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QUADRATURE RULES BASED ON THE ARNOLDI PROCESS∗

DANIELA CALVETTI† , SUN-MI KIM‡ , AND LOTHAR REICHEL‡

Abstract. Applying a few steps of the Arnoldi process to a large nonsymmetric matrix A
with initial vector v is shown to induce several quadrature rules. Properties of these rules are
discussed, and their application to the computation of inexpensive estimates of the quadratic form
〈f, g〉 := v∗(f(A))∗g(A)v and related quadratic and bilinear forms is considered. Under suitable
conditions on the functions f and g, the matrix A, and the vector v, the computed estimates provide
upper and lower bounds of the quadratic and bilinear forms.
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1. Introduction. Let A ∈ C
N×N be a large, possibly sparse, nonsymmetric

matrix and let the vector v ∈ C
N be nonvanishing. Application of n � N steps of the

Arnoldi process to the matrix A with initial vector v yields the Arnoldi decomposition

AVn = VnHn + v̂n+1e
∗
n,(1.1)

where Vn = [v1, v2, . . . , vn] ∈ C
N×n and v̂n+1 ∈ C

N satisfy V ∗
n Vn = In, V ∗

n v̂n+1 =
0, v1 = v/‖v‖, and Hn = [hij ]

n
i,j=1 ∈ C

n×n is an upper Hessenberg matrix with
nonvanishing subdiagonal entries hi+1,i, 1 ≤ i < n. Here and throughout this paper
In denotes the n × n identity matrix, ej denotes the jth axis vector of appropriate
dimension, ‖ · ‖ denotes the Euclidean vector norm, and the superscript ∗ denotes
transposition and, if applicable, complex conjugation. We tacitly assume that the
number of steps n of the Arnoldi process is small enough so that the decomposition
(1.1) with the stated properties exists; see, e.g., Golub and Van Loan [11, Chapter
9] or Saad [16, Chapter 6] for discussions on the Arnoldi process. Here we note
only that the evaluation of the Arnoldi decomposition (1.1) requires the computation
of n matrix-vector products with the matrix A. The fact that A does not have to
be factored makes it possible to compute Arnoldi decompositions (1.1) for small to
moderate values of n also when the order N of the matrix A is very large.

We are particularly interested in the generic case when v̂n+1 is nonvanishing;
when v̂n+1 = 0 our discussion simplifies. Thus, unless explicitly stated otherwise, we
assume that v̂n+1 �= 0 and define

hn+1,n := ‖v̂n+1‖, vn+1 := v̂n+1/hn+1,n.(1.2)

Introduce the quadratic form

〈f, g〉 := v∗(f(A))∗g(A)v(1.3)
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for functions f and g that are analytic in a neighborhood of the eigenvalues of A.
The analyticity requirements on f and g are satisfied in many applications and allow
us to use the Jordan normal form of A to define f(A) and g(A); see, e.g., Gant-
macher [8, Chapter 5] for details. We remark that the quadratic form (1.3) is positive
semidefinite.

The quadratic form (1.3) can also be represented as the double integral

〈f, g〉 =
1

4π2

∫
Γ

∫
Γ

f(z1)g(z2)v
∗(z1I −A∗)−1(z2I −A)−1vdz1dz2,(1.4)

where the contour of integration Γ contains the spectrum of A in its interior and the
bar denotes complex conjugation; see, e.g., [12] for discussions of related representa-
tions.

The present paper is concerned with the approximation of the quadratic form
(1.3) and related quadratic and bilinear forms by expressions that are based on the
Arnoldi decomposition (1.1) and are easy to evaluate when n � N . For instance, we
consider the approximation of (1.3) by the positive semidefinite quadratic form

〈f, g〉n := ‖v‖2e∗1(f(Hn))∗g(Hn)e1,(1.5)

where the functions f and g also are required to be analytic in a neighborhood of
the eigenvalues of Hn. The expression (1.5) can be considered a quadrature rule for
approximating the integral (1.4), and we refer to (1.5) as an Arnoldi quadrature rule.
The error 〈f, g〉 − 〈f, g〉n has been investigated by Freund and Hochbruck [7]. We
review their results in section 2.

