Chapter 11

Sequences, Series,

Exercise Set 11.1

1. a,=4n-1

ap=4-1-1=3,
ay=4-2—-1=17,
a3 =4-3-1=11,
ag=4-4—-1=15;
ajp =4-10—1=39;
a5 =4-15—-1=159
2. a1=(1-1)(1-2)(1-3)=0,
ar = (2-1)(2—2)(2—3) =0,
a3 =(3-1)3-2)3-3)=0
ag=(4-1)4-2)4-3)=3-2-1=6;
a1p = (10 —-1)(10—2)(10 —3) =9-8-7 = 504;
a1y = (15—-1)(15—2)(15—-3) =14 - 13- 12 = 2184
3.an:%,n22
The first 4 terms are as, a3, a4, and as:
a2:%:2, 7.
3 3
=377
4 4
WSy
bt
10 10
T 01" 97 s
15 15
W1
4. a3 =32-1=8,
ag =42 —1 =15,
a5 =52 —1=24,
ag = 62 — 1 = 35;
ajo = 102 — 1 = 99; 9.
a5 = 152 — 1 =224
5. g -1
" n241’
2
alzé—j&:O,
_22-1 3
2TpiiT s
32-1 8 4
A e
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Chapter 11: Sequences, Series, and Combinatorics

10.

11.

12.
13.

14.
15.

16.

17.

18.

19.

20.
21.

22.

23.

24.

1041 oll
a10:5+7( 22)10 :5+—12102 =3
(_2)15+1 216
a15:5+T:5+215:7

C21-1 1
MTEPRL Ty
2.2-1 3
2= R0y
2.3-1 5 1
BT o37 15 3
24-1 T
EVENTE SRV

2-10-1 19
102+2-10 120
2.15-1 29
M5 = 15212 15 255
ap =51 —06

as =5-8—6=40 — 6 = 34

aip =

ar=(3-7T—4)(2-7+5)=17-19 =323

a, = (2n+3)?2
ag = (2-6+3)% =225

aip = (—1)1271[46(12) - 183] = —-36.9

a, = 5n%(4n — 100)
a1n = 5(11)2(4 - 11 — 100) = 5(121)(—56) =
—33,880
(14 2 /81\* 6561
480 = s0) ~\80) T 6400
ap, = Ine"
agr = lneb” =67
1000
=2~ =2-10=-8
@100 100
2,4,6,8,10,. . .

These are the even integers, so the general term might be
2n.

371

—2,6, —18, 54, . . .

We can see a pattern if we write the sequence as
~1-2-1,1-2-3,-1-2-9,1-2.27, . ..

The general term might be (—1)"2(3)"1.

5n—7

s Ty e e .

D ot
~N >

4
757

Wl o
=W

These are fractions in which the denominator is 1 greater
than the numerator. Also, each numerator is 1 greater

than the preceding numerator. The general term might be
n+1

n+2
V2n

25

26.
27.

28.
29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39

.1:2,2:3,3-4,4-5,. ..

These are the products of pairs of consecutive natural num-
bers. The general term might be n(n + 1).

—1-3(n—1),or —3n+2, or —(3n — 2)

0, log 10, log 100, log 1000, . . .

We can see a pattern if we write the sequence as
log 1, log 10, log 100, log 1000, . . .

The general term might be log 1071,
ton —1.

This is equivalent

Ine”t orn+1
1,2,3,4,5,6,7, . ..
S3=1+2+3=6
S;=14+243+4+5+6+7=28
Sy=1-3=-2
Sg=1-34+5-74+9=5
2,4,6,8, . ..
S1=24+4+64+8=20
Ss;=24+4+64+8+10=230

S =1
g _q L, 1,1 1 529
- 1971625 ~ 3600
11 1 1 1 1
2w ~ritratasteatas
1,111 1
“3T1Ts s o
60 30 20 15 12
120 120 120 120 120
137
=120
1 1 1 1 1 1_43,024
3T T T T o T T 3T 1015

6
Z 21220+21+22+23+24+25+26
=0

=1+24+44+8+16+32464

=127
V749 + V11 + /13 ~ 12.5679

10

Z Ink=In7+n8+n9+Inl0=
k=7

In(7-8-9-10) = In 5040 ~ 8.5252

T+ 27 + 37+ 47 = 107 ~ 31.4159
28: ko 12 3 4
: P E+1 141 241 341 4+1
5 6 N 7 N 8
541 641 7+1 8+1

_1.2.3.4,5 6 7,38
T2 3 4 5 6 7 8 9
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40.

41.

42

43.

44

45

46. 1-242-3+3-444-545-6+6-74+7-848-9+9-10+10-11 = 440

47.

48.

1-1 2-1 3-1 4-1 5-1
1+3+2+3+3+3+4+3+5+3
=0+1+2+§+é

5 6 7 8
:0+1+1+§+1

5 3 7 2
307

T 210

(D' (D2 (D7 4+ (D) (1)
“-1+1-1+1-1
=-1

c—14+1-14+1-1+1=0

(_1)k+13k

i~

= (=1)23- 14 (=1)33-2+ (-1)*3-3+
(—1)°3 -4+ (-1)53-5+(-1)"3 -6+
(-1)83-7+(-1)%3-8
3—6+9—-12+15-18+21 —24
=12

2
5

CA— 42443 4R 445 45 44T — 48 = 52,428

i 2 _ 2 ., 2 .2 . 2
'k:O k241 0241 1241 2241 32+1

2 2 2
42+1+52+1+62—|—1
EPFUTE U T

5 10 17 26 37
PSUTR I T |

5 5 17 13 37
157,351

40, 885

5

> (K -2k +3)

k=0
=(02—-2-0+3)+(12—2-1+3)+

(22-2-2+43)+(32-2-3+3)+
(42—-2-4+43)+ (52 —2-5+3)
=3+24+3+6+11+18

=43
1 1 1 1 1
T2 ety a5 Ts e
1 1 1 1 1
6.7 7.8 89 0.10 10-11
71 1 1 1 1 1 1
=5t et w3 T m Tt
1 1 1
72 790 ' 110
10
=1

49.

50.
51.

52.

53.

54.

55.

56.

57.

58.

10

2i
Z2i+1

1250 2! 22 23 24
S Tag Yy T Tt
95 26 97 98 29
SEN Ry S ey Sy S e
210
210 11

1.2 4 8 16 32 64 128
—§+§+g+§+ﬁ+£+g+@+
256 512 1024
257 T 513 T 1025
~ 9.736

(=2)° + (=22 + (=2)* + (—2)° = 1+ 4+ 16 + 64 = 85
5410+ 15420 + 25+ . . .

This is a sum of multiples of 5, and it is an infinite series.
Sigma notation is

i 5k.
k=1

i Tk

k=1

2—-44+8-16+32—-64

This is a sum of powers of 2 with alternating signs. Sigma
notation is

6 6
(—1)F12k, or > (1) "2k
k=1

1 2 3 4 5 6
2 3 4 + 5 6 * 7
This is a sum of fractions in which the denominator is
one greater than the numerator. Also, each numerator
is 1 greater than the preceding numerator and the signs

alternate. Sigma notation is

1

> @

k=1

4—-9+16—25+ ... +(=1)"n?

This is a sum of terms of the form (—1)*k2, beginning with
k = 2 and continuing through k = n. Sigma notation is

n

> (—1kE2

k=2

SR or Y (—D)F R
k=3 k=3
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60.

61.

62.

63.

64.
65.

66.

67.

68.

1 1 1 1

T trstiitist

23 3-4
Thlb is a sum of fractions in which the numerator is 1 and
the denominator is a product of two consecutive integers.
The larger integer in each product is the smaller integer
in the succeeding product. It is an infinite series. Sigma
notation is

> 1

; E(k+1)
>
k

— k(k+1)2
1
ay =4, g1 =1+ —
ag
1 5
a2:1+1:17, orz
1 4 4
a3:1+§:1+5:13, or —
4
1 5 14
a4:1+§:1+§_1§, OI‘H
5
a; = 256, ag = V256 = 16, az = V16 =4,
ay =V4=2
a; = 6561,  agpr = (—1)Fax
as = (—1)1\/6561 = —81

as = (—1)%/—81 = 9i
as = (—1)3v9% = -3+/i

a1 =€%, as =Ine® = Q, ay

=In@, as =In(lnQ)

a =2, a1 = Qg + ag—1
as =3

a3 =3+2=5

ag =5+3=8

ay :*10, 0,2287 a3:87(710)=18,
ag = 18-8=10

a) a; = $1000(1.062) = $1062
as = $1000(1.062)% ~ $1127.84
as = $1000(1.062)% ~ $1197.77
asy = $1000(1.062)* ~ $1272.03
a5 = $1000(1.062)° ~ $1350.90
ag = $1000(1.062)° ~ $1434.65
ar = $1000(1.062)7 ~ $1523.60
as = $1000(1.062)® ~ $1618.07
ag = $1000(1.062)° ~ $1718.39

10 ~ $1824.93
20 ~ $3330.35

ajp = $1000(1.062)
b) a2y = $1000(1.062)
Find each term by multiplying the preceding term by 0.75:
$5200, $3900, $2925, $2193.75, $1645.31,

$1233.98, $925.49, $694.12, $520.59, $390.44

69.

70.

1.

72.

73.

Find each term by multiplying the preceding term by 2.
Find 17 terms, beginning with a; = 1, since there are 16
fifteen minute periods in 4 hr.

1,2, 4,8, 16, 32, 64, 128, 256, 512, 1024,
2048, 4096, 8192, 16,384, 32,768, 65,536

Find each term by adding $0.30 to the preceding term:
$8.30, $8.60, $8.90, $9.20, $9.50, $9.80,
$10.10, $10.40, $10.70, $11.00

ap =1 (Given)

(Given)

a3 =as+a;=1+1=2
ag =az+ax=2+1=3
as =a4+a3=3+2=25
ag =as5+as =5+3 =38
ar =ag+as; =8+5=13

CLQ:].

3z —2y =3, (1)
2z +3y = —11 (2)
Multiply equation (1) by 3 and equation (2) by 2 and add.

9r — 6y =9

4z + 6y = —22

13x = —13
r=-1

Back-substitute to find y.
2(—1) +3y = —11 Using equation (2)

—24 3y = —11
3y =-9
y=-3

The solution is (—1, —3).

Familiarize. Let x and y represent the number of in-
ternational visitors to New York City in 2008 and 2009,
respectively, in millions.

Translate. The total number of visitors was 18.1 million.

z+y=181
There were 0.9 million fewer visitors in 2009 than in 2008.
y=z—09

We have a system of equations.
z+y=181, (1)
y=2-09 (2

Carry out. We first substitute x — 0.9 for y in equation
(1) and solve for z.

r+z—-09=181

2r — 0.9 =18.1
2x =19
r=9.5

Now substitute 9.5 for x in equation (2) to find y.
y=95-09=286

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



Exercise Set 11.2 679

Check. 9.5 million + 8.6 million = 18.1 million, and 8.6 78. a,=In(1-2-3---n)
million is 0.9 million less than 9.5 million. The answer a1 =In 1=0
1=Inl=

checks.

az =In(1-2)=1In 2
State. The number of international visitors to New York g 1
City was 9.5 million in 2008 and 8.6 million in 2009. a3 =1In(1-2-3)=In 6

s ay=In(1-2-3-4)=1n 24
4. . f‘+yz_6x+4y:3 as =In(1-2-3-4-5) =1In 120
o =06z +9+y " +4dy+4=3+9+4 Ss=0+In 24+1n 6+1In 24+ 1n 120;
(z=3)*+(y+2)?* =16 =1In(2-6-24-120) = In 34,560 ~ 10.450

Center: (3, 2); radius: 4 79. S, =Inl+m2+m3+ - +Inn

75. We complete the square twice. =In(1-2-3---n)
2 2 _ —
¢+ Yy +5r — 8y = 2 s0. s _ (1 1 11 11
a? + 5z +y? — 8y =2 oo =tmg )l g T g o) Tt
25 25
2> +5r+ 4y —8y+16 =2+ " +16 1 1 1 1
4 4 —= )4+ (==
) n—1 n n n+l1
5 , 97 1
T+ | +y—4)°=— -1 "
2 4 =1 =
) ) n+1 n+1
7
() e ()
Exercise Set 11.2
5 97
The center is (——,4) and the radius is \/;
2 2 1. 3,8,13,18, . ..
1
76. anzz—nlog 1000™ ap =3
1 1 1 3 d=5 (8—3=5,13-8=5, 18 —13 =5)
a; = -7 log 1000" = ~log 10° = = -3 = =
2 2 2 2 2. a; = $1.08, d = $0.08, ($1.16 — $1.08 = $0.08)
1 1 A 1
az = 55 log 10002:110g (103)2:110g 105 = 3.9, 51,-3, ...
L3 a =9
4 2 d=—-4 (5—9=—-4, 1-5=—4, —3—1=—4)
1 1 1
a3 = o7 log 10003:§10g (103)3:§10g 109 = 4. a1 =-8,d=3 (=5 (-8) =3)
1 9 39 15
9= S
8 8 5. 5% o
1 1 3
= —log 1000" = — log (10%)* = _3
as = 5y log 16 og (10%) a =g
1 1 3
“log 102 = — .12=" _3 (9. 3_3, 9_3
116 161 4 d=7 \i 2713 171
_ - 5 _ & 3\5 _
a5 = o log 1000 73210g (10°)° = ] 3 ; 1/1 3 1
a1 = — = —— — = — ——
Ligrov=L. 50 LE 2105 2
32 % T30 T 7. o = $316
3 3 9 3 15 171 o
55:§+§+§+Z+3—2:§ d=-%3 ($313 — $316 = —$3,
$310 — $313 = —$3, $307 — $310 = —$3)
. a, ="
ay =i 8. a1, =0.07, d=0.05, and n =11
4y — i = _1 a1 = 0.07 + (11 — 1)(0.05) = 0.07 4+ 0.5 = 0.57
as =% = —i 9. 2,6, 10, . ..
ag =it =1 a1 =2, d=4, and n =12
as =i° =it i =7 an = a1+ (n—1)d
Ss=i—1—i+1+i=i ajpg =24+ (12-1)4=2+11-4=2+4+44 =146

10. a3 =7,d=-3, andn=17

arr =T+ (17— 1)(=3) =7+ 16(—3) =
7—48 = —41

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



680 Chapter 11: Sequences, Series, and Combinatorics

11. 3%% 19. a, = a1+ (n—1)d
9 33 =a; + (8 —1)4 Substituting 33 for as,
a1:3,d:—§, and n =14 8 for n, and 4 for d
33 =a7+28
anp = a1+ (n—1)d E_a
2 26 17 -0
aig =3+ (14— 1)( - g) =3- 373 (Note that this procedure is equivalent to subtracting d

from ag seven times to get ai: 33 — 7(4) = 33 — 28 = 5)
12, q; = $1200, d = $964.32 — $1200 = —$235.68,

and n = 13 20. 26=8+(11-1)d
a1z = $1200 + (13 — 1)(—$235.68) = 26 = 8+10d
$1200 + 12(—$235.68) = $1200 — $2828.16 = 18 = 10d
—$1628.16 1.8=4d
13. $2345.78, $2967.54, $3589.30, . . . 2. an=a+(n—-1)d
a; = $2345.78, d = $621.76, and n = 10 =507 = 254 (n — 1)(—14)
an = ay + (n—1)d —507 = 25 — 14n + 14
a0 = $2345.78 + (10 — 1)($621.76) = $7941.62 —546 = —1dn
39=n
14. 106 =2+ (n—1)(4)
106 =2+4n—4 22. We know that a7 = —40 and asg = —73. We would have
108 — 4 to add d eleven times to get from aj7 to asg. That is,
=4dn
97 —40+11d = —73
=n
11d = —33
The 27th term is 106.
d=-3.
15. a; =0.07, d=10.05 Since a17 = —40, we subtract d sixteen times to get to a;.
an = a3+ (n—1)d ap = —40 — 16(—3) = —40 4+ 48 = 8

Let a, = 1.67, and solve for n.
1.67 = 0.07 + (n — 1)(0.05)

We write the first five terms of the sequence:

8,52 —1, -4
1.67 = 0.07 4+ 0.051 — 0.05 )
1.65 = 0.05n 23. ?5 4 15d — %
33=n
. 15d = B
The 33rd term is 1.67. 6
1
16. —296 = 7+ (n — 1)(—3) d=;
296 =7 —3n+3 ’ R )
300 = w=g-16(5) =3 8=
102=n 154 11 7

The 102nd term is —296.

