
25 + 36 1
o a)2 Y
[2 é2 3 + € 625) =1 Standard form

The center is (—3,5). Note that @ = 6 and b = 5. The
major axis is vertical so the vertices are 6 units below and
above the center:
(—3,5—6) and (—3,546), or (—3,—1) and (—3,11).
We know that ¢ = a? — b2, so ¢ = 36 — 25 = 11 and
¢ = y/11. Then the foci are /11 units below and above
the vertex:

(=3,5—+/11) and (-3,5 + V11).
To graph the ellipse, plot the vertices. Since b = 5, two
other points on the graph are 5 units left and right of the
center:
(=3 —15,5) and (=3 +5,5), or (—8,5) and (2,5)

Plot these points also and connect the four plotted points
with a smooth curve.

2 — 5)2
e+3)f -5 _

25 36
— 2 2
g0. (=27 W+ _,
16 25
_9)2 —(=3)]2
(@ Y ) + v EEZ 3l =1 Standard form

The center is (2,—3). Note that a = 5 and b = 4. The
major axis is vertical so the vertices are 5 units below and
above the center:

(2,-3—5) and (2,—3+5), or (2,—8) and (2, 2).

We know that ¢ = a2 —1b%,s0¢>=25—16 =9 and ¢ = 3.
Then the foci are 3 units below and above the center:
(2,-3—3) and (2,—3+ 3), or (2,—6) and (2,0).

Since b = 4, two points on the graph other than the vertices
are (2 —4,—3) and (244, -3), or (—2,—3) and (6, —3).

=27 p+3?_,
16 25

41, 3(z+2)*+4(y—1)? =192

2 _ 2
(@ Jgf) e 481) —1  Dividing by 192
_(_ 2 _ 2
[z =~ (=2)] + -1 =1 Standard form
82 (V/48)2

The center is (—2,1). Note that a = 8 and b = /48, or
4/3. The major axis is horizontal so the vertices are 8
units left and right of the center:

(=2—-8,1) and (-2 +8,1), or (—10,1) and (6,1).

We know that ¢ = a2 —b?, 50 ¢ = 64—48 = 16 and c = 4.
Then the foci are 4 units left and right of the center:
(=2—4,1) and (—2+4,1) or (—6,1) and (2,1).

To graph the ellipse, plot the vertices. Since b = 4v/3 ~
6.928, two other points on the graph are about 6.928 units
below and above the center:

(=2,1—6.928) and (—2,1 + 6.928), or
(—2,—5.928) and (—2,7.928).

Plot these points also and connect the four plotted points
with a smooth curve.

42, Az —5)2+3(y—4)% =48
(=52 -4 _,
12 16
(x-5?°  (y—4)?°
( \/ﬁ)2 + e =1 Standard form

The center is (5,4). Note that a = 16 and b = V12, or
2v/3. The major axis is vertical so the vertices are 4 units
below and above the center:

(5,4 —4) and (5,4 +4), or (5,0) and (5,8).

We know that ¢® = a2 —b?,s0 2 = 16— 12 =4 and c = 2.
Then the foci are 2 units below and above the center:
(5,4 —2) and (5,4 + 2), or (5,2) and (5, 6).

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



Exercise Set 10.2

603

Since b = 21/3 ~ 3.464, two points on the graph other than
the vertices are about (5 — 3.464,4) and (5 + 3.464,4), or
(1.536,4) and (8.464,4).

2 4 6 8 &

4(x —5)2+3(y — 4)> =48

43. Begin by completing the square twice.
422 +9y? — 162+ 18y — 11 =0
4z% — 16z + 9y? + 18y = 11
4(x? —4z) +9(y* +2y) = 11
4(2? — 4z +4)+ 92 +2y+1) =11+4-4+9-1
4z —2)2+9(y+1)> = 36

(x-2?  (y+1)? -1
9 4 -
(=22  [y—(-DP -1
32 22

The center is (2,—1). Note that a = 3 and b = 2. The

major axis is horizontal so the vertices are 3 units left and

right of the center:

(2—-3,-1) and (2+3,-1), or (—1,—1) and (5, —1).

We know that ¢ =a? —b%,50 > =9—4=5and ¢ = /5.

Then the foci are /5 units left and right of the center:
(2—+/5,—1) and (2 + /5, -1).

To graph the ellipse, plot the vertices. Since b = 2, two

other points on the graph are 2 units below and above the
center:

(2,-1—2) and (2,-1+2), or (2,—3) and (2,1).

Plot these points also and connect the four plotted points
with a smooth curve.

4x> 4+ 92 — 16x + 18y — 11 =0

44. Begin by completing the square twice.
224+ 292 — 102+ 8y +29 =0
22 — 10z + 2(y? + 4y) = —29
22— 100 +25+2(y% +4y +4) = —29+25+2-4

(x—5)2+2(y+2)% =4
(x-5? +2?° _
4 2
(=52 [y—(=2)] _
22 + (V2)? -

The center is (5, —2). Note that a = 2 and b = V2. The
major axis is horizontal so the vertices are 2 units left and
right of the center:

(5—2,-2) and (5+2,-2), or (3,—2) and (7,—2).

We know that ¢2 =a? —b2,s0 2 =4—2=2and ¢ = V2.

Then the foci are v/2 units left and right of the center:
(5—+2,-2) and (5+ v/2,-2).

Since b = v/2 &~ 1.414, two points on the graph other than
the vertices are about

(5,—2 —1.414) and (5,—2 + 1.414), or
(5,—3.414) and (5, —0.586).

L1 S S I I W |
=2 2 x
= Q)

x*+2y*—10x + 8y +29=0

45. Begin by completing the square twice.
42 + 9?2 —8r—2y+1=0
4% -8 +y? -2y = -1
4z —2x) +y? -2y = -1
42?22+ 1) +y?—2y+1=—-14+4-1+1
Yz =1+ (y—1)2 =4
(2—1?2  (y—1)?
1 4
(-1 -1 _,
12 22
The center is (1,1). Note that a = 2 and b = 1. The major
axis is vertical so the vertices are 2 units below and above
the center:
(1,1 —2) and (1,1 +2), or (1,—-1) and (1, 3).
We know that ¢2 = a2 —b2,s0 2 =4—1=3 and ¢ = V3.
Then the foci are /3 units below and above the center:
(1,1 —+/3) and (1,1 4+ v/3).

To graph the ellipse, plot the vertices. Since b = 1, two
other points on the graph are 1 unit left and right of the
center:

(I-1,1) and (1 +1,1) or (0,1) and (2,1).

=1
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Plot these points also and connect the four plotted points
with a smooth curve.

42+ y?—8x—2y+1=0

46. Begin by completing the square twice.
922 + 4y + 5dx — 8y +49 = 0
9(22 + 6x) +4(y% — 2y) = —49
9(x? + 62 +9)+4(y2 —2y+1) = —49+9-9+4-1
9(x +3)2 +4(y — 1) = 36

(=32, -1 _,
4 9
x — (—3))? —1)2
b CHP L 12

The center is (—3,1). Note that a = 3 and b = 2. The

major axis is vertical so the vertices are 3 units below and

above the center:

(—3,1—3) and (—3,1+ 3), or (—3,—2) and (—3,4).

We know that ¢2 :a2—62, soc2=9—4=>5and c=+5.

Then the foci are /5 units below and above the center:
(=3,1—+/5) and (=3,1 + v/5).

Since b = 2, two points on the graph other than the vertices

are

(=3—2,1) and (-3 +2,1), or (—5,1) and (—1,1).

>

9x? + 42 + 54x — 8y +49 =0

47. The ellipse in Example 4 is flatter than the one in Example
2, so the ellipse in Example 2 has the smaller eccentricity.

We compute the eccentricities: In Example 2, ¢ = 3 and
a =5 80e¢=-c/a=3/5=06In Example 4, ¢ =
23 and a = 4, so e = ¢/a = 2v/3/4 ~ 0.866. These
computations confirm that the ellipse in Example 2 has
the smaller eccentricity.

48. Ellipse (b) is flatter than ellipse (a), so ellipse (a) has the
smaller eccentricity.

49. Since the vertices, (0, —4) and (0,4) are on the y-axis and
are equidistant from the origin, we know that the major

50.

51.

52.

Copyright @ 2012 Pearson Education, Inc.

axis of the ellipse is vertical, its center is at the origin, and
a = 4. Use the information that e = 1/4 to find c:

c
e=—
a
1
1= E Substituting
c=1
Now ¢? = a? — b2, so we can find b*:
12 — 42 _p2
1=16—b?
b? =15
Write the equation of the ellipse:
2 2
@ v
b2 a?
2 2
i —+ y_ =1
15 16

Since the vertices, (—3,0) and (3,0), are on the z-axis and
are equidistant from the origin, we know that the major
axis of the ellipse is horizontal, its center is at the origin,
and a = 3.

Find ¢:
c_ 7
a 10
c 7
310
_ 21
‘T 10
Now find b2:
2 = g2 —p2
21\ 2
= — 32 _ b2
(%)
s _ 459
100

22 Y2
The equation of the ellipse is — +

_J 1
9  459/100

From the figure in the text we see that the center of the

ellipse is (0, 0), the major axis is horizontal, the vertices are

(—50,0) and (50,0), and one y-intercept is (0,12). Then

a =50 and b = 12. The equation is

ZCQ yQ _
@2 e =
1'2 Yy
502 T T
2y
2500 144

Find the equation of the ellipse with center (0,0), a =
1048/2 = 524, b = 898/2 = 449, and a horizontal major
axis:

2 2
N
5242 4492
2 "2
T n Y -1
274,576 201,601
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53.

54.

55.
56.
57.
58.
59.
60.
61.
62.
63.

Position a coordinate system as shown below where
1 unit = 107 mi.

|

9.3 9.1 X

Q Sun v

The length of the major axis is 9.3 + 9.1, or 18.4. Then
the distance from the center of the ellipse (the origin) to
V is 18.4/2, or 9.2. Since the distance from the sun to V
is 9.1, the distance from the sun to the center is 9.2 — 9.1,
or 0.1. Then the distance from the sun to the other focus
is twice this distance:

2(0.1 x 107 mi) = 0.2 x 107 mi

=2 x 10% mi

1

Position a coordinate system as shown.

y
(0, 1.5)

2,0\ Fy R0
(0, -1.5)

a) We have an ellipse with a = 2 and b = 1.5. The foci
are at (&c,0) where ¢ = a? —b?,s0 ¢ =4—2.25 =
1.75 and ¢ = +/1.75. Then the string should be
attached 2 —+/1.75 ft, or about 0.7 ft from the ends
of the board.

b) The string should be the length of the major axis,
4 ft.

midpoint

Zero

y-intercept

two different real-number solutions
remainder

ellipse

parabola

circle

The center of the ellipse is the midpoint of the segment
connecting the vertices:

3+3 —44+6
(T7 ) ),OI‘ (371)
Now a is the distance from the origin to a vertex. We use
the vertex (3,6).
a=B-37+(6-1)7=5

Also b is one-half the length of the minor axis.

64.

65.

66.

67.

b V(B =12+ (1-1)2 A,

2 2
The vertices lie on the vertical line x = 3, so the major
axis is vertical. We write the equation of the ellipse.

)2 EEAY:
(=P, =hP _,
b2 a?
_2)\2 -1 2
(@=3? , w=1° _,
4 25
-1-1 -1
Center: ( 5 2+ 5>, or (—1,2)
a=[I-(-1)P+(-1-2?=3
—~3-1)2 2 _—92)2
po V(EB-1P+(2-27 4,
2 2
The vertices are on the line x = —1, so the major axis is
vertical. The equation is
1 2 -9 2
@+1)®  -2°_
4 9
The center is the midpoint of the segment connecting the

vertices:
—-3+3 0+0
( B 7T>, or (070)

Then a = 3 and since the vertices are on the z-axis, the

major axis is horizontal. The equation is of the form
2 2

x

LY g

a?  b?

22
Substitute 3 for a, 2 for z, and 3 for y and solve for b2.

484
4. 9
-4+ —=—=1
9
4 n 484 1
9 92
4b? + 484 = 9b?
484 = 5b%
@ = p?
5
22 Y2
Then the equation is 9 + 18475 =1
a=4/2=2,b=1/2
2 2 -3 2
The equation is (:c;;4) (v 1 ) =1.

Position a coordinate system as shown.

The equation of the ellipse is
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$_2 4 y_Z -1 10. The asymptotes pass through the origin, so the center is
252 142 the origin. The given vertex is on the y-axis, so the trans-
22 Y2 verse axis is vertical. We use the equation of an asymptote
Bl A— to find b
625 196 a ’ 5
A point 6 ft from the riverbank corresponds to (25 — 6,0), —r = -x
or (19,0) or to (—25+ 6,0), or (—19,0). Substitute either b 4
19 or —19 for x and solve for y, the clearance. §z _ §w Substituting 3 for a
192 y2 b 4
2 4+ 7 1
625 196 12_,
y? 361 o 5 5
ﬁ:“@ Theeuationisy—f il =1
sl d 9 144/25
y? =196(1— — 2 2
625 1. ¥ _Y _4
y~9.1 4 4
The clearance 6 ft from the riverbank is about 9.1 ft. 1;_2 _ 32/_2 — 1 Standard form

Exercise Set 10.3

The center is (0,0); a = 2 and b = 2. The transverse axis
is horizontal so the vertices are (—2,0) and (2,0). Since

1.

2.

. Graph (a) is the graph of 2522 — 16y% = 400.

. The vertices are equidistant from the origin and are on the

2 =a?+b2, wehave 2 =4+4 =28 and ¢ = /8, or 2v2.

Graph (b) is the graph of 1372 B yj 1 Then the foci are (—2v/2,0) and (2v/2,0).
25 9 Find the asymptotes:
Graph (e) is the rahofyj—xjfl —éx and —féa:
P grap 4 36 Yy = a Yy = a
: (y-1? (¢+3)? 2 and = 2
. Graph (c) is the graph of TR 1 =1. y=gr and y 3v
= d = —x
. (33 + 4)2 (y _ 2)2 B Yy x an Yy
- Graph (f) is the graph of 100 81 L. To draw the graph sketch the asymptotes, plot the vertices,

and draw the branches of the hyperbola outward from the
vertices toward the asymptotes.

. Graph (d) is the graph of y? — 22 = 9.

y-axis, so the center is at the origin and the transverse axis
is vertical. Since ¢ = a® + b%, we have 5% = 32 4+ b? so
b? = 16.

T T T T/NT T 1T 171

y? 22
The equation is of the form = — =i 1, so we have
a
2 2
22
. The vertices are equidistant from the origin and are on the 4 4
r-axis, so the center is at the origin and the transverse axis 9 9
is horizontal. Since ¢? = a? + b2, we have 22 = 12 + b2 so 12. ¥ _ Y _ 1
22 2 1 9
b2 = 3. The equation is — — = = 1. 9 9
1 3 T Y
o ) 5 — 53 = 1 Standard form
. The asymptotes pass through the origin, so the center is 1 3
the origin. The given vertex is on the z-axis, so the trans- The center is (0,0); @ = 1 and b = 3. The transverse axis

is horizontal so the vertices are (—1,0) and (1,0). Since

- . . b 3
verse axis is horizontal. Since ST=57 and a = 2, we & = a2+ b2, we have ¢ = 1 +9 = 10 and ¢ = v/10. Then

have b = 3. The equation is of the form z—z — z_z =1, so the foci arz (—+/10,0) andb(\/ 10,0). Find the asymptotes:
Wehaveﬁ—ﬁzlorﬁ_izl‘ y:a:c and y:_gx
22~ 32 ) 1 9
y:§x and y = —-x
1 1

y=3r and y = —3z
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2y
T o971
13, -2 WA
9 o
—9)2 —(=5)]?
(z 3 ) — ly 1(2 5)] =1 Standard form

The center is (2,—5); a = 3 and b = 1. The transverse
axis is horizontal, so the vertices are 3 units left and right

of the center:
(2—-3,-5) and (2+ 3,-5), or (—1,—5) and (5,-5).

Since ¢ = a® + b%, we have ¢2 =9+ 1 = 10 and ¢ = /10.
Then the foci are v/10 units left and right of the center:

(2 — V10, —5) and (2 4+ /10, =5).

Find the asymptotes:
b b
— k=—(x — h) and —k=——(x—h
y J@—h)and y L@=h)

y— (~5)=5(z ~2) and y — (~5)=-3(z -

1 1
y+5:§(:€—2) and y+5:—§(x—2), or

1 17 q 1 13
=-x— — an =—-zr— —
=3T3 YIRS
Sketch the asymptotes, plot the vertices, and draw the
graph.
y
2,
\_\ \_\ Il 7\ é Il L‘l Il é Il >
72,
(x—2?% (+5°_
5 1 !
_R)\2 2
14. (r—5) B (y+2) -1
16 9
-5 2 — (=2 2
(z IE ) — v 152 ) =1 Standard form

The center is (5,—2); a = 4 and b = 3. The transverse
axis is horizontal, so the vertices are 4 units left and right

of the center:
(5—4,-2) and (5+4,—2), or (1,—2) and (9, —2).

Since ¢ = a? + b2, we have ¢ = 16 + 9 = 25 and ¢ = 5.

Then the foci are 5 units left and right of the center:
(5—5,-2) and (5+5,—2), or (0,—2) and (10, —2).

Find the asymptotes:

yfk:é(xfh) andyszfé(xfh)
a

a
3 3
y+2:1($—5) andy+2:—z(x—5), or
BT D
YymtT YT

15. (y+3)27(:c+1)2 -1
4 6
—(—3)]2 _(_1)12
ly ;2 3] - [ i2 D) =1 Standard form

The center is (—1,—3); a = 2 and b = 4. The transverse
axis is vertical, so the vertices are 2 units below and above

the center:

(-1,-3—2) and (1,-3 +2), or (—1,—5) and (—1,—1).

Since ¢? = a? + b2, we have ¢ = 4416 = 20 and ¢ = /20,
or 2¢/5. Then the foci are 24/5 units below and above of

the center:
(=1,-3 —2v/5) and (=1, -3 + 2V/5).

Find the asymptotes:

y—k:%(m—h) and y—k:—%(m—h)

2 2
y=(=3)=1 (e (-1) and y=(~3)=—2 (s~ (~1))
1 1

y+3:§(:c+1) and y+3:—§($+1), or
—lx _2 and —f}x I
=577 =TT
Sketch the asymptotes, plot the vertices, and draw the
graph.
y
.2:
\J\\o\\\\\\iwwng/’\\

\\ - X
~ //
o2~
N
>
o><

PEMEYISN
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2 2
16. y+4° @+27
25 16
ly é2 4)] _ [« 4{2 2)] =1 Standard form

The center is (—2,—4); a = 5 and b = 4. The transverse
axis is vertical, so the vertices are 5 units below and above
the center:

(—=2,—4—5) and (—2,—4+5), or (—=2,-9) and (-2,1).

Since ¢ = a?4b?%, we have ¢ = 25416 = 41 and ¢ = V/41.
Then the foci are /41 units below and above the center:

(=2, —4 — V/41) and (=2, —4 + V/41).
Find the asymptotes:

yfk:Z(xfh)andyfk:f%(xfh)
5 5
y—|—4:Z(:L'+2) andy—|—4:—z(x+2)7 or
_0%. 03 -2, 13
VTt YRR

Y,
7,
. <
T T
N

N

-
N

|
=3
|
A
T
~
=

NS
N
o)
o
T T
Ve
v

4

(y +4?  (x +2)?
25 16

=1

17. 22— 4y =4
2 2

r¥_Y
4 1
2 2
32% - ?1/72 =1 Standard form

The center is (0,0); a = 2 and b = 1. The transverse axis
is horizontal, so the vertices are (—2,0) and (2,0). Since
? =a?>+b% we have > =441 =5 and ¢ = /5. Then
the foci are (—+/5,0) and (v/5,0).

Find the asymptotes:

b
y=—-x and y=—-2x
a a
1 1
y:ix and y:fix

Sketch the asymptotes, plot the vertices, and draw the
graph.

18.

19.

422 —y% =16
2 2

?
4 16

2?2

PR 1 Standard form
The center is (0,0); a = 2 and b = 4. The transverse axis
is horizontal, so the vertices are (—2,0) and (2,0). Since
c® = a® + b2, we have ¢ = 4+ 16 = 20 and ¢ = /20, or
2v/5. Then the foci are (—2+/5,0) and (2v/5,0).

Find the asymptotes:

b b
y=—-2 and y=——x
a a

4
y=3% and y=-3%
y=2r and y= —2x
y
\ 4/
N[/
\\ ¥
- T - X
AR
/ N\
V2 A
4x?—y2 =16
9y? — 2% =81
y? zg_
9 81
g2 a2

322 = 1  Standard form
The center is (0,0); a = 3 and b = 9. The transverse
axis is vertical, so the vertices are (0, —3) and (0, 3). Since
c® = a® + b2, we have ¢2 = 9+ 81 = 90 and ¢ = /90, or
3v/10. Then the foci are (0, —3v/10) and (0, 3v/10).

Find the asymptotes:

y:%x and yzf%x

y = gr and g :—§x

1
=—-zx and y=—=x
Y73 ¥=73
Sketch the asymptotes, plot the vertices, and draw the

graph.

[IRY

/
/
/
T T T T 1T
/
ool \
L
\
\
\

,/

L1l
12 16

L1 e

T

I\

~

—8
—12
—16

9y? — x2 = 81
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20.

21.

y2 — 4z =4
2 2

v
4 1

2 a?

2 _—_ =1 Standard form

The center is (0,0); a = 2 and b = 1. The transverse
axis is vertical, so the vertices are (0, —2) and (0,2). Since
2 =a?+b% wehave 2 =4+1=5and ¢ = 5. Then
the foci are (0, —/5) and (0, /5).
Find the asymptotes:
_a due Y
y=3z and y= -3z
2 2
y:Iz and y:—Ix
y=2r and y= —2z

1 Standard form

(V22 (Va)?
The center is (0,0); @ = v/2 and b = v/2. The transverse
axis is horizontal, so the vertices are (—v/2,0) and (v/2,0).
Since ¢ = a® + b, we have ¢ = 2+ 2 = 4 and ¢ = 2.
Then the foci are (—2,0) and (2,0).

Find the asymptotes:

b
and y = ——x
a

2 V2
—z and y = ——=z

NG V2

Y=z and y = —x

b
y=—x
a

Sketch the asymptotes, plot the vertices, and draw the
graph.

609
2?2 —y?=3
22 2
@2 v
3 3
22 Y2

=1 Standard form

(V32 (V3)?
The center is (0,0); a = v/3 and b = v/3. The transverse
axis is horizontal, so the vertices are (—v/3,0) and (v/3,0).
Since ¢ = a? 4 b2, we have ¢> = 34+ 3 = 6 so ¢ = V6.
Then the foci are (—/6,0) and (v/6,0).

Find the asymptotes:

b b
y=—-x and y=—-z
a

&Q

—ix and y = ——=

y==x and y = —x

y: 7
(1/2)? (1/2)?

=1 Standard form

1 1
The center is (0,0); a = 3 and b= 3 The transverse axis
1 1
is vertical, so the vertices are (O, —5) and (O, 5) Since
1 1 1 1
2 — g2 4 p2 h 24 == =4/=
c a® + b°, we have ¢ 4—|—4 2andc 27or

2
g. Then the foci are (0, -

|

o 02)

Find the asymptotes:

Yy = %JZ and y = —%x

1/2 1/2

=12 d y=--L=
Yy 1/2;10 and y 1/2CE

y=2x and y = —=x
Sketch the asymptotes, plot the vertices, and draw the
graph.
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24 y? —a? = 1 Sketch the asymptotes, plot the vertices, and draw the
9 graph.
Y2 22 .
1/9 1/9 y
y? 22 )

——— — —— =1 Standard form r

(1372 (1/3)2 ~
1
The center is (0,0); a = 3 and b=

T T T NTA

2 =a?+ b2, we have ¢? =

) 26. Begin by completing the square twice.
the foci are (O,—?> and (0?) 402 — 2 +8r —4y—4=0

2 2 _
Find the asymptotes: 4(2° +22) — (y* +4y) = 4

a a 4z +25+1)— (2 +4y+4) =4+4-1-1-4
y=-x and y = ——x
: ) Az +1)2 - (y+2)* =4
313 (+1)?  (y+2)?
V=t =t N
Y= and Yy=—-x A\ ? - ’
[z — (=1)] _ ly — (=2)] =1 Standard
12 22 .
form

The center is (—1,—2); a = 1 and b = 2. The transverse
axis is horizontal, so the vertices are 1 unit left and right
of the center:

(-1—-1,-2) and (-1 +1,-2) or (—2,—2) and (0,—2)

Since ¢ = a? + b?, we have ¢ = 1+4 =5 and ¢ = V/5.
Then the foci are v/5 units left and right of the center:

(=1 —+/5,-2) and (1 + /5, —2).