A new quadrature rule,

[f, g]n+1 := ‖v‖2e∗1(f(H̃n+1))
∗g(H̃n+1)e1,(1.6)

for the approximation of (1.3) is introduced in section 3. The matrix H̃n+1 in (1.6)
is defined as follows. Let Hn+1 be the upper Hessenberg matrix in (1.1) with n
replaced by n + 1. Since the entry hn+1,n is assumed to be nonvanishing, cf. (1.2),

the matrix Hn+1 exists. The matrix H̃n+1 ∈ C
(n+1)×(n+1) in (1.6) now is determined

by modifying some of the entries in Hn+1, so that

〈f, g〉 − 〈f, g〉n = −(〈f, g〉 − [f, g]n+1) ∀{f, g} ∈ Wn,(1.7)

where

Wn := (Pn ⊕ Pn+1) ∪ (Pn+1 ⊕ Pn)(1.8)

and Pj denotes the set of all polynomials of degree at most j. Because of the property
(1.7), we refer to (1.6) as an anti-Arnoldi quadrature rule. This rule generalizes the
anti-Gauss rules introduced by Laurie [14]. Application of the latter rules to the
estimation of functionals of the form (1.3) with a Hermitian matrix A is discussed in
[5, 6].

Section 4 considers expansions of f and g in terms of certain orthogonal polyno-
mials determined by the Arnoldi process. We show that if these expansions converge
sufficiently rapidly, then the real and imaginary parts of 〈f, g〉n and [f, g]n+1 furnish
upper and lower bounds, or lower and upper bounds, respectively, of the real and
imaginary parts of 〈f, g〉. This is illustrated by computed examples in section 5.
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When f(t) := 1, the quadratic form (1.3) simplifies to the functional

I(g) := v∗g(A)v.(1.9)

The approximation of functionals of the form (1.9), when the matrix A is Hermitian,
has received considerable attention; see, e.g., [1, 2, 3, 4, 10, 15]. These references ex-
ploit the connection between the Hermitian Lanczos process, orthogonal polynomials,
and Gauss quadrature rules. A nice survey of these techniques is provided by Golub
and Meurant [9]. In the present paper, we are concerned with the approximation of
functionals of the form (1.9) with a non-Hermitian matrix A. Application of the non-
Hermitian Lanczos process to this problem, using the connection with biorthogonal
polynomials, is described in [6, 17, 18]. Knizhnerman [13] considers application of the
Arnoldi process to the approximation of f(A)v and discusses the rate of convergence.

We conclude this section with a few applications, where the computation of inex-
pensive estimates of quantities of the form (1.3) or (1.9) is desirable. The problem of
computing approximations of expressions of the form u∗A−1v, where A is a large ma-
trix and u and v are given vectors, arises in electromagnetic scattering; see Saylor and
Smolarski [17, 18] for a discussion. The technique of the present paper is attractive to
use when an Arnoldi decomposition (1.1) has been determined and u = f(A)v for an
explicitly known function f , which is analytic in a neighborhood of the spectrum of
A. We apply the quadrature rules (1.5) and (1.6) with f and g(t) := 1/t to determine
the desired estimates. Estimates also can be computed without using the function f
if u can be expressed as a linear combination of the first few columns of the matrix
Vn in (1.1). This is discussed in section 4.

Estimates of v∗jA
−1vj , 1 ≤ j ≤ k, where vj denotes the jth column of the matrix

Vn, can be used for constructing preconditioners for linear systems of equations Ax =
v. Let dj be computed estimates of v∗jA

−1vj . Then

M = Vkdiag[d1, d2, . . . , dk]V
∗
k + (I − VkV

∗
k )

= I + Vkdiag[d1 − 1, d2 − 1, . . . , dk − 1]V ∗
k

can be used as a preconditioner. Estimates dj can be computed inexpensively, e.g.,
by using (1.5), (1.6), or the average of the two, with f(t) := 1 and g(t) := 1/t, if the
linear system of equations is solved by the restarted GMRES method and therefore
the Arnoldi decomposition (1.1) is available. Knowledge of estimates of upper and
lower bounds of the quantities v∗jA

−1vj makes it possible to assess the accuracy of
the dj .