9 24. ayq =11+ (14— 1)(—4) = 11 + 13(—4) = —41
17. a1 =3, d=—-= 14

3 S14 = —[11 4 (—41)] = 7(—30) = —210
an =a1+ (n—1)d 2
25. 5+8+11+14+. ..

Let a,, = —27, and solve for n.
2 Note that a3 =5, d = 3, and n = 20. First we find asg:
727:3+(n71)<7§) an = a1+ (n—1)d
—81 =9+ (n—1)(-2) az =5+ (20—-1)3
—81=9-2n+2 =5+19-3 =62
—92 = —2n Then
46 =n Sn:g(a1+an)
The 46th term is —27. %
18. aso = 14+ (20 — 1)(—3) = 14 + 19(—3) = —43 S20 = - (5+62)
= 10(67) = 670.

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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26.

27.

28.

29.

30.

31.

32.

33.

34.

14+2+3+ ... 4299+ 300.
300
S300 = 7(1 +300) = 150(301) = 45,150
The sum is 2+4+6+ . . . +7984800. This is the sum of

the arithmetic sequence for which a; = 2, a,, = 800, and
n = 400.

Sn = ﬁ(al + an)

2
400
Sa00 = 7(2 + 800) = 200(802) = 160, 400
1+34+5+ ... +197+199.
100

Si00 = —5-(1+199) = 50(200) = 10,000

The sum is 7+ 14+ 21 + ... +91 +98. This is the sum
of the arithmetic sequence for which a; =7, a,, = 98, and
n = 14.

Sn = ﬁ(al +an)

2
14
S1a = 5 (7+98) = 7(105) = 735
16420+24 + ... +516+520

127
Siar = —5-(16 4 520) = 34,036
First we find asq:
an =a1+ (n—1)d
asp = 2+ (20* 1)5

=2+419-5=97
Then
n
S, = §(a1 + ay)
20
Sa0 = ?(2 +97)
= 10(99) = 990.
ass = T+ (32— 1)(=3) = 7+ (31)(—3) = —86
2
Sag = 37[7+ (—86)] = 16(—79) = —1264
40
> (2k+3)
k=1

Write a few terms of the sum:
54+7+9+ ... 483

This is a series coming from an arithmetic sequence with
a; =5, n =40, and ayg = 83. Then

Sp = 2ay + ap)

2
40
Sa0 = ?(5 + 83)
= 20(88) = 1760
20
> sk
k=5

40 + 48 + 56 + 64+ . . . +160

This is equivalent to a series coming from an arithmetic
sequence with a; = 40, n = 16, and n1 = 160.

16
S16 = = (40 + 160) = 1600

35.

36.

37.

38.

39.

4
k=0
Write a few terms of the sum:

31 1 1
777777 444
15 totgt ot

Since k goes from 0 through 19, there are 20 terms. Thus,
this is equivalent to a series coming from an arithmetic

3
sequence with a; = "= 20, and agg = 4. Then

n
Sn - 5(0'1 + an)

20 3
e
Sa0 2( 4+)

50

> (2000 — 3k)
k=2
1994 + 1991 + 1988+ . . . +1850

This is equivalent to a series coming from an arithmetic
sequence with a; = 1994, n = 49, and ny9 = 1850.

4
Sye = 79(1994 +1850) = 94,178

57

Z 7 — 4k
k=12 13
Write a few terms of the sum:
41 45 49 221
13 13 13 77 13

Since k goes from 12 through 57, there are 46 terms. Thus,
this is equivalent to a series coming from an arithmetic

41 1
sequence with a; = 13’ n =46, and a4 = BT Then

S, = g(al + an)

46 41 221
we¥(-4-2)

2\ 13 13
262 6026
= 23( - Ts) RS
200
First find ) (1.14k — 2.8).
k=101

112.34 +113.484 . . . +225.2

This is equivalent to a series coming from an arithmetic
sequence with ay = 112.34, n = 100, and a199 = 225.2.

100
Sio = —-(112.34 + 225.2) = 16,877

5

k+4
Next find — .
exct fin kz_1(10>

5/(1 9

Then 16,877 — 3.5 = 16, 873.5.

Familiarize. We go from 50 poles in a row, down to
six poles in the top row, so there must be 45 rows. We

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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40.

41.

42,

43.

44.

want the sum 50 + 49 + 48 4+ . . . + 6. Thus we want the
sum of an arithmetic sequence. We will use the formula

n
S = §(a1 + ap).

Translate. We want to find the sum of the first 45 terms
of an arithmetic sequence with a; = 50 and a45 = 6.

Carry out. Substituting into the formula, we have

45
4
= 5 56 = 1260
2
Check. We can do the calculation again, or we can do the
entire addition:
50+49+48+...+6.

State. There will be 1260 poles in the pile.

ass = 5000 + (25 — 1)(1125) = 5000 + 24 - 1125 =
32,000
25 25
Sos = 7(5000 + 32,000) = ?(377 000) =
$462, 500
Familiarize. We have a sequence 10, 20, 30, . . . It is an

arithmetic sequence with a; = 10, d = 10, and n = 31.
Translate. We want to find S,, = g(al + a,) where a,, =
a1 + (n —1)d, a; =10, d = 10, and n = 31.
Carry out. First we find as;.
az; =10+ (31 —1)10 =10+ 30- 10 = 310
Then S3; = %(10 +310) = 3?1 - 320 = 4960.
Check. We can do the calculation again, or we can do the
entire addition:

10420 + 30+ . . . +310.
State. A total of 4960¢, or $49.60 is saved.
Familiarize. We have arithmetic sequence with a; = 28,
d =4, and n = 20.
Translate. We want to find .S,, =
a1 + (n—1)d, a; =28, d =4, and n = 20.
Carry out. First we find ay.

as0 = 28 4 (20 — 1)4 = 104

(a1 + an) where a,, =

o3

20
Then S20 = ?(28 +104) =10 - 132 = 1320.
Check. We can do the calculations again, or we can do
the entire addition:
28 +32+ 36+ . . . 104.
State. There are 1320 seats in the first balcony.
Yes; d =48 — 16 =80 — 48 = 112 — 80 = 144 — 112 = 32.
ayp = 16+ (10 — 1)32 = 304

1
S0 = 70(16 +304) = 1600 ft

Yes; d=0.6080—0.5908=0.6252—0.6080= . . . =
0.7112 — 0.6940 = 0.0172

45.

46.

47.
48.

We first find how many plants will be in the last row.
Familiarize. The sequence is 35, 31, 27, . . . . It is an
arithmetic sequence with a; = 35 and d = —4. Since each
row must contain a positive number of plants, we must
determine how many times we can add —4 to 35 and still
have a positive result.
Translate. We find the largest integer x for which 35 +
x(—4) > 0. Then we evaluate the expression 35 — 4x for
that value of z.
Carry out. We solve the inequality.
35—4z >0
35 > 4z
B,
4
3
8§— >
177
The integer we are looking for is 8. Thus 35 — 4z = 35 —
4(8) = 3.

Check. If we add —4 to 35 eight times we get 3, a positive
number, but if we add —4 to 35 more than eight times we
get a negative number.

State. There will be 3 plants in the last row.
Next we find how many plants there are altogether.
Familiarize. We want to find the sum 35+31+27+. . .43.

We know a1 = 35 a,, = 3, and, since we add —4 to 35 eight
times, n = 9. (There are 8 terms after aq, for a total of 9

terms.) We will use the formula S,, = g(al +ap).

Translate. We want to find the sum of the first 9 terms
of an arithmetic sequence in which a; = 35 and ag = 3.

Carry out. Substituting into the formula, we have

Se = =(35+3)

<38 =171

N|© N ©

Check. We can check the calculations by doing them
again. We could also do the entire addition:

35+31+27+...+3.
State. There are 171 plants altogether.

ag =10+ (8 = 1)(2) = 10 + 7 - 2 = 24 marchers

8

Ss 5(10 +24) =4 - 34 = 136 marchers

Yes; d=6—-3=9-6=3n—-3(n—1) =3.
Tr—2y =4, (1)
z+3y=17 (2)
Multiply equation (1) by 3 and equation (2) by 2 and add.

21z — 6y = 12
2z + 6y = 34
23x =46

T =2

Back-substitute to find y.
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49.

2+ 3y = 17 Using equation (2)
3y =15
Yy=29
The solution is (2,5).
2 + y+ 3z =12
r—3y —2z=-1
5z 4 2y — 4z = —4

We will use Gauss-Jordan elimination with matrices. First
we write the augmented matrix.

2 1 3| 127
1 -3 -2]-1
5 2 4|4

Next we interchange

1 -3 -2]-1
2 1 3| 12
5 2 4|4

the first two rows.

Now multiply the first row by —2 and add it to the second
row. Also multiply the first row by —5 and add it to the
third row.

1 -3 -2]-1
0 7 7| 14
0 17 6 1

1
Multiply the second row by -

1 -3 -2|-1
0 1 1 2
0 17 6 1

Multiply the second row by 3 and add it to the first row.
Also multiply the second row by —17 and add it to the
third row.

1 0 1 5

0 1 1 2

0 0 —-11|-33

1
Multiply the third row by 11

1 0 1|5
01 1|2
00 1|3

Multiply the third row by —1 and add it to the first row
and also to the second row.

1 00 2
01 0]-1
0 0 1 3

Now we can read the solution from the matrix. It is

(2,-1,3).

50.

51.

52.

53.

54.

55.

56.

922 + 16y> = 144
2 2

2 v

16 9
Vertices: (—4,0), (4,0)
A=a2-0=16-9=17
c=7
Foci: (—v/7,0), (v/7,0)
The vertices are on the y-axis, so the transverse axis is
vertical and @ = 5. The length of the minor axis is 4, so
b =4/2 = 2. The equation is

2 2
S
1%

Let x = the first number in the sequence and let d =
the common difference. Then the three numbers in the
sequence are z,  + d, and x + 2d. Solve:

x+z+2d =10,
z(z +d) = 15.

We get x = 3 and d = 2 so the numbers are 3, 3 + 2, and
34+2-2 or3,5,and 7.

Sn:g(l—i-Qn—l):nz

a; = $8760

ay = $8760 + (—$798.23) = $7961.77
as = $8760 + 2(—$798.23) = $7163.54
ay = $8760 + 3(—$798.23) = $6365.31
a5 = $8760 + 4(—$798.23) = $5567.08
ag = $8760 + 5(—$798.23) = $4768.85
ar = $8760 + 6(—$798.23) = $3970.62
as = $8760 + 7(—$798.23) = $3172.39
ag = $8760 + 8(—$798.23) = $2374.16
$8760 + 9(—$798.23) = $1575.93

aio

1
S0 = 70($8760 + $1575.93) = $51, 679.65

Let d = the common difference. Then a4 = as + 2d, or
10p+q =40 — 3¢+ 2d
10p + 4q — 40 = 2d
5p+2q —20 =d.
Also, a; = as — d, so we have
ay; = 40 — 3¢ — (5p + 2¢ — 20)
=40—-3q—5p—2q+20
= 60 — 5p — 5q.
P(z) = z* + 423 — 842 — 1762 + 640 has at most 4 zeros

because P(z) is of degree 4. By the rational roots theorem,
the possible zeros are

41, £2, +4, £5, £8, £10, £16, £20, £32, £40, £64, +80,
+128, £160, £320, £640

Using synthetic division, we find that two zeros are —4 and
2.
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57.

58.

59.

Also by synthetic division we determine that +1 and —2
are not zeros. Therefore we determine that d = 6 in the
arithmetic sequence.
Possible arithmetic sequences:

a) —4, 2, 8, 14

b) -4, 2, 8

c) —16, —10, —4, 2
The solution cannot be (a) because 14 is not a possible
zero. Checking —16 by synthetic division we find that
—16 is not a zero. Thus (b) is the only possible arithmetic
sequence which contains all four zeros. Synthetic division

confirms that —10 and 8 are also zeros. The zeros are —10,
—4, 2, and 8.

47 my, m2, M3, 12

We look for my, mo, and mg such that 4, mq, mg, ms, 12
is an arithmetic sequence. In this case, a; =4, n =5, and
as = 12. First we find d:

anp =a;+ (n—1)d
12=4+(5-1)d

12 =4+4d
8 =4d
2=d

Then we have
m=a1+d=44+2=6
me=m+d=6+2=28
m3 =mo+d=8+2=10

—3, my, mg, ms, 5

We look for my, mso, and ms such that —3, mq, ms, mg,
5 is an arithmetic sequence. In this case, a1 = —3, n = 5,
and a5 = 5. First we find d:

an = a1+ (n—1)d
5=-34+(5-1)d
8 =4d
2=d
Then we have
m;=a+d=-3+2=-1,
me=m+d=-1+2=1,
m3=mo+d=1+2=23.
4, my, ma, ms, my, 13
We look for my, mso, mz, and my4 such that 4, my, mo,
ms, My, 13 is an arithmetic sequence. In this case a; = 4,
n =6, and ag = 13. First we find d.
anp =a;+ (n—1)d
13=44(6-1)d

9 =5d
4

1= =d
5

Then we have

60.

61.

62.

4 4
m1:a1+d=4+1g:57,

5
4 4 8 3
m2:m1+d=55+15=65=7g,
3 4 7 2
= —72 112 =8~ =92
ms = mg +d 75+ 5 85 957

mgtd=92+12 2108 Z 112
Ma=MsT@=9g T g = Vg =5

27, my, ma, . . . ,mg, Mig, 300
300 =27+ (12— 1)d
273 = 11d
273
— =d, or
11
9
24— =d
11
9 9
=27+ 24— =51—
mq 7+ 11 5 11
9 9 7
=51 4+ 24— = 76—
mg =5 11 =+ 11 7611
7 9 5
=76— +24— =101—
ms = 1697 2497 = 10147,
5 9 3
3 9 1
=126— +24— = 151—
ms = 12033 + 2437 = 18147,
1 9 10
=151 — + 24— = 175—
me = 15133 + 2437 = 10547
10 9 8
8 9 6
= 200— + 24— = 225—
ms = 20097 2497 = 22547
6 9 4
=225 4+ 24— = 250—
mo = 22537 + 2437 = 25047,
4 9 2
1,1+d,14+2d,...,50has n terms and S,, = 459.
Find n:
n
459 = 5(1 + 50)
18 =n
Find d:
50 =1+ (18 = 1)d
49
= _d
17
The sequence has a total of 18 terms, so we insert 16 arith-
metic means between 1 and 50 with d = 41173

$5200 — $1100)

a) a; = $5200 — t( -
ar = $5200 — $512.50¢

b) ap = $5200 — $512.50(0) = $5200
ay = $5200 — $512.50(1) = $4687.50

as = $5200 — $512.50(2) = $4175
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az = $5200 — $512.50(3) = $3662.50

3)
as = $5200 — $512.50(4)
az = $5200 — $512.50(7) =
as = $5200 — $512.50(8)

63. m=p+d
m=q—d
2m = p + g Adding
_p+q
m=2"1
2

$
$
$
$

3150
1612.50
1100

Exercise Set 11.3

0.6275 01 0.06275
6.275 0 0.6275

ot
IS
o
ot
S
w

N2
o
>4>|@‘oo‘

N

N

_ $858
T $780
11. 2,4, 8,16, . . .

10. r 1.1

4
a1:27n:7,andr:§,or2.

We use the formula a,, = a7

n—1

a7 =2(2)7"1=2.26=2.64 = 128

12. ag = 2(—5)""1 = 781,250

13. 2,2V3,6, . . .

243
ap =2, n=9, andr:T\[, or V3

an = ayr™!

ag = 2(v/3)°"1 =2(v/3)8 =2-81 = 162

14. as; = 1(-1)>""1 =1

15,
625 25
7
7 -
alzﬁ,nz%, andr:%zf%.
625
ay = ar™ !
7 7
— — _(—925 23—-1 = _—_(—925 22
azs = o= (=25) a5 (=25
7 2 20 20 40

16. a5 = $1000(1.06)°
17.1,3,9, . ..

1~ $1262.48

alzlandr:%, or 3

ay = ayr™ !

a, = 1(3)" 1 =371

52

1\n—1 3_
18. 0, =25(5) =g =5"
19. 1, -1, 1, -1, . . .
alzlandr:_T:—l

an = ayr™!

ap = 1(=1)"~1 = (=1)n~1

20. a, = (—2)"
21 1 1 1
e M SR
1
1 22 1
alz—andr:x—Q:—
x 1 x
x
an = ayr™!
IRV 1 1
tn = ;(;> Tz oanl T glee-l

a n—1
22. a, — (f)
a 5 2

23. 64+12424+. ..

12
ap =6, n=7, andrzz, or 2

o a1(1 — T'n)
Sn= T,
6(1—27)

6(1—128)  6(—127)

Sr = = =

1-2

-1 -1
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27.

28.

29.

30.

31.
32.

33.

34.