Find the asymptotes:

2

1
9

yi-x

25. Begin by completing the square twice.
22 —y? =22 —4y—4=0
(2% —2z) — (y* +4y) = 4

b b
—k=2(x—h) and y—k=—-(z—h
y J(@—h) and y S@=h)

2 2
y+2==(x+1) and y+2=-=(z+1)

(22 =20 +1)— (2 +4y+4) =4+1—-1-4 1 1
(x-12-(y+2)?2=1 y+2=2x+1) and y+2=-2(x+1), or
y =2 and y=—2x—4

(z—1) = (=2)° =1  Standard

2 2
1 1 form

The center is (1,—2); a = 1 and b = 1. The transverse
axis is horizontal, so the vertices are 1 unit left and right
of the center:

(1-1,-2)and (14 1,-2) or (0,—2) and (2, —2)

Since ¢ = a? +b%, we have 2 = 14+ 1 =2 and ¢ = V2.
Then the foci are v/2 units left and right of the center:

(1-v2,-2) and (1+ V2, -2). 42—y +8x —4y —4=0
Find the asymptotes:
y—kzé(x—h)and y—k:—é(x—h)
a a

y- (=11 amdy— (-2 = —(x—1)

y+2=x-1 and y+2=—(z—1), or
y=z—3 and y=—-x—1
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27. Begin by completing the square twice.
3622 —y? —24x 4+ 6y —41 =0
(3622 — 24x) — (y% — 6y) = 41

2
36(302 - —z) —(y* —6y) =41

3
2 1 1
36(x2—§m+§) ~(y" 6y +9) = 41+36-5~1-9

36(a:— %)2 —(y—3)2=36

1\ 2
( 3) (y—3)*
12 — R =1 Standard

form

1
The center is <§,3>; a =1 and b = 6. The transverse

axis is horizontal, so the vertices are 1 unit left and right
of the center:

1 1 2

(§ —1,3) and (5—5—173) or (— §,3> and
4
5,3 .

Since ¢ = a? +b?, we have ¢ = 1+36 = 37 and ¢ = /37.
Then the foci are +/37 units left and right of the center:

1 1
(g - \/§,3> and (g + J:T?,:;).
Find the asymptotes:

b b
y—k’:E(a:—h) and y—k:—a(m—h)

6 1 6 1
y—S—I(az—g) and y—3——i(:c—§)
3=6 ! d 3=-6 !
Yy =6lz—5) and y = -3 or

y=06z+1 and y=—6x+5

Sketch the asymptotes, plot the vertices, and draw the
graph.

J/
V-] 36x2 —y2 —24x+ 6y — 41 =0

F=—L

28. Begin by completing the square twice.
922 — 4y? + 54+ 8y +41 =0
9(x? + 6z) — 4(y? — 2y) = —41
922 +6x+9) —4(y> -2y +1) = —41+9-9—4-1
9(x +3)2 —4(y—1)2 = 36
(z+3)?° (y-1)
4 9
- (3P y-1)?
22 32

=1

=1 Standard
form

The center is (—3,1); a = 2 and b = 3. The transverse
axis is horizontal, so the vertices are 2 units left and right
of the center:

(=3—2,1) and (-3+2,1), or (=5,1) and (—1,1).

Since ¢ = a® +b?, we have ¢ =4+ 9 =13 and ¢ = V/13.
Then the foci are v/13 units left and right of the center:

(=3 —V/13,1) and (-3 + V13, 1).

Find the asymptotes:
y—k= é(ar:fh) andy — k = fé(xfh)
a

a
3 3
yflza(x+3) andyflzfi(x+3), or
,E +E‘nd 7_§ _z
y=grTo @ Y= 7575

9x2 — 4y2 + 54x + 8y + 41 =0

29. Begin by completing the square twice.
9y? —42% — 18y +24r — 63 =0
9(y? — 2y) — 4(2? — 6z) = 63
9(y? — 2y + 1) — 4(2® — 62+ 9) = 63+9-1—4-9
9y —1)2 —4(x —3)2 = 36

-1 @-3° _,
4 9
(y-1? (-3
22 32

1 Standard
form

The center is (3,1); a = 2 and b = 3. The transverse axis
is vertical, so the vertices are 2 units below and above the
center:

(3,1 —2) and (3,1 +2), or (3,—1) and (3, 3).

Since ¢ = a® +b?, we have ¢ =4+ 9 =13 and ¢ = V/13.
Then the foci are v/13 units below and above the center:

(3,1 —+/13) and (3,1 + V13).
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Find the asymptotes:

y—k= %(xfh) and y — k = f%(wfh)
2 2
y—1l==(z—3)andy—1=—=(x—3), or
3 3
_2 1 d _ 2 +3
y=37 an y=—3%
Sketch the asymptotes, plot the vertices, and draw the
graph.
y
6
AN

9y? — 4x?> — 18y + 24x — 63 =0

30. Begin by completing the square twice.
2% — 25y 4 62 — 50y = 41
22 4+6x+9—25(y2 +2y+1)=41+9-25-1
(x+3)2—25(y+1)2 =25

(x+3)2  (y+1)2 _
25 1
[r—(=3) - (1P _ 1
52 12

The center is (—3,—1); a = 5 and b = 1. The transverse
axis is horizontal, so the vertices are 5 units left and right
of the center:

(=3 —5,-1) and (—3+5,—1), or (—8,—1) and (2, —1).

Since ¢ = a? 4+ b?, we have ¢ = 25+ 1 = 26 and ¢ = v/26.
Then the foci are v/26 units left and right of the center:

(=3 —/26,—1) and (=3 + /26, —1).

Find the asymptotes:
b b
y—k=—-(z—h)andy—k = —g(x—h)

a
1 1
y+1:;(:r+3)andy+1:—g(az+3)7or
5
—leg and —fle§
YT VTR TS

x2 — 25y% + 6x — 50y = 41

31. Begin by completing the square twice.
22—y 20— 4y =14
(22 —2x+1)— (42 +4dy+4)=4+1-4
(2—1)2 - (y+2)° = 1

(=17 (2P _,
12 12

Standard
form

The center is (1,—2); @ = 1 and b = 1. The transverse
axis is horizontal, so the vertices are 1 unit left and right
of the center:

(1-1,-2)and (1+1,-2), or (0,—2) and (2,—2).

Since ¢ = a2 +b%, we have 2 =1+ 1 =2 and ¢ = V2.

Then the foci are v/2 units left and right of the center:
(1—+/2,-2) and (14 /2, -2).

Find the asymptotes:

yszg(xfh)and y—k=—-=(x—nh)
a

Yy ()= 1 —1) andy— (-2) = (1)

y+2=x-1 and y+2=—(x—-1), or

y=x—3 and y=—-xr—1
Sketch the asymptotes, plot the vertices, and draw the
graph.

—4 -2\ x

x27y272x74y:4

32. Begin by completing the square twice.
9y? —4x? — 54y — 8z +41 =0
9(y? — 6y +9)—4(z? +2x+1) = —41+9-9—4-1
9(y—3)*—4(z+1)* =36
(y—3)? (z+1)?
4 9

(y-3? [-(=DP
22 32

1

=1 Standard

form

The center is (—1,3); a = 2 and b = 3. The transverse
axis is vertical, so the vertices are 2 units below and above
the center:

(-1,3—2) and (—1,3+42), or (—1,1) and (—1,5).

Since ¢ = a? + b?, we have ¢> = 4+ 9 and ¢ = v/13. Then
the foci are v/13 units below and above the center:

(=1,3 —v/13) and (—1,3 4+ /13).
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Find the asymptotes:

yfk:%(xfh)andyfk:f%(wfh)
2 2
y—3:§(m+1)andy—3:—§(1’+1),or
_2ou _2 T
(R T S R
y
8
o F
N or_~~o
S >
N 4
N A
-5
A N
- ~
S

9y? — 4x> — 54y — 8x + 41 =0

33. Begin by completing the square twice.
y?—22 -6z -8y —29=0
(y> — 8y +16) — (2> +6x+9) =29 +16 — 9
(y—4)2 - (x+3)2 =36
(47 (2437 _
36 36

(y—4? [z—(=3)
62 62

1

=1 Standard
form

The center is (—3,4); a = 6 and b = 6. The transverse
axis is vertical, so the vertices are 6 units below and above
the center:
(—3,4—6) and (—3,4+6), or (—3,—2) and (-3, 10).
Since ¢ = a2 42, we have ¢ = 36436 = 72 and ¢ = /72,
or 6v/2. Then the foci are 64/2 units below and above the
center:

(—3,4 — 6v/2) and (—3,4 + 6v/2).
Find the asymptotes:

yszg(zvfh) and yfk:fg(th)

b b
6 6
y—d= 2 (-3) and y—4= 2z (-3)
y—4=x+3 and y—4=—(z+3), or
y=x+7 and y=—-xz+1
Sketch the asymptotes, plot the vertices, and draw the
graph.
y
\\\ .12%//
\\\ 84/
“12 7 =4 \‘\z‘x 8 x

N
N
N
°
|
S
T T T/T
7
’
7

P —x>—6x—8y—29=0

34. Begin by completing the square twice.
22 —y? =8z —2y—13
2?2 —8xr —y?+2y = —13

x278x+167(y272y+1):713+1671
(x—4) — (y—1)2 =2
(x—4? (y-1)°

=1 Standard form

(V22 (V2)?

The center is (4,1); a = V2 and b = v/2. The transverse
axis is horizontal, so the vertices are v/2 units left and right
of the center:

(4—+/2,1) and (4 4+ v/2,1).

Since ¢ = a2 + b, we have ¢ = 2+ 2 =4 and ¢ = 2.
Then the foci are 2 units left and right of the center:

(4—2,1) and (4 +2,1), or (2,1) and (6,1).
Find the asymptotes:

b b
y—kfg(x—h) dndy—kf—a(m—h)

V2 V2
y—l—ﬁ(a:—ﬁl)andy—l——\ﬁ(x—ll)
y—1l=x—4 and y—1=—(z—4), or

y=z—3 and y=—-xc+5

xz—y2=8x—2y—13

35. The hyperbola in Example 3 is wider than the one in Ex-

ample 2, so the hyperbola in Example 3 has the larger
eccentricity.
Compute the eccentricities: In Example 2, c = 5 and a = 4,
so e =5/4, or 1.25. In Example 3, ¢ = V5and a =1, so
e = \/5/1 ~ 2.24. These computations confirm that the
hyperbola in Example 3 has the larger eccentricity.

36. Hyperbola (b) is wider so it has the larger eccentricity.

37. The center is the midpoint of the segment connecting the
vertices:
3-3 7T+7
(T, %), or (0,7).
The vertices are on the horizontal line y = 7, so the trans-
verse axis is horizontal. Since the vertices are 3 units left
and right of the center, a = 3.

Find ¢:

e =

Substituting 3 for a

a wWlo lo
Ot wl ot wl
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38.

39.

Now find b2:
2 = a2+ b2
52 =347
16 = b2

Write the equation:
(x—h)?  (y—h)
@ B -
a?  (y-7?% _

S
9 16

The center is the midpoint of the segment connecting the
vertices:

—-1-1 3+7
( 2 7%)7(” (_175)
The vertices are on the vertical line x = —1, so the trans-

verse axis is vertical. Since the vertices are 2 units below
and above the center, a = 2.

1

Find ¢:
e= € 4
a
c
3= 4
c=38
Now find b%:
& =a’+b?
64 = 4 + b2
60 = b?
The equation is (y— 5)2 — (z+ 1)2 =1.
4 60

0. -6)¢ Fp
Parabola
(0,-8)

One focus is 6 units above the center of the hyperbola, so
¢ = 6. One vertex is 5 units above the center, so a = 5.
Find b%

2 =a?+0?

6% = 5% + b
11 = b2
Write the equation:

2 2

oo

a b2

v a2 B

25 11

40.

41.

A I%)
[

1 1
Y1 = iyz7 SO Yo + 5y2 = 450. Then y = 300 and

1
v = 5 - 300 = 150.

Find x1:
L—% B 1502 _
902 1302
1502
2 _ 2
zi =90 (1 + 1302)

Then the diameter of the top of the tower is
2z, &~ 2(137.4) =~ 275 ft.

Find x5:
ﬁ _ 3002 1
902 1302
3002
_ on2
To ~ 226.4

Then the diameter of the bottom of the tower is 2zo ~
2(226.4) ~ 453 ft.

a) The graph of f(z) = 2z — 3 is shown below.

Since there is no horizontal line that crosses the
graph more than once, the function is one-to-one.

b) Replace f(z) with y: y = 2z — 3
Interchange x and y: * = 2y — 3

Solve for y: x4+ 3 =2y
z+3
5 Y
Replace y with f~1(z): f~1(z) = i ;r 3
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42. a) The graph of f(x) = 2°+2 is shown below. It passes
the horizontal-line test, so it is one-to-one.

6 fx)y=x3+2

b) Replace f(z) with y: y =a2® +2
Interchange = and y: z = y3 + 2
Solve for y:  x—2=1y3
Ve—-2=y
Replace y with f~(z): f~(2) = ¢z — 2

43. a) The graph of f(z) = i is shown below.

Since there is no horizontal line that crosses the
graph more than once, the function is one-to-one.

5
1 ith y: y =
b) Replace f(x) with y: y o
5
Interchange = and y: x =
y—1
Solve for y: z(y—1) =5
5
y—1=—
x
5
y=—+1
x

5
Replace y with f~1(z): f~' == +1, or
x

44. a) The graph of f(z) = V& + 4 is shown below. It
passes the horizontal-line test, so it is one-to-one.

y
St fle) =Nx +4
4
3 L
///
—
1
SAS2o 23 as
-2
-3
-4
-5

b) Replace f(z) with y: y =z + 4
Interchange x and y: * = \/y + 4
Solve for y: 2 =y+4

22 —4=y

Replace y with f~(z): f~Y(z) =22 -4, 2 >0

45. zx+y=25, (1)
x—y="7 (2)
2x =12 Adding
z =06

Back-substitute in either equation (1) or (2) and solve for

y. We use equation (1).
6+y=>5
y=-1
The solution is (6, —1).
46. 3z -2 =5 (1)
Sx +2y=3 (2)
8z =38 Adding
r=1

Back-substitute and solve for y.
5-142y =3  Using equation (2)
2y = =2
y=—1
The solution is (1, —1).
47. 2z -3y =171, (1)
3z + 5y =1 (2)

Multiply equation (1) by 5 and equation (2) by 3 and add
to eliminate y.

10x — 15y = 35
9z + 15y =3
19z =38

T =2

Back-substitute and solve for y.
3-2+5y =1 Using equation (2)
5y = =5
y=-—1
The solution is (2, —1).
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48. 3x +2y = —1
20 + 3y =6

Multiply equation (1) by 3 and equation (2) by —2 and
add.

9z + 6y = -3
—4x — 6y = —12
S5z =-15

r=-3

Back-substitute and solve for y.
3(=3)+2y = —1 Using equation (1)
2y =8
y=4
The solution is (—3,4).
49. The center is the midpoint of the segment connecting
(3,—8) and (3, —2):
—8—-2
(—3;3, 82 ), or (3,-5).

The vertices are on the vertical line x = 3 and are 3 units
above and below the center so the transverse axis is vertical
and a = 3. Use the equation of an asymptote to find b:

y—k:g(q:—h)

b
3
y+5=—-(x—3)
b
3 9
y—ga:fgff)

This equation corresponds to the asymptote y = 3z — 14,
3
soE:3andb:1.
Write the equation of the hyperbola:
y—k?> (@—h? _
a? - b2 =1
(y+5° @-3? _
9 T
50. The center is the midpoint of the segment connecting the
vertices:
—9-5 4+4
( 2 7%)7 or (7774)
The vertices are on the horizontal line ¥y = 4 and are 2
units left and right of the center, so the transverse axis is

horizontal and a = 2. Use the equation of an asymptote
to find b:

b
y—k*a(ﬂﬂ—h)
y—4:g(x+7)

b 7

y—§x+§b+4

This equation corresponds to the asymptote y = 3z + 25,
b
505:3andb:6.

51.

Write the equation of the hyperbola:
(x+7° (y—4)? _

1
4 36
S and T are the foci of the hyperbola, so ¢ = 300/2 = 150.
200 microseconds - _ 0186 mi = 37.2 mi, the

. 1 microsecond . )
difference of the ships’ distances from the foci. That is,

2a = 37.2, so a = 18.6.

Find b?:
2 = a2 + b2
1502 = 18.6% + b?
22,154.04 = b2
Then the equation of the hyperbola is
22 y? 22 y?

1,0

A — =1
18.62  22,154.04 ' 345.96  22,154.04

Exercise Set 10.4

)
. The correct graph is (a).
. The correct graph is (c

. The correct graph is (f).

)
. The correct graph is (d).

b I = T

. The correct graph is (e).

).
)

. The correct graph is (b).

(
(
(
(
(
(

0
2)
2) for y.

2 +y? = 25,

y—xr =1

First solve equation
y=z+1 3)

Then substitute z + 1 for y in equation (1) and solve for
x.

(
(
(
(

22 +y? =25

224+ (x+1)2=25
22+ 4+2c4+1=25
202 4+ 2x—24 =0

1
22+ x—12=0 Multiplying by 3
(x+4)(x —3) =0 Factoring

r4+4=0 or x—3 =0 Principle of zero
products
x=—4 or =3

Now substitute these numbers into equation (3) and solve
for y.

y=—-4+1=-3
y=34+1=4

The pairs (—4, —3) and (3,4) check, so they are the solu-
tions.
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8. 22 +4+42% =100,
y—x=2

y=x+2
22 + (z +2)% = 100
22 + 22+ 4z +4 = 100
222 + 42 —-96 =0
22420 —48 =0
(r+8)(x—6)=0

r=—-8orx =206
y=-8+4+2=—-6
y=6+2=38

The pairs (-8, —6) and (6,8) check.
9. 422+ 9% =136, (1)

3y+2 =6 (2)
First solve equation (2) for y.
3y =—-2x+6
2
y=-32 +2 (3)

2
Then substitute —3¢ + 2 for y in equation (1) and solve

for x.
422 4 9y = 36

2 2
4x2+9(f§x+2> — 36
4, 8
4x2+9<§x2—§x+4> — 36
422 + 422 — 242 + 36 = 36

8z2 —24x =0
22 -3z =0
z(z—3)=0

r=0 or =3

Now substitute these numbers in equation (3) and solve
for y.

2
=-Z2.0+2=2
Y 3 +

2
=——--34+2=0
Y 3 +
The pairs (0,2) and (3,0) check, so they are the solutions.
10. 922+ 4y? = 36,
3r+2y =6

2
—9_=%

2 2
9(2 - gy) +4y? = 36

8 4
9(4— Y+ —yz) + 492 = 36

3779
36 — 24y + 4y® + 492 = 36
8y2 — 24y =0
y* =3y =0
y(y—3) =0

y=0ory=3
r=2-20)=2
= 5(0) =

2
z=2-2(3)=0
The pairs (2,0) and (0, 3) check.

11. 22 +9% =25, (1)
Y =x+5 )
We substitute = + 5 for 32 in equation (1) and solve for .
22 +9y% =25
224+ (z+5) =25
224+2-20=0

(x+5)(x—4)=0
r+5=0 or x—4=0
r = -5 or xr =4

We substitute these numbers for z in either equation (1)
or equation (2) and solve for y. Here we use equation (2).

y?=-5+5=0and y =0.
y?=4+5=9and y = £3.
The pairs (—5,0), (4,3) and (4, —3) check. They are the

solutions.
12. y = 22,

x =y

x = (2%)?

z =2zt

0=z*—2

0=x(x®-1)

O=z(z—-1)(z?+x+1)

-1+v12-4-1-1
€T =

r=0or zxz=1 or

2
1 3
r=0or xz=1 or x:—iigi
y=02=0
y=12=1
1 VB2 1 V3B,
v=(-3+%1) =37
1 3\2 1 3
Y R Y
2 2 2 2
. 1 V3 1 V3
The pairs (070)7 (171)7 <7§+77’7*§*7Z>,
1 V3. 1 V3.
and (— 57 717 3 + 71) check.
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13. 22 +4%2 =9, (1)

2?2 —y2=9 (2)
Here we use the elimination method.

2?2+yt= 9 (1)

x? — y2 = 9 (2)

222 = 18 Adding
2= 9
r =43

Ifz=3, 22=9, and if x = =3, 22 = 9, so substituting 3
or —3 in equation (1) gives us

22 +y?=9
9+y2 =9
y* =0
y = 0.

The pairs (3,0) and (—3,0) check. They are the solutions.
14. 3? —4a? =4 (1)
4o +y% =4 (2)

—4z? + 2 =4 (1)
402 + 2 =4 (2)
2% =8 Adding
yP =4
y==x2
Substitute for y in equation (2).
42 +4 =4
422 = 0
=0

The pairs (0,2) and (0, —2) check.
15. y2—22=9 (1)
2r—3 =y (2)
Substitute 2z — 3 for y in equation (1) and solve for z.
y?—x2=9
(2z—3)2—2%2=9
4? =122 +9 -2 =9

322 - 122 =0
22 —4x =0
z(r—4)=0

r=0 or x=4

Now substitute these numbers into equation (2) and solve
for y.

fe=0y=2-0—3=—3.
Ife=4,y=2-4—-3=5.
The pairs (0, —3) and (4,5) check. They are the solutions.

zy = -7
y=—-2x—6
z(—x —6) = -7
-z — 6z = -7
0=2a%+6x—7
0=(@+7)(r—-1)
r=—-Torzx=1

y=—(-7)-6=1
y=—-1-6=-7
The pairs (—=7,1) and (1, —7) check.

17. y?=z+3, (1)
y=x+4 (2)

First solve equation (2) for x.
y—4d==z 3)

Then substitute 2y — 4 for = in equation (1) and solve for
y.

Y =x+3
¥ = (2y—4)+3
P =2y—-1

Y2 —2+1=0
(y—1y—-1)=0
y—1=0 or y—1=0

y=1 or y=1
Now substitute 1 for y in equation (3) and solve for .
2:-1-4=x
2=z

The pair (—2,1) checks. It is the solution.

18. y:a:2,
3r=y+2
y=3x—2

3z —2 =22
0=2%2-3zx+2
0= (z—-2)(z—-1)

r=2orz=1
y=3.2-2=4
y=3-1-2=1

The pairs (2,4) and (1,1) check.
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19. 22442 =25 (1)
zy =12 (2)

First we solve equation (2) for y.

zy =12
12
Y=
x

12
Then we substitute — for y in equation (1) and solve for
x

.
22 +9y% =25
122
x2+(—) =25
T
5 144
T

2t 4+ 144 = 2522
2t — 2522+ 144 =0
u? —25u+ 144 = 0
(u—9)(u—16) =0

u=9 or u=16

Multiplying by x2

Letting u = 22

We now substitute z2 for u and solve for z.
22=9 or z2=16
r=243 or x==4

Since y = 12/z, if . = 3,y = 4; if x = -3, y = —4;
ifx =4,y = 3; and if z = —4, y = —3. The pairs
(3,4), (—3,—4), (4,3), and (—4, —3) check. They are the
solutions.

20. 2?2 —y? =16, (1)
z+y? =4 (2)
22 + =20 Adding
224+2-20=0
(x+5)(xz—4)=0
r=-5or z=4
y?> =4 —x Solving equation (2) for y?
y?=4—(-5)=9and y =43
¥?=4—4=0andy=0
The pairs (—5,3), (=5, —3), and (4,0) check.
21. 224 y% =4, (1)
1622 +9y? = 144 (2)
—92% — 9y? = —36 Multiplying (1) by —9

1622 4+ 9y? = 144
T2 = 108 Adding
L2 108

7
3
= 44/ 464/ =
v 6\[7

08 _
— =
_ 4 6v/21 Rationalizing the de-
= 7 nominator

22.

23.

619
621 6v21
Substituting Tf or — [ for = in equation (1) gives
us
36 - 21 5
=4
9 Y
2,108
7
80
2 _ 7
=7
80 5
=44/ —— = +4iy/ =
O Z\/;
4iV/3E
y== ! 35. Rationalizing the
7 .
denominator
. 6v21 4iv/35
The pairs (T, - ),

(6\/5 74@\/%) (7 6v21 4@@) and

7 7 ) T T )
6v21  4iv/35

(_ 7T

z? +y? = 25, 1)

2522 + 16y% = 400 (2)

—162% — 16y% = —400 Multiplying (1) by —16
2522 + 16y% = 400

) check. They are the solutions.

922 = 0 Adding
T = 0
02 +y? =25 Substituting in (1)
y = +£5

The pairs (0,5) and (0, —5) check.

22 +4y? =25, (1)
r+2y=7 (2)
First solve equation (2) for z.
x=-=2y+7 (3)
Then substitute —2y + 7 for z in equation (1) and solve
for y.
22 4+ 492 = 25
(—2y+7)2+4y?> =25
4y? — 28y + 49 + 4y? = 25
8y2 — 28y +24 = 0
292 —Ty+6=0
(2y=3)(y—2)=0

3
yziory:2

Now substitute these numbers in equation (3) and solve

for x.

3
=—-2--4+7=4
x 2+

r=-2-247=3

The pairs (4, g) and (3, 2) check, so they are the solutions.
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24. y? — 2% =16,
2 —y=1
y=2x—1
(22 -1)2-22=16
402 —4x+1— 22 =16
322 —4r—15=0
Bz +5)(x—3)=0

r=—-orz=3
5 13
a5
y=23)—1=5
. 5 13
The pairs (7 3’ 73) and (3,5) check.
25. 2% —xy+3y? =27, (1)
r—y=2 (2)
First solve equation (2) for y.
r—2=y 3)

Then substitute z — 2 for y in equation (1) and solve for

xX.
22 — oy +3y? =27
22 —z(x—2)+3(x—2)2 =27
22— 2?4204+ 322 — 120 +12 =27
322 - 106 —15=0
. —(=10) £ \/(=10)2 — 4(3)(-15)
e 2.3
x:10i¢ﬁﬁiﬁm:10i¢%ﬁ
6 6
leoimﬁ6:5i¢%
6 3

Now substitute these numbers in equation (3) and solve

for y.
5+ /70 —1++/70
y:7_2:7
3 3
5— /70 —1-+/70
e

-1
The pairs (5 +3\/%7 §m> and

(5—¢%-4—¢%
3 7 3
26. 2y2 + oy +22 =7,
r—2y=>5

r=2y+5
2y + 2y +5)y+ 2y +5)?2 =7
2y? + 2y% + 5y + 4y? + 20y +25 = 7
8% + 25y +18 = 0
By+9)(y+2) =0

y=—-ory=—2

) check, so they are the solutions.