Finally, consider the linear continuous-time system

x′(t) = Ax(t) + vs(t),

y(t) = u∗x(t),

where u, v ∈ R
N , ′ denotes differentiation with respect to time t, x(0) := 0, and s

is a real-valued function. The impulse response of this system (with s(t) the Dirac
δ-function) is given by

h(t) := u∗ exp(At)v, t ≥ 0,

see, e.g., [19, section 2.7]. The techniques developed in this paper can be used to
compute estimates of upper and lower bounds of h under the conditions on u stated
above.
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2. Arnoldi quadrature rules. Identification of the columns in the right-hand
side and left-hand side of (1.1) and using (1.2) show that

vj = p̂j−1(A)v, 1 ≤ j ≤ n + 1,(2.1)

for certain uniquely determined polynomials p̂j−1. Here p̂j−1 is of degree j − 1 and
has a positive leading coefficient. Combining (2.1) and (1.3) yields

v∗j vk = 〈p̂j−1, p̂k−1〉, 1 ≤ j, k ≤ n + 1,

and it follows from the orthonormality of the vectors vj generated by the Arnoldi
process that the polynomials p̂j−1 are orthonormal with respect to the quadratic
form (1.3). Substituting (2.1) into (1.1) and (1.2) shows that the polynomials p̂j−1,
1 ≤ j ≤ n + 1, satisfy a recursion relation, whose coefficients are determined by the
entries of the matrix Hn and by hn+1,n.

It is convenient to work with the monic orthogonal polynomials pj−1 associated
with the polynomials p̂j−1. Let n(A) denote the grade of A with respect to v; i.e.,
n(A) is the smallest positive integer with the property that there is a nonvanishing
polynomial p ∈ Pn(A) such that p(A)v = 0. Note that the quadratic form (1.3) is an
inner product on the space Pn(A)−1 ⊕ Pn(A)−1 because it is positive definite there.

Proposition 2.1. There is a family {pj}n(A)
j=0 of monic polynomials that are

orthogonal with respect to the quadratic form (1.3). The polynomials satisfy the re-
currence relation⎧⎪⎨

⎪⎩
p0(t) = 1,

pj(t) = (t− cjj)pj−1(t) −
j−1∑
k=1

ckjpk−1(t), 1 ≤ j ≤ n(A),
(2.2)

where

ckj :=
〈pk−1, tpj−1〉
〈pk−1, pk−1〉

, 1 ≤ k ≤ j ≤ n(A).(2.3)

Moreover, for 1 ≤ n ≤ n(A), the nontrivial entries of the upper Hessenberg matrices
Hn, and the scalar hn+1,n defined by (1.2), can be expressed as⎧⎪⎪⎪⎨

⎪⎪⎪⎩
hj+1,j =

〈pj , pj〉1/2
〈pj−1, pj−1〉1/2

, 1 ≤ j ≤ n,

hkj =
〈pk−1, tpj−1〉

〈pk−1, pk−1〉1/2〈pj−1, pj−1〉1/2
, 1 ≤ k ≤ j ≤ n.

(2.4)

In particular,

hj+1,j > 0, 1 ≤ j < n(A),(2.5)

and

hn(A)+1,n(A) = 0.(2.6)

Proof. Let the polynomials pj be defined by (2.2) for some recursion coefficients
ckj . Then pj is of degree j, and it follows from the definition of n(A) that

〈pj , pj〉 > 0, 0 ≤ j < n(A).(2.7)
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Hence, the expressions (2.3) and (2.4) for the coefficients ckj , hkj , and hj+1,j are well

defined for 1 ≤ k ≤ j ≤ n(A). In particular, the family of polynomials {pj}n(A)
j=0

determined by the recursion coefficients (2.3) is well defined.
The fact that the polynomial pj can be obtained by scaling the polynomials p̂j ,

defined by (2.1), and the relation (2.4) between the pj and the entries hkj of Hn and
the scalar hn+1,n defined by (1.2) follows from the Arnoldi decomposition (1.1) and
straightforward computations.

The equations (2.4) and inequalities (2.7) show (2.5). We turn to the proof of
(2.6). Let the polynomial p of degree n(A) > 0 satisfy p(A)v = 0 and express p in the
form

p(t) =

n(A)∑
j=0

αjpj(t).