(1023)
1024) _ 341 2L
3 32 32
2
111
18 2
1
1 6 1 18
@ =T n=29, andr:f:fé~T=f3
18
g _ ay(1—rm)
" 1—r
1 9 1
= [1—(—3) ] ~(1+19,683)
Sy = 18 _ 18
' 1-(-3) 4
1
75(19,684) LI 684)(1> 4921
4 st 4/ 18
ap = ayr™!
1 1 n—1
L-en (-
n=9
1\?
g _8{(_5) _1] 171
9 — 1 = o0
1y 32
2
Multiplying each term of the sequence by —v/2 produces

the next term, so it is true that the sequence is geometric.

The sequence with general term 3n does not have a com-
mon ratio, so the statement is false.

n+1

Since = 2, the sequence has a common ratio so it is

true that the sequence is geometric.

It is true that multiplying a term of a geometric sequence
by the common ratio produces the next term of the se-
quence.

Since | — 0.75] < 1, it is true that the series has a sum.

When |r| > 1, a geometric series does not have a limit, so
the statement is false.

4+2+1+. ..

2 1 1
Ir| = )Z’ = ’5‘ =3 and since |r| < 1, the series
does have a sum.

ay 4

O =

= — < 1, so the series has a sum.

H
7

35. 25 +20+ 16 +. ..
20 4 4
Ir| = ‘%‘ = ‘5‘ =5 and since |r| < 1, the
series does have a sum.

ay 25 25 5
S, = =2 2 _95.2-195
1—r 1— % 1 1
5
—10 1
36. |r| = ‘m‘ =10 < 1, so the series has a sum.
g __ 100100 _ 1000
S ﬁ TR
10 10
37. 8 +40 + 200 + . . .
40
Ir| = ‘§ = |5| =5, and since |r| > 1 the series does not
have a sum.
1 1
38. |r| = ‘%‘ = ’ — 5‘ =5< 1, so the series has a sum.
—6 —6 2
BT EERE B
2 2

39. 0.6 4+ 0.06 + 0.006+ . . .

0.06
Ir| = rrile |0.1] = 0.1, and since |r| < 1, the series does
have a sum.
g _ @ _ 06 06 6 2
71—y 1-01 09 9 3
10
40. > 3"
k=0
ap =1, |r]=3, n=11
1(1 -3
Sy = -2 —88,573
11 1-3 )
11 2 k
41. 15( =
> u(3)
k=1
2 21 2
a1 =15 2 or 10; \r|=|§‘:§, n=11
2\ " 2048
1001— (= 10|11 — ——
O
S = 2 B I
1-Z= —
3 3
_ 1o, 175,09
177,147
_ 1,750,990 38,569
© 59,049 59,049
50
42. > 200(1.08)"
k=0

a; = 200, |r| =1.08, n =51
2001 — (1.08)%}]

Ss1 = 1-1.08

~ 124,134.354
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44.

45.

46.

47.

48.

49.

50.

51.

1
a; =1, M:‘,‘:,
_ ay _ 1 _ 1 _
2 2
Since |r| = |2| > 1, the sum does not exist.
> 125k
k=1
Since |r| = 12.5 > 1, the sum does not exist.
Since |r| = 1.0625 > 1, the sum does not exist.
> $500(1.11)7*
k=1
$500 1
= L1D)7Y or == |r| = (1117} =
a; = $500(1.11)", or T [r| = | | 11
$500 $500
@ _ 111 _ 111 =
Soo = =, ) T =0~ $4545.45
1.11 1.11
> $1000(1.06)7*
k=1
o SO0
P06 U 106
$1000 $1000
1.06  _ _1.06 . 3
Soo = T T =006 ~ $16,666.66
1.06 1.06
> 16(0.1)F!
k=1
a1 = 16, |r| =10.1] = 0.1
o _ @ _ 16 _16_ 100
Col-r 1-01 09 9
SHON
= 3\2
8 i 1
ay 3, T 2
8 8
Py 3 16
S =92 _—3_22
[P
2 2
0.131313 . . . =0.13 +0.0013 + 0.000013+ . . .
This is an infinite geometric series with a; = 0.13.
0.0013
Ir| = 013 ‘ =10.01] = 0.01 < 1, so the series has a limit.
S = ai 0.13 0.13 13

T—r 1-001 099 99

52. 0.2222 = 0.2 4+ 0.02 4+ 0.002 + 0.0002+ . . .

53.

54.

55.

56.

57.

0.02

= =10.1] =0.1
= |55 | =01
0.2

022
1-01 09 9

We will find fraction notation for 0.9999 and then add 8.
0.9999 = 0.9 + 0.09 + 0.009 + 0.0009+. . .

This is an infinite geometric series with a; = 0.9.

Soo =

0.09
|r| = 09| = |0.1] = 0.1 < 1, so the series has a limit.
Soo ay 0.9 @ -1

T1-r 1-01 09
Then 8.9999 = 8 + 1 = 9.

0.16 = 0.16 + 0.0016 + 0.000016+ . . .
0.0016
- =10.01] = 0.01
|7 ‘ 016 ‘ |0.01] = 0.0
5 0.16 _ 0.16 _ 16
7 1-001 099 99
_ 16 610
Then 6.16 = =
en 6.16 =6 + 99 99

3.4125125 = 3.4 + 0.0125125
We will find fraction notation for 0.0125125 and then add

3.4, or 3—4, or 1—7
10 5

0.0125125 = 0.0125 4 0.0000125+ . . .

This is an infinite geometric series with a; = 0.0125.

.000012
Ir| = % =0.001| = 0.001 < 1, so the series has
a limit.
g _ @ _ 00125 _ 00125 125
© 1—r 1-0.001 0999 9990
Then 17 N 125 33,966 125 34,001
5 9990~ 9990 9990 9990
12.7809809 = 12.7 + 0.0809809
0.0809809 = 0.0809 + 0.0000809 + . . .
0.0000809
= |————"1 =10.001] = 0.001
|| ‘ 0.0809 ‘ |0.001] = 0.00
g _ 00809 _ 00809 _ 809
7 1-0.001 0999 9990
809 127 809 127,682
Then 12.7+ 5566 = 10 T 9990 ~ 0990
63,841
4995
Familiarize. The total earnings are represented by the

geometric series

$0.01 + $0.01(2) + $0.01(2)% + ... + $0.01(2)?7, where
ay = $0.01, =2, and n = 28.

Translate. Using the formula

B ay(1—r")
Sn = 1—r
we have
$0.01(1 — 228
Sag = $o.01(1 — 27)

1-2
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Carry out. We carry out the computation and get

$2,684,354.55.
Check. Repeat the calculation.
State. You would earn $2,684,354.55.

58. a) Familiarize. The rebound distances form a geo-
metric sequence:

Lo16 (1>2x16 (1)3><16
4 9 4 b 4 PR ]

2
or 4, fxa <1> x4, ...
4 4
The height of the 6th rebound is the 6th term of the
sequence.

Translate. We will use the formula a,, = a;r"" !,

1
Witha1:4,T:Z,andn:6:

1y 6-1
as =4(3)

1
Carry out. We calculate to obtain ag = %56

Check. We can do the calculation again.

1
State. It rebounds 256 ft the 6th time.

a 4 416 1
bSoC:—:—:_:_ft7 5— ft
) -y [ L 37377
1 1

59. a) Familiarize. The rebound distances form a geo-
metric sequence:

0.6 x 200, (0.6)2 x 200, (0.6)% x 200, . . .,
or 120, 0.6 x 120, (0.6)% x 120, . . .
The total rebound distance after 9 rebounds is the
sum of the first 9 terms of this sequence.
Translate. We will use the formula
s, = ar(1—r")
1—r
Carry out.
120[1 — (0.6)°)
Sg=——"=
1-0.6
Check. We repeat the calculation.

with a3 = 120, r = 0.6, and n = 9.

~ 297

State. The bungee jumper has traveled about 297 ft
upward after 9 rebounds.

_a 120
S l-r 1-06
60. a) a; = 100,000, = 1.03. The population in 15 years

will be the 16th term of the sequence
100,000, (1.03)100,000, (1.03)2100, 000, . . .

ais = 100,000(1.03)16~1 ~ 155,797
b) Solve: 200,000 = 100,000(1.03)"~!
n~24yr

b) Sae =300 ft

61. Familiarize. The amount of the annuity is the geometric

series

$1000 -+ $1000(1.032) + $1000(1.032)> + . . . +

$1000(1.032)'7, where a; = $1000, r = 1.032, and n = 18.

Translate. Using the formula

_ar(1—17")
Sn = 1—r
we have
$1000[1 — (1.032)18]
518 = .

1—-1.032
Carry out. We carry out the computation and get Sig ~
$23, 841.50.

Check. Repeat the calculations.
State. The amount of the annuity is $23,841.50.

62. a) We have a geometric sequence with a; = P and
r =1+41. Then
Pl — (14N
Sn=V= [1751%; }
Pl —(1+0)N]
—1
Pl(14)N —1]

7
b) We have a geometric sequence with a; = P and
r=1+ 1.
n

The number of terms is n/N. Then

i nNq
P 17(1+7)
SnN:V: = 77,. =

63. Familiarize. The amounts owed at the beginning of suc-

cessive years form a geometric sequence:
$120, 000, (1.12)$120,000, (1.12)2$120, 000, . . .

The amount to be repaid at the end of 13 years is the
amount owed at the beginning of the 14th year.

Translate. Use the formula a, = a;r®!

120,000, r = 1.12, and n = 14:
aiq = 120,000(1.12)14-1

Carry out. We perform the calculation, obtaining a4 =~
$523,619.17.

Check. Repeat the calculation.
State. At the end of 13 years, $523,619.17 will be repaid.

with a1 =

64. We have a sequence 0.01, 2(0.01), 22(0.01),

23(0.01), . . . . The thickness after 20 folds is given by the
21st term of the sequence.

az = 0.01(2)21~! = 10,485.76 in.

. Familiarize. The total effect on the economy is the sum

of an infinite geometric series
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66. S

67.

68.

69.

70.

71
72
73

$13, 000, 000, 000 + $13, 000, 000, 000(0.85)+
$13,000, 000, 000(0.85) + . . .

with a; = $13,000, 000,000 and r = 0.85.

Translate. Using the formula

a1
Soo =
1—1r
we have
g $13, 000, 000, 000

1-0.85
Carry out. Perform the calculation:

Soo =2 $86, 666, 666, 667.
Check. Repeat the calculation.

State. The total effect on the economy is
$86,666,666,667.

~3,000,000(0.3)
* 1-03
1,285, 714
3,000, 000
tion.
flz)=2% g(z) =4z +5
(fog)(@) = flg(x)) = f(4z +5) = (4o +5)* =
1622 + 40z + 25
(go f)(z) =g(f(x)) = g(=*) =42® +5
fx)y=2—1,g(x)=2>+2+3
(fog)(@)=fl9(@) = fa"+o+3)=a?+x+3-1=
22+ x4+ 2
(9o f)(x) =g(f(2)) = g(z—1) =
(x—1)24+(@z-1D+3=22-2z+14+2-1+3=22-2+3

~ 1,285,714

~ 0.429, so this is about 42.9% of the popula-

5% = 35
In 5% = In 35
zInb5 =1n35
_In35
~ In5
T ~ 2.209
logo x = —4
1
— 9—4 _
1
YT 16
. See the answer section in the text.
. The sequence is not geometric; ay/ag # agz/as.
. a) If the sequence is arithmetic, then az —a; = a3z —as.
z+T7—(x+3)=4—-2—(z+7)
13
r=—
3
13 22
The three given terms are — + 3 = 3
13 34 13 46
—4+7=— d4.- ——-2=—.
3 TIT ety 3
12 .
Then d = 3 or 4, so the fourth term is
46 n 12 58
3 3 3

74.

75.

76.

7.
78.

79.

b) If the sequence is geometric, then as/ay = as/as.
x+7  dx—2

z+3  z+7
11 5
rT=—-——orzc=
3
11 .
For z = fE: The three given terms are
11 2 11 10
*§+3 *g,*§+7—§7and
g - M) oY
3 3
Then r = =5, so the fourth term is
50 250
——(=5) = —.
3( ) 3

For x = 5: The three given terms are 5 + 3 = 8,
547=12,and 4-5—-2=18. Thenr:; so the

fourth term is 18 - g =27.

1(1—2") 1—an

S, =
1—=z

1—=x

22—+t —ah ...

This is a geometric series with a; = 22 and r = —x.
g _a(=r") _2?(1-(=a)") _a*(1—(=2)")
"o l—r 1= (-z) 1+z
1 1)2
In t =, SOM:T'Q; Thus a2, a3, a2, . . . is a

an (an)?
geometric sequence with the common ratio r2.

See the answer section in the text.

Let the arithmetic sequence have the common difference

d= a%gl —ay,. Then for the sequence 5%, 5% 5% ... we
n+1
have o = 5%n+170n = 5% Thus, we have a geometric

sequence with the common ratio 5¢.

Familiarize. The length of a side of the first square is
16 cm. The length of a side of the next square is the
length of the hypotenuse of a right triangle with legs 8 cm
and 8 cm, or 8/2 cm. The length of a side of the next
square is the length of the hypotenuse of a right triangle
with legs 4v/2 cm and 4v/2 cm, or 8 cm. The areas of the
squares form a sequence:

(16)2, (8\/5)2, (8)2,..., or
256, 128, 64, .. .
1
This is a geometric sequence with a; = 256 and r = 3

Translate. We find the sum of the infinite geometric series
256 4+ 128 +-64 + . . ..

aj
Seo =
1—r
256
Soo = 1—1
2

Carry out. We calculate to obtain S, = 512.
Check. We can do the calculation again.

State. The sum of the areas is 512 cm?.

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



690

Chapter 11: Sequences, Series, and Combinatorics

Exercise Set 11.4

1. n? <n?
12 < 13,22 < 23,32 < 3%, 42 <43, 52 < 53
The first statement is false, and the others are true.

2. 12 — 1 4 41 is prime, 22 — 2 + 41 is prime, 3% — 3 + 41 is
prime, 42 — 4 + 41 is prime, 52 — 5 + 41 is prime. Each of
these statements is true.

The statement is false for n = 41; 412 — 41 + 41 is not
prime.

3. A polygon of n sides has n diagonals.

3(3—3)
2
4(4 - 3)
2
5(5— 3)
2
6(6 —3)
2
7(7 - 3)
2

(n—3)
2

A polygon of 3 sides has diagonals.

A polygon of 4 sides has diagonals.

A polygon of 5 sides has diagonals.

A polygon of 6 sides has diagonals.

A polygon of 7 sides has diagonals.

Each of these statements is true.

4. The sum of the angles of a polygon of 3 sides is
(3 —2) - 180°.
The sum of the angles of a polygon of 4 sides is
(4—2)-180°.

The sum of the angles of a polygon of 5 sides is
(5—2)-180°.
The sum of the angles of a polygon of 6 sides is
(6 —2)-180°.
The sum of the angles of a polygon of 7 sides is
(7—2)-180°.

Each of these statements is true.
5. See the answer section in the text.

6. S,: 448412+ .. +4n=2n(n+1)
Sy 4=2-1-(1+1)
Sk A+8+12+4 ...+ 4k =2k(k+1)
Spy1: 4+8+124 . +4k+4(k+1) =
2(k+1)(k+2)
1) Basis step: Since 2-1-(14+1) = 2.2 =4, S} is true.
2) Induction step: Let k be any natural number.

Assume Si. Deduce Sii1. Starting with the left
side of Sk41, we have

4484124 ...+ 4k +4(k + 1)

= 2%(k+1) +4(k+1) By S
= (k+1)(2k +4)

=2k +1)(k+2)

7. See the answer section in the text.

3 1
8. S,: 3+6+9+...+3n:7"("2+)
(141
g 3= 10+1D
2
k(k + 1
Sy : 3+6+9+...+3k:¥

Ski1: 34649+ .. +3k+3(k+1) =
3(k+1)(k +2)
2
3-11+1) 32

1) Basis step: Since —————= =
) Basis step: Since 5 5

2) Induction step: Let k be any natural number.
Assume Si. Deduce Si41. Starting with the left
side of Sk41, we have

34+6+9+..+3k +3(k+1)
|
3k(k+1
= % +3(k+1) By S,
3k(k+1)+6(k+1)
2
(k+1)(3k+6)

=3, 5] is true.

2
3(k + 1)(k + 2)
2

9. See the answer section in the text.

10. S,: 2<2n
S 2<2t
Sp: 2< 2k
Spy1: 2 <2k
1) Basis step: Since 2 < 2, Sy is true.

2) Induction step: Let k be any natural number. As-
sume Si. Deduce Sk41.