= 9)+5—11
TTATR) T T
z=2(-2)+5=1
11 9
The pairs (Z, —g) and (1,—2) check.
27. 2?2442 = 16, 2?2 +9y2 =16, (1)
or
y? —22% =10 222 +42 =10 (2)

Here we use the elimination method.
222 4 2y% = 32 Multiplying (1) by 2
—2z2 4 y2 =10
3y? = 42 Adding

y? =14
y=+V14
Substituting v/14 or —/14 for y in equation (1) gives us
22414 = 16
22 =2
T = iﬁ

The pairs (—v2, —V14), (—=v2,V/14), (v/2,—v/14), and

(v/2,v/14) check. They are the solutions.

28. 2?4+ 92 = 14, (1)
22 —y2= 4 (2
222 = 18 Adding
2= 9
T =23
9+ 42 =14 Substituting in equation
(1)
Yy =5
y=+Vh

The pairs (-3, —/5), (—=3,v5), (3, —v/5), and
(3,/5) check.

29. 22+ y2 =5, (1)

xy =2 (2)
First we solve equation (2) for y.
Ty =2
2
y=
x

2
Then we substitute — for y in equation (1) and solve for
x

x.
22+y? =5
2N 2
x2+<—> =5
T
4
.’E2+—2:5

z* +4 = 522 Multiplying by 22
2t =522 4+4=0
w2 —bu+4=0 Letting u = x>
(u—4)(u—1)=0
u=4 or u=1

We now substitute 22 for u and solve for z.
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2=4 or 22=1
T =42 r = =1
Sincey =2/x,iffx =2, y=1ifz=-2,y=—-1;ifx =1,
y=2;and if x = —1, y = —2. The pairs (2,1), (-2,-1),
(1,2), and (—1,—2) check. They are the solutions.
30. 22+ y? =20,
Ty =8

a2t 4 64 = 2022
at =202 + 64 =0
u? —20u+64 =0
(u—16)(u—4) =0
u=16 or u=4
22=16 or 22=4
r=24 or x==£2
y =8/x,s0ifx =4, y =2, ifx = -4, y = -2
ifx =2, y =4 if x = =2, y = —4. The pairs
(4,2), (—4,-2), (2,4), and (—2,—4) check.
31. 3x+y=7 (1)
4% + 5y =56 (2)
First solve equation (1) for y.
cr+y="7
y=7-3z (3)
Next substitute 7 — 3z for y in equation (2) and solve for
x.

Letting u = z?

422 + 5y = 56
4z% +5(7 — 3z) = 56
4z% + 35 — 152 = 56
472 =152 —21 =0
Using the quadratic formula, we find that
15 — /561 15 + /561
r=————o0rz¢=——"—.
8 8
Now substitute these numbers into equation (3) and solve
for y.

15 — /561 15 — /561
fo=— Y20 yo7-3( 220 o

8 8
11 + 3v/561
— =
15 4+ /561 15 4+ /561
Ife=——"—y=7-3—— |, 0or
8 8
11 — 3v/561
—s
. 15 — /561 11 + 3v/561
The pairs , and
8 8
(15 +8 561, 1= ?8) 561) check and are the solutions.

32. 2y% + 2y =5,
dy+ax="7
r=—4y+7
202 + (—dy+ Ty =5
29?2 —4y? + Ty =5
0=2%—Ty+5
0=(2y-5)y—-1

y:goryzl

5
:74<—) 7=-3
T 2 +

r=-41)+7=3
. 5
The pairs ( -3, 5) and (3,1) check.

33. a+b=7, (1)

ab=4 (2)
First solve equation (1) for a.
a=-b+7 (3)

Then substitute —b+ 7 for a in equation (2) and solve for

b.

(=b+7)b =14
0> +7b = 4
0="0b"—Tb+4
b— —(-7)£/(-7)2—-4-1-4
B 2-1
po 1 E V33
2
Now substitute these numbers in equation (3) and solve
for a.
7T+V33 733
(1
7—/33 7T+V33
a=—(T ) +T=5
The pairs (ﬂ7 L\/ﬁ) and
2 2
(7%\/@, @) check, so they are the

solutions.

34. p+q=—4,

Pg=—5
p=—q—4
(—g—4)q=-5
—¢?—4qg= -5

0=¢>+49-5
0=(¢+5)(¢—1)
q=—-5orqg=1
p=—(-5)-1=1
p=—-1—-4=-5
The pairs (1, —5) and (=5, 1) check.
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35. % +y? =13, (1)
xy =26 (2)
First we solve Equation (2) for y.
zy =6
6
Y=
x

6
Then we substitute — for y in equation (1) and solve for
x

T.
® +y* =13
62
2+ (—) ~13
x
36
x
2% +36 = 1322 Multiplying by =2

2t - 1322 +36=0
u? —13u+36=0
(u—9)(u—4)=0

u=9 or u=4

Letting u = z?

We now substitute z2 for v and solve for z.

22=9 or a2=4

r==+3 or T ==£2
Since y = 6/z, if x =3, y = 2; if x = =3, y = —2;
ifx =2, y =3; and if ¢ = —2, y = —3. The pairs
(3,2), (—3,-2), (2,3), and (-2, —3) check. They are the
solutions.

36. 22 +4y? =20,

Ty =4
4
y=-
X
4 2
x2+4<—) — 20
X
64
4+ — =20
X

zt + 64 = 2022
= 2022 +64 =0
u? —20u+64 = 0
(u—16)(u—4) =0
u=16 or wu=4
22 =16 or 22 =4

r=244 or = =42

Letting u = 2

y=4/x,soife =4, y=1ifz=—-4,y=—-1;ifx =2,
y=2;and if z = —2, y = —2. The pairs (4,1), (—4, 1),
(2,2), and (—2,—2) check.
37. 2?4+ y*+6y+5=0 (1)
2?24+9y?—-22-8=0 (2)
Using the elimination method, multiply equation (2) by
—1 and add the result to equation (1).
> +y*+6y+ 5=0 (1)
22—y +2z+ 8=0 (2
20 + 6y + 13=0 (3)

Solve equation (3) for x.

22+ 6y +13 =0

2z = —6y — 13
_ —6y—13
- 2
6y — 13

Substitute — for  in equation (1) and solve for y.

> +y*+6y+5=0
2

—6y — 13
(71/2 )+y2+6y+5:0
3632 + 156y + 169

4

36y + 156y + 169 + 4y + 24y +20 = 0
40y 4+ 180y + 189 = 0

Using the quadratic formula, we find that

+y2+6y+5=0

—45 + 3v/15 —45 + 3v/15
y= —\/» Substitute —\/» for y in
20 20
= 7—6];2— 13 and solve for .
—45 + 3v15
Ify= 7_'2_0 \ﬁ, then
ks 3V15Y 13
- 20 _ 5-9V15
B 2 20
—45 — 3v/15
Ify= 20 \/T), then
o= 3V15Y 13
v 20 _ 5+9V15
B 2 20
The vairs [ 2F 915 —45 — 315 and
P 20 20
— 15 —4 1
> 9\/_5, 5+3V15 check and are the solutions.
20 20
38. 2y + 3y2 =17, (1)
3xy —2y% =4 (2)

6y + 9% = 21
—6zy + 4y = -8

Multiplying (1) by 3
Multiplying (2) by — 2

13y = 13
y'= 1
y = =1

Substitute for y in equation (1) and solve for z.
Wheny=1: 2-2-1+3-12 =7

2 =4
r =2
Wheny=—1: 2.-2-(=1)+3(-1)? =
—2z =
T = -2

The pairs (2,1) and (=2, —1) check.
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39. 2+b=1, (1) 42, ay=4,
b=4-ad? (2) T+Yy=9
Equation (2) is already solved for b. Substitute 4 — a? for r=_yi5
b in equation (1) and solve for a. Y
20+4—a?=1 (—y2+5)y:4
0=a®—2a—3 A
0=y*>—5y+4
0= (a—3)(a+1) 4 v+
0=@-4@-1)
a=3 or a=-1
: : : y=4or y=1
Substitute these numbers in equation (2) and solve for b.
rT=-44+5=1
b=d=3t= 14+5=4
Tr = — =
b=4—(-1)2=3 i
The pairs (1,4) and (4,1) check.
The pairs (3,—5) and (—1,3) check. They are the solu-
tions. 43 Yy — Uz =4 (1)
22y —3y= =0 2
40. 42% 4 9y® = 36, vy @)
gy =3 —2zy + 2y% = —4 Multiplying (1) by —2
oY= 2zy — 3y2 = 0
r=-3y+3 —y? = —4 Adding
y'= 4
4(=3y+3)2+9y% =36 y = 2
4(9y* — 18y +9) + 9y% = 36 We substitute for y in equation (1) and solve for z.
36y% — T2y + 36 + 9y? = 36 Wheny =2: 2-2-22=2
45y — 72y =0 2 —4 =2
592 —8y =0 2 =6
y(5y—8) = 0 r=3
0 8 When y = —2: z(-2) - (-2)2 =2
=0ory=—
Y Y 5 —2r—-4=2
x:—3-g+3:3 . -2z =6
L R -
x 5 + 5 x 3
9 8 The pairs (3,2) and (—3,—2) check. Th the solu-
The pairs (3,0) and (— 5 g) check. tiozs‘palrs (8,2) and { ) chec €y are Hhe som
41. o? +b* =89, (1) 44. 4a% — 250 = 0, (1)
a—b=3 (2) 2a% — 100 = 3b+ 4 (2)
First solve equation (2) for a. ) )
a=b+3 (3) da” = 250" =
2 2 _ . . _
Then substitute b+ 3 for a in equation (1) and solve for b. —4a” + 200" = —6b—8 Multiplying (2) by —2
(b+3)2+b% =89 —5b%> = —6b— 8
b* 460+ 9 + 0> = 89 0 =5b*—6b—8

262 +6b — 80 = 0
b2 4+3b—40 =0
(b+8)(b—5)=0
b=-8orb=5
Substitute these numbers in equation (3) and solve for a.
a=-8+3=-5
a=5+3=38

The pairs (—5,—8) and (8,5) check. They are the solu-
tions.

0= (5b+4)(b—2)

4
b= -5 or b=2
Substitute for b in equation (1) and solve for a.
4 , 4\2
Whenb=—=:  4a®=25( - ) =0

5

4a® = 16
a2 =4
a = 12

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



624

Chapter 10: Analytic Geometry Topics

45.

46.

When b = 2: 4a® —25(2)2 =0
4a% = 100
a? =25
a==+5
The pairs (2, —g), <— 2, —%), (5,2) and (—5,2) check.
m?—3mn+ n2+1=0, (1)
3m?2 — mn + 3n? =13 (2)

m? — 3mn 4+ n?=-1 (3) Rewriting (1)

3m? — mn +3n?= 13 (2)
3 Multiplying (3) by —3

3m?— mn+ 3n® = 13

—3m2+9Imn— 3n? =

8mn = 16

mn = 2
2
=— (4

n==

2
Substitute — for n in equation (1) and solve for m.
m

) 2 2\?
m-—3m|—|+(—) +1=0
m m

9 4
m? =6+ — +1=0
m

4
m2 — 5 + - = O
m
m* —5m? +4 =0 Multiplying
by m?
Substitute u for m?2.
w?—5u+4=0
(u—4)(u—1)=0

u=4 or u=1
m>=4 or m*=1
m==2 or m==%l1

Substitute for m in equation (4) and solve for n.

2
Whenm=2,n:§=1.

2
Whenm:—2,n:—2:—1.

2
Whenmzl,n:I:Q.

When m = -1, n = ll = -2.
The pairs (2,1), (=2, -1), (1,2), and (—1, —2) check. They

are the solutions.

ab—b*=—4, (1)
ab—2b> = -6  (2)

ab— V¥ = —4
—ab + 2b? = 6 Multiplying (2) by —1

=2

b=+V2

Substitute for b in equation (1) and solve for a.

When b=+v2: a(v2) — (vV2)? = —4

a\/§: —2
2
=2 =v3
When b= —v2: a(—/2)—(=v2)? = —4
—av2 = -2
R

7% =
The pairs (—v/2,v/2) and (v/2, —v/2) check.

47. 22 +y2 =5 (1)
r—y=28 (2)
First solve equation (2) for z.
r=y+8 (3)
Then substitute y + 8 for = in equation (1) and solve for
Y.
(y+8)32+y>=5
Y2+ 16y +64+y*> =5
2y 4+ 16y +59 = 0

~ —16+4/(16)2 — 4(2)(59)
v= 2.2
—16 £ /216
Yy = - 1
_ —16£6iV6
B 4
3.
y=—4+ 52\/6
Now substitute these numbers in equation (3) and solve
for .

3 3
v=—d+SiVE+8=4+2iV6

3. 3.
xr = —4—51\/64-8:4—51\/6

. 3. 3.
The pairs (4 + 5%/67 —4+ 51\/6 and
3. 3. .

<4 - 52\/6, —4 - 52\/6) check. They are the solutions.

48. 42?2 4+ 9y? = 36,
y—x =28

y=x+8
42? + 9(z + 8)? = 36
4z% + 9(2 + 167 + 64) = 36
422 4 922 + 1442 + 576 = 36
1322 4+ 1442 + 540 = 0
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_ —144+ /(144)2 — 4(13)(540) When z = —iv3: (—iv3)2+ (—=iv3)y =5
2-13 —iv3y =8
—72+6ivV51 T2 6 8
LS AL R NN -
13 13713 V51 VG
72 _ 32 6 8iv/3
y=-1+1 \F+ §="13+ 31Vl y=-—3
72 32 6 . i j
y=-13 —z\ﬁ+ 8= — — 13 51 The pairs (z 3, 781;)/§> and (f V3, 82;)/§).
. 7
The pairs (— — 4+ — \/_ — + —Z\/_) and 51. 22 +y? =25, (1)
922 +4y2 =36  (2)
L FNY ———' 51) heck.
( 13 13 13" chee —42? — 442 = —100  Multiplying (1) by —4
232
49. 2+ =14, (1) 002 4 4y? — 36
ab = 3\/5 (2) 51,2 = —64
Solve equation (2) for b. 22 64
b —3\/5 ’
= —64 :
a r =+ —= :I:g
3v5 5 VB
Substitute —— for b in equation (1) and solve for a. 8iv5
a , T =4 5 Rationalizing the
denominator
a? + (%) — 14 v
0 . )
40 Substituting ? or 7815\)/5 for z in equation (1) and
a® + - =14 solving for y gives us
a +45=14a2 _%4+y 25
a* —14a% +45 =0
2 . ) , 189
u”—14u+45=0 Letting u = a Y =5
u—9)(u—-5)=0
(u=9){u=5) Y L
u=9 or u=25 Yy = 5 = 5
2 _ 2 _
a’=9 or a®=5 34105 . ..
a=43 or a=+V5 y=+t—]1—. Rationalizing the
0 denominator
Since b = 3v/5/a, if a = 3, b = V/5; if a = =3, b = —/5; . — . —
ifa=+5,b=23; and if a = —V/5, b = —3. The pairs The pairs (8“/57 3 105)7 <7 82\/57 3 105)7
(3,v/5), (=3,—V5), (v/5,3), (=5, —3) check. They are 5 5 5 5
the solutions. (81\/5 3\/105) and ( 8iv/5 3\/105)
5 5 ) 5 5
2 _
50. 2 +axy =25, (1) check.
2 _
20 +ay=2 (2) They are the solutions.
—x? —xy = —5 Multiplying (1) by —1
21.2 + xy = 2 52. .CC2 +y2 = 17 (1)
z? = -3 922 — 16y2 =144  (2)
T = +iV3 1622 + 1642 — 16 Multiplying (1) by 16
Substitute for z in equation (1) and solve for y. 972 — 16y2 = 144
When z = iv3: (iv/3)2+ (ivV3)y = 5 2512 = 11%%
i\/gy = 88 :EZ = %
4
v= zf Tr = j:—\/_
82\f 5
= 3 Substituting for = in equation (1) and solving for y gives

us
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160
- =1
95 Y
135
2 _ _ Y%
v ="
135
= 44 /=
y 2
3iv15
y ==+ “5/_,
. [(4V10 3iV15 4v/10  3iV15
The pairs , , y— ,
5 5 5 5
_4\/E 3iv15 and _4\/ﬁ _31\/5
5 7 5 ) 5 5
check.

53. 5y-a22=1, (1)

zy =2 (2)
Solve equation (2) for .
2
T ==
Y

2
Substitute — for = in equation (1) and solve for y.
Y

S5yt —y?—4=0
5u? —u—4 =0 Letting u = 3>
(bu+4)(u—1)=0

S5u+4=20 or u—1=0
4
u:—g or u=1
4
yzf—; or y? =1
5
:I:Qi +1
=+— or =
Y 75 Y
215
y::tzg/— or y==£1
2iv/5 2 5
Since x = 2/y, if y = , T = =— =
[y, ify 5 NN
5
i. Z\/g:—i\/g;jfy:—Z\/g7
iv5 —iv5 5
2
—:i\/g;
2iV5
5

ify=1z=2/1=2ify=-1,z=2/—-1=-2.

The pairs (fz'\/ﬁ, %\/5), (z’x/%,—%/g), (2,1) and

5
(—2,—1) check. They are the solutions.

5

54.

55.
56.
57.

58.

59.

.102—7y2:67
zy =1
1
y=-
T
1\2
:52—7(—) =6
x
7
2 —

2zt — 7 = 622

=622 -7=0

u?—6u—7=0 Letting u = 2?2
(u—7)(u+1)=0

u=7 or u=-—1
22 =7 or 2= -1

=47 or x=i
Since y = 1/x, if 2 = V7, y = 1/VT = VT/T; if 2 = —V/T,
y=1/(—V7) = V7T ife =i,y =1/i = —i, if £ = —i,
y=1/(—i) =i.
The pairs (ﬁ, g), (— \/—,—77), (¢,—1%), and (—1,1%)
check.
The statement is true. See Example 4, for instance.

The statement is false. See Example 2, for instance.

The statement is true because a line and a circle can in-
tersect in at most two points.

The statement is true because it is possible for a line to
be tangent to an ellipse (that is, to touch the ellipse at a
single point).

Familiarize. We first make a drawing. We let [ and w
represent the length and width, respectively.

10 w

l

Translate. The perimeter is 28 cm.
204+ 2w =28, or [ +w =14
Using the Pythagorean theorem we have another equation.
1?2+ w?=10% or I?+w?=100
Carry out. We solve the system:
I+ w =14, (1)
P+w?=100 (2)
First solve equation (1) for w.
w=14-1 (3)

Then substitute 14 — [ for w in equation (2) and solve for

l.
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60.

61.

12 + w? = 100
2+ (14 —-10)72 =100
12 4196 — 281 + 12 = 100
212 —2814+96 =0
2141 +48 =0
(1—8)(1—6)=0
[=8 or =6

If | =8, then w =14 — 8, or 6. If [ = 6, then w = 14 — 6,
or 8. Since the length is usually considered to be longer
than the width, we have the solution [ = 8 and w = 6, or
(8,6).

Check. 1f | = 8 and w = 6, then the perimeter is 2:842-6,
or 28. The length of a diagonal is v/82 + 62, or /100, or
10. The numbers check.

State. The length is 8 cm, and the width is 6 cm.
Let | and w represent the length and width, respectively.
We solve the system:

lw =2,

2042w =6

The solutions are (1,2) and (2,1). We choose the larger
number to be the length, so the length is 2 yd and the
width is 1 yd.

Familiarize. We first make a drawing. Let [ = the length
and w = the width of the brochure.

Translate.
Area: lw = 20

Perimeter: 20 +2w =18, or [+ w =9
Carry out. We solve the system:
Solve the second equation for I: [ =9 —w
Substitute 9 — w for [ in the first equation and solve for w.
(9 —w)w =20
9w — w? = 20
0 =w?—9w+20
0= (w-—>5)(w—4)
w=>5 or w=4

If w=>5,thenl =9—w,ord. Ifw=4,thenl=9-—4,
or 5. Since length is usually considered to be longer than
width, we have the solution [ = 5 and w = 4, or (5,4).

Check. If | = 5 and w = 4, the area is 5 - 4, or 20. The
perimeter is 2 -5+ 2 -4, or 18. The numbers check.

State. The length of the brochure is 5 in. and the width
is 4 in.

62.

63.

64.

Let [ and w represent the length and width, respectively.
Solve the system:

2l 42w = 6,

I +w? = (V5)% or
l+w=3

P+w?=5

The solutions are (1,2) and (2,1). Choosing the larger
number as the length, we have the solution. The length is
2 m, and the width is 1 m.

Familiarize. We make a drawing of the dog run. Let | =
the length and w = the width.

l
Since it takes 210 yd of fencing to enclose the run, we know
that the perimeter is 210 yd.

Translate.
Perimeter: 2] + 2w = 210, or [ + w = 105

Area: lw = 2250
Carry out. We solve the system:
Solve the first equation for I: | =105 —w

Substitute 105 — w for [ in the second equation and solve
for w.
(105 — w)w = 2250
105w — w? = 2250
0 = w? — 105w + 2250
0 = (w—30)(w —75)
w=30 or w=75
If w = 30, then [ = 105 — 30, or 75. If w = 75, then
Il = 105 — 75, or 30. Since length is usually considered

to be longer than width, we have the solution [ = 75 and
w = 30, or (75, 30).

Check. If | = 75 and w = 30, the perimeter is 2-75+42- 30,
or 210. The area is 75(30), or 2250. The numbers check.

State. The length is 75 yd and the width is 30 yd.

Let [ = the length and w = the width. Solve the system
lw= \/57
12 +w? = (V3)2
The solutions are (v/2,1), (—v/2, 1), (1,/2), and
(—1,—+/2). Only the pairs (v/2,1) and (1, v/2) have mean-
ing in this problem. Since length is usually considered to

be longer than width, the length is v/2 m, and the width
is 1 m.
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65.

66.

67.

Familiarize. We first make a drawing. Let [ = the length
and w = the width.

Translate.

Area: lw=+/3 (1)

From the Pythagorean theorem: 12 +w? =22 (2)
Carry out. We solve the system of equations.

We first solve equation (1) for w.

lw=+3

3
Then we substitute T\[ for w in equation 2 and solve for
l.
3\ 2
() -
3

2 —

Ptg=4

1443 =412
Y42 +3=0

u?—4u+3=0
(u—=3)(u—-1)=0

u=3 or u=1

Letting u = [2

We now substitute ? for u and solve for 1.

1?2=3 or ?=1

l=%+V3 or ==l
Measurements cannot be negative, so we only need to con-
sider | =3 and [ = 1. Sincew:\/g/l,ifl:\/g,wzl
and if | = 1, w = v/3. Length is usually considered to be
longer than width, so we have the solution I = v/3 and
w=1, or (v/3,1).
Check. If | = v/3 and w = 1, the area is V3 -1 = V/3.
Also (V3)2 +12 =3 +1 =4 = 22, The numbers check.

State. The length is v/3 m, and the width is 1 m.

Let p = the principal and r = the interest rate. Solve the
system:

pr =17.5,

(p+25)(r—0.01)=7.5
The solutions are (125,0.06) and (—1.50,—0.05). Only

(125,0.06) has meaning in this problem. The principal
was $125 and the interest rate was 0.06, or 6%.

Familiarize. We let x = the length of a side of one test
plot and y = the length of a side of the other plot. Make
a drawing.

68.

69.
70.
71.
T2.
73.
74.

x Y
Yy
T
Area: z? Area: y?
Translate.
The sum of the areas is 832 ft2.
—_~ —~—
! ! !
z? +y? = 832
The difference of the areas is 320 ft2.
N~ N~
! ! !
x? —y? = 320

Carry out. We solve the system of equations.

a? +y® = 832

22 —y? = 320

222 = 1152  Adding
2% = 576
x =124

Since measurements cannot be negative, we consider only
x = 24. Substitute 24 for x in the first equation and solve
for y.

242 +y? = 832
576 + y> = 832
y? = 256
y =116

Again, we consider only the positive value, 16. The possi-
ble solution is (24, 16).

Check. The areas of the test plots are 242, or 576, and
162, or 256. The sum of the areas is 576 + 256, or 832.
The difference of the areas is 576 — 256, or 320. The values
check.

State. The lengths of the test plots are 24 ft and 16 ft.

Let [ and w represent the length and width, respectively.
Solve the system:

VI2+w? =141,
V2 +uw? =2w+3

The solutions are (12,5) and (0,—1). Only (12,5) has
meaning in this problem. It checks. The length is 12 ft
and the width is 5 ft.

The correct graph is (b).
The correct graph is (e).
The correct graph is (d).
The correct graph is (f).
(
(

The correct graph is (a).

The correct graph is (c).
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75. Graph: z2+y? < 16,
y<z

The solution set of 22 + y? < 16 is the circle 22 4+ y% = 16
and the region inside it. The solution set of y < z is
the half-plane below the line y = . We shade the region
common to the two solution sets.