Then

0 = 〈p, pk〉 =

n(A)∑
j=0

ᾱj〈pj , pk〉 = ᾱk〈pk, pk〉, 0 ≤ k ≤ n(A).(2.8)

The inequalities (2.7) imply that αk = 0 for 0 ≤ k < n(A), and therefore p(t) =
αn(A)pn(A)(t). Since p is of exactly degree n(A), the coefficient αn(A) is nonvanishing
and it follows from (2.8) that 〈pn(A), pn(A)〉 = 0. This shows (2.6).

The following result has been shown by Freund and Hochbruck [7]. A proof is
included for completeness.

Theorem 2.2. Let n ≤ n(A). Then

〈f, g〉n = 〈f, g〉 ∀{f, g} ∈ Wn−1,(2.9)

where the set Wn−1 is defined by (1.8).
Proof. Since 〈f, g〉 = 〈g, f〉 and 〈f, g〉n = 〈g, f〉n, where the bar denotes complex

conjugation, it suffices to show that

〈f, g〉n = 〈f, g〉 ∀f ∈ Pn, ∀g ∈ Pn−1.(2.10)

Clearly, this equality only has to be established for monomials f(t) = tk and g(t) = tj .
Thus, (2.10) is equivalent to

(Hk
ne1)

∗(Hj
ne1) = (Akv1)

∗(Ajv1), 0 ≤ k ≤ n, 0 ≤ j ≤ n− 1.(2.11)

The Arnoldi decomposition (1.1) and induction over j yield{
Ajv1 =VnH

j
ne1, j = 0, 1, 2, . . . , n− 1,

Anv1 =VnH
n
ne1 + v̂n+1e

∗
nH

n−1
n e1.

(2.12)

The relation (2.11) now follows from (2.12), V ∗
n Vn = In and V ∗

n v̂n+1 = 0.
We next show that if the vector v̂n+1 in the Arnoldi decomposition (1.1) vanishes,

then the Arnoldi quadrature rule (1.5) is exact for all polynomials.
Corollary 2.3. Assume that n = n(A). Then

〈f, g〉n = 〈f, g〉

for all polynomials f and g.
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Proof. It follows from (2.6) that the vector v̂n+1 in (1.1) vanishes. Therefore,

Ajv1 = VnH
j
ne1

for all nonnegative integers j. This implies the desired result.
It is convenient to introduce the bilinear forms

〈f, g〉(r,s) := ‖v‖2v∗r (f(A))∗g(A)vs, 1 ≤ r, s ≤ n,

and

〈f, g〉(r,s)n := ‖v‖2e∗r(f(Hn))∗g(Hn)es, 1 ≤ r, s ≤ n,(2.13)

where v is the initial vector for the Arnoldi process and vj is the jth column of the
matrix Vn, i.e., vj = Vnej for 1 ≤ j ≤ n; cf. (1.1). We note that 〈f, g〉 = 〈f, g〉(1,1)

and 〈f, g〉n = 〈f, g〉(1,1)n .
Theorem 2.4. Let n ≤ n(A). Then

〈f, g〉(r,s) = 〈f, g〉(r,s)n

for all integers r, s such that 1 ≤ r, s ≤ n, and all polynomials f, g such that either
f ∈ Pn−r+1 and g ∈ Pn−s or f ∈ Pn−r and g ∈ Pn−s+1.

Proof. Let f̂ ∈ Pn and ĝ ∈ Pn−1 be of the form

f̂ = ‖v‖fp̂r−1, ĝ = ‖v‖gp̂s−1,

where the polynomials p̂r−1 and p̂s−1 are defined by (2.1). It follows from (2.1) that

f̂(A)v = ‖v‖f(A)vr, ĝ(A)v = ‖v‖g(A)vs,

and therefore

〈f̂ , ĝ〉 = 〈f, g〉(r,s).(2.14)

The proof of Theorem 2.2, specifically (2.12), shows that

V ∗
n p(A)v1 = p(Hn)e1 ∀p ∈ Pn.(2.15)

Substituting the polynomials p̂j−1 defined by (2.1) into (2.15) yields

ej = ‖v‖p̂j−1(Hn)e1, 1 ≤ j ≤ n,(2.16)

and it follows that

〈f̂ , ĝ〉n = 〈f, g〉(r,s)n .(2.17)

Combining (2.9), (2.14), and (2.17) shows that

〈f, g〉(r,s) = 〈f, g〉(r,s)n .(2.18)

Similarly, when f̂ ∈ Pn−1 and ĝ ∈ Pn, (2.18) follows for f ∈ Pn−r and g ∈ Pn−s+1.
This establishes the theorem.