2 < 2k S,
2.2 < 2%.2 Multiplying by 2
2<2-2<28H (2<2.2)
2§2k+1

11. See the answer section in the text.

12. §,: 3" <3l
S 3l <3ttt
Sp: 3 < 3kt
Sppr: 361 < 3Rt

1) Basis step: Since 3' < 311 or 3 < 9, S| is true.

2) Induction step: Let k be any natural number. As-
sume Si. Deduce Sg41.

3k < ghtl Sy,
3% .3 < 3k+1.3 Multiplying by 3
3k+1 < 3k+2

13. See the answer section in the text.
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g . 1 1 1 n
4. 5n: ﬁ+ﬁ+"'+n(n+l)in+1
1 1
S
Sk i+i+...+ ! -k
1-2 2-3 k(k+1) k+1
Sk+1 L#—L—O—...—l— ! + :
1-2 2.3 k(k+1) (k+1)(k+2)
_k+1
T kt2
. , 1 1 ,
1) Basis step: Since = Sy is true.

71 2 1.2

2) Induction step: Let k be any natural number. As-

sume Sk. Deduce Sg41.

L+L+ +;:L (S)

1.2 723" 7 T k(k+1) k+1 F

11 1 1 B

st ey T ek
k 1

T D (Rt 2)

(Adding on both sides)

1
(k+1)(k+2)
k(k+2)+1
k+1)(k+2)
k2 +2k+1
(k+1)(k+2)

_(k+1)(k+1)
T k+D(k+2)
k+1
RV E)
15. See the answer section in the text.
16. S,: xz<z"
Si1: z<z
Sp: xz <z

Sk+1 I S $k+1

1) Basis step: Since x = z, S; is true.
2) Induction step: Let k be any natural number. As-
sume Sk. Deduce Sg41.
x < ok Sk
z-x < xF.x Multiplying by 2, 2 > 1
r<z-z<zk. oz

x < xk+1

17. See the answer section in the text.

1)(2n+1
18. S, 12422434 . pn2o nELCHD

6
g 12 MHDE 1+
6
1)(2 1
Sy : 12+22+32+...+k2zw

Sir 0 14224 L +E2H (k)2 =
(kA1) (B+141) (2(k+1)+1)
6

1+1)(2-1+1)

1
1) Basis step: 12 = 6 is true.

2) Induction step: Let k be any natural number. As-

sume Si. Deduce Sg41.

1)(2 1

12+22+...+I<:2:—WFr )6( ktl)
12422+ L +k2+(k+1)2

_ k(k+1)6(2k+1) t(he1)?

k(k+1)(2k+1) + 6(k+1)?
6
(k+1)(2k2+7k+ 6)
6
(k+1)(k+2)(2k+3)
6

(k+1)(k+1+1)(2(k+1)+1)
6

19. See the answer section in the text.

20. S,: 1*4+244+3*+ . . +nt=

n(n+1)(2n+1)(3n? + 3n — 1)
30
s 1A+1)(2-141)(3-12+3-1-1)
30
Sp: 144244344 4k =
k(k+1)(2k + 1)(3k% + 3k — 1)
30
Spp1: P24 Lk (kD)=
(k+1)(k+1+1)(2(k+1)+1)(3(k+1)2=3(k+1)—1)
30

Slil

1) Basis step:
1+ 1D)(2-1+1)(3-12+3-1-1)
B 30

14

is true.

2) Induction step:
144204kt =
k(k+1)(2k + 1)(3k% + 3k — 1)
30
P2t L+ k(B 1)4
_ k(k+1)(2k +;())(3k2 +3k—1) ket )
k(k+1)(2k + 1)(3k? + 3k — 1) + 30(k + 1)*
30
(k + 1)(6k* + 39k3 + 91k2 + 89K + 30)
30
(k + 1)(k + 2)(2k + 3)(3k? + 9k + 5)
30
= [(k+1)(k+1+D)2(k+1)+1)(3(k+1)2+
3(k+1)—1)]/30

21. See the answer section in the text.
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3 1
22. S,: 24548+..43n—1= %
13-1+1
S1: 2= M
2
k(3k+1
Se: 24548+ .. +3k—1= %
Sk ¢ 245+ . HBE—1)H3(k+1)-1) =
(k1) (3(A+1)+1)
2
1) Basis step: 2 = w is true.

2) Induction step: Let k be any natural number.
sume Si. Deduce Sg41.

245+ . +3k—1= M
245+ ... H(3k—1)+(3(k+1)-1) =
k(3k+1)

S +3(k+1)-1)

3k?4+k+6k+6-2

25. See the answer section in the text.

26. 2z—3y=1, (1)
3r—4y =3 (2)
Multiply equation (1) by 4 and multiply equation (2) by
—3 and add.
8z — 12y = 4
-9z + 12y = -9
-z = -5
T =29

Back-substitute to find y. We use equation (1).
2-5-3y=1
10-3y =1
-3y = -9
y=3
The solution is (5, 3).

As-

27. z+ y+ z=3, (1)
2x — 3y — 2z =15, (2)
3z +2y+2:=8 (3)

2 We will use Gaussian elimination. First multiply equa-

3k +Tk+4 tion (1) by —2 and add it to equation (2). Also multiply
- 2 equation (1) by —3 and add it to equation (3).
_ (E+1)(3k+4) r+ y+ z= 3
B 2 5y — 4z =—1
_ (B+1)(3(k+1)+1) —y — z=-—1
B 2

23. See the answer section in the text.

o (D ()

n+1

1
Si: 1t g=1+1

Sk (1+%)~-~(1+%):k+1
Skur (1%) <1+%) (1+ki+1) — (k+1)+

1
1) Basis step: (1 + I) =1+ 1 is true.

2) Induction step: Let k be any natural number.
sume Si. Deduce Sg41.

(1) (11) <k
(1%) (1%) (1+%+1> = (k+1)<1+ki+1)

1
Multiplying by (1 4+ ——
ultiplying y( +k’+1)

k+1+1
= (k+1)( Pl
=(k+1)+1

Now multiply the last equation above by 5 to make the
y-coefficient a multiple of the y-coefficient in the equation

above it.
z+ y+ z= 3 (1)
— by —4z=-1 (4)
— 5y — 5z=-5 (b)
Multiply equation (4) by —1 and add it to equation (3).
x4+ y+ z= 3 (1)
— by —4dz=-1 (4)
— z=-4 (6)
1 Now solve equation (6) for z.
—z = —4
z=4
As- Back-substitute 4 for z in equation (4) and solve for y.
—5y—4-4=-1
-5y —16 = -1
-5y =15
y= -3

Finally, back-substitute —3 for y and 4 for z in equation (1)
and solve for z.

zT—3+4=3

) r+1=3

=2
The solution is (2, —3,4).
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28. Let h = the number of hardback books sold and p = the
number of paperback books sold.

Solve: h+p = 80,
24.95h 4+ 9.95p = 1546
h=150,p=30
29. Familiarize. Let z, y, and z represent the amounts in-
vested at 1.5%, 2%, and 3%, respectively.

Translate. We know that simple interest for one year was
$104. This gives us one equation:

0.015z + 0.02y + 0.03z = 104

The amount invested at 2% is twice the amount invested
at 1.5%:

y=2zx,0or 2x+y=0
There is $400 more invested at 3% than at 2%:
z =y + 400, or —y + z = 400
We have a system of equations:
0.015z + 0.02y + 0.03z = 104,
—2z +
- y + z = 400

Carry out. Solving the system of equations, we get
(800, 1600, 2000).

Check. Simple interest for one year would be
0.015($800)+0.02($1600) +0.03($2000), or $12-+$32+$60,
or $104. The amount invested at 2%, $1600, is twice $800,
the amount invested at 1.5%. The amount invested at 3%,
$2000, is $400 more than $1600, the amount invested at
2%. The answer checks.

State. Martin invested $800 at 1.5%, $1600 at 2%, and
$2000 at 3%.

Yy = 0

1 ap—ar"

30. S, : art+ar+ar®+..+art = 1
—r
a1 —
Sy oap = TG
1—r
k
a, —ayr
Sk a1 +air+asr+ .. +artt = 1171
—r
Skt a1 +air+ ...+ a4 gD =
ay — ayrktt
1—r
ar(l—r a; —aqr
1) Basis step: a1 = 1f ) = 11 L s true.
—-r —-r

2) Induction step: Let n be any natural number. As-
sume Sk. Deduce Sg41.

k
1 a1 —ar
a1—|—a17‘+.‘.+(117‘k =
1—r
k-1 r_m—arr” k
a+a+yr+ ... +ar” T Harr :17 +air

Adding a;r*
_alfalr’%alrkfalr
B 1-—r
_ap— ayrht!
—

k41

31. See the answer section in the text.

32. S,: 2n+1<3"
Sy: 2-2+41< 32
Sk 2k+1<3Fk
Skr1: 2(k+1)+1=3k1
1) Basis step: 2-2 41 < 32 is true.

2) Induction step: Let k be any natural number greater
than or equal to 2. Assume Si. Deduce Sg41.

2k +1 < 3k
3(2k +1) < 3-3% Multiplying by 3

6k + 3 < 3kt1
2k + 3 < 6k + 3 < 31
20k +1)+1 < 3k+!

(2k < 6k)

33. See the answer section in the text.

34. G : =73 If z=a+0bi,Z=a—bi.
k

S 2k =73k
kz=zF.z Multiplying both sides
of Si, by z
2F .7 = zF+!

2+l — §k+1
35. See the answer section in the text.

36. Sz :

Ski 2129 2k = Z1R%2 "2k

2129 = %1 - 22

Starting with the left side of Si41, we have

2122 BRRk+41 = 2122 2k Rk+1 By So

= 7Z1Z2 2k " Zk+1 By Sk
37. See the answer section in the text.

38. Sy:2isa factor of 12 + 1.
Sk 1 2 is a factor of k2 + k.
(k+124+(k+1) =k +2k+14+Ek+1
=k +k+2(k+1)
By Sk, 2 is a factor of k2 + k; hence 2 is a factor of the
right-hand side, so 2 is a factor of (k + 1)% + (k + 1).

39. See the answer section in the text.

40. a) The least number of moves for
1 disk(s) is 1 =2 — 1,
2 disk(s) is 3 =22 — 1,
3 disk(s) is 7=12% — 1,
4 disk(s) is 15 = 2% — 1; etc.

b) Let P, be the least number of moves for n disks.
We conjecture and must show:

S,: P,=2"—1.
1) Basis step: Sy is true by substitution.
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2) Induction step: Assume Sy for k disks: P, =
2% — 1. Show: P41 = 2+t — 1. Now suppose
there are k 4+ 1 disks on one peg. Move k of
them to another peg in 2F — 1 moves (by Sj,) and
move the remaining disk to the free peg (1 move).
Then move the k disks onto it in (another) 2% —1
moves. Thus the total moves Py is 2(2F — 1)+
1=2F1 —1: Ppyy =281 — 1

Chapter 11 Mid-Chapter Mixed Review

10.

11.

12.

. All of the terms of a sequence with general term a,, = n

are positive. Since the given sequence has negative terms,
the given statement is false.

. True; see page 921 in the text.
. as/a; = 7/3; ag/az = 3/ — 1 = —3; since 7/3 # —3, the

sequence is not geometric. The given statement is false.

. False; we must also show that S is true.

anp =3n+5

ap =3-14+5=38,

ar =3-2+5=11,

as =3-3+5=14,

ayg =3-445=1T,

ag =3-9+5 =32

ajg =3-1445=47

an = (=1)"*(n-1)

ar = (=) (1-1)=0,

az = (=112 -1) = -1,

az = (-1)**'(3-1) =2,

ag = (1)1 A -1) = -3

ag = (=119 -1) =§;

ap = ()" (14 -1)=-13
. 3,6,9,12,15,...

These are multiples of 3, so the general term could be 3n.

. ap = (=1)"n?

1 1 7 15

1
LS =14+ 4+-+>=1-,0r —

2 4 8 8 8

11+1)+22+1) +338+1) +44+1) +55+1) =
1:242-3+3-444-545-6=2+6+12+20+30="70

—4+8-124+16—-20+...

This is an infinite sum of multiples of 4 with alternating
signs. Sigma notation is

(—1)F4k.

]2

el
Il

1
a; = 2,
as=4-2—-2=6,
a3 =4-6—-2=22
ag =4-22—-2=286

13.

14.

15.

16.

17.

18.

19.

20.
21.

7—12=-5;2—-7=-5;,-3—-2=-5
The common difference is —5.
d=6—-4=2
alp =44+ (10-1)2=4+9-2=22
In Exercise 14 we found that d = 2.
an =a1+ (n—1)d
4 =4+ (n—-1)2

44 =4+2n -2
44 =24 2n
42 = 2n
21=n

The 21st term is 44.

d=11-6=5
aig =6+ (16—-1)5=6+15-5=81
16
516=?(6+81)=8-87:696
-8 1.4 1. -2 1
-6  22-8 274 2

1
The common ratio is 5

1
r= 8 _ 116 _ 2
1 81
16
b s b
a)a8—162 —162—8
50-2)
b) 5, = 16 S 1(1-1024)
YT 12 16 -1
1 1023
—(~1023) = —2 .
1 (-1023) = ==, or 63.9375
4 1 1
Ir| = ‘_—8 = ’ - 5‘ =5< 1, so the series has a sum.
ay -8 -8 2 16
So = — —°__g.2__2
= 1 3 3 3
-3 5
|r| = |5 =5 > 1, so the series does not have a sum.
Familiarize. The number of plants is represented by the

arithmetic series 36 + 30 + 24 + ... with a; = 36,
d=30—-36=—6, and n = 6.

Translate. We want to find S,, =
an =a1+ (n—1)d.

(a1 + ay) where

o3

Carry out.
ag =36+ (6 —1)(—6) =36+ 5(—6) =36—-30=6

56:2(36+6)=3-42:126

Check. We can do the calculations again or we can do
the entire addition 36 + 30 + 24 + 18 4 12 + 6. The answer
checks.

State. In all, there will be 126 plants.
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22.

23.
24.

25.

26.

27.

We have a geometric sequence with a; = $1500, r = 104%,
or 1.04, and n = 4.

g _ S1500(1 — 1.04%)
1T 1—1.04

See the answer section in the text.

~ $6369.70

The first formula can be derived from the second by sub-
stituting a; + (n — 1)d for a,. When the first and last
terms of the sum are known, the second formula is the
better one to use. If the last term is not known, the first
formula allows us to compute the sum in one step without
first finding a,.

1+2+3+4...4100

= (1+100) + (2+99) + (3+98) +. . .+
(50 4 51)

=101+ 101 +101 +. . . 4 101

50 addends of 101
= 50-101
= 5050
A formula for the first n natural numbers is

n
—(1+mn).
S(1+m)
Answers may vary. One possibility is given. Casey invests
$900 at 8% interest, compounded annually. How much will
be in the account at the end of 40 years?

We can prove an infinite sequence of statements S, by
showing that a basis statement S; is true and then that
for all natural numbers k, if Sy is true, then Sk41 is true.

Exercise Set 11.5

o =X o o

. 6Ps=61=6-5-4-3-2-1="720

. 4Py=4-3.2=24 or

4! 4 4-3.2-1

= === 24
(4—3)! 1 1

4P3 =

. Using formula (1), we have

10Pr=10-9-8-7-6-5-4 = 604,800.

Using formula (2), we have

po_ 100 100 10.9.8:7-6-5-4-31
W qo—7) 3 3! B
604, 800.
10.P3:].098:7207 or

10! 100 10-9-8-7!
Po=— == 700 gy
T o3 7 7!

.5!l=5-4-3-2-1=120
.M=7-6-5-4-3-2-1=>5040
. 0!is defined to be 1.

=1

10.

11.
12.

13.

14.

15.

16.
17.

18.
19.

20.

21.

22.

23.
24.
25.
26.
27.
28.
29.

30.
31.

32.

9 9.8.7-6-5

&l 5l =9-8-7-6=23024

9 9.8.-7-6-5-4!
IZT:9~8~7-6~5:15,120
(8=3)!=5=5-4-3-2-1=120

(8—5)1=31=3.2.1=6

100 10-9-8-70 10-3-3-4-2
3y o73e2e1 0 3.2-10
10-3-4=120

! ! .65
T 768
7—2) 5 51
Using formula (2), we have

8! 8!

Pp=——=—=1.
S R TR
13P1 =13 (Using formula (1))

Using a calculator, we find
50 Py = 6,497,400

50 = 311,875,200

Using formula (1), we have ,P3 = n(n —1)(n — 2).

Using formula (2), we have

ol an—-1)n-2)(n-3)
”P3_(n—3)!_ (n—3)! -
n(n—1)(n—2).
nPZ = n(n — 1)

Using formula (1), we have ,P; = n.