7

e
4
2V2,2V2)
PR S B

S\3 21235
7
. ] P H
(—2V2, —2V2) R -3
z
7

plia s
©

N
N

To find the points of intersection of the graphs we solve
the system of equations

z? +y? =16,
Yy =z
The points of intersection are (—2v/2, —24/2) and
(2v/2,2V/2).
76. Graph: 22+ 92 <10,
y>x

)
(-V3, —V/5)
BRI R iy el
2

77. Graph: 2% <y,
T+y>2

The solution set of 22 < y is the parabola 22 = y and the
region inside it. The solution set of x + y > 2 is the line
x4y = 2 and the half-plane above the line. We shade the
region common to the two solution sets.

y
: s
(=2, )8 4
: NG

Y, 1)

757473727171 12 45 - x
2 : :

; R ) O ;
4

k5

To find the points of intersection of the graphs we solve
the system of equations

a? =y,
T4y =2
The points of intersection are (—2,4) and (1,1).

78. Graph: z > y?,
z—y<2

79. Graph: 22+ y? < 25,
T—Y>5
The solution set of 22 + 32 < 25 is the circle 22 + y? = 25
and the region inside it. The solution set of x —y > 5

is the half-plane below the line x —y = 5. We shade the
region common to the two solution sets.

To find the points of intersection of the graphs we solve
the system of equations

22 + % = 25,
z—y=>5.
The points of intersection are (0, —5) and (5, 0).
80. Graph: z2+y?>9,
r—y>3

81. Graph: y > 22 —3,
y <2
The solution set of y > 22 — 3 is the parabola y = 22 — 3
and the region inside it. The solution set of y < 2x is the

line y = 2x and the half-plane below it. We shade the
region common to the two solution sets.
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3.0

Sas o\ 17545 x

=1L-2 2/
To find the points of intersection of the graphs we solve
the system of equations

R - N

Yy= 3’.2 - 37
y = 2.
The points of intersection are (—1, —2) and (3,6).
Graph: y <3 — 22,
y>x+1

IR AL
SOPR PR/ N IR PPN

83. Graph: y > z2,

y<ax+2

The solution set of y > z? is the parabola y = 22 and
the region inside it. The solution set of y < = + 2 is the
half-plane below the line y = x + 2. We shade the region

85. 237 = 64
231226
3r =6

r =2

The solution is 2.

86. 5% =27

In5% = 1n27

zlnb = 1n27

In27

v Inb5

x ~ 2.048
87. logsx =4
r = 3*
r =81

The solution is 81.

88. log(z —3)+logz =1
log(z — 3)(z) =1
2?2 -3z =10
22 -3x-10=0
(x=5)(x+2)=0
r=5 or x=-2
Only 5 checks.

89. (x—h)22+(y—k)2=r2
If (2,4) is a point on the circle, then

— h)2 )2 — 2
common to the two solution sets. 2=h)+ A=k ="
If (3,3) is a point on the circle, then
o (3—h)2+(3—k)? =12
Y S Thus
o\ (2= h)2+(A—k)? = (3= h)>+ (3= k)?
4—4—;;2{1,] 12345 Xx 4*4h+h2+16*8k’+k2:
A 9 —6h+h?+9—6k+ k2
. o —4h — 8k + 20 = —6h — 6k + 18
2h — 2k = -2
To find the points of intersection of the graphs we solve bk — 1

the system of equations

y = 22 If the center (h, k) is on the line 3x—y = 3, then 3h—k = 3.
:y —z+92. Solving the system
The points of intersection are (—1,1) and (2,4). h—k=-1,
3h—k=3

84. Graph: y <1 —2z2,
AP Y=t we find that (h, k) = (2,3).

Find 72, substituting (2, 3) for (h, k) and (2,4) for (z,y).
We could also use (3, 3) for (z,y).

(x—h)?+(y—k)? =1
(2-2)2+(4-3)2% =12

0+1=r2
2

1=r

The equation of the circle is (z — 2)2 +(y— 3)2 =1.

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



Exercise Set 10.4

631

90.

91.

Let (h,k) represent the point on the line 5z + 8y = —2
which is the center of a circle that passes through the
points (—2,3) and (—4,1). The distance between (h, k)
and (—2, 3) is the same as the distance between (h, k) and
(—4,1). This gives us one equation:

VIh=(=2)P+(k—=3)% = /[h—(—4)]>+(k—1)2
(h+22+*k=-32=(h+4)%+(k-1)2
h2+4h+44+k>—6k4+9 = h®+8h+16+k>—2k+1
4h — 6k +13 = 8h — 2k + 17
—4h—4k =4

h+k=-1

We get a second equation by substituting (h, k) in
5r 4+ 8y = —2.

5h + 8k = —2
We now solve the following system:
h+ k=-1,
5h + 8k = —2

The solution, which is the center of the circle, is (-2, 1).

Next we find the length of the radius. We can find the
distance between either (—2,3) or (—4,1) and the center
(—2,1). We use (—2,3).

r=VZ-(2F+ -3

r=VIEF (2R
r=+V4=2

We can write the equation of the circle with center (—2,1)
and radius 2.
(0= )+ (g = R)? =12
[z — (2P +(y—-1)* =22

(x+22+(@y—12=4

The equation of the ellipse is of the form
2 2

1
T+ % = 1. Substitute (17 ?) and (\/g, 5) for (z,y)

2 2
to get two equations.

e ()

1 3
2t Thr ptp st
1\ 2
wir 3) s o
@ Tt Thor gt =l
1
Substitute u for — and v for —.
a b2
3
u+1v:1, du+ 3v = 4,
or
1
3u+1v:1 12u4+v=4

1
Solving for u and v, we get u = Y 1. Then

1 1
u:$:1,50a2:4;v:b—2:1,sob2:1.
Then the equation of the ellipse is

2 2 2
z Y T 2
—+==1 — =1
g ety

92.

93.

2 2
2
a b2

Substitute each ordered pair for (z,y).

(=372 (_%5)2 _

a2 b2 L
3v5)\ 2
(-3)? v )
2 e b
(-3)
*§> 02
2 !
9 45
9 45
a2 @ = 17 (2)
9
w=t

Note that equation (1) and equation (2) are identical. Mul-
tiply both sides of equation (3) by 4:
9

a2

9
Substitute 4 for o in equation (1) and solve for b?.

45
4—-—=1
42
16b% — 45 = 4b2
12b% = 45
45 15
2 - = -~
b 12" o
Solve equation (3) for a?.
9
-1
4a?
9 _
4
22 Y2
The equation of the hyperbola is w - 15/4 =1

(x—h)2+ (y—k)2=1r? Standard form
Substitute (4,6), (6,2), and (1,—3) for (z,y).
(4=—h2+(6-k)2=72 (1)
6-h2+2-Kk2=r2 (2
LR+ (=3—k)? =12 (3)
Thus
(4-h)2+(6—-Kk)?2=(06-h)2+(2-k)2 or
h—2k=-3
and
(4-h)2+6-k2=(1-h)2+(-3-k)?2 or
h+3k=T.
We solve the system
h—2k = -3,
h+3k=T.
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94.

95.
96.

97.

Solving we get h = 1 and k = 2. Substituting these values
in equation (1), (2), or (3), we find that 72 = 25.

The equation of the circle is (z — 1)2 + (y — 2)? = 25.

Using (z — h)? + (y — k)? = r? and the given points, we
have
2-h?+@B-k?=r* (1)
A=h?+GE-k?=r> (2
0—h)2+(=3-k)2=r2 (3)
Then equation (1) — equation (2) gives h + k = 7 and
equation (2) — equation (3) gives h + 2k = 4. We solve
this system:
h+ k=T,
h + 2k = 4.
Then h = 10, k = —3, r = 10 and the equation of the circle
is (x—10)2+[y—(—3)]? = 10, or (z—10)2+(y+3)% = 100.

See the answer section in the text.

Let = and y represent the numbers. Solve:
Ty = 2,
1 1

The solutions are (3,8) and (8, i) In either case the

1
numbers are 1 and 8.

Familiarize. Let x and y represent the numbers.
Translate.

The square of a certain number exceeds twice the square
of another number by é

1

2 2
=92 Z
T y+8

5
The sum of the squares is ITh

z+y

T 16
Carry out. We solve the system.
1
2722_7 1
v=5 @
5
2 2 _ 2 2
et = (2
1
2_227_
€T Y g’
2 2_ D T
22° + 2y =32 Multiplying (2) by 2
6
322 = —
v 8
1
2 _ =
Ty
1
T ==+-

1
Substitute i§ for z in (2) and solve for y.

98.

99.
100.

5
— 27_
TV =36
1

2 _
Y= 16
1

= 4=
Y==3

Check. 1t is true that
11 1 1
by =2 -
8 4 (16> + 8

1\2 N2 5
Als + - + -
o(=2) (1) -%

:I:l
2

1\2
exceeds twice (:I: Z)

The pairs check.

1 1 1
State. The numbers are — and — or —= and — or = and
2 4 2 4 2
1 1 1
——or —— and —-.
4 2 4

Make a drawing.

5 ””””””””” ¥ o

Y Y y+ 10
I T T L5

5 5

: x4+ 10 :

We let x and y represent the length and width of the base
of the box, respectively. Then the dimensions of the metal
sheet are x + 10 and y + 10.

Solve the system
(z 4+ 10)(y + 10) = 340,
z-y-5H = 350.

The solutions are (10,7) and (7,10).
the box are 10 in. by 7 in. by 5 in.

The dimensions of

See the answer section in the text.

2oyma? 1 (1)

r—y=a—>b (2)
Solve equation (2) for z.
r=y+a—b (3)
Substitute for z in equation (1) and solve for y.
(y+a—10)%—y? =a®— b

Y2 + 2ay — 2by + a® — 2ab + b? — y? = a® — b?
2ay — 2by = 2ab — 2b?
2y(a —b) = 2b(a — b)
y=>
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Substitute for y in equation (3) and solve for z.
r=b+a—-b=a
The pair (a,b) checks.
101. 2B +43=72, (1)
z+y=206 (2)
Solve equation (2) for y: y=6—=x
Substitute for y in equation (1) and solve for z.
3+ (6 —x)% =72
2% 4216 — 108x + 1822 — 2% = 72
1822 — 108z + 144 = 0
22— 6z+8=0 .
Multiplying by 8
(z—4)(z—2)=0
r=4 or x =2
Ifx=4,theny=6-4=2.
Ifx=2,theny=6—-2=4.
The pairs (4,2) and (2,4) check.

5
102, a+ b=, (1)
a b 13
2222 2
b + a 6 @)
5 5—06
b= 6 %= ¢ a Solving equation (1) for b
5 — 6a
a 6 13 s
m + T = F Substltutlng for b
6 in equation (2)
6a n 5—06a 13
5-6a  6a 6

36a2 + 25 — 60a + 36a% = 65a — 78a?
150a% — 125a + 25 = 0
6a®> —ba+1=0
Ba—1)(2a—-1)=0
1 1

a= - ora= —

3 2
Substitute for a and solve for b.

5-6(3)

1 1
Wh ==, b=——9% = _,
me=z 6 2
1
5—6(—-
Whena:l, b:7(2> :1

6 3

2
The pai (1 1) d (1 1) heck. Th the sol
e pairs (3,3 ) and {5, 3) check. ey are the solu-

tions.

103. p>+¢2=13, (1)
1 1
)
Pq 6
Solve equation (2) for p.

104.

105.

SR I

Substitute —6/¢ for p in equation (1) and solve for q.

(-9 e =13

q
36
F + q2 =13
36 + ¢* = 134>

¢ —13¢>+36=0
u? —13u+36 =0
(u—9)(u—4)=0

u=9 or u=4

Letting u = ¢?

2=9 or 22=4

r==+30or x==£2
Since p = —6/q, if ¢ =3, p=-2;if g = -3, p =2
if q =2, p=-3; and if ¢ = -2, p = 3. The pairs
(-2,3), (2,-3), (—=3,2), and (3, —2) check. They are the
solutions.

22 +y? =4, (1)

(r-1P 42 =4 ()
Solve equation (1) for y2.
y'=4-a? (3)
Substitute for 4 — 22 for 32 in equation (2) and solve for
x.

(x—1)24+(4—-2%) =4
?—2r+1+4—22=4
-2z = -1

xr =

N | =

1
Substitute 3 for  in equation (3) and solve for y.

12
2_y4_ (=
w4 (3)

1
2:477
Y 4
15
2 -
L
V1

The pairs (l, @) and (1, —\/—TB) check. They are
27 2 2 2
the solutions.
57+Y = 100,
322-¥ = 1000
(z +y)logh = 2, Taking logarithms and
(2z —y)log3 =3 simplifying
zlogh+ylogh =2, (1)
2zlog3 —ylog3 =3 (2)
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106.

Multiply equation (1) by log3 and equation (2) by log5
and add.
x log3 - logh + ylog3 - logh = 2log 3
2z log3 - logh — ylog3 - logh = 3logb

3z log3 - log b = 2log3+
3logb
2log 3 + 3log b
- 3log3-logh
Substitute in (1) to find y.
72;?;;?;;?5 -log5 +ylogh =2
=
Jlogh — 2 — 210g;l;)0—g?;logo
Jlog5 — 6log3 — 2log3 — 3log b
3log3
Jlog5 = 4log3 — 3logh
3log3
4log3 — 3log b
- 3log3-logh
The pair <210g3+310g57 410g3—310g5> checks. It is
3log3-logh 3log3-logh

the solution.

e —e*tv =0, (1)
eV —e" V=0 (2)
Factor (1): e"(1—e¥) =0
1—-e¥=0
y=0

e’ =0 or
No solution
Substitute in (2).
el —e* 0 =0
1—e*=0
z=0
The solution is (0, 0).

Chapter 10 Mid-Chapter Mixed Review

1.

(=2 B L B N V)

The equation (x4 3)2 = 8(y — 2) is equivalent to the equa-
tion [z — (=3)]> = 4-2(y — 2), so the given statement is
true. See page 835 in the text.

. The equation (z —4)? + (y + 1)2 = 9 is equivalent to the

equation (z —4)2 + [y — (—1)]? = 32. This is the equation
of a circle with center (4,—1) and radius 3, so the given
statement is false.

. True; see page 852 in the text.

. False; see Example 2 on page 864 in the text.
. Graph (b) is the graph of x? = —4y.

. Graph (h) is the graph of (y + 2)? = 4(z — 2).

10.
11.
12.
13.

14.

15.

. Graph (d) is the graph of 1622 + 9y? = 144.

. Graph (a) is the graph of 2% + y* = 16.

Graph (f) is the graph of 4(z + 1) + 9(y — 2)2 = 36.
Graph (h) is the graph of (z —2)2 + (y + 3)? = 4.

(
(
. Graph (g) is the graph of 4(y — 1)2 — 9(z + 2)? = 36.
(
(
(

Graph (c) is the graph of 2522 — 4y? = 100.

y? =12z
y?=4-3-z
Vertex: (0,0)
Focus: (3,0)
Directrix: z = —3
| y
!
[
!
I 4r
!
! 2
!
1 ! 1 1 1
-4 2 2 4 X
! —
! ’ y?=12x
I TAr
!
[

2?2 — 6z — 4y = —17
22— 6x =4y — 17
22 —6r+9=4y—17+9
(x—3)2 =4y -8
(x—3)2 = 4y —2)
(x-32=4-1-(y-2)
V: (3,2)
: (3,241), or (3,3)
D: y=2-1,ory=1

o

x2—6x —4y=—17

224 y? +4x -8y =5
22 +4x+y? -8y =5
22 4+4dr+4+y?—8y+16=5+4+16
(424 (y—4)? =25
o — (<22 + (y —4)° = 57
Center: (—2,4); radius: 5
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x?+y?+4x— 8y =5

16. 224y —62+2y—6=0
22 —6z+y>+2y=6
2?6+ 9+y  +2+1=6+9+1
(z—3)2+(@y+1)?%=16
(2= 3 +[y— (1) = 2
Center: (3,—1); radius: 4

X+yt—6x+2y—6=0

2 2
17. xT+y7—1
2 2

9
x
Tty =1
a=3,b=1

The major axis is vertical, so the vertices are (0, —3) and
(0,3). Since ¢ = a®> —b? we have ¢ = 9— 1 = 8, so
¢ =+/8, or 2¢/2, and the foci are (0, —2v/2) and (0,2v/2).

2522 + 4y? — 50z + 8y = 71
25(z% — 2z) + 4(y® + 2y) = 71
252 —20+1-1)+4(*+2y+1-1) =171
25(x —1)2+4(y+1)2 =71+ 25+ 4
25(z — 1)2 + 4(y + 1)% = 100
x—1)2 1)?
G D
2 2
@V, b-CUE_,
Center: (1,-1);a=5,b=2
Vertices: (1,—1—5) and (1,—1+5), or (1,—6) and (1,4)
2 =25—4=21,s0c=+21
Foci: (1,—1—+/21) and (1, -1 + /21)

=1

25x% + 4y* — 50x + 8y = 71

9y? — 1622 = 144
y2 1,2 _
6 9

2 2
Yy X
gop !

The center is (0,0); a = 4, b = 3. The transverse axis
is vertical, so the vertices are (0,—4) and (0,4). Since
c® = a®? 4+ b2, we have ¢ = 16 + 9 = 25, and ¢ = 5. Then
the foci are (0, —5) and (0, 5).

Find the asymptotes:

y:f%x and y:%x

1 4
=—-z an =_-x
y=73 =3

The graph is on page A-67 in the text.

(+3° _ (y-2° _
1 4
o= (<3P -2? _
12 22
The center is (—3,2); a = 1, b = 2. The transverse axis is
horizontal, so the vertices are 1 unit left and right of the
center:

(—3—1,2) and (-3 +1,2), or (—4,2) and (-2,2).

Since ¢ = a® + b, we have > =1+ 4 =5 and ¢ = /5.
Then the foci are /5 units left and right of the center:

(-3 —+/5,2) and (=3 + v/5,2).
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Find the asymptotes:
b b
y—kfa(m—h) and y—kf—a(l—h)

2 2
y—2= I[x_ (=3)] and y—2= —I[I— (=3)]

y—2=2(zx+3) and y—2=-2(z+3)
The graph is on page A-67 in the text.

21. 22+¢y2 =29, (1)
r—y=3 (2
First solve equation (2) for x.
r—y =3
z=y+3
Substitute y 4 3 for x in equation (1) and solve for y.
(y+3)*+y*> =29
Y2 +6y+9+y* =29
2y% 4+ 6y +9 =29
2y° + 6y —20 =0
y?+3y—10=0 Dividing by 2
(y+5)(y—-2)=0
y+5=0 or y—2=0
y= -5 or y=2
Wheny=-5,z2=y+3=-5+3=-2.
Wheny =2, 2=y+3=2+3=05.
The solutions are (—2, —5) and (5, 2).

22, 224+¢y%=8, (1)

zy =4 (2)
Solve equation (2) for y.
4
y=-
x

4
Substitute — for y in equation (1) and solve for .
x

2
()
xT

a:z—i-:lv—S:S
a* +16 = 8z?
=822 +16 =0
Let u = 2.
u? —8u+16=0
(u—4)2=0
u—4=0 or u—4=0
u=4 or u =4
22=4 or 22 =4

r==x2 or r =42

=2.

DO | W~

When z =2, y =

4
Whenx:fQ,y:—zz—Z.

The solutions are (2,2) and (-2, —2).

23. 22+ 242 =120, (1)
y?— 22=28 (2)

22 + 2y% =20

-2+ 2 =28
3y? =48 Adding

y? =16

y =44

Substitute in equation (1) to find the z-values that corre-

spond to these y-values.
22 4+ 2(+4)? = 20

22 4+2-16 =20
22432 =20
x2 = —12
r = +2v/3i

The solutions are (2v/3i,4), (2v/3i, —4), (—2v/3i,4), and

(—2v/3i, —4).
24. 2z — y=-4, (1)
32 +2y=7 (2

dr — 2y = =8
322 + 2y =7
322 + 4o = —1

322 4+42x+1=0
Bz+1)(z+1)=0
3xr+1=0 or x+1=0

1
T =—z or z=-1

3

1
When z = —3 we have

()=

2
10

3

10

y:§~

When z = —1, we have
2(-1)—y=-4
—2—y=-4
—y =2

—y =

y=2.

110

The solutions - =
eboulonsare( 3 3

) and (—1,2).

25. Familiarize. Let x and y represent the numbers.

Translate. The sum of the numbers is 1, so we have one

equation:

r+y=1.
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26.

27.

28.

29.

30.

The sum of the squares of the numbers is 13, so we have a
second equation:

2 +y?=13.
Carry out. We solve the system of equations
z+y=1, (1)
22 +y?=13. (2)
First solve equation (1) for y.
r+y=1
y=—-x+1
Substitute —z + 1 for y in equation (2) and solve for z.
2?24+ (—z+1)2 =13
2+2?-2r+1=13
202 —2x+1=13
222 — 22 —12=0
2 —x—-6=0
(x—=3)(z+2)=0
z—3=0o0or 4+2=0

Dividing by 2

r =3 or T =-2

Whenz =3, y=—2+1=-3+1=-2.
Whenz=-2,y=—-z+1=—-(-2)+1=3.

In either case, we find that the numbers are 3 and —2.

Check. 3+ (—2) =1 and 3%+ (—2)? =9+ 4 = 13, so the
solution checks.

State. The numbers are 3 and —2.

Graph: 22 4+19y2 <8,
x>y
The graph is on page A-67 in the text.

Graph: y > 22 — 1,
y<xz+1
The solution set of y > 22 — 1 is the parabola y = z? — 1
and the region inside it. The solution set of y < x + 1 is

the line y = x + 1 and the half-plane below it. We shade
the region common to the two solution sets.

The graph is on page A-67 in the text.

To find the points of intersection of the graphs we solve
the system of equations

Yy = IQ - 17
y=x+1.
The points of intersection are (—1,0) and (2, 3).

No; parabolas with a horizontal axis of symmetry fail the
vertical-line test.

No, the center of an ellipse is not part of the graph of the
ellipse. Its coordinates do not satisfy the equation of the
ellipse.

No; the asymptotes of a hyperbola are not part of the
graph of the hyperbola. The coordinates of points on the
asymptotes do not satisfy the equation of the hyperbola.

31.

Although we can always visualize the real-number solu-
tions, we cannot visualize the imaginary-number solutions.

Exercise Set 10.5

1.

2.

3.

4.

We use the rotation of axes formulas to find 2’ and 3’.
2/ =z cosf+ysind
2 cos 45° — /2 5in 45°
o

:1—1:0

= —xsinf + ycosl
= —/25in45° — v/2 cos 45°
R R

<
\

=1-1=-2
The coordinates are (0, —2).

2/ =z cosf+ysind

= —1-cos45° + 3sin45°
2 2
V2,5 V2
2 2
2v/2
= 7\2/— =2

y' = —xsinf + ycosb
= —(—1)sin45° + 3 cos 45°
2 2
_V2 V2
2 2
4/2

The coordinates are (v/2,2v/2).
We use the rotation of axes formulas to find ' and ¥’
2’ = xcosf+ysinh
= 0-cos 30° + 2sin 30°
1

=0+2--=1
+ 2

y = —xsinf 4+ ycosh
= —0-sin 30° 4 2 cos 30°

S
The coordinates are (1,v/3).

=0+2-

2’ = xcosf+ysinh

=0 cos60° + v/3sin 60°
3

V3
=0+V3 =3

y' = —xsinf + ycosb
= —0-sin60° + /3 cos 60°

3\@)

Th dinat -
e coordinates are (2, 5
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5. We use the rotation of axes formulas to find x and y.

x = 1x'cosf —y sinf
=1-cos45° — (—1)sin45°

VZ V2
)
:22£:¢§

y = x'sinf + y' cosd
=1-sin45° — 1 - cos45°

ViV
BNCRNCE

The coordinates are (v/2,0).
6. z=21a'cosf —y sinf
= —3v/2cos45° — v/2sin 45°
2 2
= -32- £ —V2. £
2 2
= 3-1=-4
y = 2'sinf + 3y cosf
—3v/25in45° + /2 cos 45°
2 2
_ 33 V2, 5.2
2 2
= 3+4+1=-2

The coordinates are (—4, —2).

7. We use the rotation of axes formulas to find x and y.

x = x'cosf —y sinf
= 2c0830° — 0 - sin 30°
=2. é —0=+3
2
y = x'sinf + y' cosd
= 25sin30° + 0 - cos 30°
1
—2.240=1
2+
The coordinates are (\/3, 1).

8. 1z =2a'cosf —y sinh
= —1-cos60° — (—/3)sin 60°

1 V3
[ — 3. =
2+‘[ 2
1 3
- __ — =1
573

y = x2'sinf +y cosf
= —1-sin60° — v/3 cos 60°

V3 gl
D) 2
23
:,%:,\/g

The coordinates are (1, —+/3).

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

L322 —bzy +3y2 - 22+ Ty =0

A=3, B=-5 C=3

B? —4AC = (-5)?—4-3-3=25-36=—11

Since the discriminant is negative, the graph is an ellipse
(or circle).

5202 +6xy —4y> +r—3y+4=0

B? —4AC=6%-4-5-(—4) =36+80=116

Since the discriminant is positive, the graph is a hyperbola.

22 -3y — 22 +12=0
A=1 B=-3, C=-2
B? —4AC=(-3)2-4-1-(-2)=9+8=17

Since the discriminant is positive, the graph is a hyperbola.