Corollary 2.5. Assume that n = n(A). Then

〈f, g〉(r,s) = 〈f, g〉(r,s)n

for all integers r and s such that 1 ≤ r, s ≤ n and for all polynomials f and g.
Proof. It follows from (2.6) that the vector v̂n+1 in (1.1) vanishes. Therefore,

Akvr = VnH
k
ner

for all nonnegative integers k and 1 ≤ r ≤ n. The desired result follows.
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3. Anti-Arnoldi quadrature rules. This section discusses the construction
of the matrix H̃n+1 in the anti-Arnoldi rule (1.6), which is characterized by (1.7).
Our derivation of H̃n+1 is analogous to the derivation of the symmetric tridiagonal
matrices associated with anti-Gauss quadrature rules introduced by Laurie [14].

Equation (1.7) is equivalent to

[f, g]n+1 = 2〈f, g〉 − 〈f, g〉n ∀{f, g} ∈ Wn.(3.1)

Hence, the quadratic form [f, g]n+1 defined by (1.6) can be considered an Arnoldi
quadrature rule associated with the quadratic form

[f, g] := 2〈f, g〉 − 〈f, g〉n(3.2)

defined for all functions f and g that are analytic in a neighborhood of all eigenvalues
of A and Hn. A comparison of (3.1) and (3.2) shows that the quadratic form defined
by (1.6) satisfies

[f, g]n+1 = [f, g] ∀{f, g} ∈ Wn.(3.3)

We are particularly interested in the case when n < n(A), because n = n(A)
implies that the vector v̂n+1 in (1.1) vanishes, and then, by Corollary 2.3, [f, g] = 〈f, g〉
for all polynomials f and g.

Proposition 3.1. Let n ≤ n(A). Then there is a family {p̃j}nj=0 of monic poly-
nomials that are orthogonal with respect to the quadratic form (3.2). The polynomials
satisfy ⎧⎪⎨

⎪⎩
p̃0(t) = 1,

p̃j(t) = (t− c̃jj)p̃j−1(t) −
j−1∑
k=1

c̃kj p̃k−1(t), 1 ≤ j ≤ n,
(3.4)

where

c̃kj :=
[p̃k−1, tp̃j−1]

[p̃k−1, p̃k−1]
, 1 ≤ k ≤ j ≤ n.(3.5)

Proof. Formulas (3.4) and (3.5) are analogous to (2.2) and (2.3), respectively.
The latter formulas express orthogonality with respect to the quadratic form (1.3),
and similarly the formulas (3.4) and (3.5) express orthogonality with respect to the
quadratic form (3.2), provided that the denominators in (3.5) do not vanish for 1 ≤
k ≤ n. We now establish the latter. It follows from (3.2), Theorem 2.2, and n ≤ n(A)
that

[f, f ] = 〈f, f〉 > 0 ∀f ∈ Pn−1.

This shows the proposition.
We are now in a position to define the upper Hessenberg matrix

H̃n+1 = [h̃jk]
n+1
j,k=1 ∈ C

(n+1)×(n+1)

in (1.6) using formulas analogous to (2.4). Thus, let

h̃j+1,j :=
[p̃j , p̃j ]

1/2

[p̃j−1, p̃j−1]1/2
, 1 ≤ j ≤ n,(3.6)

h̃kj :=
[p̃k−1, tp̃j−1]

[p̃k−1, p̃k−1]1/2[p̃j−1, p̃j−1]1/2
, 1 ≤ k ≤ j ≤ n + 1,(3.7)

h̃kj := 0, 2 ≤ j + 1 < k ≤ n + 1.
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Let Hn+1 = [hkj ]
n+1
k,j=1 be the upper Hessenberg matrix of order n+1 determined

by n + 1 steps of the Arnoldi process applied to A with initial vector v. The matrix
Hn is the leading principal submatrix of Hn+1 of order n. The following theorem
shows that

H̃n+1 =

⎡
⎢⎢⎢⎢⎢⎣

√
2h1,n+1

Hn

√
2h2,n+1

...√
2hn,n+1

0 · · · 0
√

2hn+1,n hn+1,n+1

⎤
⎥⎥⎥⎥⎥⎦ ∈ C

(n+1)×(n+1).