Using formula (2), we have

n! n(n —1)!
P, = = =n.
(o P T TR
n! n!
pp=—0 " _q
nto (n—=0)! nl!
¢Ps = 6! = 720
WPy =41 =24

9Py = 9! = 362,880

sPs = 8! = 40,320

0Py =9-8-7-6=3024
gPs =8-7-6-5-4=06720

Without repetition: 5 P5 = 5! = 120
With repetition: 5° = 3125

7P; =7 = 5040

There are 5P5 choices for the order of the rock numbers
and 4Py choices for the order of the speeches, so we have
5P5 -4 Py = 514! = 2880.

24!
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33. The first number can be any of the eight digits other than
0 and 1. The remaining 6 numbers can each be any of the
ten digits 0 through 9. We have

8 -10° = 8,000,000

Accordingly, there can be 8,000,000 telephone numbers
within a given area code before the area needs to be split
with a new area code.

34. BUSINESS: 1 B,1U, 3 S, 11, 1 N, 1 E, a total of 8.
8!
T3l
8! 8-7-6-5-4-3!
=5= g =876:5 4=06720
BIOLOGY: 1B, 11,20s,1 L, 1 G, 1Y, a total of 7.
7!
12011t 1!
:;:W:TG@A@:%QO
MATHEMATICS: 2 M’s, 2 A’s, 2 T’s, 1 H, 1 E, 1 I, 1 C,
1S, a total of 11.

7 11!

oot 211101l 1!

o1 11-10-9-8-7-6-5-4-3-2!
TR 21.21. 9l
~11-10-9-8-7-6-5-4-3

- 2.-1-2-1

= 4,989, 600

35. a’¥c*=a-a-b-b-b-c-c-c-c

There are 2 a’s, 3 b’s, and 4 ¢’s, for a total of 9. We have

9!
20-31-41
9-8-7-6-5-41 9-8.-7-6-5
= = = 1260.
2:1-3-2-1-4! 2-3-2 60

36. a) ,P, — 41 — 24

b) There are 4 choices for the first coin and 2 possibil-
ities (head or tail) for each choice. This results in a
total of 8 choices for the first selection.

Likewise there are 6 choices for the second selection,
4 for the third, and 2 for the fourth. Then the num-
ber of ways in which the coins can be lined up is
8-6-4-2, or 384.

37.2) ¢Py5=6-5-4-3-2 =720

b) 65 = 7776
¢) The first letter can only be D. The other four letters
are chosen from A, B, C, E, F without repetition.
We have
lsPy=1-5-4-3-2=120.
d) The first letter can only be D. The second letter

can only be E. The other three letters are chosen
from A, B, C, F without repetition. We have

1-14Py=1-1-4-3.2=24.

38. There are 80 choices for the number of the county, 26
choices for the letter of the alphabet, and 9999 choices
for the number that follows the letter. By the fundamen-
tal counting principle we know there are 80 - 26 - 9999, or
20,797,920 possible license plates.

39. a) Since repetition is allowed, each of the 5 digits can
be chosen in 10 ways. The number of zip-codes pos-
sible is 10-10-10- 10 - 10, or 100,000.

b) Since there are 100,000 possible zip-codes, there
could be 100,000 post offices.
40. 10° = 1,000,000, 000

41. a) Since repetition is allowed, each digit can be chosen
in 10 ways. There can be
10 - 10 - 10 - 10 - 10 - 10 - 10 - 10 - 10, or
1,000,000,000 social security numbers.

b) Since more than 303 million social security numbers
are possible, each person can have a social security
number.

42. 4x—-9=0
dr =9

9
T = e or 2.25

The solution is 2, or 2.25.

43. 2?4+zx—-6=0
(x+3)(xz—2)=0
r+3=0 or z—2=0

r= -3 or =2
The solutions are —3 and 2.
44. 222 -32—-1=0
—(-3)+ /(37 —4-2- (-]
:L‘ =

2-2
3+V17
i
: 3+VIT 3 VIT 3+ V1T
The solutions are ) and 1 , or 1

45. f(z) =23 — 4% — Tz + 10

We use synthetic division to find one factor of the polyno-
mial. We try oz — 1.

1] 1 -4 -7 10

1 -3 -10
1 =3 =101 0
23— 422 — Tz +10=0
(x—1)(2®2 =32z —10) =0
(z=1)(xz—=5)(z+2)=0
r—1=0o0or 2—5=0 or 24+2=0

r=1 or r =25 or r=-2

The solutions are —2, 1, and 5.

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



Exercise Set 11.6

697

46. WPs =T P
n! _ n!
(n—5)! (n—4)!
n! n!

T(n—=5)! (n—4)!
T(n—5)! = (n—4)! The denominators
must be the same.

7(n—5)! = (n—4)(n —5)!

7T=n—4
11=n
47. WPy =8 1 Py
n! (n—1)!
m—4) " (n—-1-3)
n! _3g. (n—1)!
(n—4)! (n—4)!
n!l=8-(n—1)! Multiplying by (n—4)!
nn—1!=8-(n—1)!
n=238 Dividing by (n — 1)!
48. WPs =91 P
n! (n—1)!
m—5)1 " (n—1-4)
n! _9. (n—1)!
(n—5)! (n—5)!
n! = 9(n —1)!
n(n—1) =9(n — 1)!
n=29
49. WP =8, Py
n! n!
—4)! =8 (n—3)!
n—3) = 8(n—4)! Multiplying by
(n—4)!(n—3)!
n!

(n—=3)(n—4)! =8(n—4)!
n—3=28
n =11

Dividing by (n —4)!

50. n!l=nn—1)(n—2)(n—-3)(n—4)---1=
nn—1)(n—2)[(n—-3)(n—4)---1] =
n(n—1)(n —2)(n — 3)!

51. There is one losing team per game. In order to leave one
tournament winner there must be n — 1 losers produced in

n — 1 games.

52. 2 losses for each of (n—1) losing teams means 2n —2 losses.
The tournament winner will have lost at most 1 game; thus
at most there are (2n — 2) + 1 or (2n — 1) losses requiring

2n — 1 games.

Exercise Set 11.6

®

10.

13!
1302 = g oy

13! 13.12-11!
Tomil T 2-1-11

13-12 13-6-2
T2 1 21
=78

9!

9Cs = 61(9 — 6)!

9 9.8-7-6
Tl 6l-3-2-1
=84
13 13!

11) T 11113 — 11)!

13!
~ 1!
=78 (See Exercise 1.)

9y 9
3)’@

9!
~ 36!
=84 (See Exercise 2.)
7y T
1>_m
7 7.6
6l 16!
=7
CON
8>_8!(8—8)!

8! 8!
T8I0 81
=1

5Py 5-4-3
3! 3l

5-4-3 5.2.2.3
T3.2-1 3.2-1
=5-2=10

wPs 10-9-8-7-6

5 54321 22
6y 6

0) 01(6 — 0)!

6! 6!

T 06 61
=1

6 6
1)2126
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6\ 65 ny n! _nm-1)!
1 (y)=57=1 19'(1)‘1!(n—1)!_1!(n—1)!_”
6 6!
12 =5 Ay n n!
(3) 316 — 3)! 2°'<3):m:
6! 6-5-4-3! ) )
= =" = — — —3)! _ _
331 3.3.2.1 n(n —1)(n —2)(n — 3)! _ n(n—1)(n—2)
%0 3:2:-1-(n—3)! 6
m m! m!
21. = - = =
< ) = ( n—r )a SO ( m ) ml(m —m)!  mlo!
7 7 7 7 ( t t! tt—1)(t—2)(t—3)(t—4)!
22. = = =
(0)+(1)+()+(5)+( 1) 2(E—4)] 1321 (t— )
7 7 7 tt—1)t—2)(t—-3)
(5)+(6)+(7) 12
23!
. 7 7 7 7 23, 50y = o
=2l )+ (1)+(2)+(5)] 15 - )
nooom oo 231 23.22.21-20-19!
=20 Y e T el T oamt T 49l T 4.3.2-1-19!
7100 6l 5121 413l
(147421 435) =264 = 128 _23.22.21-20 _23-2-11-3-7-4:5
4-3-2-1 4-3-2-1
o (5)+(1)+(5)+(5)+( = 885
( 6 ) N ( 6 ) 24. Playing all other teams once: ¢Cy = 36
5 6 Playing all other teams twice: 2 -9 Cy = 72
_of( 6 6 6 6 13!
=2[(p )+ (7 )+ ()] +(5) 25 15010 = o3 — o)1
=2(1+6+15)+20=64 _ 130 13-12-11- 10!
15. We will use form (1). 10!3! 101-3-2-1
52! _13-12-11 13-3-2-2-11
20 = e — a1 3-2.1  3-2-1
~52-51-50-49 - 48! = 286
4-3-2-1-48 26. Using the fundamental counting principle, we have
_52-51-50-49 58C6 a2 Cy.
4-3-2-1
— 970.725 27. 10075 C3 = (170) . (g) Using the fundamen-
N ’ tal counting principle
16. We will use form (1). Lol .
52! = : . :
5205 = 5152 —5)! 7(10—-7)! 31(5—3)!
.9.8.71 5.4.3!
5251504948 - 47! SRR AL A
T 5.4.3.2.1.471 1075'?; ) 43~'2~
= 2,598,960 = 351 .;'1:120.10:1200
17. We will use form (2). 28. Since two points determine a line and no three of these 8

()

27-26-25-24.

23-22-21-20-19-18-17

11-10-9-8-7-6-5

13,037,895

18. We will use form (2).

(%)

737-36~35-34-33~32-31-30

8- 7-6-5-4-3-2-1

= 38,608, 020

.4-3-2-1

Copyright @ 2012 Pearson Education, Inc.

points are colinear, we need to find the number of combi-
nations of 8 points taken 2 at a time, gCs.

8 8l
sC2 = <2> 28 -2)
8.7-61 4.2.7
2-1-6! 2.1
=928

Thus 28 lines are determined.

Since three noncolinear points determine a triangle, we
need to find the number of combinations of 8 points taken
3 at a time, gCj.

Publishing as Addison-Wesley.



Exercise Set 11.6

699

29.
30.

31.

32.

33.

34.

35.

= (3) = s

8.7-6-5! 8.-7-3-2

T 3.2-1-5!
=56

Thus 56 triangles are determined.

52C5 = 2,598,960
52Ch3 = 635,013, 559, 600

a) 31P =930
b) 31-31 =961
c) 3102 =465
3z —7=5x+10
—17 =2z
17
-5 =z

17
The solution is 3

202 —x =3

202 —2-3=0

2z —=3)(z+1)=0
2c —3=0 or z4+1=0

20 =3 or r=—1
3
== = _1
T 207‘ T

3
The solutions are 3 and —1.

22 +554+1=0
5+ V5Z 411
v 2.1

_ —hxV21
R

The solutions are

3.

2.

1

-5+ v21 —5—+v21
and o

2
—-5£+v21
5 .

3 +322 - 10z =24
22 +322—10x —24 =0

We use synthetic division to find one factor of the polyno-
mial on the left side of the equation. We try =z — 3.

3] 1 3 —10 —24
3 18 24
16 8 0

Now we have:
(x —3)(2®> +62+8) =0
(z=3)(z+2)(z+4) =0

2

36.
37.

38.
39.

41.

r—3=0or x4+2=0

r=3 or r=—-2 or

or x+4=0

r=—4

The solutions are —4, —2, and 3.

1C3 -4 Cy =24

There are 13 diamonds, and we choose 5. We have 13C5 =

1287.
nC4

Playing once: ,,Cs
Playing twice: 2 -, Co

("3")

= (3

(n+1)! n!
(n+1-3)131  ~ (n—2)2
(n+1)! n!
(n—2)131 ~ ° (n—2)12!
(n+1)(n)(n—1)(n—2)! _ n(n—1)(n—2)!
(n—2)3-2-1 (n—2)1-2-1
D =1)
n®—n 9
g =non
n® —n = 6n% —6n

n®—6n2+5n0=0

n(n?—6n+5) =0

n(n—>5)(n—1)=0
n=0o n=5o n=1

Only 5 checks. The solution is 5.

(n2) =0

n!
m—m-2)(n—-2)
n!

2A(n—2)1
nn—1)(n—-2)!

2.1-(n—2)!
n(n—1)

2

nn—1) =
n?—n=

n?—n—12 =

=6

=6

12
12
0
(n—4)(n+3) =0

n=4 or n=-3

Only 4 checks. The solution is 4.
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-1
42. (g) =2 (n 9 ) Let D, be the number of diagonals on an n-agon. Prove
the result above for diagonals using mathematical induc-
n! _ 9. (n—1)! tion.
n — 3)!3! n—1-2)!2! (1, —
( ) ( ) Sh D":M, forn =4,5,6, ...
n! B (n—1)! 2
n—3)3  ° (n—3)2 4.
(n—3) (n—3) S.: D=Lt
nl 9 (n—1)! 2
3 2! k(k —3)
n! = 3!(n— 1)! Sk: Di==73
n(n —1)! (k+1)(k—2)
oo O Sipi Dyt = ——5——
n==~06 1) Basis step: Sy is true (a quadrilateral has 2 diago-
This number checks. The solution is 6. nals).

9 2) Induction step: Assume Sy. Observe that when an
43. (ni_ ) =6 (g) additional vertex Vi41 is added to the k-gon, we
gain k segments, 2 of which are sides of the (k+ 1)-
(n+2)! e n! gon, and a former side V;Vy becomes a diagonal.
n+2—-44!  ~ (n—2)12! Thus the additional number of diagonals is k—2+1,
(n+2)! i nl or k — 1. Then the new total of diagonals is Dy +
n—24 " (n—2)m (k—1), or
D1 =Dp+(k—1)
2)! ! k+1 k
(n L ) =6- % Multiplying by (n—2)! k(k — 3)
! ! =5 + (k—=1) (by Sk)
(n+2)! n!
l. =4.6. —
4! 1 =4!-6 oY _ (k+1)(k—2)
(n+2)! = 72-n! 2
(n+2)(n+1)n! =72 n! :
(n+2)(n+1) =172 Dividing by n! Exercise Set 11.7
n?+3n+2="12 L E & (r+5)*
. Expand: (z .
n?+3n—70 =0 P
We have a =z, b= 15, and n = 4.
(n+10)(n—7)=0
Pascal’s triangle method: Use the fifth row of Pascal’s
n=-10 or n=7 triangle.
Only 7 checks. The solution is 7. 1 4 6 4 1
5 4
m ( n )+(n) (x +5)
k—1 k =1-2*+4-2%-5+46-22-52+
n! k .xr-53 .54
O ES A R
’ ’ = g% + 2023 + 15022 + 500z + 625
| —
i " o (n :+ P Factorial notation method:
m—k)! (n—k+1) (z + 5)*
_nlk+(n—k+1)) 4
T T K-kt 1) :( Jat+ (] )2 5+( )a? 52+
o (n+1) n41 4
T Hm—k+1)l \ k ( Y5t () )
ne s . __n 41 4l g 41 )
45. Line segments: ,Co = 3 = 2)1 = = 0'4' 44 1I—3I .54 ﬁx .5
nn—1)mn-2)! nn-1) A1 A1
2.1-(n—2) 2 — .5 5t
: 31! 410!
Diagonals: The n line segments that form the sidejs of the = 24 + 2023 + 15022 + 500z + 625
n-agon are not diagonals. Thus, the number of diagonals
. n(n—1)
1sn027n:Tfn:

2 _ 7 _
n-n-2n_n 3n:n(n 3)77124.
2 2 2
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2. Expand: (z —1)%
Pascal’s triangle method: Use the 5th row of Pascal’s tri-
angle.
1 46 41
(z—1)1
=1-2*+4-23(=1) +622(=1)2 + 4z(-1)3+
1 (-1)*
=2t — 423 4622 — 4z + 1

Factorial notation method:

(x —1)*
= ( g >m4—0—( 411 )J;3(—1)+( ;l )x2(—1)2+

(3o (4 )
=% —42° + 622 — 4o +1

5

3. Expand: (z — 3)°.
We have a =z, b= —3, and n = 5.

Pascal’s triangle method: Use the sixth row of Pascal’s

triangle.
1 5 10 10 5 1
(x —3)°

=1-2°+52%(—3) + 1023(=3)2 + 10z%(-3)3+
52(—3)+1-(=3)°
= 25 — 152* 4+ 9023 — 27022 + 405z — 243

Factorial notation method:
(z—3)°

= ( 8 )x5+< i) )x4(—3)+( g )x3(—3)2+

(3 ) (3ot (3 )cor

5! 54 5 4
= 0'5' + m ( 3) + 2'73"1‘ (9)+
5! 5!