422 + Tey + 292 -3z +y =0
B2 —4AC=T7?—-4-4-2=49-32=17

Since the discriminant is positive, the graph is a hyperbola.

422 — 122y +9y®> =3z +y =0

A=4, B=-12, C=9

B?2 —4AC = (-12)2-4-4-9=144—-144 =0
Since the discriminant is zero, the graph is a
parabola.

622 + by + 69> +15 =0

B? - 4AC =5%2—-4-6-6=25—144= —119
Since the discriminant is negative, the graph is an ellipse
(or circle).

202 —8xy+ Ty  +x—2y+1=0

A=2, B=-8,C=T7

B? —4AC = (—8)2—4-2-7=64—56 =8

Since the discriminant is positive, the graph is a hyperbola.

22 4+ 6zy +9y? —3x 4+ 4y =0

B2 -4AC=62-4-1-9=36-36=0

Since the discriminant is zero, the graph is a

parabola.

8x2 — Tay +5y% — 17 =0

A=8, B=-7,C=5

B? —4AC = (-7)2-4-8-5=49-160 = —111

Since the discriminant is negative, the graph is an ellipse
(or circle).

24 ay—y? —4r+3y—2=0

B2 -4AC=12-4-1-(-1)=1+4=5

Since the discriminant is positive, the graph is a hyperbola.
4z% + 2zy + 4y = 15

A=4, B=2 C=4

B2 - 4AC=2%2—-4-4-4=4—-64=—-60

Since the discriminant is negative, the graph is an ellipse
(or circle). To rotate the axes we first determine 6.
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A-C 4-4
20 =" - *_
cot 260 5 5 0

Then 260 = 90° and 0 = 45°, so
V2

2
sinf = g and cosf = -

Now substitute in the rotation of axes formulas.
x = x'cosf —y sinf

= x/(?) - y’(?) = Q(:E’ -y)

y=2'sinf 4y cosb
V3N (VB 3
R T Al R S O /
_x<2)+y(2> 2 +y)
Substitute for x and y in the given equation.

[ 2wy +2| Le ][ 2w v+

4{?( '+y')]2 _15

After simplifying we have
/\2 /\2

@7, )

3 5

This is the equation of an ellipse with vertices (0, —v/5)
and (0,+/5) on the y/-axis. The 2/-intercepts are (—/3,0)
and (v/3,0). We sketch the graph.

=1

(xr)z N (yr)Z _
3 S

1

20. 322 4+ 102y + 3y +8 =0
B2 —4AC =10 —4-3-3 =100 — 36 = 64

Since the discriminant is positive, the graph is a hyperbola.

To rotate the axes we first determine 6.
A-C 3-3
cot2=—p— =5 =0
Then 26 = 90° and 6 = 45°, so
V2

2
sinf = % and cosf = -

Now substitute in the rotation of axes formulas.
z = x'cosf — y sinf

() o) o

y = x'sinf + y' cosd

AR () Fe

After substituting for x and y in the given equation and
simplifying, we have
W) (@)
4 1

=1

21. 22 — 10y + 42 +36=0
A=1, B=-10, C=1
B? —4AC = (—10)2—4-1-1=100—-4 =96
Since the discriminant is positive, the graph is a hyperbola.

To rotate the axes we first determine 6.
A-C_1-1_,
B -10
Then 260 = 90° and 6 = 45°, so
V2

2
sinf = % and cosf = -

cot 20 =

Now substitute in the rotation of axes formulas.
x =12’ cosf —y' sinf

- )-(5)- G

y = 2'sinf + 1y’ cosf
2 2 2
= aﬁ(%) +y’<\/7—) = g(fv”ry’)

Substitute for  and y in the given equation.

2
2 2 2
L =] —10[ 2w )| [ L +0)]+
2 2 2
5 2
{g( '+y’)} +36=0
After simplifying we have
@2 W2,
9 6
This is the equation of a hyperbola with vertices (—3,0)
6
and (3,0) on the z’-axis. The asymptotes are y’ = —gac’
and 3y’ = ?x’. We sketch the graph.
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22. 22 4+ 2zy + > +4V2x — 42y =0
—4AC=22-4-1-1=4-4=0
Since the discriminant is zero, the graph is a
parabola. To rotate the axes we first determine 6.
A-C 1-1

120 = ——=——=0
co 5 2

Then 260 = 90° and 0 = 45°, so
V2

2
sinf = % and cosf = -

Now substitute in the rotation of axes formulas.
z = 1x'cosf — y sinf

)-o()- v

y =12'sinf + 3y’ cosd

() () o

After substituting for z and y in the given equation and

simplifying, we have
(:C/)Q =4y

45°

()’ =1y

23. 22 — 2y/3zy + 3> — 1232 — 12y = 0
A=1 B=-2V3,C=3
—4AC = (-2v3)?—4-1-3=12-12=0
Since the discriminant is zero, the graph is a
parabola. To rotate the axes we first determine 6.
A-C 1-3 -2 1
B~ 23 23 B
Then 26 = 60° and 6 = 30°, so

V3

1
sinf = 3 and cosf = -

cot 20 =

Now substitute in the rotation of axes formulas.
z = 1x'cosf —y sinf

— 5 Lg_ , }_x'\/g_y_
Ty YT e T
y = a'sinf +y' cosd
1 3 ! '3
:x’._+y/.£:x_+y\[
2 2 2 2

Substitute for z and y in the given equation.

)

() (- 4)-

24.

! 7
12(£+y\/§):0

2 2
After simplifying we have
(y')? =62,

This is the equation of a parabola with vertex at (0,0) of
the x’y’-coordinate system and axis of symmetry y’ = 0.
We sketch the graph.

1322 + 6v/3xy + Ty> — 16 =0
—4AC = (6v/3)2 —4-13-7 =108 — 364 = —256

Since the discriminant is negative, the graph is an ellipse

or a circle. To rotate the axes we first determine 6.
A-C 13—-7 6 1

B 7 6vV3 V3
Then 26 = 60° and 6 = 30°, so

£

2

cot 20 =

1
sinf = 3 and cosf =
Now substitute in the rotation of axes formulas.
r = 2’ cosf — y sinf

;Y31 a3y
2 Y37 2

y = 2'sinf + 1y’ cosf

:w’.ler’.ﬁ:x_, Yy
2 2 2 2
After substituting for z and y in the given equation and
simplifying, we have
7 2 /\2
@) )
1 4

S

=1

&0
. =4 =
y 1 i !

25. 722 4+ 63y +13y2 —32=0

Copyright @ 2012 Pearson Education, Inc.

A=17 B=6V3, C=13
—4AC = (6v3)%2 —4-7-13 = 108 — 364 = —256
Since the discriminant is negative, the graph is an ellipse
or a circle. To rotate the axes we first determine 6.
A-C 7-13 -6 _ 1
B 6v3  6v3 V3
Then 26 = 120° and 6 = 60°, so

cot 20 =
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1
sinf = ? and cosf = 3

Now substitute in the rotation of axes formulas.
x = x'cosf —y' sinf

o 1 ’ \/g_l‘/ y’\/g
=2 - -—Yy ==
2 2 2 2
y=2'sinf 4y cos
3 1 V3 !
:x’.£+y’,_:$f+y_
2 2 2 2

Substitute for z and y in the given equation.

7(33—, - y,;/g)Q +6\/§(x, y'\/g) (x/\/g + y—,)+

2 2 2 2 2
:C/\/g y/ 2
13 =] —-32=0
(5°+3)
After simplifying we have
(=) ()?
AR DA
2 + 8

This is the equation of an ellipse with vertices (0, —v/8) and
(0,4/8), or (0, —2v/2) and (0,2+/2) on the y'-axis. The
o'-intercepts are (—v/2,0) and (v/2,0). We sketch the
graph.

@2, 0 _
2 8

1

26. 2+ 4oy +1y2—-9=0
B2 -4AC=42>—-4-1-1=16—-4=12

Since the discriminant is positive, the graph is a hyperbola.
To rotate the axes we first determine 6.
A-C 1-1
b S
B 4
Then 26 = 90° and 6 = 45°, so
V2

sinf = Q and cosf = —.
2 2

cot 20 =

Now substitute in the rotation of axes formulas.
z = x'cosf —y sinf

A e

y = a'sinf +y' cosd
() e () - Loy
After substituting for x and y in the given equation and
simplifying, we have
(=) ()?
39

=1

27. 1122 4+ 10v/3zy + > = 32
A=11, B=10V3, C=1
B? —4AC = (10v/3)? —4-11-1 = 300 — 44 = 256
Since the discriminant is positive, the graph is a hyperbola.
To rotate the axes we first determine 6.
A-¢c_1-1_ 10 1
B 10v3  10v3 V3
Then 260 = 60° and # = 30°, so

V3

sinf = 1 and cosf = —.
2 2

cot 20 =

Now substitute in the rotation of axes formulas.
x = 1x'cosf —y sinf

VB 1 VB Y
2

= — — e

2 YT

y = a’sinf + y cos 6
1 3 ! V3
zx/._+y’.£:$_+yf
2 2 2 2
Substitute for x and y in the given equation.

l"\/g 7/ 2 x’\@ y/ 2! y/\/g
11 _Z 1 2 (=
( 2 2) + O\/g 2 2 2 + 2 +

/ , 2

(% +4 ;/g) — 32

After simplifying we have
@) )
28

This is the equation of a hyperbola with vertices (—/2, 0)
and (v/2,0) on the z’-axis. The asymptotes are 3y =

=1

8 8
——21' and y = ~=2/, or ¢y = =22’ and ¢y = 22'. We

V2

sketch the graph.

28. 522 — 8xy +5y2 =8
B? —4AC = (—8)?—4-5-5=64—100 = —36

Since the discriminant is negative, the graph is an ellipse
or a circle. To rotate the axes we first determine 6.
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A-C 5-5

20 = "—— = ——

cot 20 5 e
Then 26 = 90° and 6 = 45°, so
V2

2
sinf = % and cosf = -

=0

Now substitute in the rotation of axes formulas.
x = 1x'cosf —y sinf

x'sin 6 + 3y’ cos 6

= x’(ﬁ) +y’(ﬁ> — Q(x’+y’)

<
I

2 2 2

After substituting for x and y in the given equation and

simplifying, we have

2 2
@) W)
81 9
¥ x
45°
@+ﬂ:1
81 9

29. V222 4+ 2v2zy + V2> =8z + 8y =0
B? —4AC = (2v/2)? —4-v2-/2=8-8=0

Since the discriminant is zero, the graph is a

parabola. To rotate the axes we first determine 6.

A-— -2

cot 20 = ¢ = V22 =0
B 2v/2

Then 20 = 90° and 6 = 45°, so

V2

2
sinf = % and cosf = -

Now substitute in the rotation of axes formulas.
z = x'cosf — y sinf

) o()- o

y = x'sinf + y' cosd

A i()- Fe

Substitute for z and y in the given equation.

2

A ] w2l Fu ][]

2

ﬂ{g(x’—ﬁ—y/)] 2—8~

After simplifying we have
1

y/ — 71(1,/)2.

V2

2

(fv’—y’)+8-?(w’+y/) =0

30.

31.

Copyright @ 2012 Pearson Education, Inc.

This is the equation of a parabola with vertex at (0,0) of
the z'y/-coordinate system and axis of symmetry z’ = 0.

We sketch the graph.

)/, = 7%(}6/)2

22 +2v3zy + 3y? — 8z + 83y =0
B2 —4AC = (2/3)? —4-1-3=12-12=0
Since the discriminant is zero, the graph is a
parabola. To rotate the axes we first determine 6.
A-C 1-3 -2 1
cot20:—B :Q—ﬁ:m:_ﬁ
Then 26 = 120° and 6 = 60°, so

sinf = \/—g and cosf = %

Now substitute in the rotation of axes formulas.
x = x'cosf —y sinf
;1 V3

V3 y'V3
2 Y

2

2
5
y = a’sinf + 4 cos 6

V3 1 V3 oy

— L
STyt T Ty

After substituting for x and y in the given equation and

simplifying, we have
(z' +1)? = =23y + 1.

(' + 1)P=—2V3y' + 1

z? 4+ 6v3zy — 5y + 8z — 83y —48 =0
A=1 B=6V3, C=-5
B? —4AC = (6v/3)2 —4-1-(=5) = 108 +20 = 128

Since the discriminant is positive, the graph is a hyperbola.

To rotate the axes we first determine 6.
A-C 1-(-5) 6 7L

cot 20 =

B 6v/3 6
Then 26 = 60° and 6 = 30°, so

S
&
&

sinf = % and cosf =

Now substitute in the rotation of axes formulas.
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x = 2" cosf — gy sinf

, V31 VB Yy
2

=z — —qy == —

2 Y37

y=2'sinf 4y cos
\/g xz y/

:x’1+y,_:—+
2 2 2 2

Substitute for z and y in the given equation.
T3 v : ATESNAEA
2 2 2
y/
(5 ) < :)-
8V3 ( ‘[) —48=0

After simplifying we have
(=) (' +1)?
10 5

This is the equation of a hyperbola with vertices (—+/10, 0)

|4

&

=1.

NG
and (v/10,0) and asymptotes y' +1 = ———2’and ¢/ +1 =
( ) ymptotes y it y
V5o, , 1 1
—az',ory +1=——2" and y + 1 = —2’ We sketch
V10 Y V2 Y V2
the graph.

&) (¢ +1)?
10 5

=1

32. 322 — 22y + 3y? — 6v2x + 22y — 26 =0
—4AC =(-2)2—4-3-3=4—136=—32
Since the discriminant is negative, the graph is an ellipse

or a circle. To rotate the axes we first determine 6.
A-C 3-3
t20=——=——=0
co B —
Then 26 = 90° and 6 = 45°, so

V2

2
sinf = % and cosf = -

Now substitute in the rotation of axes formulas.
z = x'cosf — y sinf

R \/i ’ \/§ _ \E ’ ’
= (L) _y (L) = Ly
2 2 2
y = x'sinf + y' cosd
V2 V2 V2
_ Ve (Ve _VE ’
=z < 5 | Y5 5 (" +9)
After substituting for x and y in the given equation and
simplifying, we have
I 1 2 / 1 2
(@ -1 W12
16 8

12 ’ 2
(C3ll O SO )
16 8

33. 22 +ay+y>=24
A=1 B=1,C=1
—4AC=1°-4-1-1=1-4=-3

Since the discriminant is negative, the graph is an ellipse
or a circle. To rotate the axes we first determine 6.
A-C 1-1
t20 = ——=——=0
co iz 1
Then 260 = 90° and 6 = 45°, so
V2

2
sinf = \/7— and cosf = -
Now substitute in the rotation of axes formulas.
z = x'cosf —y sinf
(2 (8)-4

2

5 ) =5 @ =Y)

2

y = a’sinf + y cos 6
2 2 2
= x(%) +y’(§) = %(w’ +y)

Substitute for  and y in the given equation.
2 ? 2 2
L =] + [ 20w =) [ L +0)]+
2 2 2
5 2
] -
After simplifying we have
@) )2
16 48
This is the equation of an ellipse with vertices (0, —/48)
and (0,v/48), or (0,—4v/3) and (0,4v/3) on the y’-axis.
The
a’-intercepts are (—4,0) and (4,0). We sketch the graph.

=1

45°

&P L 02
16 48

=1

34. 422+ 3V3zy +y> =55
—4AC=(3v3)2—4-4-1=27-16=11

Since the discriminant is positive, the graph is a hyperbola.
To rotate the axes we first determine 6.
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35.

cot29—Aic—471—
B 33 3
Then 26 = 60° and 6 = 30°, so

e
4~

ol%

1
sinf = 3 and cosf =

Now substitute in the rotation of axes formulas.
z = 1x'cosf —y sinf
, V3 , 1 _ 2'V3 B

= — — -

2 Y37

o<

y = a'sinf + y' cos§

;1 ., V32 Y3
=a - -+ Y ==
2 2 2 2
After substituting for  and y in the given equation and

simplifying, we have

(@)? W) _ |
10 110 '
,
»
30°
)’ o
10 110

4% — dzy +y? — 86z — 16v5y =0

A=4, B=-4, C=1

B? —4AC=(-4)?%-4-4-1=16-16=0
Since the discriminant is zero, the graph is a

parabola. To rotate the axes we first determine 6.

A-C 4-1 3
120 ="~ = =
CO B

—4 4
Since cot 20 < 0, we have 90° < 20 < 180°. We make a
sketch.

4 r.\ze
B

=Y

3
From the sketch we see that cos 26 = —% Using half-angle

formulas, we have

. 1 — cos 20
sinf) = 4 / 5 =

and

3
0— 1+cos20 1+(_5)1
cosf =4/ 2 = 5 i

36.

Now substitute in the rotation of axes formulas.

x =12’ cosf —y' siné

12w

V5 Vi VB V5
y = a’sinf + y cos 6

, 2 L 1 2z’ n y'

=z .« — — = e,

N RV ARV

Substitute for x and y in the given equation.

2 G2

21/ "\? 2y
(o2 el %)
20 Yy

0(35+ ) =0

After simplifying we have
(y")? = 8z'.

This is the equation of a parabola with vertex (0,0) of
the z'y/-coordinate system and axis of symmetry y’ = 0.

DO

:_7;/.

Since we know that sinf = — and 0° < 6 < 90°, we can

use a calculator to find that 6 ~ 63.4°. Thus, the zy-axes
are rotated through an angle of about 63.4° to obtain the
x'y’-axes. We sketch the graph.

922 — 24xy + 16y> — 400z — 300y = 0
B? —4AC = (—24)? —4-9-16 = 576 — 576 = 0
Since the discriminant is zero, the graph is a
parabola. To rotate the axes we first determine 6.
A-C 9-16 7
B 24 24
Since cot26 > 0, we have 0° < 20 < 90°. We make a
sketch.

cot 20 =

25
24

26
7

X

From the sketch we see that cos26 = % Then
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37.

1+
cosf — /1+c0520: 25:5
2 2 5

Now substitute in the rotation of axes formulas.

4 3
— 2l coslh — ' sind = o' — 24
x =12’ cosf — y' sin 57 5y
yzm’sin@+y’cosl9=§m'+gy’

After substituting for z and y in the given equation and
simplifying, we have

(y")? = 202’
3
Since we know that sinf = — and 0° < 6 < 90°, we can
use a calculator to find that 6 ~ 36.9°.

36.9°

(y,)z — 20’

1122 + T2y — 13y = 621
A=11, B=17, C=-13
—4AC =T2—4-11-(—13) =49 + 572 = 621

Since the discriminant is positive, the graph is a hyperbola.
To rotate the axes we first determine 6.
A-C 11-(-13) 24

B 7 T
Since cot 26 > 0, we have 0° < 20 < 90°.
sketch.

cot 20 =

We make a

25
;
26 _

[ 24 x

24
From the sketch we see that cos 26 = % Using half-angle

formulas, we have

sind — /1—c0820
cosf — 1+c0529 7
V VG

Now substitute in the rotation of axes formulas.

an

38.

x =2’ cosf —y' siné
7 , 1 Tx' y

:x’.—f - = <
V50 Y UB0 VB0 VB0

y = a’sinf + y cos 6

o 1 Ly T z’ n Ty
V50 Y VB0 VB0 VB0

Substitute for x and y in the given equation.
(G- 5) (6 )
VB0 /50 VB0 V50 50 /50

z! Ty )
13 =621
( V50 V50
After simplifying we have
(=) (¢)?
54 46

This is the equation of a hyperbola with vertices (— \/_ 4,0)
and (\/ﬂ,())7 or (— 3v6, 6,0) and 3\/— 6,0) on the z/-axis.

The asymptotes are 3y’ = \/ 1‘ and gy’ \/ 1‘ Since

—and00<0<90°

use a calculator to find that 6 ~ 8.1°. Thus, the zy-axes
are rotated through an angle of about 8.1° to obtain the
x'y’-axes. We sketch the graph.

=1.

we know that sinf = we can

’

[COENN0
54 46

1

322 + day + 6y% = 28
—4AC=42-4-3-6=16—T2= —56

Since the discriminant is negative, the graph is an ellipse
or a circle. To rotate the axes we first determine 6.

A-C 3-6 3
120 = —— = —— = ——
«© B 1 1
Proceeding as we did in Exercise 35, we find that
2y J 22y
= _= , and 6 =~ 63.4°.
VARV f

After substituting for  and y in the given equation and
simplifying, we have

@2 LW,

4 14
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39. 120° = 120°- %tms B(y')?sinfcosf + C(x')?sin? § + 2C "y’ sin 6 cos 6 +
190° 180 C(y")2 cos? 0 + Dx’ cos — Dy’ sin + Ex’ sin 0 +
= 150" radians Ey cosf + F =0
27 3 (2')2(Acos? 6 + B cosfsinf + Csin’ ) +
= g radans 2"y (—2A cos @sin @ + B(cos? f — sin? 0) +
40. 3150 — 3150 7 radians 2C'sin 6 cos ) + (y')?(Asin® § — Bsinf cosf +
’ - 180° Ccos?0) +a'(Dcosd + Esin) + y'(—Dsin6 +
—315° . Ecosf)+F =0
= ———m radians
180° Thus we have an equation of the form
= f% radians A(@")? + B'a'y' + C'(y')* + D'a’ + E'y + F' =0,
180° where
41. T radians = © radians - ———
3 radians 3 radians m radians A’ = Acos? 0+ Bsinfcosf + Csin? 6,
= . 180° B’ = —2Asinf cos 6 + B(cos? § — sin” §)+
3T .
1 2C'sinf cos B, or
=3 180° = 60° 2(C — A)sinf cos § + B(cos? 0 — sin® f),
o _ 2 . . 2
42, ST radians — 3 radians - 180.‘ ‘ C’ = Asin® 0 — Bsinf cosf + C cos? 6,
4 34 m radians D' = Dcosf + Esiné,
T o
= 5'180 E' = —Dsinf + E cosf, and
3 F' =F.
=71 180° = 135°
45. A+
;L .
43. a:, = zcosf + ys?nﬁ, = (Acos?0 + Bsinfcosd + Csin® 0)+
Fy - ycos@—hxslne (Asin? @ — Bsinf cosf + C cos? 0)
irst ite t tem.
HESE TEWHILe The systett = A(cos? 6 + sin” ) + B(sin 6 cos 6 — sin 6 cos 0)+
xcosf+ysing =z', (1) . )
0+ 0 (@) C(sin” 0 + cos” )
- cosf =
T s1n Yy cos Y =A-1+B-0+C-1
Multiply Equation (1) by sinf and Equation (2) by cosé —AiC
and add to eliminate z. =4+
zsinfcosf + ysin?f = 2/ sind 46. 22 +y? =7

44.

—xsinfcosf + ycos? § = y' cos 6

y(sin® @ + cos? 0) = 2’ sinf + 3 cos 6

y = a'sinf + 1y cosb

Substitute z’ sin 6 +y’ cos 6 for y in Equation (1) and solve

for x.
xcosf + (2'sinf + y' cosf) sinf = 2
zcosl + 2’ sin? 0 + ' sinf cos 0 = 2’
zcosf = 2’ — 2’ sin? f—
y' sin @ cos 6
zcosf = /(1 —sin? ) —
y' sin 6 cos 6
xcosf = x' cos? O—

1y’ sin @ cos 6

x = x'cosf—1y' sinf

Thus, we have x = 2’ cosf — ¢’ sinf and y = z'sinf +

y' cos@.

A(z' cos 0—y’ sin 0)2+B(2' cos 60—y’ sin ) (z' sin -+’ cos )+

/
C(x' sin 0+y' cos 0)2+ D(x' cos §—y' sin )+
E(z'sinf+y cosf)+F =0

A(z')? cos? § — 2Az'y cosfsinf + A(y')?sin? 6 +
B(2")2 cos0sin @ + Bx'y'(cos® 6 — sin? 0) —

(2 cos§ — y'sin6)? + (z'sin 6 + y cos §)% = r?
(2")? cos® 0 — 2z"y’ cos O sin 6 + (y')? sin® 6+
(2)%sin? 0 4 22"y’ sin B cos 6 + ()2 cos? = 72
(2")%(cos? 0 + sin” 0)+
2y (—2sinf cos § + 2sin 6 cos 0)+
(v')?(sin? 0 + cos? ) = 72
(@) 142y 0t ()7 1 = 1
@)+ ()2 =

Exercise Set 10.6

. Graph (b) is the graph of r =

1+cosf’
Graph (e) is the graph of r = L
1+ 2sinf
Graph (a) is the graph of r = L
4 —2cosf
Graph (f) is the graph of r = i
4+ 6sin6
. )
. Graph (d) is the graph of r = T 3emd
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6
6. Graph is th hofr=—-—.
raph (c) is the graph of r 312050
1
7.r=—""—
" 1+ cosf
a) The equation is in the form r = P ith
1+ ecosf

e = 1, so the graph is a parabola.

b) Since e =1 and ep = 1-p = 1, we have p = 1.
Thus the parabola has a vertical directrix 1 unit
to the right of the pole.

¢) We find the vertex by letting # = 0. When 6 = 0,

B 1 11
T 14cos0 1+1 2

1
Thus, the vertex is (57 0).

d)
-1
“1+cos0
BT R RN S R R
4
8. r=—+1-—
2 + cosf
a) We first divide numerator and denominator by
2:
B 2
T 1+ ! 0
5 €0
. .. ep .
The equation is in the form r = ————— with
) 1+ ecosf
e = 5

Since 0 < e < 1, the graph is an ellipse.