Theorem 3.2. Assume that n < n(A) and let hkj , 1 ≤ k, j ≤ n + 1, be the
entries of the upper Hessenberg matrix Hn+1 in the Arnoldi decomposition (1.1) with
n replaced by n + 1. Then

h̃kj = hkj , 1 ≤ k, j ≤ n,(3.8)

h̃j+1,j = hj+1,j , 1 ≤ j < n,(3.9)

h̃k,n+1 =
√

2hk,n+1, 1 ≤ k ≤ n,

h̃n+1,n =
√

2hn+1,n,

h̃n+1,n+1 = hn+1,n+1.

Proof. It follows from Proposition 2.1 that the entries hkj of the matrix Hn+1 are
well defined. Theorem 2.2 and (3.2) yield

[f, g] = 〈f, g〉 ∀{f, g} ∈ Wn−1,(3.10)

and therefore it follows from the recurrence relations (2.2)–(2.3) and (3.4)–(3.5) that

c̃kj = ckj , 1 ≤ k ≤ j ≤ n,

and

p̃j = pj , 0 ≤ j ≤ n.(3.11)

Formulas (3.8) and (3.9) follow from relations (2.4), (3.6), and (3.7), and equalities
(3.10) and (3.11).

The polynomial pn is the characteristic polynomial of Hn. This can be seen as
follows. Equation (2.15) shows that

pn(Hn)e1 = 0.(3.12)

This equation and the fact that Hn has positive subdiagonal entries determine the
coefficients in the representation

pn(t) = tn +

n−1∑
j=0

αjt
j

uniquely. By the Cayley–Hamilton theorem, the characteristic polynomial of Hn

satisfies (3.12). Hence, pn is the characteristic polynomial and it follows that

〈p, qpn〉n = 0
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for any polynomials p and q. Therefore, from (2.4), (3.2), (3.6), (3.7), (3.10), and
(3.11), we obtain

h̃k,n+1 =
2〈pk−1, tpn〉√

2〈pk−1, pk−1〉1/2〈pn, pn〉1/2
=

√
2hk,n+1, 1 ≤ k ≤ n,

h̃n+1,n =

√
2〈pn, pn〉1/2

〈pn−1, pn−1〉1/2
=

√
2hn+1,n,

h̃n+1,n+1 =
2〈pn, tpn〉
2〈pn, pn〉

= hn+1,n+1.

This shows the theorem.
Introduce the bilinear forms

[f, g](r,s) := 2〈f, g〉(r,s) − 〈f, g〉(r,s)n , 1 ≤ r, s ≤ n,(3.13)

and

[f, g]
(r,s)
n+1 := ‖v‖2e∗r(f(H̃n+1))

∗g(H̃n+1)es, 1 ≤ r, s ≤ n,(3.14)

where we note that [f, g](1,1) = [f, g] and [f, g]
(1,1)
n+1 = [f, g]n+1. The following result

is analogous to Theorem 2.4.
Theorem 3.3. Assume that n < n(A). Then

[f, g]
(r,s)
n+1 = [f, g](r,s)

for all integers r, s such that 1 ≤ r, s ≤ n, and for all polynomials f, g such that
either f ∈ Pn−r+2 and g ∈ Pn−s+1 or f ∈ Pn−r+1 and g ∈ Pn−s+2.

Proof. Let f̂ ∈ Pn+1 and ĝ ∈ Pn be of the form

f̂ = ‖v‖fp̂r−1, ĝ = ‖v‖gp̂s−1,

where the p̂r−1 and p̂s−1 are defined by (2.1). Similar to the proof of Theorem 2.4,

we obtain that 〈f̂ , ĝ〉 = 〈f, g〉(r,s) and 〈f, g〉n = 〈f, g〉(r,s)n for 1 ≤ r, s ≤ n. Therefore,
by (3.2) and (3.13),

[f̂ , ĝ] = 2〈f̂ , ĝ〉 − 〈f̂ , ĝ〉n = 2〈f, g〉(r,s) − 〈f, g〉(r,s)n = [f, g](r,s).(3.15)

Application of n + 1 steps of the Arnoldi process to the matrix A with initial
vector v yields an Arnoldi decomposition analogous to (1.1) with n replaced by n+1.
Let Hn+1 ∈ C

(n+1)×(n+1) denote the upper Hessenberg matrix in this decomposition.
Then, analogously to (2.16), we have

ej = ‖v‖p̂j−1(Hn+1)e1, 1 ≤ j ≤ n.