= x5 — 152% 4+ 9023 — 270x2 + 405z — 243

4. Expand: (x + 2)°.
Pascal’s triangle method: Use the 10th row of Pascal’s
triangle.
1 9 36 84 126 126 8 36 9 1
(z+2)°
=1-2°+92% 243627 - 22 4 8426 . 23+
1262° - 2% + 1262* - 25 + 8423 - 26 + 3622 - 27+
9x 28 41.29
= 2% + 1828 + 1442” + 67225 + 201625 + 4032z +
53762 + 460822 + 2304z + 512

Factorial notation method:
(z +2)°

= ( 8 )x9+( ? )x8-2+< g >x7~22+
+

= 2% + 1828 + 14427 + 67225 + 20162° + 4032z*+
537623 + 4608z2 + 2304z + 512

5. Expand: (z —y)°.
We have a =z, b = —y, and n = 5.

Pascal’s triangle method: We use the sixth row of Pascal’s
triangle.

1 5 10 10 5 1
(x—y)°
=1-25+52*(—y) + 1023(—y)? + 1022 (—y)3+
r(—y)t +1-(—y)°
= 25 — 5aty + 1023y — 1022y® + Syt — ¢°
Factorial notation method:
(x—y)°

() (e (o
(g) 2*(—y)* + (i) z(—y)! + (g) (=)

5L s 5! 5!

_ 4 3 2

= om® T oa® (v )+2'_3| W)+
50, TR RO
ﬁaz( )+W (y)+5!0!(—y)

= 2% — 5ty + 1023y — 1022y + oyt —y

6. Expand: (x4 y)8.

Pascal’s triangle method: Use the ninth row of Pascal’s
triangle.

1 8 28 56 70 56 28 8 1
(z+y)*
= 28 + 82"y + 2825y + 562°y3
56x3y° + 282290 + 8xyT + ¢°
Factorial notation method:
(1‘ +y)°

+ 70zt +

8
e (L)
+ 70zt +

8 8

( 6 )3”296 (7

= a8 + 827y + 282592 4 56253
562315 + 2822y + 8xy” + 18
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7. Expand: (5z + 4y)°.
We have a = 5z, b = 4y, and n = 6.

Pascal’s triangle method: Use the seventh row of Pascal’s
triangle.

1 6 15 20 15 6 1
(5 + 4y)°
=1-(52)5 +6- (5z)°(4y) + 15(5z)* (4y)>+
20(52)3(4y)® + 15(52)%(4y)* + 6(5z) (4y)°+
1-(4y)°
= 15,62525 4 75,0002%y + 150, 000z*y>+
160, 0002333 496, 00022y* +30, 720y +4096y°
Factorial notation method:
(5 + 4y)°

8 )(5x)6+< ? )(5x)5(4y)+

|
= @(15,625 ) 4 %(3125x5)(4y)+
6! 4 5 6! 5 3
511 (6262 )(16y%) + ﬁ(12591: )(64y3)+
6! 9 4 6 5
i1 (252%)(256y") + ﬁ(5:1g)(1o24y )+
6?—(!]!(40961/6)

= 15,62525 + 75,0002y + 150, 000x*y%+
160, 00023y3 + 96, 00022y* + 30, 720zy°+
40965
8. Expand: (2z — 3y)°.

Pascal’s triangle method: Use the sixth row of Pascal’s

triangle.
1 5 10 10 5 1
(27 — 3y)®

=1-(22)° +5(2x)*(—3y) + 10(2z)3(—3y)>+
10(22)%(=3y)> + 5(22)(=3y)* + 1 - (=3y)®

= 322°% — 240z%y + 72023y — 1080223+
810xy* — 243y°

Factorial notation method:
(2z — 3y)°

= (o )@er+( ) -3y

(5 )30+ (5 )0 (-3m)%

(5 )enEst+( ] )=

= 322° — 240z*y + 72023y? — 108022y3+
810xy* — 243¢°

"\
9. Expand: (2t+ ;) .

1
Wehaveaz?t,b:?andn:T

Pascal’s triangle method: Use the eighth row of Pascal’s
triangle.

1 7 21 3 3 21 7 1

1\
2t + —
(+7)

2

=127+ 7(215)6(%) +21(2t)5(%> +
1\* n* 1\°
35(21:)4(;) +35(2t)3(z> +21(2t)2<¥) +
1\° 1\’
mt)(;) +1.(;)
7 6 1 5 1
= 1287 +7-64t° - - 4213267 o

1 1 1
4 3 2
35 - 16t ~t3—|—35~8t ~t4+21-4t -t5—|—

1 1
7.2 BT

= 128t7 4 4485 + 672t% + 560t + 280t~ 1+
Q4¢3 4+ 14t 5 + ¢ 7

Factorial notation method:

2t-|—1 '
t

o1 7! 1 /1
5o 4 )<t_5) * ﬁ@“(t—e) 01 (t_7>
= 128t7 4 4485 + 67213 + 560t + 280t~ 1+
84t73 4+ 14t 5 +¢77

14
10. Expand: (3y7 7> .
Y

Pascal’s triangle method: Use the fifth row of Pascal’s tri-
angle.

1 4 6 41
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(o-3)
ol -2 (-3

= 81y* — 108y? + 54 — 122 4 y~*

Factorial notation method:

(-t

= ( ) )@yt + ( h )(By)3(—$)+
4
3

(D(-5)
4 y
= 81y* — 108y + 54 — 12y~ 2 +y 4
11. Expand: (x2 —1)5.
We have a = 2%, b= —1, and n = 5.

Pascal’s triangle method: Use the sixth row of Pascal’s

triangle.
1 5 10 10 5 1
(@ =1y

= 1-(2?)° 4+ 5(2*)*(=1) +10(2?)*(=1)*+
10(22)?(=1)* +5(2?)(=1)* + 1 (=1)°
=210 — 528 + 102% — 102* + 522 — 1

Factorial notation method:
(z2 —1)°

(e (e
(5)@PE+ (5 )@

= )+ o (a)(1) + o (a)(1)+
D@D + ) + ()

=210 — 528 + 102% — 102* + 522 — 1

12. Expand: (1 + 2¢3)8.

Pascal’s triangle method: Use the ninth row of Pascal’s
triangle.

1 8 28 5 70 56 28 8 1
(1+2¢°)°

=1-1848-17(2¢%)+28 - 15(2¢%)2+56 - 15(2¢%)+
70 - 1%4(2¢3)* 4 56 - 13(2¢%)° + 28 - 12(2¢°)5+
8-1(2¢°)" +1-(2¢°)°

=14 16¢> + 112¢° + 448¢° + 1120¢'? + 1792¢*°+
1792¢'8 + 1024¢%! + 256¢%

Factorial notation method:
(1+2¢%)°

- ( g >(1)8+( é1S )(1)7(2q3)+< 2 )(1)6’(2(]3)%r
( 2 )20+ ( H )42
( g )P g)+ ( g ) (1)2(24%)+

8 8
(7 )med7+( 5 )ed?

= 1+16¢° + 112¢5 4 448¢° + 1120¢*% + 1792¢"°+
1792¢"8 + 1024¢>" + 256¢%*

13. Expand: (v/5 +t)°.
We have a = /5, b=t, and n = 6.

Pascal’s triangle method: We use the seventh row of Pas-
cal’s triangle:

1 6 15 20 15 6 1
(V5+1)5 =1-(V5)S +6(V5)>(t)+
15(v/5)4(t%) 4 20(V5)* (%) +
15(v/5)2(t4) 4+ 64/5t° +1 - 16
= 125 4 150v/5¢ + 375t2 + 100v/5 3+
75t% 4+ 6y/5 15 + 16

Factorial notation method:

o= () war+ (§) wares
(5) e+ (§) vorer

(e

= %(125) + %(25\/5)75 + %(25)@2)_’_
%(5*/57)@3) + %(5)(#%
DA + o)

= 125 + 150v/5 ¢ + 375t2 4+ 100v/5 t3+
75t4 + 6/5 5 + 0

14. Expand: (z —/2)°.

Pascal’s triangle method: Use the seventh row of Pascal’s

triangle.
1 6 15 20 15 6 1
(@ —v2)°

= 1-284-62°(—v/2)+152%(—/2)%2 +2023 (—/2)*+
152%(—v/2)* + 62(—v2)° +1- (—V/2)°
= 26 —6v22°+302* —40v/223 +6022 —241/22+8
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Factorial notation method:

(z—V2)°

219
15. Expand: (a— a) .

Wehavea:a,bzfg,andn:g
a

Pascal’s triangle method: Use the tenth row of Pascal’s
triangle.

1 9 36 8 126 126 84 36 9 1

(=2 = vt (=) (2
4

a
2\7 2\8 219
36a2<— =) +9a<— f) +1- (— °)
a a a
= a? — 184" + 144a® — 672a> + 2016a—
40326~ + 537603 — 460845+
23040~ " — 512a°

Factorial notation method:

~_
IS
e}
I
S—
+
7N
o ©
~
IS)
-
YN
|
ISHN)
S~—
V]
+

'y
+

~— ~— ~—
ot
+
o~ —— T
~— ~—— ~—— o
IS
w
—~
|
QI 20
0 S— S—
(=]
+

S
'y
S S S
|
QIN QIN QN o

/N
|
IS
—
©
S|
~/~
|
ISR
~—
+

= g’ + et (- 5) H e (@)
e’ (o) + e ()
e (- o)+ e’ (o)
e (~ o)+ 1o G )+

i~ )

= a® — 9(2a") + 36(4a®) — 84(8a®) + 126(16a)—
126(32a~1) + 84(64a~3) — 36(128a~°)+

9(256a~7) — 512a~°
= a” — 184" + 144a® — 672a® + 2016a — 40322+

537663 — 4608a~° + 2304a~7 — 512a~*

. Expand: (1+3)"
Use the factorial notation method.

(14 3)"
(o (o (5 Jorwes
(3)ars s (7, Jares
(2 )t ()

(555 (5 o

( n )3n72 + 3'!1,71” + 3n
n—2

=14+3n+

17. (vV2+1)° - (vV2-1)¢

First, expand (v/2 + 1)8.

(V2+1)° =

6!
=60 S 5'1' AR+ i

£,w¥@w2+£.ﬂﬁ%
=8+24v2+60+40v2+3046v2+1

=99 4+ 70v2

Next, expand (v/2 —1)6.

(Va-1y

6!

TR 5'1' ‘[+ﬁ 47@ 2v2+
2!4' 1'5' 0'6'

=8—24v2+60 —40v/2+30 — 6v2 + 1

=99 — 70v/2

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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(V2+1)5 — (vV2—1)°
= (99 4 70v/2) — (99 — 70v/2)
=99 + 70v/2 — 99 + 70/2
= 140v2
18. (1-v2)*=1-1*44-13(—v2) +6-12(—v2)*+
4-1- (V2P +1- (=v2)*
1-4v2+12-8V2+4
=17-12V2
(1+v2)*=1+4v2+12+8y2+4 Using the

result above

174 12v/2
1—vV2) + (1 4+v2) =17 12v/2+ 17+ 12v/2 =34
19. Expand: (z72 + 22)%.

We have a = 272, b= 22, and n = 4.

Pascal’s triangle method: Use the fifth row of Pascal’s
triangle.

1 4 6 4 1.
(33*2 + x2)4
=1- (27 +4(z7%)*(2%) + 6(2~
Ao )@+ 1 ()t
=z 8 +4x 7+ 644z + 28
Factorial notation method:
(z72 + 22)4

~(3) e (‘1L (2 a2)+

3 ) e+ (§) @
(i)

2)2(1,2)2+

_ 4
- 4|0| x ) 3|1|( 6)(3’2)+ﬁ($ 4)('1’4)_‘—
4
—2Y(,.6 8
1!3!( )@) + G (@)
=28 +4r7 + 6+ 42t + 28
1 6
20. Expand: <ﬁ —\/E) .

Pascal’s triangle method: We use the seventh row of Pas-
cal’s triangle:

1 6 15 20 15 6 1
(%)
=1 ()
7) (VR 20(5) (—var+
V)

I (VL ()

=273 — 6272+ 152"1 — 20 + 152 — 622 + 2°

( )S(fx/i)+

%\

15

S

(
15( !

4+6(

S

Factorial notation method:

()

21. Find the 3rd term of (a + b)".

First, we note that 3 =2+ 1, a =a, b =10, and n = 7.
Then the 3rd term of the expansion of (a + b) is

7 7! -
< > a” 202, or ——a®b?, or 21a°b2.
2 2151

22. ( g )3:3y5 = 562°%y°
23. Find the 6th term of (z — y)!°.

First, we note that 6 =5+ 1, a =z, b = —y, and n = 10.
Then the 6th term of the expansion of (z — )1 is

( 150 ):105(—1/)57 or —252z5y°

9
24. ( | )p5(72q)4 — 2016p%¢*

25. Find the 12th term of (a — 2).
First, we note that 12 =114+1,a = a, b = —2, and n = 14.

Then the 12th term of the expansion of (a — 2)1 is
MY 411 o1 14!
(11) a (-2 = gria®(~2048)
— 364a®(—2048)
— 745,4724°

26. Gg) 212710(3)10 = 3 897, 23422

27. Find the 5th term of (22® — \/y)%.
First, we note that 5 = 4+ 1, a = 22%, b = —/¥, and
n = 8. Then the 5th term of the expansion of (2z° — ,/7)®
is
8 3\8—4 4
R IC N

8!
= VD)

= 70(162'2)(y2)
= 1120:1312 2

2 (3) ()6 -7
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29.

30.

31.
32.
33.

34. 2%6

35.

36.

37.

38.

The expansion of (2u — 3v%)!° has 11 terms so the 6th
term is the middle term. Note that 6 = 5+ 1, a = 2u,
b= —3v?, and n = 10. Then the 6th term of the expansion
of (2u — 3v2)10

( 15()) (QU)IO—S(_3U2)5
10!
ﬁ(QU)S(
252(32u5)(—243v10)
= —1,959, 552u5v1?

nd tenm: (3 ) (V) (V37 = 300y

—30%)°

4th term: (g) (vVz)°~3(v/3)% = 302v/3

The number of subsets is 27, or 128

26, or 64

The number of subsets is 224, or 16,777,216.
, or 67,108,864

The term of highest degree of (z® + 3)* is the first term,
or

4 4—0q0 __ 4' 20 __ .20
(0>( V= e =

Therefore, the degree of (z® + 3)* is 20.

The term of highest degree of (2 — 523)7 is the last term,
or

( ; ) (=50%)7 = ~78, 125071

Therefore, the degree of (2 — 52%)7 is 21.
We use factorial notation. Note that
a=3,b=1 and n =05.

(3+14)°

= (o)e)+(2)em+( 5)Ea+

(3)Ea@+ () + (1)@

= o (243) 4 T (81)(0) + s (7))

P O)() + (1) + 0

= 243 + 4057 — 270 — 907 + 15 + ¢
= —12 4 3162

(1+4)8

(e (e (e
(§)iae (G (§)rons

(&)
=1+6i—15—-20¢+15+67—1
= -8

39. We use factorial notation. Note that

a:\/i,b:—i, and n = 4.
Wa-iy = (o )V + (] ) var-it

(3 )02rEir+( 5 ) WD+

(4)e
- oii'( 1J3'(2‘/_) i+
D (VI
41
m(l)
=4—-8V2i—12+4V2i + 1
= —7—4/2i
(-
10
(ﬁi)(%?) *(]f><%§> (*10+
9 2
(g)<§)(_;)+
8 3
(g)(%?)(—%O—r
7 4
(%) (-3)+
6 5
(5)(%5) (-39)+
6
(%)(@)(_%)+
4 7
(?)(%?)(_%Q'F
(g)(%?)(*%Q‘F
2 9
(E)(%?)(—%Q-+
10 11
() () (-5) +()(-)
_243V3 2673 4455v/3 13,365
2048 2048 2048 2048
8910v/3 12,474 41583 = 2970

2048 2048 ' 2048 ' 2048
Mﬁ,m%,”ﬁ+1z
2048 2048° 2048 | 2048

1024\/5+ 1024¢
2048 2048

i

o
%
N =

+
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41, (g b =

)(_1)7171a1bn71+

(_1)na()bn

)
=3 ()

a2, @+h)P-ab
h

= ('3 + 132'2h + 78z h? 4 28621 0h3+
7152°h* + 128728h5 4+ 171627 h® + 171620h7+
12872°h8 4 T152*h° 4-28623h10 4+ 7822 A 1+
13zh™2+A1 — 213)/h

= 13212 + 78z h 4 286x10h2 + 7152°R3 +
128723h* 4+ 171627 h° + 17162010 + 128727+
7152 h8 + 28623h° + 7822R10 4 13xh! + A'2

43,  (Ehtoat
h
(Bl (s
= (5 ) (e (e
=3 ()i
4. (f+9)(@) = f(2) +9() = (2% +1) + (20 —3) =

22 +2c—2

45. (fg)(x) = f(x)g(x) = (2% + 1)(2x — 3) =
203 — 322+ 22— 3

46. (fog)(x) = f(g(x)) = f(22 —3) = (20— 3)* + 1 = da? —
120 +9+1 =422 — 122+ 10

47. (go f)(x) =g(f(x)) = g(a® +1) =2(a*+1) -3 =
202 +2—-3=222-1

8

48. 3" ( 2 )x*’“?ﬂ“ =0

k=0
The left side of the equation is sigma notation for (z +3)8,
so we have:

(x+3)8=0
x+3 =0 Taking the 8th root on both sides
r=-3

- 4 7k4—kk:4 4N ak(_ gk
49.Z<k)(1)w 6 Z(k)x (—6)*, so
k=0

the left side of the equation is sigma notation for (z — 6)%.