1 1
b) Since e = 5 and ep = §~p:2, we have p = 4.
Thus the ellipse has a vertical directrix 4 units

to the right of the pole.

¢) We find the vertices by letting § = 0 and 6 = 7.

When 6 = 0,
_ 4 4 4
T72+00507ﬁ7§'
When 6 = 7,
4 _ 4 _a
2+cos7r 2-1

~

Thus, the vertices are (§ ) and (

9.

10.

d)
y
sk
na
3 4
/_\!'\r_ZJrcosH
Wb
P AN N W
,5—@%2 34 5%
s
_ab
sk
15
r=————
5—10siné

a) We first divide numerator and denominator by
5:

- 3
"~ 1—2sinf
. c . €p .
The equation is in the form r = ————— with
1 —esinf
e=2.
Since e > 1, the graph is a hyperbola.
3
b) Since e = 2 and ep = 2-p = 3, we have p = 7
3
Thus the hyperbola has a horizontal directrix 3
units below the pole.
c) We find the vertices by letting § = g and 0 =
3
g. When 6 = g,
15 15 15 3
r = = = — = —3.
5—10sing 5-10-1 =5
When 6 = 3%,
15 15 15
"= 3t T 5-10(—1) 15 -
5 —10sin —
2
. s 3m
Thus, the vertices are | — 3, 5 and (1, 5 )
d)
12
r=-——-
4 + 8sind

a) We first divide numerator and denominator by
4:

3
r=-—
1+ 2sin6
The equation is in the form r = L with
5 1-+esinf
e=2.

Since e > 1, the graph is a hyperbola.
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| wo

b) Since e =2 and ep = 2-p = 3, we have p = —.

Thus the hyperbola has a horizontal directrix

o | o™

units above the pole.

¢) We find the vertices by letting 6 = g and 0 =
3T T
—. Wh =—
2 When 6 57
12 12 12
r =

— - - 2 _1
448sins 4481 12
2

When 6 = 3771',

12 . 12 12 3
3r 1 4 ¥
AL-Q-SSin%r 4+8(-1) 4

Thus, the vertices are (1, g) and ( -3, 3—7T)

r =

2

d) n
o 12

61 "7 4+8sinf

11. r= ——
" 6 — 3cosd

a) We first divide numerator and denominator by
6:
4/3

1
1— =cosf

€p

————— with
1—ecosf Wi

The equation is in the form r =

625.

Since 0 < e < 1, the graph is an ellipse.

1 4 8
b) Si == =—.p=— = _.
) Since e 7 and ep 5 D 3 we have8p
Thus the ellipse has a vertical directrix 3 units
to the left of the pole.

¢) We find the vertices by letting 8 = 0 and 6 = .

When 6 = 0,
8 8 8
"T 6 -3cs0 6-3.1 3
When 6 =,
8 8 8
- _ _8

6 —3cosm 6—3(-1)

Thus, the vertices are (?0) and (g,ﬂ).

12. r =

13.

8

r=6—3c059

D

6
2+ 2sind
a) We first divide numerator and denominator by
2:
3

"= 1-+sin6

The equation is in the form r = h

ep .
— wit
1+ esinf

e =1, so the graph is a parabola.

b) Since e = 1 and ep = 1-p = 3, we have p = 3.
Thus the parabola has a horizontal directrix 3
units above the pole.

¢) We find the vertex by letting § = g When

™
0=—,
2
6 6 6 3

r= = = — = —,
2+231ng 24+2-1 4 2

3 7
Thus, th tex is | =, = |.
us, the vertex is <2,2)

d)

y

-6
T 2+2sinf

- 20
" 10+ 15sin6

a) We first divide numerator and denominator by
10:

r

2
r= —m
3
1+ =siné
+ 5 sin
. .. €p .
The equation is in the form r = —————— with
1+ esinf
3
e=—.
2

Since e > 1, the graph is a hyperbola.

4

b) Since e = 3 andep:§~p:2, we have p = —.
2 2 34

Thus the hyperbola has a horizontal directrix 3

units above the pole.
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c) We find the vertices by letting 6 = g and 6 =

3771-. When 6 = T

I

20 20 20 4

r=

710_,_1551115 - 10+15-1:%73‘
2

‘When 6 = 3%,

20 20 20
r = = = — =
10+15(-1) =5

10+15sing

—4.

d)
10
14. r=——
" 8 —2cosf
a) We first divide numerator and denominator by
8:
_ 5/4
- 1
1— e 0
. .. ep .
The equation is in the form r = ————— with
1—ecosf
1
e=7

Since 0 < e < 1, the graph is an ellipse.

1 1 5
b) Sincee:Z and ep = Z-pz Z,Wehavep:&
Thus the ellipse has a vertical directrix 5 units
to the left of the pole.

¢) We find the vertices by letting § = 0 and 6 = 7.

When 6 = 0,
10 10 10 _5
"T 8 2cs0 8-21 6 3
When 6 = 7,
10 10 10
r= = =—=1

8 —2cosm 8—2(—1) 10
Thus, the vertices are (§,0> and (1,7).
d)

9
15. r=—-——
" 6+ 3cosf
a) We first divide numerator and denominator by
6:
_ 3/2
- 14 ! 0
5 €08
. .. ep .
The equation is in the form r = ———— with
14 ecosf
1
e=—.
2
Since 0 < e < 1, the graph is an ellipse.
1 3
b) Since e = 3 and ep = 3 P= g,wehavep:S.

Thus the ellipse has a vertical directrix 3 units
to the right of the pole.

¢) We find the vertices by letting = 0 and 6 = 7.

When 6 = 0,
9 9 9
r = = = _—=1.
6+3cos0 6+3-1 9
When 6 =7,
9 9 9
T =3.

:6+3cos7r:6+3(71) 3
Thus, the vertices are (1,0) and (3, ).

d) )
4:
Lo _ 9
/_;— " 6+3cos 0
S )
16 4
L=
3 —9siné

a) We first divide numerator and denominator by

3:

4
r= 7/3_
1—3sinf
. .. €p .
The equation is in the form r = —————— with
1—esinf
e=3.
Since e > 1, the graph is a hyperbola.
4 4
b) Since e =3 and ep=3-p = g,wehavep: 9
4
Thus the hyperbola has a horizontal directrix 9

units below the pole.

¢) We find the vertices by letting 6 = g and 6 =
3

Oh When 6 = g,
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3m 12
When 6 = — 18. r=———
e 2’ " T 3 9cos0
r— 4 _ 4 _ 41 a) We first divide numerator and denominator by
3—951n3—7r 3-9(-1) 12 3 3:
2 po 4
Thus, the vertices are (— 2, E) and (1, 3_7r> 1+3cosd ep
32 32 The equation is in the form r = ———— with
Q) ) ~ 14ecost
¥ e = 3. Since e > 1, the graph is a hyperbola.
4
b) Since e = 3 and ep = 3 - p = 4, we have p = 3
4
Thus the hyperbola has a vertical directrix 3
units to the right of the pole.
c) We find the vertices by letting § = 0 and 6 = 7.
When 6 =0,
12 12 12
r = = = — =
3+9cosO0  3+9-1 12
When 6 = 7,
3 . 12 B 12 _ 12 9
17'T:2_251n9 ~ 349cosm  3+9(-1) -6
a) We first divide numerator and denominator by Thus, the vertices are (1,0) and (-2, 7).
2: d) B
3
TN
1—sinf oL
. .. ep .
The equation is in the form r = ———— with 12
1—esinf It =3 Tocoss
e =1, so the graph is a parabola. +9 008
3 3 ] =
b) Sincee=1andep=1-p= 57wehavep: 3
3 —t
Thus the parabola has a horizontal directrix 3
units below the pole. B
3
¢) We find the vertex by letting 0 = % When
3T 19. r= ——
0= 9 " ot
3 3 3 a) We first divide numerator and denominator by
r = = = —. 2:
2 _osnor 2721 4 5
2 r=—7—
33 _Z
Thus, the vertex is (17 g) 1 2 cos ¢
) The equation is in the form r = B with
¥ 1—ecosf
1
6+ e = —.
st 2
4l Since 0 < e < 1, the graph is an ellipse.
3t 1 1
N b) Since e = - and ep = - - p = 2, we have p = 4.
1

r Thus the ellipse has a vertical directrix 4 units
SN s 5 4§ to the left of the pole.

4 o3 c) We find the vertices by letting # = 0 and 0 = 7.
g 2rasing When 6 = 0,
4 4
P S Sy
2—cos0 2-1
When 6 = 7,
4 4 4

T:2—cos7r:2—(—l)_3'

4
Thus, the vertices are (4,0) and (g,w).
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d)
Y
4,
_al 4
* 2—cos @
5
20. r= ——
" 1—sind
a) The equation is in the form r = L with
) 1—esind
e=1,

so the graph is a parabola.

b) Since e =1 and ep = 1-p = 5, we have p = 5.
Thus the parabola has a horizontal directrix 5
units below the pole.

¢) We find the vertex by letting 6 = 3; When

3
0=—
2 )
- 5 _ 5 _ §
1 —sin SUR B CV
2
5 3w
Thus, th tex is [ =, — |.
us, the vertex is (2, 5 )
d) ’
21. r= #
2+ 10sinf
a) We first divide numerator and denominator by
2:
7
po 12
1+ 5sinf

ep

The equation is in the form r = ————— with
1+ esinf

e=>5.
Since e > 1, the graph is a hyperbola.
7 7
b) Sincee=5and ep=5-p = §7wehavep:1—0.
7
Thus the hyperbola has a horizontal directrix 10

unit above the pole.

c) We find the vertices by letting 6 = g and 6 =

3;. When@:g,
o 7 T T
24 10sins  2+10-1 12
When 0 = —,
7 7 7
r = =

3
24 10511177r

Thus, the vertices are l, T and fz,— .
127 2 8 2

_ 3
8 —4cosh

a) We first divide numerator and denominator by
8:

22. r

3/8

1
1— =cosf

P ith

The equation is in the form r = ——— wi
1—ecosf

1

€= —.

2
Since 0 < e < 1, the graph is an ellipse.

1 1 3 3

b) Si == =—.p== -2

) Since e 3 and ep 2 P 3’ we have p 1

Thus the ellipse has a vertical directrix 1 unit
to the left of the pole.

¢) We find the vertices by letting = 0 and 6 = 7.

When 6 =0,
B 3 B 3 3
T8 4cos0 8—4-1 4
When 6 = 7,
3 3 3
r = = — =

T 8—dcost  8—4(-1) 12

> =
3
S~ =

3
Thus, the vertices are (Z,O) and (
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6
d 28. R
) y " T 2% 2sin0
"rz 3 2r 4+ 2rsinf = 6
/] e 2r = 6 — 2rsinf
= \J‘ x r=3—rsinf
-1+ ‘$2+y2 :3_y
a? +y* =9 -6y +y?
2 _ _
23. . 1 ¢ = —6y+9, or
1+ cosd 22+6y—9=0
0=1
T+ 1rCos 29. r = 20
r=1—rcosf 10 + 15sin 6
/22 =1—2x 10r + 15rsinf = 20
224y =1- 22+ 22 107 = 20 — 15rsinf
y? = -2z +1, or 2r =4 — 3rsinf
Y+2-1=0 2% +y? =4-3y
o4. - 4 432 + 4y = 16 — 24y + 9y
2+ cosd 422 — 5y +24y —16 =0
2 0=4
r 4+ 1 cos 30. - 10
2r =4 —rcosf 8 —2cosf
Wty =4—= 8r —2rcosf = 10
4$2+4y2:16*8$+l’2 87':27"C089+10
322 + 4y +8x—16 =0 4r =rcosf +5
15 4y/22 +y2 =2 +5
25. P —
5—10siné 1622 + 16y? = 22 + 10z + 25
5r — 10rsinf = 15 1522 + 16y% — 102 — 25 = 0
5r = 10rsinf + 15 9
31. P —
r = 2rsinf 4+ 3 6+ 3cos b
/22 ¥ y2 = 2y + 3 6r 4+ 3rcosf =9
22 +y? = dy? + 12y + 9 6r =9 —3rcosf
$273y2712y79:0 2r =3 —rcosf
2 2 3 _
26. - 12. 2Vt +yr =3—-z
4+ 8sinf 422 4 49% = 9 — 6z + 22
4r + 8rsinf = 12 322 + 442 +6x—-9=0
4r = 12 — 8rsind
r rsin 39, . 4.
r=3—2rsinf 3 —9sind
/x2+y2:372y 3r —9rsinfd = 4
22 +y? = 9 — 12y + 4y 3r = 9rsind + 4
22 —3y2+12y—-9=0 3Vt +y? =9y +4
o7 8 922 + 9y? = 81y% + 72y + 16
. r== -
6 — 3cos 6 922 — 72y — 72y — 16 = 0
6r —3rcosf =8 3
33. r= — i
6r = 3rcosf + 8 2 —2sin6

6y/x2+y? =3x+8
3622 + 36y% = 922 + 48z + 64
2722 + 36y — 482 — 64 = 0

2r — 2rsinf = 3
2r = 2rsinf + 3
222 +9y2 =2y +3
da? +4y? = 42 + 12y + 9
4% = 12y +9, or
422 — 12y —9 =0
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12 )
34. == — —
T 3+ 9cos0 40.e—§,r—fsec6’
3r 4+ 9rcosf = 12 The equation of the directrix can be written
3r =12 —9rcosf = T
r=—— orrcosf =—1.
r=4—3rcosf . cos ¢ . .
5 5 This corresponds to the equation x = —1 in rectangular
Vat+y? =4 -3z coordinates, so the directrix is a vertical line 1 unit to the
22 + 4% = 16 — 24z + 922 left of the pole. Using the table on page 868 of the text,
822 + 42 + 24z — 16 = 0 we see that the equation is of the form
4 = __ P
35. r=—  1—ecosf’
2 —cosf 9
2r —rcosf =4 Substituting 3 for e and 1 for p, we have
2r = rcosf+4 9 9
1 z
2y +y? =z +4 r= 3 = 3 or 2 .
2 2 2 2 2 ) 3—2cosl
42 + 4y* = z° 4+ 8z + 16 1—5(:030 1—§c059
322 +4y? —8x—16 =0
oy v 5 41. e=1, r =4secl
36. r= 1_simo The equation of the directrix can be written
. 4
r—rsind =5 r=——,orrcosf =4.
— rsinf45 cosf
r= e This corresponds to the equation z = 4 in rectangular
Vo +yi=y+5 coordinates, so the directrix is a vertical line 4 units to the
22 442 =42+ 10y + 25 right of the pole. USiI.lg tl.ne table on page 868 of the text,
9 we see that the equation is of the form
z® = 10y 4 25, or ep
22— 10y —25=0 " T 1tecost
37. "= 7 Substituting 1 for e and 4 for p, we have
2+ 10sinf 1-4 4
2r + 10rsinf = 7 "T 1% 1 cosl  1+cosf
2r = T7—10rsind 42. e =3, r = 2csch
2y/x2 +y? =7~ 10y The equation of the directrix can be written
422 4 4y? = 49 — 140y + 100y 2 .
r=——,orrsinf = 2.
4% — 96> + 140y — 49 = 0 sin¢
3 This corresponds to the equation y = 2 in rectangular
38. "= S dcoso coordinates, so the directrix is a horizontal line 2 units
8 —4 0 —3 above the polar axis. Using the table on page 868 of the
"o Arcost= text, we see that the equation is of the form
8 = 4rcosf + 3 ep
rT= T
82 +y?2 =4x+3 1+esiné
6422 + 64y> = 1622 + 24z + 9 Substltumn?3 32for e and 2éor p, we have
2 2 _ — = ) = .
4827 +6dy” ~ 24 =9 =0 "T 11 3sin6 1+ 3sind
39. e=2, r=3csch 1
The equation of the directrix can be written 43. e = 2’ r=—2sech
3 ) The equation of the directrix can be written
r=——,orrsinf = 3.
sin 6 r=—— orrcosf =—2
This corresponds to the equation y = 3 in rectangular " cos@’ T
coordinates, so the directrix is a horizontal line 3 units This corresponds to the equation x = —2 in rectangular

above the polar axis. Using the table on page 868 of the
text, we see that the equation is of the form

_ ep
T 1t esing’
Substituting 2 for e and 3 for p, we have
. 2-3 6

T 112snf 1+2sin6

coordinates, so the directrix is a vertical line 2 units to the
left of the pole. Using the table on page 868 of the text,
we see that the equation is of the form

€p

[

1
Substituting 3 for e and 2 for p, we have
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l .9 1 9 This corresponds to the equation y = —2 in rectangular
r= 21 = T ,or . coordinates, so the directrix is a horizontal line 2 units
1—-cos 1—=cosh 2 —cost below the polar axis. Using the table on page 868 of the
2 2 text, we see that the equation is of the form
44. e=1, r =4csch e ep
The equation of the directrix can be written 1 —esind
4 Substituting 4 for e and 2 for p, we have
r=——,orrsinf = 4. 4.9 8
sin r= = .
This corresponds to the equation y = 4 in rectangular 1—4sinf 1—4sin6
coordinates, so the directrix is a horizontal line 4 units 48. e=3, r = 3csch
above the polar axis. Usmg th.e table on page 868 of the The equation of the directrix can be written
text, we see that the equation is of the form 3
= P r=—— orrsind =3.
1+esinf’ Thi sin § 4 b . . 1
Substituting 1 for e and 4 for p, we have 18 §0rrespon s to t e egua.mon Yy = 3 in ?ectangular
1.4 4 coordinates, so the directrix is a horizontal line 3 units
r= S— S— above the polar axis. Using the table on page 868 of the
1+1-sinf 1+sind text, we see that the equation is of the form
45. e = 3= 5csc r=—"L__
neTp rTeese 1+esinf’
The equation of the directrix can be written Substituting 3 for e and 3 for p, we have
5 o —5 3-3 9
= ——,orrsinf =5. r= = .
" sing "0 1+3sinf 1+3sin0
This corresponds to the equation y = 5 in rectangular 9
. . S . . . 49. =(x— 4
coordinates, so the directrix is a horizontal line 5 units fla)= (= 32 + , )
above the polar axis. Using the table on page 868 of the fO)=(@—=3)"+4=1"-6t+9+4=1"—6t+13
text, we see that the equation is of the form Thus, f(t) = (t —3)2 + 4, or t2 — 6t + 13.
ep
T T esing 50. f(2t) = (2t —3)2 +4 =412 — 12t +9+4 =4 — 12t + 13
3 = —3)2 2 .
Substituting 1 for e and 5 for p, we have Thus, f(2t) = (2t —3)" + 4, or 4t 12¢+13
3 51. f(z)=(z—3)%+4
. 1% 15 o 15 Ft—1)=(t—1-3)2+4=(t—4)2+4 =12 —8t+16+4 =
= = . N
14+36n0 1+ >sing 4+3sinf " -8 +20
4 4 Thus, f(t —1) = (t — 4)? + 4, or £ — 8t + 20.
46. e= ¢, 7= 2secl 52. f(t+2)=(t+2-3)2+4=(t—1)2+4=12-2t+1+4=
2 _
The equation of the directrix can be written 5 -2t+5
9 Thus, f(t+2) = (t —1)>+4, or * — 2t + 5.
T = ,or rcosf = 2.
cos 0 53.
This corresponds to the equation z = 2 in rectangular vA
coordinates, so the directrix is a vertical line 2 units to the
right of the pole. Using the table on page 868 of the text,
we see that the equation is of the form
r= —ep . 100 million r /6
1+ecosf
4 X
Substituting 5 for e and 2 for p, we have \
4
52 8/5 8
" T 1 % 5 dcost
14+ —-cosf 14 —cosf cos Since the directrix lies above the pole, the equation is of
5 5
the form r = —————. The point P on the parabola
47. e=4, r = —2csch 1+ esing

The equation of the directrix can be written

r=——,orrsinf = —2.
S

in6

has coordinates (1 x 108, 7/6). (Note that 100 million =
1x108.) Since the conic is a parabola, we know that e = 1.
We substitute 1 x 108 for r, 1 for e, and 7/6 for # and then
find p.
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1.
1% 108 = P
14+ 1-sin—
1x 108 = —2
1405
p
1x10% = =
x 15
1.5x 108 =p
1.5 x 108
The equation of the orbit is r = L
1+sinf

YA

120 million
/4

N

Since the directrix lies above the pole, the equation is of

the form r = The point P on the parabola

1+esind’
has coordinates (1.2 x 108, 7/4). (Note that 120 million =
1.2 x 108.) Since the conic is a parabola, we know that
e = 1. We substitute 1.2 x 108 for r, 1 for e, and /4 for
0 and then find p.

1-
12x 108 = —2
14+1-sin—
+ Sin 1
p
1.2 x 108 =
V2
14 Y=
+ 2
p
1.2 x 108 =
242
2
2.0x10% =~ p
2.0 x 108
The equation of the orbit is r = L
1+ sinf

Exercise Set 10.7

x:%t,y:6t77;71<tsé

To find an equivalent rectangular equation, we first solve

x:%tfort.
1

x:§t

20 =1

Then we substitute 2z for ¢ in y = 6t — 7.

y=602z)—7

y=12x -7
Given that —1 <t < 6, we find the corresponding restric-
tions on x:

1 1 1
F =—1l:z==t=-(-1)=—=.
or t T 2t 2( ) 5

1 1
Fort=6: x=-t=--6=3.
or z=3 2

1

Then we have y = 12z — 7, —5 <z <3.

. The graph is on page IA-62 in the text.

To find an equivalent rectangular equation, we substitute
zfortiny=5—-ty=5—=x

Given that —2 < t < 3 and =z = t, the corresponding
restrictions on x are —2 < x < 3. Then we have y =
5—x, —2<ax<3.

x=4t% y=2t, -1 <t<1

To find an equivalent rectangular equation, we first solve
y = 2t for t.

y =2t
y_,
2

Then we substitue % for t in o = 4¢2.

os)

2

y
—4.L
v 4

x =y
Given that —1 <t < 1, we find the corresponding restric-
tions on y.
Fort =—1: y=2t=2(-1) = -2.
Fort=1 y=2t=2-1=2.
Then we have z = y?, -2 <y < 2.

. The graph is on page IA-62 in the text.

To find an equivalent rectangular equation, we first solve
x =/t for t:

r =t
22 =t
Then we substitute 22 for t in y = 2t +3: y =222+ 3

Given that 0 < ¢t < 8, we find the corresponding restric-
tions on z:
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Fort=0: z=+vt=y0=0. 9. To find an equivalent rectangular equation, we first solve
Fort =8: o=+t =1/8, or 2v/2. x =2t —1fort:

Then we have y = 222 4+ 3, 0 < z < 2V/2. z=2-1
) ) r+1=2t
5. To find an equivalent rectangular equation, we first solve 1
x =12 for t. “(z+1)=t
9 2
=1t 1
VT =t Then we substitute §(x +1) for t in y = 2
(We choose the nonnegative square root because 1 2
0<t<4) y:b(ﬂwl)}
Then we substitute y/z for ¢ in y = V/#: 1 9
1/2\1/2 vy= Z(I—i_l)
y=Vvz=(x?) , _ ,
_ i/ vz Given that —3 <t < 3, we find the corresponding restric-
Y=o, or Vi tions on x:
qiven that 0 < ¢t < 4, we find the corresponding restric- Fort——3: 2=2%—1=2(-3)—1=-T.
tions on x:
Fort=0: o= =(0)2=0. Fort=3::r:2t711:2-371:5.
Fort=4: z=12=42 = 16. Then we have y = Z(l’+1)2, —7<x<5.
N — 4 i
Then we have y = ¥/, 04§ 2 < 16. (This result could 10. To find an equivalent rectangular equation, we first solve
also be expressed as © = y*, 0 <y <2.) 1
x = =t for t:
6. To find an equivalent rectangular equation, we first solve 3
x =141 for t: mzlt
r=1t3+1 3
T—1= t3 3r=t
Sr—T=t Then we substitute 3x for ¢ in y = ¢t: y = 3.
i hat -5 <t < fi h 3 i stric-
Then we substitute /z — 1 for tiny =t y = Yo — 1 S;\I’;noi ;t 5 <t <5, we find the corresponding restric
Given that —3 <t < 3, we find the corresponding restric- 1 1 5
tions on Fort=-5: z=-t==(=5)=—-.
: 3 3 3
= _3: g=1¢3 = (=3)3 = —96. 1 1 5
For t 3:zx=t+1=(-3)°*+1 26 Fort—5: gttt 52
Fort=3: z=t>+1=3%+1=28 33 3
Then we have y = Vo — 1, —26 < z < 28. Then we have y = 3x, —% <z< %
7. To find an equivalent rectangular eqluation, we can substi- 11. To find an equivalent rectangular equation, we first solve
tute x for t+3iny=——: y=—. x =e""! for e’
t+3 r z=c"!
Given that —2 <t < 2, we find the corresponding restric- a 1
tions on z: r=—
Fort=-2: g=t+3=-2+3=1. |
t_
Fort=2: z=t4+3=2+3=5. e*;
1 1 1
Then we have y = z <z <5 Then we substitute — for ef in y =et: y = —.
T T
8. To find an equivalent rectangular equation, we first solve Given that —oco < t < oo, we find the corresponding re-
x =23 + 1 for 2t3: strictions on x:
=241 As t approaches —oo, e~! approaches co. As t approaches
r—1 =9 oo, et approaches 0. Thus, we see that x > 0.
Then we substitute z — 1 for 2¢3 in y = 2t3 — 1: Then we have y = 17 x> 0.
y=(x—-1)—1 v
y=a—2 12. To find an equivalent rectangular equation, we first solve

Given that —4 <t < 4, we find the corresponding restric-
tions on z:

Fort=—4: z=234+1=2(-4)3+1=—127.
Fort=4: z=23+1=2-43+1=129.
Then we have y = x — 2, =127 <z < 129.

z = 2Int for t2:

r = 2Int
z = Int?
e® =2

Then we substitute e for t2 in y = t2: y = €*.
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Given that 0 < t < oo, we find the corresponding restric-
tions on x. As t approaches 0, 2Int approaches —oo. As t
approaches co, = 2 In ¢ also approaches co.