We have:

(r —6)* =81
x —6 =3 Taking the 4th root on both
sides
r—6=3 or r—6=-3
r=9 or r=3

The solutions are 9 and 3.

If we also observe that (3i)* = 81, we also find the imagi-
nary solutions 6 + 3.

322 1\12
50. The (k + 1)st term of (% - 3—33) is

2\ 12—k 1\k
12 (3i> (— —) . In the term which does not
k 2 3x

contain x, the exponent of x in the numerator is equal to
the exponent of x in the denominator.

2012 — k) = k
24— 2%k = k
24 = 3k
8=k

Find the (8 + 1)st, or 9th term:
12 (31:2)4( 1 )8_ 12! (34338)( 1 )_ 55
8 2 3z/ 4181\ 24 J\3828) 144

51. The expansion of (z2 — 6y®/2)% has 7 terms, so the 4th
term is the middle term.

6 203, a3/23 Ol g 9/2y _
(5) @202 = )20 =
—4320a:5y9/2

. (g)(pz)Q(;p\S/a>3: —%qu _

5 oyaf L 2 Llsem 2
(2)(10)(*517{*/5) 1P Va
53. The (k+ 1)st t f(ef 1>7'
. e S erm o r— —= 1S
VT

7\ /s 7—k<_i)k N
(k) (V) i) The term containing 76 18 the

term in which the sum of the exponents is —1/6. That is,

(e-ns (-3 -}

e
|
w
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54.

55.

56.

57.

58.

59.

Find the (3 + 1)st, or 4th term.

7 133 7 _
(3) (- 5) = qge e =
35

—-1/6
—35x , or — m

The total number of subsets of a set of 7 bills is 27. This
includes the empty set. Thus, 27 —1, or 127, different sums
of money can be formed.

100C0 +100C1+ - - - +100 C1o0 is the total number of subsets
of a set with 100 members, or 2109,

nCo +n C1 + ... +,, C), is the total number of subsets of a
set with n members, or 2".

23
> (f’) (1og,, 2)2~* (log, )" =

k=0
(log, = + log, t)** = [log, (at)]**
15

£ (1)

k=0
= 30 4 1528 + 105126 + 455i24 + 1365i22+

3003i20 + 500538 + 6435i16 + 6435i*4+
5005i'2 + 3003:'° 4 13658 + 455i5 + 105i*+
1532 41

= —1+4 15 — 105 + 455 — 1365 + 3003 — 5005+
6435 — 6435 + 5005 — 3003 + 1365 — 4554
105 — 1541

=0

See the answer section in the text.

Exercise Set 11.8

1.

a) We use Principle P.

18
For 1: P= — 0.18
or 100° or

24
For 2: P = 100’ or 0.24

23
F P=— 2
or 3 1007orO 3

23
For 4: P = — 0.23
or 100"

12
For 5: P = 100’ or 0.12

b) Opinions may vary, but it seems that people tend
not to select the first or last numbers.

. The total number of gumdropsis 7+8+9+4+5+6, or
39.
8
L e
emon: =g
Lime: 3
39
9 3
Orange: 39~ 13

. a

6 2
Grape: /=13

Strawberry: 39

0
Licorice: — =0
icorice: =5

. The company can expect 78% of the 15,000 pieces of ad-

vertising to be opened and read. We have:
78%(15,000) = 0.78(15,000) = 11,700 pieces.

4. a) B: 136/9136 ~ 1.5%

273/9136 ~ 3.0%
286/9136 ~ 3.1%
1229/9136 ~ 13.5%
173/9136 ~ 1.9%

190/9136 ~ 2.1%
399/9136 ~ 4.4%
539/9136 ~ 5.9%
21/9136 ~ 0.2%

: 57/9136 ~ 0.6%
: 417/9136 ~ 4.6%

. 231/9136 ~ 2.5%
: 597/9136 ~ 6.5%
: 705/9136 ~ 7.7%
: 238/9136 ~ 2.6%

: 4/9136 ~ 0.04%

: 609/9136 ~ 6.7%
: 745/9136 ~ 8.2%

: 789/9136 ~ 8.6%
:240/9136 ~ 2.6%
: 113/9136 =~ 1.2%
: 127/9136 ~ 1.4%
X: 20/9136 ~ 0.2%

Y: 124/9136 ~ 1.4%

853 + 1229 + 539 + 705 + 240 _ 3566 ~ 39%
9136 9136

In part (b) we found that there are 3566 vowels.

Thus, there are 9136 — 3566, or 5570 consonants.

5570
=— =61
9136 %
(We could also find this by subtracting the probabil-
ity of a vowel occurring from 100%: 100% — 39% =

61%)

Since there are 14 equally likely ways of selecting a
marble from a bag containing 4 red marbles and 10
green marbles, we have, by Principle P,

4 2
P(selecting a red marble) = =7
b) Since there are 14 equally likely ways of selecting a
marble from a bag containing 4 red marbles and 10
green marbles, we have, by Principle P,

10 5
P(selecting a green marble) = =7

S <CHYTOTOZEDRS T ZIQEEUQ

=

o
~

Na?
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10.

11.

12.

13.

4
. a) There are 4 queens, so the probability is —

¢) Since there are 14 equally likely ways of selecting a
marble from a bag containing 4 red marbles and 10
green marbles, we have, by Principle P,

0
P(selecting a purple marble) = = 0.

d) Since there are 14 equally likely ways of selecting a
marble from a bag containing 4 red marbles and 10
green marbles, we have, by Principle P,

P(selecting a red or a green marble) =
4410

— =1.
14
. Total number of coins: 5+ 3+ 7 =15
3 1
a) —, or —
15 5
7
b) —
) 15
0
c) 15 o 0
15
d) 1—5, or 1

. There are 6 possible outcomes. There are 3 numbers less

3 1
—,or —.
67

than 4, so the probability is 2

DN
Wl =

527 or E
b) There are 4 aces and 4 tens, so the probability is
444 8

, O —, Or

52 52" 13
13
¢) There are 13 hearts, so the probability is =2’ or T
2
d) There are two black 6s, so the probability is 52’ or
1

%.
¥ 1
590 " 13
b) é,or—
52" 13
)2 1
2 .1
“ 500 % o
2% 1
d) —, or =
52" % 2

The number of ways of drawing 3 cards from a deck of 52
is 50C3. The number of ways of drawing 3 aces is 4C3. The
probability is

Oy 41

52C5 22,100 5525

26Cs _ 14,950 46
52C4 270,725~ 833

The total number of people on the sales force is 10+ 10, or
20. The number of ways to choose 4 people from a group
of 20 is 99C4. The number of ways of selecting 2 people
from a group of 10 is 19Cs. This is done for both the men
and the women.

14.

15.

16.
17.

18.

19.

20.

21.

22.

23.

709
P(choosing 2 men and 2 women) = 10C2 10 G =
2004
45-45 135
4845 323

The total number of coins is 7 + 5 + 10, or 22 and the
total number of coins to be drawn is 4 + 3 + 1, or 8. The
number of ways of selecting 8 coins from a group of 22 is
20Cs. Four dimes can be selected in 7Cy ways, 3 nickels in
5C5 ways, and 1 quarter in 19C; ways.
P(selecting 4 dimes, 3 nickels, and 1 quarter) =
701 5 C3 10 C1 o 350
, or

2203 31,977

The number of ways of selecting 5 cards from a deck of 52

cards is 50C5. Three sevens can be selected in 4C5 ways
and 2 kings in 4Co ways.

P(drawing 3 sevens and 2 kings) = M7 or
52C5
1

108,290°
Since there are only 4 aces in the deck, P(5 aces) = 0.

The number of ways of selecting 5 cards from a deck of
52 cards is 50C'5. Since 13 of the cards are spades, then 5

spades can be drawn in 13C5 ways
3Cs 1287
P(drawing 5 spades) = 222 — _ “22°
(drawing 5 spades) Cs 2,598,960
33

66, 640

4CigCr 1
5205

T 649,740
a) HHH, HHT, HTH, HTT, THH, THT, TTH, TTT

b) Three of the 8 outcomes have exactly one head.

3
Thus, P(exactly one head) = 3

c) Seven of the 8 outcomes have exactly 0, 1, or 2

7
heads. Thus, P(at most two heads) = 3

d) Seven of the 8 outcomes have 1, 2, or 3 heads. Thus,
7
P(at least one head) = 3

e) Three of the 8 outcomes have exactly two tails.
3
Thus, P(exactly two tails) = g

18 9
—. or —
38 19
The roulette wheel contains 38 equally likely slots. Eigh-

teen of the 38 slots are colored black. Thus, by Principle
P,

P(the ball falls in a black slot) = 18 3
38 19
1
38

The roulette wheel contains 38 equally likely slots. Only 1
slot is numbered 0. Then, by Principle P,

P(the ball falls in the 0 slot) = 38

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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24. 3 _ i 38. a) There are 13 ways to select a denomination. Then

38 19 from that denomination there are 4C's ways to pick
25. The roulette wheel contains 38 equally likely slots. Thirty- 3 of the 4 cards in that denomination. Now there

26.

27.

28.

29.
30.
31.
32.
33.
34.
35.
36.

37.

six of the slots are colored red or black. Then, by Principle
P,

P(the ball falls in a red or a black slot) = 36 18.
38 19
1
38

The roulette wheel contains 38 equally likely slots. Eigh-
teen of the slots are odd-numbered. Then, by Principle
P,

P(the ball falls in a an odd-numbered slot) =

B9

38 19°

The dartboard can be thought of as having 18 areas of

equal size. Of these, 6 are red, 4 are green, 3 are blue, and
5 are yellow.

6 1
P(red -
(red) =75 =3
4 2
P - _=Z
(green) 8=
P(blue) = 3_1
18 6
P(yellow) = 5
Y 18
Zero
one-to-one

function; domain; range; domain; range
Z€ero

combination

inverse variation

factor

geometric sequence

a) There are ways to select 2 denominations

13
2
from the 13 denominations. Then in each denomina-

. 4
tion there are o | Ways to choose 2 of the 4 cards.

Finally there are (414) ways to choose the fifth card

from the 11 remaining denominations (4 - 11, or 44
cards). Thus the number of two pairs hands is

13 4 4 44
(5) (1) (1) (4) o
123,552 123,552

p) =208 5 ~ 0.0475
52C5 2,598,960

39.

40.

are 12 ways to select any one of the remaining 12
denominations and 4C5 ways to pick 2 cards from
the 4 cards in that denomination. Thus the number
of full houses is (13 -4 C3) - (12 -4 Co) or 3744.
3744 3744
52Cs 2,598,960

a) There are 13 ways to select a denomination and then

~ 0.00144

(g) ways to choose 3 of the 4 cards in that de-

nomination. Now there are (428) ways to choose 2

cards from the 12 remaining denominations (4 - 12,
or 48 cards). But these combinations include the
3744 hands in a full house like Q-Q-Q-4-4 (Exercise
38), so these must be subtracted. Thus the number

of three of a kind hands is 13- (4) . (48) — 3744,

3 2
or 54,912.

54,912 54,912

b ’ = 2 ~ 0.0211

) 52C5 2,598,960

a) There are 13 ways to choose a denomination. Then
there are 48 ways to choose one of the 48 cards re-
maining after 4 cards of the same denomination are
chosen. Thus there are 13-48, or 624, four of a kind
hands.
624

b =
) 5205

624

— ~24x107%
2,598,960

Chapter 11 Review Exercises

o

Copyright @ 2012 Pearson Education, Inc.

. The statement is true. See page 912 in the text.

. An infinite geometric series has a sum if |r| < 1, so the

statement is false.

. The statement is true. See page 947 in the text.

. The total number of subsets of a set with n elements is 2",

so the statement is false.

o= ()
12 1
— (_1\! - __
ay = ( ]-) (14 T 1) 9
22 4
= (=1)2 = _
a2 = (=1) (24+1) 17
32 9
= (=1)3 - _ 7
as = (1) (34+1) 82
42 16
= (=1)* =
a1 = (1) ( T4 ) 257
1 112 121
= 1% + 14,642
az3 = (=1) (234 ¥ 1> 279 842

Publishing as Addison-Wesley.



Chapter 11 Review Exercises 711
6. (—1)"(n? + 1) 16. 7 — % n=5 S, = %1
4
(_1)k+13k 1_gm
7. 2 g _u(d-r)
; 3k—1 " 1—r
-1 1+131 1 2+132 1 3+133 1 4+134 5
_ (=1 +(2) +(3) +(4) !
311 321 331 311 3 @ 3
_3_ 9,7 8 2 !
3278726 80 =3
- 417 ) 1
~ 1040 31 U 32
7 2 1
8. K -1 2
31 3%
9. ap,=a+(n—-1d o T 1
3 13 3 1 2
=2 d=—-"=Z andn=10
MEplT Ty Ty men 31 31 2
St 2
3 1 3 15 2 3211
=24(10-1)=="+3=2
aio 4+( )3 4+ 1 31 31
ol _ oL,

10. a, = a1+ (n—1)d 2 16
ag=a—bd=a—(a—b)=b 8=
ag=a—b+(6—1)b=a—b-+5b=a-+4b an = ayr"~!

1! n* 11

11. a7L:a1+(n_]-)d a5:8(§) :8(5) :81_6:5
a1s =4+ (18 —1)3 =4+451 =55

27.5
n 17. Since |r| = |=—| = [1.1| = 1.1 > 1, the sum does not ex-
Sp = —(a1 + ay) 2.5
2 ist.
Sy = 18(4+55)75’)31 0.0027
R 18. Since |r| = ’ 627 ‘ =10.01| = 0.01 < 1, the series has a
12. 1+2+3+ ... +199 + 200 sum. ’
n 0.27 027 27 3
Sp = ~(a1+an = = ——— = — =
(ot an) S = 1”001 099 99 11
200
Sa00 = =5~ (1 +200) = 20,100 1 .

13, a; =5, ap =53 19. Since |r| = —lﬁ :'—g‘ =3 < 1, the series has a sum.
53 =5+ (17— 1)d; d =3 2
as=5+@3-1)3=11 1 1 L3 3

_ 2 _2_2.2_2

14. d =3, ayp = 23 Sw—l_ 1\ 173173
23 = a; + (10— 1)3 3 3
B=a+27 20. 243 = 2+ 0.43 + 0.0043 + 0.000043+ . . . .
—4:a1

15. a3 =-2,r=2, a, =—64

an = ayr™!
—64=-2.2n"1
—64=-2"n=6
s, = ar(1—rm)
1—r
—2(1—26

21.

We will find fraction notation for 0.43 and then add 2.

0.0043
Ir| = 043 | =|0.01] = 0.01 < 1, so the series has a limit.
g 043 043 43
7 1-001 099 99
43 198 43 241
Then 2 4+ — = —— 4 =2 — =2
2t 59~ 99 99~ 09

57 my, M2, M3, M4, 9

We look for my, mso, mg, and my, such that 5, mq, mo,
ms, My, 9 is an arithmetic sequence. In this case, a3 = 5,
n =6, and ag = 9. First we find d:
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an =a1+ (n—1)d
9=5+(6—1)d

4 =>5d
4
Z—=d
5
Then we have:
mi; =a —G—d—t')-i-é—\")é
- T
4 4 3
= d=5-+-=6-
ma =t 55 °5
3 4 2
m3:m2+d:65+5:75
2 4 1
= d=7212_8>

22. Familiarize. The distances the ball drops are given by a
geometric sequence:

3 3\ 3\* 3\* 3\°
30, 1 30, (Z) - 30, (Z) - 30, (Z) - 30, (Z) - 30.
Then the total distance the ball drops is the sum of these
6 terms. The total rebound distance is this sum less 30 ft,
the distance the ball drops initially.