Then we have y = €%, —o0 < z < 0.

13. To find an equivalent rectangular equation, we first solve
for cost and sint in the parametric equations:

T Y .
— =cost, = =sint
3 3

Using the identity sin? 0 + cos? § = 1, we can substitute to
eliminate the parameter:

sin?t +cos?t =1

(5« (5) -

2 2
Yy
9 9

22+y?=9

For 0 <t <2w, —3 <3cost <3.
Then we have 22 + 42 =9, -3 <z < 3.
14. To find an equivalent rectangular equation, we first solve
for cost and sint in the parametric equations:
z t Y int
— =cost, <~ =sin
2 4

Using the identity sin? @ + cos? § = 1, we can substitute to
eliminate the parameter:

sin?t + cos?t = 1

()« (5) -

2 2
i
4 16
For 0 <t <2w, —2<2cost < 2.
2 2
Then we have — + == =1, -2 <x < 2.
4 16

15. To find an equivalent rectangular equation, we first solve
o Y
y = 2sint for sint: 3= sin t.

Using the identity sin? @ 4 cos? @ = 1, we can substitute to
eliminate the parameter:

sin?t + cos?t = 1

2
()

2
2, Y
Z =1

m+4

For 0 <t<2m, —1<cost<1.
2
Thenwehavea:Q—i-yz:17 1<z <1

16. To find an equivalent rectangular equation, we first solve
for cost and sint in the parametric equations:
T Y .
3 = cost, 5 =sint

Using the identity sin? # 4 cos? # = 1, we can substitute to
eliminate the parameter:

sin?t + cos?t = 1

$2 y2
A
4+4
1‘2+y2:4

For 0 <t <27, —2<2cost <2.
Then we have x2+y2 =4, 2<zx<2.

17. To find an equivalent rectangular equation, we first solve

x = sect for cost:

xr = sect
1
r=—
cost
1
cost = —
x

1 1
Then we substitute — for cost in y = cost: y = —.
T T

For—g<t<g, 1<z <o

1
Then we have y = —, x >
x

18. To find an equivalent rectangular equation, we first solve

x = sint for csct:

T = sint
1 1
x  sint
1

— =csct
T

1 1
Then we substitute — for csct in y = csct: y = —.
T x

ForO<t<m O<az< 1.

1
Then we have y = —, 0 <x < 1.
T

19. To find an equivalent rectangular equation, we first solve

for cost and sint in the parametric equations:
y =2+ 2sint

r =14 2cost
x—1=2cost
r—1

3 = cost

y—2 = 2sint

Using the identity sin® @ + cos? # = 1, we can substitute to

eliminate the parameter:

sin?t + cos?t = 1

() () -

(@-1?, (=27 _

4 4

(2 — 12+ (y—2) =4
For0<t<2m, —1<1+2cost<3.
Then we have (z —1)2+ (y—2)? =4, -1 <z < 3.
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20. To find an equivalent rectangular equation, we first solve
for sect and tant in the parametric equations:

T =2+sect y =14 3tant
T —2 =sect y— 1= 3tant
-1
L:tant

Using the identity 1+ tan? 6 = sec? 8, we can substitute to
eliminate the parameter:

1+ tan®t = sec?t

1+ (yTl)Q = (z-2)2

27(3/_1)2
9

1=(z-2)

For0<t<g,3<2+sect<oo.

—1)2
Then we have (z — 2)? — %
21, y=4z -3

Answers may vary.

If £ =t, then y = 4t — 3.

t t
Ifzzl,theny:4~1—3:t—3.

22. y=22-1

Answers may vary.

If x =t theny =t>—1.

Ifz =t—2,theny = (t—2)2—1 = t2—4t+4—1 = t>—4t+3.
23. y=(z—-2)? -6z

Answers may vary.

If x = ¢, then y = (t — 2)% — 6t.

Ifz=t+2,theny = (t+2—2)2 —6(t+2) =2 — 6t —12.
24. y=23+3

Answers may vary.

If z =t, then y = 3 + 3.

If 2 = ¥/t, then y = (V1)° +3 =1t + 3.
25. a) We substitute 7 for h, 80 for vy, and 30°for § in the

parametric equations for projective motion.
x = (vgcosO)t
= (80 cos 30°)t

= <80- ?)t = 40V/3t

y = h+ (vosin 0)t — 16¢2
= 7+ (80sin 30°)t — 16¢2
1
=7+ (80~ 5)1&7 16t°
= 7+ 40t — 16t*
b) The height of the ball at time ¢ is given by y.

Whent=1,y=7+40-1—16-12 = 31 ft.
When t =2,y =7+40-2 — 1622 = 23 ft.

¢) The ball hits the ground when y = 0, so we solve
the equation y = 0 using the quadratic formula.
7+ 40t — 16t> = 0
—16t2 +40t+7 =10
L A0 V402 — 4(—16)(7)
2(—16)
t~—-02 or t=2.7
The negative value for ¢ has no meaning in this

application. Thus the ball is in the air for about
2.7 sec.

d) Since the ball is in the air for about 2.7 sec, the
horizontal distance it travels is given by

x = 40V/3(2.7) ~ 187.1 ft.

e) To find the maximum height of the ball, we find the
maximum value of y. At the vertex of the quadratic
function represented by y we have

b 40

22 2(-16)
When ¢t = 1.25,
y = T+40(1.25) — 16(1.25) = 32 ft.

=1.25.

26. a) x = (200 cos 60°)t = (200- %)t =100t

y=0-+(200sin 60°)t—16t>= (200 . ?)t—mt?:
100+/3t — 16t2
b) When ¢ = 4, y = 100v/3(4) — 16 - 42 ~ 436.8 ft.
When t = 8, y = 100/3(8) — 16 - 82 ~ 361.6 ft.
¢) Solve y = 0.
100y/3t — 16t2 = 0
t(100v/3 — 16t) = 0
t=0 or t=~10.8
The projectile is in the air for about 10.8 sec.
d) When ¢ ~ 10.8, z ~ 100(10.8) ~ 1080 ft.

e) At the vertex of the quadratic function represented

by y we have
o b 100v/3 -
2a  2(—16)
When t ~ 5.4,

y ~ 100v/3(5.4) — 16(5.4)% =~ 468.7 ft.

27. Graph y = 23.

y

T |y ‘
—2] =8
1] -1 0 Y L
00 el s
1|1

—4 =2 2 4
2| 8 e ¥

BRRSIS
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28.

29. Graph f(z) =z —2.

z | f(x) y

21 0 ; R

3 1 4l ) =Vx—2

6 2 ol

1] 3 /

-2 »2_4»6_‘x
=2
-4
30.
y

2 4 x

3
M\ w-==
31. The curve is generated clockwise when the equations x =

3cost, y = —3sint are used. Alternatively, the equations
x = 3sint, y = 3cost can be used.

32. To find the equivalent rectangular equation we first solve
the given equations for cos? ¢t and sin® ¢, respectively.
y = sin®¢
2/3

x = cos®t

x2/3 = cos®t y?/3 = sin%t
Now substitute in the identity sin® 6 + cos? 6 = 1.
y2/3+x2/3 =1, or

223 23 =1

Chapter 10 Review Exercises

1. T+ y2 =1
y2 =x—1
9 1
(=0 =4 5 (e 1)
This parabola has a horizontal axis of symmetry, the focus
5 3
is e 0 ), and the directrix is x = T Thus it opens to the

left and the statement is true.

41}

© o N o

10.
11.
12.

13.

14.

15.

16.

17.

Copyright @ 2012 Pearson Education, Inc.

659
(x—2)2  (y+3)? _
4 9
—9)2 —(=3)]12
(@ 52 ) + v ?()2 3)] =1 Standard form

The graph is an ellipse with center (2,
ment is false.

—3), so the state-

. False; see pages 833 and 835 in the text.

. The statement is true. See page 843 in the text.

. The statement is false. See Example 4 on page 866 in the
text.

. Graph (d) is the graph of y? = 5z.

. Graph (a) is the graph of y? = 9 — z2.

. Graph (e) is the graph of 322 + 4y? = 12.

. Graph (g) is the graph of 9y% — 4x? = 36.
Graph (b) is the graph of 22 4+ y? + 2z — 3y = 8.
Graph (f) is the graph of 422 + y2 — 162 — 6y = 15.
Graph (h) is the graph of 22 — 8z + 6y = 0.

(x+3)? (y-1)°

Graph (c) is the graph of 16 oE =1.
(x —h)* = 4p(y — k)
3
@-or =a( =)0
2 = —6y
y?=—12z
y* = 4(=3)z
F: (-3,0), V: (0,0), D: x =3
22+ 10042y +9 =0
2?24+ 10z = 2y — 9
22+ 10z +25 = -2y — 9+25
(x +5)2 = -2y + 16
1
o (o =4 -3 ) -9
V. (-5,8)
1 15
pe (s (D))o (5
1 17
D: y=8+ - = —
Y + 5 5
Begin by completing the square twice.

1622 4 25y2 — 64x 4 50y — 311 = 0
16(2% — 4x) + 25(y? + 2y) = 311
16(x? —da +4) +25(y% + 2y +1) =311 +16-4+25 - 1
16(x — 2)2 +25(y + 1)? = 400
(-2 - (-2 _,
25 16
The center is (2,—1). Note that @ = 5 and b = 4. The

major axis is horizontal so the vertices are 5 units left and
right of the center: (2—5,—1) and (2+5,—1), or (=3, —1)
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18.

19.

20.

and (7,—1). We know that ¢*> = a®> =02 =25 - 16 = 9
and ¢ = v/9 = 3. Then the foci are 3 units left and right
of the center: (2—3,—-1) and (2+3,-1), or (—=1,—1) and
(5,-1).

The vertices (0, —4) and (0,4) are on the y-axis, so the
major axis is vertical and a = 4. Since the vertices are
equidistant from the origin, the center of the ellipse is at
the origin. The length of the minor axis is 6, so b = 6/2,
or 3. The equation is

2 2

LRI Ay

9 16

Begin by completing the square twice.

1
x272y2+4x+y7§:0

4
tal, so the vertices are 2 units left and right of the cen-

1 1 1
ter: (7272,Z> and (72+2,Z>, or (74,Z> and

1
(0,1). Since ¢ = a® + b%, we have ¢> =4+ 2 = 6 and

1
The center is (f 2, 7>. The transverse axis is horizon-

¢ = /6. Then the foci are v/6 units left and right of the

1 1
center: (727\/671) and (72+\/6,1).

Find the asymptotes:

b b
—k=2(z—h d y—k=—2(z—h
yoh="a—h) and y—k=-—(z—h)
yfizg(x+2) and yf%:fg(er?)

The parabola is of the form y? = 4px. A point on the
2
parabola is (1.5, 5), or (1.5,1).

y? = dpx
12=4-p-15
1=06p

1

gzp

21.

22.

23.

24.

Since the focus is at (p,0) = <é70)7 the focus is é ft, or
0.167 ft, from the vertex.

22— 16y =0, (1)

22 —9y2 =64 (2)

From equation (1) we have 22 = 16y. Substitute in equa-
tion (2).

16y — 3% = 64
0=1y%— 16y + 64
0=(y—8)?
0=y—8
8=y
2?2 —(8)%2 = 64 Substituting in equation (2)
r? =128
r = +V128 = £8/2

The pairs (—8v/2,8) and (8v/2,8) check.
4% + 4y* =65, (1)
622 — 492 =25 (2)

1022 =90 Adding
22 =9
r=+V/9=43
4(£3)% + 4y? = 65  Substituting in (1)
36 + 4y? = 65

4y? =29

L[V
VTEVT T T

The pairs (3,@>, <—3,@>, <Z$,—\/—27))7 and

2 2 2
(—3,—@) check.
2% —y? = 33, (1)
z+y=11 (2)
y=—-x+11

22 — (—z 4+ 11)%2 = 33 Substituting in (1)
2? — (2% — 222 + 121) = 33
2% — 2% + 227 — 121 = 33
22x = 154
z =7
y=-7+11=4
The pair (7,4) checks.
2?2 -2 +2y2 =8, (1)
2r+y =6 (2)
y=—-2x+6
2? — 22 4+ 2(—2z + 6)2 = 8 Substituting in (1)
2?2 — 22 + 2(42? — 242 + 36) = 8
22 —2r+ 822 —48x + 72 =18
922 — 502 + 64 = 0
(x—2)(92—32) =0
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r—2=0 or 90—-32=0

xr =2 or 9xr = 32
32

—9 - 2
T or T 9

y=-22)+6=2

32 10
=-2(Z) 46=—-—
v==2(5)ro-5

2 1
The pairs (2,2) and (%7 —30) check.

25. 22—-y=3, (1)
2r—y=3 (2
From equation (1) we have y = x2 — 3. Substitute in
equation (2).
2z — (22 -3) =3
20— 22 +3=3
0=22-2x
0=z(x—2)
r=0 or v=2
y=02—3=-3
y=22-3=1
The pairs (0, —3) and (2, 1) check.

26. 22+ y2=25 (1)
22—y =7 (2)
222 =32

=44
(£4)% + 42 = 25
v'=9
y =213
The pairs (4,3), (4,—3), (—4,3) and (—4, —3) check.
27. 22—y2=3, (1)
y=2-3 (2

From equation (2) we have x> = y + 3. Substitute in
equation (1).

y+3—-y>=3
0=y>—y
0=yly—1)

y=0 or y=1

22=0+3

22 =3

=43

22 =14+3

22 =4

T =2

The pairs (v/3,0), (—/3,0), (2,1), and (—2,1) check.

28. 22+y?=18, (1)
wHy=3 (2
y=—-2x+3 Solving (2) for y
22 4+ (—2x + 3)? = 18 Substituting in (1)
2%+ 422 — 1224+ 9 = 18
502 — 120 -9 =0
bz +3)(x—3)=0

5 +3=0 or x—3=0
S5r = -3 or =3

3
x:—g or r =3

The pairs (f g, %) and (3, —3) check.
29. z2+y2 =100, (1)

2% — 3y% = —120 (2)

322 + 3y? =300  Multiplying (1) by 3

222 — 3y? = —120

52 =180  Adding
2 = 36
r = =x6
(£6)? + y* = 100
y? = 64
y =18

The pairs (6,8), (—6,8), (6, —8), and (—6, —8) check.
30. 22 +22 =12, (1)
vy =4 (2)

4
y= Solving (2) for y.
T

4\ 2
2+ 2(7> =12  Substituting in (1)
x

z? + % 12
T
x* 4+ 32 = 1222

2t —1222+32=0
(22 —4)(22-8) =0

22—-4=0 or 22-8=0
2=4 or 2 =8
xr = %2 or = +2/2
4

— > =9

v=3
4

= —_9

L
4

)

Yy 2\/§
4

S SR

Y WG
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31.

32.

The pairs (2,2), (—=2,-2), (2v2,v2) and (-2v/2,—V/2)
check.
Familiarize. Let  and y represent the numbers.
Translate. The sum of the numbers is 11.
r+y=11
The sum of the squares of the numbers is 65.
22 +y% =65
Carry out. We solve the system of equations.
r+y=11, (1)
22 +y? =65 (2)
First we solve equation (1) for y.
y=11—-=x

Then substitute 11 — z for y in equation (2) and solve for
x.

224 (11 —2)%2 = 65

22 +121 — 22z + 2% = 65
222 — 222 + 121 = 65
222 — 222456 = 0
22— 112428 =0
(z—4)(z—-T7)=0
z—4=0o0or 2—-7=0
=7
Ifx=4,theny=11-4=7.
Ifz=7 theny=11-7=4.
In either case, the possible numbers are 4 and 7.

Check. 4+ 7 = 11 and 42 + 72 = 16 + 49 = 65. The
answer checks.

State. The numbers are 4 and 7.

Dividing by 2

r=4 or

Familiarize. Let | and w represent the length and width
of the rectangle, in meters, respectively.

Translate. The perimeter is 38 m.

2l 4+ 2w = 38
The area is 84 m?.
lw =84

Carry out. We solve the system of equations:
21+ 2w = 38, (1)

lw=84 (2)
First solve equation (2) for w.
84
w=—

l

4
Then substitute 87 for w in equation (1) and solve for .

4
21—0—2-87:38
1
2 19 g

202 1 168 = 381
212 — 381+ 168 = 0
20 -7)(1—12) =0

Multiplying by [

33.

34.

[—7T=0o0or [—12=0
=7 or =12

Ifl:’??thenw:%:ll Iflle,thenw:%:T

Since length is usually considered to be longer than width,
we have [ =12 and w =7, or (12,7).

Check. If | =12 and w = 7, then the perimeter is
2-12+2-7, or 38, and the area is 12-7, or 84. The solution
checks.

State. The length of the rectangle is 12 m, and the width
is 7 m.
Familiarize. Let x and y represent the positive integers.
Translate. The sum of the numbers is 12.
r+y=12
. .3
The sum of the reciprocals is 3

1 1 3

z y 8
Carry out. We solve the system of equations.
r+y=12, (1)
11 3
zty~s @
First solve equation (1) for y.
y=12—-=x
Then substitute 12 — z for ¥ in equation (2) and solve for
x. .
r 12—z
1 1
8x(12 — x)(; t oo x)
8(12—=x)+8zx ==x(12—xz)-3
96 — 82 + 8z = 36x — 322
96 = 36x — 322
322 —36x +96 = 0
22— 122+ 32 =0 Dividing by 3
(z—4)(x—8)=0
r—4=0 or t—8=0
z =238
Ife=4 y=12—-4=28.
Ifz=8 y=12-8=4.
In either case, the possible numbers are 4 and 8.

1,1 2 1.3
4 8 8 '8 8

= g, LCD is 8z(12 — z)

8z(12 —x) -

| w

r=4 or

Check. 4 +8 = 12; The answer
checks.

State. The numbers are 4 and 8.

Familiarize. Let x and y represent the length of a side of
the larger and smaller squares, in centimeters, respectively.

Translate. The perimeter of the larger square is 12 cm
more than the perimeter of the smaller square.

dr =4y + 12
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35.

The area of the larger square exceeds the area of the other
square by 39 cm?.

a? =y? 439
We have a system of equations.
4r =4y 412, (1)
22=y>+39 (2)
Carry out. We solve the system of equations. First solve
equation (1) for z.
r=y+3
Then substitute y 4+ 3 for x in equation (2) and solve for
Y.
(y+3)?2=y?+39
y? +6y+9=y*>+39

6y +9 =39
6y = 30
y=>5

Ify=5thenz=5+3=38.

Check. The perimeters of the square are 4 - 8, or 32 cm,
and 4 -5, or 20 cm. The perimeter of the larger square is
12 cm more than the perimeter of the smaller square. The
areas are 82, or 64 cm?, and 5%, or 25 cm?. The area of
the larger square exceeds the area of the smaller square by
39 cm?. The solution checks.

State. The perimeters of the squares are 32 cm and 20 cm.

Familiarize. Let x = the radius of the larger circle and

let y = the radius of the smaller circle. We will use the

formula, for the area of a circle, A = 7r2.

Translate. The sum of the areas is 1307 ft2.
mx? + my? = 1307
The difference of the areas is 1127 ft2.
mx? — my? = 1127
We have a system of equations.
ma? 4+ my? = 130w, (1)
nz? —my? = 1120 (2)
Carry out. We add.
mz? + my? = 1307

mx? — my? = 1127

2 a? = 2427
22 =121  Dividing by 27
r==+11

Since the length of a radius cannot be negative, we consider
only z = 11. Substitute 11 for z in equation (1) and solve
for y.
7112 + my? = 1307
1217 + my? = 1307

my? =91
v =9
y =13

Again, we consider only the positive solution.

36.

37.

38.

Check. If the radii are 11 ft and 3 ft, the sum of the areas
ism-112 4+ 732 = 1217 + 97 = 1307 ft2. The difference
of the areas is 1217 — 97 = 1127 ft2. The answer checks.

State. The radius of the larger circle is 11 ft, and the
radius of the smaller circle is 3 ft.
Graph: y < 4 — 22,
r—y<2
The solution set of y < 4 — 22 is the parabola y = 4 — 22
and the region inside it. The solution set of x — y < 2 is

the line £ — y = 2 and the half-plane above it. We shade
the region common to the two solution sets.

To find the points of intersection of the graphs we solve
the system of equations

y=4-a?
r—y=2.
The points of intersection are (—3,—5) and (2,0).
Graph: 22 4+ y? < 16,
r+y<4

The solution set of 22 + 32 < 16 is the circle 22 + y? = 16
and the region inside it. The solution set of x +y < 4
is the half-plane below the line x + y = 4. We shade the
region common to the two solution sets.

SB[ 123 s a
: i 0, O : [ty
‘ i3
Graph: y > 22 — 1,
y<l1

The solution set of 4 > x2—1 is the parabolay = 2> —1 and
the region inside it. The solution set of y < 1 is the half-
plane below the line y = 1. We shade the region common
to the two solution sets.
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39.

40.

To find the points of intersection of the graphs of the re-
lated equations we solve the system of equations

Y= .’1,'2 - 15
y=1.
The points of intersection are (—v/2,1) and (v/2, 1).

Graph: 22 + 42 <9,
r<-—1

The solution set of 22 + 32 < 9 is the circle 22 + y?> = 9
and the region inside it. The solution set of z < —1 is the
line x = —1 and the half-plane to the left of it. We shade
the region common to the two solution sets.

y

(-1,2V2)

5
4
—
2
1

Sa \2- L r2 sy
5] R :

(=1, -2V)T

5a2 — 2xy 4+ 5y? — 24 =0

A=5 B=-2 C=5

B? —4AC=(-2)2-4-5-5=4—-100 = —96

Since the discriminant is negative, the graph is an ellipse

(or circle). To rotate the axes we first determine 6.

A-C 5-5

—=—=0

B -2

Then 26 = 90° and 6 = 45°, so

V2

sinf = @ and cosf = —.
2 2

cot 20 =

Now substitute in the rotation of axes formulas.
z =1’ cosf —y sinf

A () e

o 2 2 2

y = a'sinf +y' cosd
V2 V2) V2
_ (M2 T A W O /
795(2 +y( 5 2(90—0—1/)
Substitute for  and y in the given equation.
2 ? 2 2
5[ 2w )] o[ L )| [ L]+
2 2 2
5 2
5{%( ’+y')] _24—0
After simplifying we have
4(z")2 4+ 6(y")2—24 =0, or
(@) )
— 4 = =1
6 + 4
This is the equation of an ellipse with vertices (—+/6,0)
and (v/6,0) on the a’-axis. The y/-intercepts are (0, —2)
and (0,2).

P02 _
6 4

1

41. 22 - 10zy + 92 +12=0

B2 —4AC =(-10)2-4-1-1=100—4 = 96

Since the discriminant is positive, the graph is a hyperbola.
To rotate the axes we first determine 6.
A-C 1-1 0
B -10
Then 26 = 90° and 6 = 45°, so
V2

sinf = @ and cosf = —.
2 2

cot 20 =

Now substitute in the rotation of axes formulas.
r = a'cosf —y sinf

) o(f)- o

y = a’sinf + y cos 6

() i(2)- Fe

After substituting for x and y in the given equation and
simplifying, we have
(=)?  (¥)?
3 2

=1

@2 _
3 2

1

42. 522 + 6v/3zy —y? = 16

A=5 B=6V3, C=-1
B? —4AC = (6v/3)2 —4-5- (1) = 108 4+-20 = 128
Since the discriminant is positive, the graph is a hyperbola.
To rotate the axes we first determine 6.
cot20:A_C: 5—(-1) :i: 1
B 6v/3 6
Then 26 = 60° and 6 = 30°, so

ol%
P
sl

1
sinf = 3 and cosf =

Now substitute in the rotation of axes formulas.
r = 2’ cosf — y sinf

, V31 V3 Y

2

= — -y ==

2 2 2
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y = a2'sinf +y cosf
1 3 ! '3
:I’.,+y’.£:£+y\/_
2 2 2 2

Substitute for x and y in the given equation.

/3 N 2 /3 ’ ’ /3
S(PV3 VN gya(EYE ) (2 By
2 2 2 2 2 2
/ /3 2
v YVEY g
2 2
After simplifying we have
@R W
2 4 7
This is the equation of a hyperbola with vertices (—v/2,0)
2 2
and (v/2,0) and asymptotes vy’ = ———=z' and v/ = —=2,
(v2,0) ymp y 7 V=7

ory =—+2z' and y = 22’

PO
2 4

43. x2+2xy+y27\/§x+\/§y:0
B? —4AC=22—-4-1-1=4—-4=0
Since the discriminant is zero, the graph is a
parabola. To rotate the axes we first determine 6.
A-C 1-1
B 2
Then 20 = 90° and 0 = 45°, so

V2

2
sinf = % and cosf = -

cot 20 = 0

Now substitute in the rotation of axes formulas.
z =1’ cosf —y sinf

2)-o()- o

= 2'sinf + y' cos
() () = ey

After substituting for z and y in the given equation and
simplifying, we have

(:C/)Q _ _y/.

<
|

’

()2 =~y

y !

45°

44.

45.

6
r=—-——
3—3sin 0
We first divide the numerator and denominator by 3:
2
r=——
1—sin @
. . .. e€p .
This equation is in the form r = ————— with e = 1.
1—esin g

Since e = 1, the graph is a parabola.

y

S
LI B B B

L r

T3-3sin0

Since e =1 and ep =1-p =2, we have p = 2.

Thus the parabola has a horizontal directrix 2 units below
the pole.

We find the vertex by letting 6 = 3% When 6 = 37”,

r= 0 S
?)f?)sin?ir 3-3(-1) .
2
. 3
Thus the vertex is (1, 7)
_ 8
"= 2+4 cos 0
We first divide the numerator and denominator by 2:
- 4
" T 14 2cos 0

ep .
— wi
14 e cos @

e = 2. Since e > 1, the graph is a hyperbola.

Thus the equation is in the form r = th

A

4
8

2 "= 2+%4cos0

L1 N N I |
—4 8 12

Since e = 2 and ep = 2 - p = 4, we have p = 2. Thus the
hyperbola has a vertical directrix 2 units to the right of
the pole.

We find the vertices by letting § = 0 and § = 7. When
0 =0,

. 8 _ 8 4
T 244cos0 2+4 3
When 0 = 7,
r 8 8 = —4.

T 244dcost 2-4
4
The vertices are (570) and (—4, ).
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4 T
46. r= — When 6 = —,
. cos 6 2
We first divide the numerator and denominator by 2: - 18 == 18 — §
2 9+6sin- 9I+6 5
r = 2
1-— 1cos 0 3r
2 When 6 = ?,
Then the equation is in the form r = P ith 18 18
. 1—ecos @ r= 3T = 9 6:6.
T _
e == 9+ 6 sin —
e 5" + 6 sin 2
. . ke 6 3
Since 0 < e < 1, the graph is an ellipse The vertices are | 2, ™\ and 6, ST
52 2
g 6
r 48. =
ar " T3 356
/f_\ 3r—3rsinfd =6
Lz“xy‘ﬁ” > 3r =3rsin 0 +6
T r=rsnf+2
_ab _ 4
T3 s o VIZ+y? =y +2
1 1 x2+y2:y2+4y+4
Since e = 3 and ep = 5-]):27 we have p = 4. Thus the 22 —dy—4=0
ellipse has a vertical directrix 4 units to the left of the pole.
8
We find the vertices by letting # = 0 and 6 = 7. 49. r=———
2+ 4 cos 0
When9:074 A 2r 4+ 4r cos = 8
=— = —— =4. 2r = —4
P = o5 = 51 r r cos 0 + 8
When 6 =7, r=—2rcosf+4
4 4 4 Varz4+y? = —2r+4
r= = = .
2—cosm 2—(-1) 3 2% + 9% = 422 — 162 + 16
4 _ 2.2 2
The vertices are (4,0) and (g,ﬁ). 0= 32" —y" = 16x+16
4
50. —
47.7“:178 " 2—cos 6
9+6.51.119 . 2r —rcos f = 4
We first divide 2thc numerator and denominator by 9: 9 — 1 cos O 4+ 4
re=—y— 222 +y2 =z +4
1+§sm9 402 4 4y? = 22 4+ 8z + 16
Thus the equation is in the form r = — 2 with 32° +4y* —8x —16 =0
5 1+esinf
18
€= . 51. = —
3 "T9+46sin0
Since 0 < e < 1, the graph is an ellipse. 97 + 67 sin 0 = 18
y 9r = —67 sin 0 + 18
92?2 +y2 = —6y + 18
[ 3\/x2+y2:—2y+6
4
* 922 4+ 9y® = 4y? — 24y + 36
922 + 542 +24y — 36 = 0
_ 18 1
- "T9t6sng 52.6:5,7’:28600
Since e — 2 and ep = 2 .p =2, we have p = 3. Thus the The equation of the directrix can be written
ellipse has a horizontal directrix 3 units above the pole. r= %7 or r cos 0 = 2.
. ‘ 3 cos
We find the vertices by letting 6 = g and 0 = % This corresponds to the equation z = 2 in rectangular

coordinates, so the directrix is a vertical line 2 units to the
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53.

54.

55.

right of the pole. Using the table on page 868 in the text,
we see that the equation is of the form
€p
r=———.
1+ e cos @

Substituting = for e and 2 for p, we have

"2 1 2
or .
24 cos 0

| = N

T =

)

1 - i
1+§COSQ 1+§C080

e=3,r=—6csch

The equation of the directrix can be written

6
r=———,orrsin § = —6.
sin 6
This corresponds to the equation y = —6 in rectangular

coordinates, so the directrix is a horizontal line 6 units
below the pole. Using the table on page 868 in the text,
we see that the equation is of the form

_ ep
"t 1 csng
Substituting 3 for e and 6 for p, we have
B 36 B 18
"T1-3sn6 1-3sm0
e=1,r=—4sect

The equation of the directrix can be written

4
r=——— orrcosf=—4
cos 6
This corresponds to the equation x = —4 in rectangular

coordinates, so the directrix is a vertical line 4 units to the
left of the pole. Using the table on page 868 in the text,
we see that the equation is of the form

_ ep
"T1 ccos b
Substituting 1 for e and 4 for p, we have
. 1-4 4

“1-1-cosf 1—cosb
e=2,r=3cscl

The equation of the directrix can be written

3
r=——,orrsinf=3.
sin 6
This corresponds to the equation y = 3 in rectangular

coordinates, so the directrix is a horizontal line 3 units
above the pole. Using the table on page 868 in the text,
we see that the equation is of the form

€p
r=———.
1+ esin @
Substituting 2 for e and 3 for p, we have
2-3 6

"= 1+2sinf 1+2smé

56. z=t,y=2+1t -3<t<3

y

6

pd

A R S

-2}

x=t y=2+t; 3<t<3
To find an equivalent rectangular equation, we substitute
zfortiny=2+t y=2+ux.

Given that —3 <t < 3, we find the corresponding restric-
tions on y:

Fort=-3: z=t=-3.
Fort=3: x =t=3.
Then we have y =2+ 2, -3 <a < 3.

57. c=+Vt,y=t—1,0<t<9

y

'S
LIS N B B

-2k

x=\t, y=t-1; 0<t<9
To find an equivalent rectangular equation, we first solve
x =/t for t.
T =t

22 =t
Then we substitute 22 for tiny =t —1: y = 22 — 1. Given
that 0 < ¢t < 9, we find the corresponding restrictions on
x:
Fort=0: 2 =+t=+v0=0.
Fort=9: 2 =+vt=+v9=3.
Then we have y = 22—-1,0<z<3.

58. x=2cost,y=2sint; 0<t <27

y

an
AL

—4l

x=2cost, y=2sint; 0St<27w

To find an equivalent rectangular equation, we first solve
for cos t and sin ¢ in the parametric equations:

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



668

Chapter 10: Analytic Geometry Topics

gzcost,%:sint

Using the identity sin? 6+ cos? @ = 1, we can eliminate the

parameter:

sin? ¢ + cos?t = 1

(2)+(5) -

x=3sint, y=2cost; 0St<2xw

To find an equivalent rectangular equation, we first solve

x = 3sin ¢ for sin ¢: % = sin t.

Using the identity sin? 6 + cos? @ = 1, we can eliminate the

parameter:

sin?t + cos?t = 1

T 2
e 2
(3) =

2

T 2
fll -1
g TV

Il
—

60. y =2z —3
Answers may vary.
If x =t, then y = 2t — 3.
Ifrx=t+1,theny=2(t+1)—-3=2t—1.

61. y = 22 +4

Answers may vary.

Ifo=t y=1t>+4.

Ifex=t—-2y=(t—22+4=1>—4t+8.
62. a) We substitute 0 for h, 150 for vg, and 45°for 6 in

the parametric equations for projectile motion.
x = (vg cos 0)t
= (150 cos 45°)t

= <150~ g)t = 75V/2t

y = h+ (vo sin 0)t — 162
= 0+ (150 sin 45°)¢ — 16t2

2
= (150 . §>t — 16t% = 75v/2t — 16t

63.

64.

65.

66.

b) The height of the projectile at time ¢ is given by y.
When ¢ = 3, y = 75v/2(3) — 16 - 32 ~ 174.2 ft.
When t = 6, y = 75v/2(6) — 16 - 62 ~ 60.4 ft.

¢) The ball hits the ground when y = 0, so we solve
the equation y = 0.

75V/2t — 1612 = 0
t(75v/2 — 16t) = 0
t=0 or t=6.6
Time ¢t = 0 corresponds to the time before the pro-

jectile is launched. The projectile hits the ground
when ¢ ~ 6.6, so it is in the air for about 6.6 sec.

d) Since the projectile is in the air for about 6.6 sec,
the horizontal distance it travels is given by
x = 75v/2(6.6) ~ 700 ft.
e) The maximum height of the projectile is the maxi-

mum value of the quadratic function represented by
y. At the vertex of that function we have

b 75v/2
2a 2(—16)
When t =~ 3.3,

Y~ 75v/2(3.3) — 16(3.3)% ~ 175.8 ft.

y? —4dy— 122 -8 =10
y?—dy =122+ 8
y?—4dy+4=122+84+4
(y—2)% = 122 + 12
(y—2)2=12(x+1)
(y—2)? = 12l — (~1)]
The vertex of this parabola is (—1,2), so answer B is cor-

rect.

A straight line can intersect an ellipse at 0 points, 1 point,
or 2 points but not at 4 points, so answer D is correct.

224 4y? =4
2 2
% + yT — 1 Dividing by 4

This represents an ellipse with center (0,0) and a hori-
zontal major axis with vertices (—2,0) and (2,0) and y-
intercepts (0, —1) and (0,1). Graph C is the graph of this
ellipse.
Familiarize. Let x and y represent the numbers.
Translate. The product of the numbers is 4.

zy =4

The sum of the reciprocals is 6"

1 n 1 65
r y 56
Carry out. We solve the system of equations.
xy =4, (1)
1 1 65
42 =2 (9
T + y 56 )
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67.

First solve equation (1) for y.

Y=
T

4
Then substitute — for y in equation (2) and solve for z.
x

L, 1 _6

x 4/ 56

1,2 65

xr 4 56

1 =z 65
56z ( — + = ) = 56z —
z(az+4) “" 56

56 + 1412 = 652
142% — 652 + 56 = 0
2z —=7)(Tx—8) =0
20 —7=0 or Tx—8=0

20 =17 or Tr =28
T zor x—§
2 T
7 4 2 8
o=t y=—o=4.2=2,
TV T 77
8 4 7T
fo=o,y=—=4.-="L
AR YT 8 2
. . 7 8
In either case the possible numbers are 3 and =
7 8 1 1 2 7 16 49 65
Check. = - -=4; =+ ——=-+-=—+— = —.
e T T Tty T T T R T 56 T 56 56

The answer checks.

State. The numbers are ; and g

Using (z — h)? + (y — k)2 = 72 and the given points, we
have
(10-h)2+(T—k)?2=r% (1)
(=6 —h)?2+(7T—k)2=r% (2)
(-8 —h?+ (1K) =r (3)
Subtract equation (2) from equation (1).
(10— h)2— (=6 —h)?2 =0
64 —32h =0
h=2
Subtract equation (3) from equation (2).
(=6—h)?—(-8—h?+(T—k)?-(1-k)?=0
20—-4h —12k =0
20 — 4(2) — 12k = 0
k=1
Substitute h = 2, k = 1 into equation (1).
(10 = 2)2 + (7— 1)2 = 2
100 = r?
10=r
The equation is (z — 2)2 + (y — 1)? = 100.

68. The vertices are (0, —3) and (0, 3), so the center is (0,0),

69.

70.
1.
T2.

73.

and the major axis is vertical.

22 2
2 te !
1 3v3
Substitute < ~ 3 T\/—> and solve for a.
(-2 (%)
2 2
a? + 32 =1
1 3
121
4a? + 4
1+ 3a? = 4a®> Multiplying by 4a?
1=a?
l=a

2
The equation of the ellipse is z2 + % =1.

4
A and B are the foci of the hyperbola, so ¢ = % = 200.

_OI86ml - ssg i, the differ-
1 microsecond

ence of the ship’s distances from the foci. That is, 2a =
55.8, so a = 27.9.

Find b2.

300 microseconds -

2 =a2+
200% = 27.92 + b2
39,221.59 = b?

Then the equation of the hyperbola is

1.2 y2

_ =1
778.41  39,221.59

See page 833 of the text.
Circles and ellipses are not functions.

The procedure for rotation of axes would be done first
when B # 0. Then you would proceed as when B = 0.

Each graph is an ellipse. The value of e determines the
location of the center and the lengths of the major and
minor axes. The larger the value of e, the farther the
center is from the pole and the longer the axes.

Chapter 10 Test

AN R

Graph (c) is the graph of 422 — y? = 4.
Graph (b) is the graph of 22 — 2z — 3y = 5.
Graph (a) is the graph of 22 + 4z 4+ y% — 2y — 4 = 0.
Graph (d) is the graph of 922 + 4y? = 36.
2% =12y
2?2 =43y
V: (0,0), F: (0,3),D: y=-3
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T T T

6. y2+2y—-8x—-7=0
v +2y=8x+7
Y 4+2y+1=8z+T7+1
(y+1)> =8z +38
[y — (=D = 42)[z - (-1)]

V. (-1,-1)
F: (-142,-1) or (1,-1)
D:2=-1-2=-3

8. Begin by completing the square twice.
w2+ 92 +22—6y—15=0
2?24+ 2x +9y% —6y =15

(22 +224+ 1)+ (> —6y+9)=15+1+9

(z+1)?+(y—3)%2=25
[z = (=D + (y - 3)* = 52
Center: (—1,3), radius: 5

x2+y2+2x—6y—15=0

9. 922 +16y% = 144

{172 2
@t v
16 9

LE2 y2

2rp=t

10.

11.

12.

a=4,b=3

The center is (0,0). The major axis is horizontal, so the
vertices are (—4,0) and (4,0). Since c? = a® — b2, we have
2 =16—-9=7,s0 c=+/7 and the foci are (—/7,0) and
(V7,0).

9x2 + 16y% = 144

(z+1)?  (y—27
T 9

— (=1 2 _ 2
- (1P -2 _,
22 32
The center is (—1,2). Note that a = 3 and b = 2. The
major axis is vertical, so the vertices are 3 units below and
above the center:
(-1,2—-3) and (—1,2+3) or (—1,—1) and (—1,5).
We know that ¢2 = a2 —b2,s0 2 =9—4 =5 and ¢ = /5.
Then the foci are v/5 units below and above the center:

(=1,2 —/5) and (1,2 + V/5).

T

T

T T T 17T

2 2
(x‘zl) + (1—92) =1

The vertices (0, —5) and (0,5) are on the y-axis, so the
major axis is vertical and a = 5. Since the vertices are
equidistant from the center, the center of the ellipse is at

the origin. The length of the minor axisis 4, so b= - = 2.
2 2
. .. T Yy
Th t —+==1
e equation 1s N + %5
40?2 —y? =4
2 2
oY
1 4
2 2
i
12 2

The center is (0,0); a =1 and b= 2.

The transverse axis is horizontal, so the vertices are (—1, 0)
and (1,0). Since ¢2 = a? +b%, we have ¢2 =1+4 =5 and
¢ =+/5. Then the foci are (—/5, 0) and (\/5, 0).
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Find the asymptotes: y—k = %(m —h) and y—k = f%(z —h)
Y= bm and y=——x 3 3
T T —0=—=(x—0) and —0=——=(x—-0
: ; y-0=sam0) and y-0=- 2@
y=-z and y=—-x V2 V2
1 1 y=51 and y=-5c

y=2r and y= -2
15. The parabola is of the form 3% = 4pz. A point on the

parabola is (6, 12—8>, or (6,9).
y? = dpx
2 =4-p-6
81 = 24p
27
o p

2_ .2 27 27
Tyt Since the focus is at (p,0) = <§,0), the focus is 3 in.
13. W- 2)2 C(z+ 1)2 . from the vertex.
4 9 16. 222 —3y? = —10, (1)
(y —22)2 [z - (2—1)]2 _ a2 4+22 =9 (2)
2 S 222 — 3% = —10

The center is (—1,2); a =2 and b = 3.

The transverse axis is vertical, so the vertices are 2 units
below and above the center:

—22% — 4y? = —18 Multiplying (2) by —2
— Ty? = —28 Adding

2 _
(1,2 —2) and (—1,2 +2) or (—1,0) and (—1,4). y =4
Since ¢? = a? + b2, we have > =4+ 9 = 13 and ¢ = V/13. y=+2
Then the foci are v/13 units below and above the center: 22 4+2(£2)2 =9 Substituting into (2)
(1,2 —V/13) and (—1,2 4+ /13). 2+8=9
Find the asymptotes: 2?2 =1
Z/—k:%(ac—h) and y—k:—%(x—h) r ==l
9 9 The pairs (1,2), (1,-2), (=1,2) and (-1, —2) check.
—2=Z(z— (-1 d y—2=—-2(z— (-1
y g@=(-1) and y 3@ —(=1)) 17, 2y =13, (1)
2 2
y72:§(x+1) and y72=f§(x+1) r+y=1 (2)
9 8 9 4 First solve equation (2) for y.
y:§m+§ and y:—gx—i—g y=1-2z
Then substitute 1 — z for y in equation (1) and solve for
z.
2+ (1-2)%2=13
22 +1-2x+2% =13
222 —2x—12=0
2022 -2 —-6)=0
o 2z —3)(z+2) =0
=2% +D*_ r=3 or x=-2
d 2 fex=3,y=1-3=-2Ifz=-2y=1-(-2)=3.
14. 242 — 22 =18 The pairs (3,—2) and (—2,3) check.
y_z_x_2:1 18. z+4+y=25, (1)
0o =6 @
y x . .
Z__ =1 First solve equation (1) for y.
$ Gy (1) for y
y=—x+5
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19.

20.

Then substitute —z + 5 for y in equation (2) and solve for
x.

z(—xz+5)=6
—22+52—-6=0
—1(x? =52 +6) =0
—1(z-2)(z-3)=0
r=2 or x=3
Ife=2y=-24+5=3.Ifx=3y=-3+5=2.
The pairs (2,3) and (3,2) check.
Familiarize. Let | and w represent the length and width
of the rectangle, in feet, respectively.
Translate. The perimeter is 18 ft.
2l + 2w =18 (1)
From the Pythagorean theorem, we have
2w’ = (VAR (2)

Carry out. We solve the system of equations. We first
solve equation (1) for w.

2l 4+ 2w = 18
2w =18 — 2]
w=9-—1

Then substitute 9 — I for w in equation (2) and solve for .
P (9 1) = (VT2
P+81—181+1° =41
212 -181+40=10
2(12 — 91+ 20) = 0
21— 4)(1—5) =0
l=4or =5

Ifl=4,thenw=9—-4=5. Ifl =5 then w=9—-5=4.
Since length is usually considered to be longer than width,
we have [ = 5 and w = 4.

Check. The perimeter is 25+ 2 -4, or 18 ft. The length
of a diagonal is v/52 + 42, or v/41 ft. The solution checks.

State. The dimensions of the garden are 5 ft by 4 ft.
Familiarize. Let | and w represent the length and width
of the playground, in feet, respectively.

Translate.

Perimeter: 21 + 2w = 210 (1)

Area: lw = 2700 (2)

Carry out. We solve the system of equations. First solve
equation (2) for w.
2700
w =

l

2700
Then substitute - for w in equation (1) and solve for
l.

21.

2
2l+2-$=210

5400
2l + = 210

202 + 5400 = 210!
212 — 2101 + 5400 = 0
2(12 — 1051 + 2700) = 0
2(1—45)(1-60) =0
=45 or 1 =60
2700 2700
If I = 45, then w = 5 =60. If l = 60, then w = 60 -

45. Since length is usually considered to be longer than
width, we have [ = 60 and w = 45.

Check. Perimeter: 2-60 + 2 -45 = 210 ft
Area: 60 - 45 = 2700 ft2
The solution checks.

State.
45 ft.

Multiplying by [

The dimensions of the playground are 60 ft by

Graph: y > 22 — 4,
y<2zx—1
The solution set of y > 22 — 4 is the parabola y = 22 — 4
and the region inside it. The solution set of y < 2z — 1

is the half-plane below the line y = 22 — 1. We shade the
region common to the two solution sets.

To find the points of intersection of the graphs of the re-
lated equations we solve the system of equations

y= 1'2 - 47
y=2x—1.
The points of intersection are (—1,—3) and (3,5).

22. 522 —8xy+5y> =9

Copyright @ 2012 Pearson Education, Inc.

A=5 B=-8, C=5

B? —4AC = (—8)? —4-5-5=64—100 = —36

Since the discriminant is negative, the graph is an ellipse

(or a circle). To rotate the axes we first determine 6.

A-C 5-5

B -8

Then 26 = 90° and 6§ = 45°, so

V2

sinf = @ and cosf = —.
2 2

cot 20 = =0

Now substitute in the rotation of axes formulas.
r = a'cosf —y sinf

() (D) - B
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y = z'sinf + 3y cosf right of the pole. Using the table on page 868 in the text,
V2 v N , we see that the equation is of the form
=x'<7)+y(7>=7(x +9) ep

r=—
1+ e cos @
Substituting 2 for e and 3 for p, we have

5{\/75( ,y/)r 78{\/75@,73/)] {g(x,+y/)}+ "= 1+22.(?os o~ 1+26(:os 0
V2

5{*( '+y’)]2—9

Substitute for z and y in the given equation.

2
After simplifying we have

@R

9 + () =1.
This is the equation of an ellipse with vertices (—3,0) and
(3,0) on the z’-axis. The y'-intercepts are (0,—1) and
(0,1). We sketch the graph. L

2k

x=\/?, y=t+2,0sts<16

y' x
45 26. z =3cosf, y=3sinf; 0 <6 <2r
To find an equivalent rectangular equation, we first solve
for cosf and sin @ in the parametric equations:
x Y .
— =cosf,Z =sinf
3 ]
9 Using the identity sin? # + cos? § = 1, we can substitute to
23. r=—~— eliminate the parameter:
1—sin 6@ . 9 5
ep sin“f + cos* 0 =1
The equation is of the form r = - with e = 1. 9 9
1—esinf y T
Since e = 1, the graph is a parabola. 3 + 3) = 1
2 2
y x_ + y_ =1
5 9 9
2F TS 1=sing 2y’ =9

\ ! / For 0 <0 <2m, —3<3cosf <3.
1 L1 1 L1 1 1
*Z\K‘_:/? X Then we have 22 +y2 =9, -3 <z < 3.

i 27. y=2-5

Answers may vary.

Since e = 1 and ep = 1 - p = 2, we have p = 2. Thus the o=t y=t-5
parabola has a horizontal directrix 2 units below the pole. Ifo=t+5y=t+5-—5="t
. 3
We find the vertex by letting 6 = 5 28. a) We substitute 10 for h, 250 for vy, and 30°for 6 in
3 the parametric equations for projectile motion.
When 6 = —
9 z = (vg cos 0)t
2 2 = (250 cos 30°)t
r= 37T:17(71):1, /3
1= sin - = (250 : 7)t =125v/3t
. 3m . 2
The vertex is { 1, > ) y = h+ (vo sin )t — 16¢

= 10 + (250 sin 30°)t — 16t2
24. e=2,r =3 sec 0

The equation of the directrix can be written

1 2
10+ (250 o )t — 16t

r= 3 orrcos =3 = 10 + 125t — 16¢2
cos 6’ ’ . - . L
This corresponds to the equation z = 3 in rectangular b) The height of the projectile at time ¢ is given by y.
coordinates, so the directrix is a vertical line 3 units to the When t =1,y =10+125-1—16-1% = 119 ft.

When ¢t =3, y = 10 + 125 -3 — 16 - 32 = 241 ft.
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¢) The ball hits the ground when y = 0, so we solve
the equation y = 0.
10 + 125¢ — 16t = 0
—16t% 4+ 125t +10 = 0
P —125 £ /(125)2 — 4(—16)(10)
2(—16)
t~—-01 or t=17.9
The negative value for ¢ has no meaning in this ap-

plication. Thus we see that the projectile is in the
air for about 7.9 sec.

d) Since the projectile is in the air for about 7.9 sec,
the horizontal distance it travels is given by

x = 125v/3(7.9) ~ 17104 ft.

€) The maximum height of the projectile is the maxi-
mum value of the quadratic function represented by
y. At the vertex of that function we have

b 125
20 2(—16)
When ¢ = 3.90625,

y = 10 + 125(3.90625) — 16(3.90625)% ~ 254.1 ft.

= 3.90625.

29. (y—1)2 = 4(z+1) represents a parabola with vertex (—1, 1)
that opens to the right. Thus the correct answer is A.

30. Use the midpoint formula to find the center.

on = (525 ) = e

2 7’ 2
Use the distance formula to find the radius.
1 1
r= VI =3P+ (- (9P = 3/ (AP + (1 =23

Write the equation of the circle.

(x—h)2+(y—k)?=r?

(x=3)*+[y— (-1))* = (2v2)°
(—32+(@y+1)?*=38
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