Translate. To find the total distance the ball drops we
will use the formula

SnzMwithalz?{),r:iandn:&
1—r 4
Carry out.
3\ 6
5 30(1* (1) ) 50,505
o L3 T 512
4

Then the total rebound distance is 30, or

355’11;5, and the total distance the ball has traveled is

50,505 34,145 . 42,825
512 512 7" 256
Check. We can perform the calculations again.

State. The ball will have traveled about 167.3 ft when it
hits the pavement for the sixth time.

50,505
1

, or about 167.3 ft.

ay(1—rm)
=

2000[1 — (1.028)'%]
1= 1—1.028

23. g, —

~ $45,993.04

24. a), b) Familiarize. We have an arithmetic sequence with
a; =10, d = 2, and n = 365.

Translate. We want to find a, = a; + (n — 1)d and
S, = g(m + a,) where a; = 10, d = 2, and n = 365.
Carry out. First we find asgs.

ases = 10 + (365 — 1)(2) = 738¢, or $7.38

365
Then Sya5 = 5 (10 + 738) = 136,510¢ or $1365.10.

Check. We can repeat the calculations.
State. a) You will receive $7.38 on the 365th day.
b) The sum of all the gifts is $1365.10.

25. a; = 24,000,000, 000; r = 0.73
24,000, 000,000

Soo = T A 88, 888, 838,880
1
26. Sn,:1+4+7+...+(3n—2):%
131
S1:1= (2 )
k(3k — 1
Sk:1+4+7+...+(3k—2)=¥

Spy1:1+44+7T4+...+Bk—2)+B(k+1) — 2]

=14+4474+...+Bk-2)+ Bk+1)
(k+1)(3k+2)
2

~1)

1(3 2
1. Bastis step: ( =5= 1 is true.

2. Induction step: Assume Si. Add 3k + 1 to both sides.

14+4+74 ...+ Bk—2)+ (Bk+1)
k(3k — 1)

==+ Bkt
_kBE-1) 23K+ 1)
B 2 2
3k —k+6k+2
- 2
_ 3k* 45k +2
B 2
 (E+1)(3k+2)
o 2
3" —1
27. S, :14+343%2+... 43" 1= 5
31 -1
S1:1= 3
. 3F—1
Sk:1+3+32+...+3"*1:T
k+1
Skﬂ:1+3+32+...+3("’+1)*1:3+2—_1
3t—1
1. Basis step: 5 = 3 =1 is true.

2. Induction step: Assume Sj,. Add 3* to both sides.
1+3+... 43143k

F—1 . 3F—1 . 2
ST P =Tty

)1
s (1) (-2) (1) () -

1. Basis step: Sy is true by substitution.
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2. Induction step: Assume Si. Deduce Si41. Starting with
the left side of Sj41, we have

(6D et
(sty) s

w

1
k
1 (k+1-1
_P( E+1 >
1
k

1
=1 Simplifying

k+
29. 6! =720
30. 9-8-7-6=3024
15 15!
31. = ———— = 6435
( 8 ) 8I(15 — 8)!
32. 24-23-22=12,144
9!
33. Tiamel = = 3780
34. 3-4-3=236
35. ) 6P — — 0 — 720
ca)els = =
(6-5)!
b) 65 = 7776
P, ! 120
) sPr= 5y =
3!
d) 3P =6
) oFo (3-2)!
36. 28 = 256
37. (m+n)”

38.

Pascal’s triangle method: Use the 8th row of Pascal’s tri-
angle.

172135352171
(m+n)" =m" + Tm®n + 21m>®n? + 35m*n3+
35m3nt + 21m?2n® + TmnS +n’

Factorial notation method:

s = (D)o T
()t (5 (G < (7)

=m" + Tm®n + 21m°n? 4 35min3+
35m3nt 4+ 21m2n® 4+ TmnS + 07
Expand: (z — v/2)°
Pascal’s triangle method: Use the 6th row.
1510 10 51
(z —V2)° = 2% 4+ 524(—v/2) + 1023 (—v/2)2+
1022(—v/2)3 + 5z (—v2)* + (—V2)°
= 25 — 5v22% + 2023 — 20v/22% + 20z — 4V/2

39.

40.

Factorial notation method:

i (3 VYot 3) s

(5)arevar(§ )etvar+( 2 ) evar
=2° — 522" + 202% — 20v/22% + 20z — 4v/2

Expand: (22 — 3y)*
Pascal’s triangle method: Use the 5th row.
14641
(22 = 3y)t = (2°)" +4(z
A(2?)(=3y)* +
28 — 1220y + 5daty

Factorial notation method:

(@ =3yt = ( 0 )t (1 )
(3)@ream+ (5 ) e+

(i)(—3y)4

=% — 1225y + 5dxty? — 10823y° + 81y*

1\ 8
Expand: (a + —)
a

Pascal’s triangle method: Use the 9th row.
1 8 28 56 70 56 28 8 1

1\° 1 1\*
(a+a) =a8+8a7( )+28a <) + 56a° f) +
1 1 1
70a* (f) + 56a° (7) + 2842 (f) +
a a a
NN /1\8
safg) + ()
a a
= a® + 8a% + 28a* + 56a2 + 70+

56072 +28a 4+ 8a 6 + 48

Factorial notation method:

RO CROROR
(37" (1))

(2)7() (1))

VASMOIN

%)% (=3y) 4 6(z*)*(—3y)*+
(*i’)y)4

— 1082233 + 81y*

)
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41. Expand: (1 + 5i)8 50. a, =n—1
Pascal’s triangle method: Use the 7th row. Only integers n > 1 are inputs.
16 1520 15 6 1 a1=1-1=0,a2=2—-1=1,a3=3-1=2,
(14 50)8 = 15+ 6(1)°(5) + 15(1)*(54)2 + 20(1)3(5¢)3+ ag=4-1=3,a5=5-1=4,a6=6-1=5,...
15(1)%(5i)* + 6(1)(54)° + (5i)° The graph of the sequence contains the points (1,0), (2, 1),
— 14300 — 375 — 25000 + 9375+ (3,2), (4,3), (5,4), and (6,5). Thus, D is the correct an-
swer.
18,7500 — 15,625
= —6624 + 16, 280¢ 51. Sl fails for both (a) and (b)
Factorial notatéon methoog . 52. aZ+1 =, bl;)_—u =1y, S0 %Llljk-u = riry, & constant.
a
(1+450)° = ( 0 )16 + ( 1 )(1)5(52') + ( ) )(1)4(5¢)2+ g g o
53. a) If all of the terms of aj,as,...,a, are positive or
6 3/En3 6 9 k4 if they area all negative, then by,bo,...,b, is an
< 3 )(1) (52)° + ( 4 )(1) (58)"+ arithmetic sequence whose common difference is |d|,
6 6 where d is the common difference of ay,as,...,a,.
(1)(54) + (54)° e g .
5 6 b) Yes; if d is the common difference of aq, as, ..., an,
— 1430 — 375 — 2500i + 9375+ then it is also the common difference of by, bo, ..., b,
18,7501 — 15,625 and consequently by, b, ..., b, is an arithmetic se-
quence.
= —6624 + 16, 280 c¢) Yes; if d is the common difference of ay,as, ..., an,
42. Find 4th term of (a + z)'2. then each term of by, bo, . .., b, is obtained by adding
7d to the previous term and by, bs, . .., b, is an arith-
( 132 )a9x3 = 220a°z3 metic sequence.

d) No (unless a,, is constant)

43. Find 12th term of (2a — b)!8.

e) No (unless a,, is constant)

)
18 7 11 18 711 f) N 1 i
(20)7(—=b)" = — 128a7h ) No (unless a,, is constant)

11 11
) o ) 54. f(r) = 2% — 423 — 422 + 162 = x(2® — 422 — 42 + 16)
44. Of 36 possible combinations, we can get a 10 with (4,6),

(6,4) or (5,5). We know that 0 is a zero.
3 1 Consider 3 — 422 — 4z + 16.
Probability = — = — e
36 12 Possibilities for p/q: +£1,£2, £4,48,+16
Sinc‘e we cannot get 2 ‘10 on one die, the probability of 9| 1 —4 -4 16
getting a 10 on one die is 0. 9 12 —16
45. Of 52 cards, 13 are clubs. 1 -6 8l 0
13 1 = 2)(z2 -6 8
Probability = — = -. f@) = o(z +2)( z +8)
52 4 =z(z+2)(x —2)(z — 4)
46 1Co -4 C1 _ 6-4 _ 6 The zeros are —2, 0, 2, and 4.
T 590 22,100 5525 1 3
55. r=—=, Seo = -
86 86 [t
7. A ——— = — ~ 042 3 8
86 + 97 + 23 206 S — ai
97 97 L=
Bi—mk+—— = — =~ 047
86+97+23 206 g: n :
23 23 1 ( _ ,)
C:C———=—=~0.11
86+97+23 206 1 3
48. 12,10, 8, 6, . . . a =g
d=10—-12= -2 1
Sos =124 (25 —1)(—2) =12+ 24(—-2) =12 — 48 = —-36 a2 = 5

Answer B is correct.

D= /N
|
W =

as =
49. There are 3 pairs that total 4: 1 and 3, 2 and 2, 3 and 1.

There are 6 - 6, or 36, possible outcomes. Thus, we have
3

36 or T Answer A is correct.

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



Chapter 11 Test

715

56.

57.

58.

59.

60.

61.

62.

63.

10

> o
k=0
= (logz — logy)'°

T 10
(o)
Y

><logx>1°—k(1ogy)k

n! 3. (n—1)!
6l(n—6)!  ° 5l(n—1-5)
n! _ 3(n—1)!
6!(n —6)!- S 61 6!(n —6)!- B0 —6)l
nl = 18(n — 1)!
n! 18(n—1)!
(n—1!" (n—1)
n =18
(nﬁl):%
n!
=Dl — (1
n(n —1)!
(71(—1)!11:36
n = 36
(5 \ ok
9°""Fa” =0
(%)
9+a)® =0
94+4a=0
a= -9

Put the following in the form of a paragraph.

First find the number of seconds in a year (365 days):
24 hr 6 im0
365 ) 60 it 60 S?C _
S ey Thr 1 oan
31,536,000 sec.
The number of arrangements possible is 15!.
5!

31,536,000

The time is ~ 41,466 yr.

For each circular arrangement of the numbers on a clock
face there are 12 distinguishable ordered arrangements on
a line. The number of arrangements of 12 objects on a line

is 12 P12, or 12!. Thus, the number of circular permutations
2Pz 1200 39 916,800,
12 12 Y
In general, for each circular arrangement of n objects, there
are n distinguishable ordered arrangements on a line. The

total number of arrangements of n objects on a line is

%:@:(nq)!.

Choosing k objects from a set of n objects is equivalent to
not choosing the other n — k objects.

Order is considered in a combination lock.

64. In expanding (a + b)", it would probably be better to use

Pascal’s triangle when n is relatively small. When n is
large, and many rows of Pascal’s triangle must be com-
puted to get to the (n + 1)st row, it would probably be
better to use factorial notation. In addition, factorial no-
tation allows us to write a particular term of the expansion
more efficiently than Pascal’s triangle.

Chapter 11 Test

®

ap = (-1)"(2n+1)
az = (=1)*'[2(21) + 1]

= —43
_n+1
an_n—i—?
1+1 2
M1
_2+1 3
agf—fz
_ 4
BT3527 5
441 5
“=1r2 6
_5+1 6
“T5r27 7

4
SR+ = (1241 +(22+ 1)+ (B +1)+ (42 +1)
k=1

=245+1047

=34

k=1
oo
> 2
k=1
1
an+1*2+_
n
1
a1—2+I:2+1:3
1 1
a2:2+§:2*
1 3 3
3
1 7
=24 = =24 — =2
o +£ +17 7
7
d=5-2=3

anp =a;+ (n—1)d
a15:2+(15—1)3:44
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8. a1 =8, a01 =108, n =21
an =a1+ (n—1)d
108 = 8+ (21 — 1)d
100 = 20d
5=d
Use a, = a1 + (n — 1)d again to find a7.
ar =8+ (7T—1)(5) = 8 + 30 = 38

9.0, =17,d=13-17T=—-4,n=20
First find agq:
ap, =a1+ (n—1)d
az =174 (20 —1)(—4) = 17— 76 = —59
Now find Sag:

S, = g(m +ay)
20
Sa0 = (17— 59) = 10(—42) = ~420
25

10. > (2k+1)

k=1
a=2-1+1=3

a25:2~25+1:51
n
Snzi(al‘i’an)

25 25
Sas = —(3451) = — - 54 =675
2 2
-5 1
11. =1 - - _ -
a 0, r M 3

an = ar™?

1 11-1 5
—10( - = =2
au < 2) 512

12. r=0.2, Sy = 1248

s, = a1 (1 —7r")
1—r
- a1(1 - 024)
1248 = 1-0.2
0.9984a,
1248 = —
0.8
a; = 1000

8
13. Z 2k
k=1

a=2'=2,r=2,n=38

2(1 — 28)
ek Sl |
Ss = S5~ =510
6 1
14. a; =18, r = — = -
“ TR T 3

. 1 .
Since |r| = 3 < 1, the series has a sum.

15.

16.

17.

18.

19.

0.56 = 0.56 + 0.0056 + 0.000056 + . ..

0.0056
Ir| = ‘ 056 ‘ =[0.01] = 0.01 < 1, so the series has a sum.
0.56 0.56 56
Seo = = =

1-0.01 099 99

a; = $10,000

as = $10,000 - 0.80 = $8000

as = $8000 - 0.80 = $6400

ay = $6400 - 0.80 = $5120

as = $5120 - 0.80 = $4096

ag = $4096 - 0.80 = $3276.80
We have an arithmetic sequence $8.50, $8.75, $9.00, $9.25,
and so on with d = $0.25. Each year there are 12/3, or
4 raises, so after 4 years the sequence will have the origi-
nal hourly wage plus the 4 - 4, or 16, raises for a total of

17 terms. We use the formula a,, = a; + (n — 1)d with
ay = $8.50, d = $0.25, and n = 17.

ar7 = $8.50+ (17—1)($0.25) = $8.50+16($0.25) = $8.50+
$4.00 = $12.50

At the end of 4 years Tamika’s hourly wage will be $12.50.

1_ n
We use the formula S, = % with a1 = $2500,
r = 1.056, and n = 18.
250001 — (1.056)'¢]
8= e = $74,390.77
3 1

S, : 2+5+8+...+(3n—1):%

13-1+1
g p— M3 14D

2
k(3k+1

Sp : 2+5+8+...+(3k71):%

Sk 24+54+8+ ... +Bk-1)+[3(k+1)-1] =

(k+1)[B(k+1) +1]
2
13-1+1) 1-4
2

1) Basis step: ———= = =2, 80 5] is true.

2
2) Induction step:

245+8+...+(Bk—1)+[B(k+1)—1]

k(3% + 1
= % +[3k+3—1] By Sk

3%k
= 4 +3k+2
oty skt

3k% + Tk + 4
2
(k+1)(3k + 4)
2
B+ DBE+1) +1]
2

Copyright @ 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



Chapter 11 Test

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

15! B
1556 = ———— = 3,603,600 33. WPr=9. Ps
(15 - 6)! o . "
21! (n—1)! " (n—6)!
Cio = 7o = 352,716
D M (-9 gl (n-0)
n n! (n—"7)! n! (n—6)! n!
(4) = =6 -1 _,
_nn—1)(n—-2)(n—3)(n—4) (n—"1)!
- 4 (n — 4)! n—6=9
_n(n—1)(n—-2)(n—3) n =15
B 24
6!
Py = =36
614 6—4)! 360
a) 61 = 1296
b) 5P 5 60
) sPs = Goa
28!
2804 = m = 20,475
12! 8!
12055 00 = grg w1 ais i o h 00
Expand: (z + 1)°.

Pascal’s triangle method: Use the 6th row.

1 5 10 10 5 1

(x+1)% = 25 +52* 1410231241022 13 +52- 14+ 1°
= 2% + 5z + 102 + 1022 + 5 + 1

Factorial notation method:

(z+1)° = (g)m5+<

5 4 5 3 .12
1)1‘ 1+(2)x 1%+

() () ()

= 2% + 52* + 1023 + 1022 + 5z + 1

Find 5th term of (z —y)7.

7 . E
(4) zd(_y)ﬁl — 35xdy4

29 =512

8 _8_14

6+8 14 7

6Cr5CaaCs 6104 48
15C6 5005 1001

ap =2, — 2

Only integers n > 1 are inputs.

a1 =2-1-2=0,ay =
a4 =2-4—2=6

2.2-2=2a3=2-3—2=4,

Some points on the graph are (1,0), (2,2), (3,4), and (4, 6).

Thus the correct answer

is B.
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