Straightforward computation yields

H̃k
n+1e1 = Hk

n+1e1, 0 ≤ k ≤ n− 1,

and therefore

p̂j−1(H̃n+1)e1 = p̂j−1(Hn+1)e1, 1 ≤ j ≤ n.
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Hence, ‖v‖p̂j−1(H̃n+1)e1 = ej , 1 ≤ j ≤ n, and it follows that for 1 ≤ r, s ≤ n,

[f̂ , ĝ]n+1 = ‖v‖2e∗1(f̂(H̃n+1))
∗ĝ(H̃n+1)e1

= ‖v‖2e∗r(f(H̃n+1))
∗g(H̃n+1)es = [f, g]

(r,s)
n+1 .

(3.16)

Combining (3.3), (3.15), and (3.16) shows that

[f, g]
(r,s)
n+1 = [f, g](r,s), 1 ≤ r, s ≤ n.(3.17)

When instead f̂ ∈ Pn and ĝ ∈ Pn+1, (3.17) can be shown in a similar fashion for
f ∈ Pn−r+1 and g ∈ Pn−s+2. This completes the proof of the theorem.

4. Applications of Arnoldi and anti-Arnoldi quadrature rules. Let f and
g be functions such that f(A)v and g(A)v have the expansions

f(A)v =

m1∑
i=0

ηip̂i(A)v, g(A)v =

m2∑
j=0

ξj p̂j(A)v,(4.1)

where m1 and m2 are nonnegative integers such that max{m1,m2} ≤ n(A). For
notational simplicity, we assume that n, the number of steps of the Arnoldi process,
is at most min{m1,m2} − 1. Then

〈f, g〉 =

m1∑
i=0

m2∑
j=0

η̄iξj〈p̂i, p̂j〉,(4.2)

and the orthonormality of the polynomials p̂i yields

〈f, g〉 =

n−1∑
i=0

η̄iξi + η̄nξn +

min{m1,m2}∑
i=n+1

η̄iξi.(4.3)

Replacing the quadratic form 〈·, ·〉 by 〈·, ·〉n in (4.2), and using the facts that
〈p̂i, p̂j〉n = 〈p̂i, p̂j〉 for 0 ≤ i, j < n, and 〈p̂n, q〉n = 0 for any polynomial q, shows that

〈f, g〉n =

n−1∑
i=0

η̄iξi +

n−1∑
i=0

(η̄iξn+1〈p̂i, p̂n+1〉n + η̄n+1ξi〈p̂n+1, p̂i〉n)

+

m2∑
j=n+1

η̄n+1ξj〈p̂n+1, p̂j〉n +

n−1∑
i=0

m2∑
j=n+2

η̄iξj〈p̂i, p̂j〉n(4.4)

+

m1∑
i=n+2

m2∑
j=0
j �=n

η̄iξj〈p̂i, p̂j〉n.

Similarly, replacing the quadratic form 〈·, ·〉 by [·, ·]n+1 in (4.2), and using the
facts that [p̂i, p̂j ]n+1 = 〈p̂i, p̂j〉 for 0 ≤ i, j < n, [p̂n, p̂j ]n+1 = 0 for 0 ≤ j < n as well
as for j = n + 1, [p̂n, p̂n]n+1 = 2, and [p̂n+1, p̂j ]n+1 = −〈p̂n+1, p̂j〉n for 0 ≤ j ≤ n,
yields

[f, g]n+1 =

n−1∑
i=0

η̄iξi + 2η̄nξn −
n−1∑
i=0

(η̄iξn+1〈p̂i, p̂n+1〉n + η̄n+1ξi〈p̂n+1, p̂i〉n)
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+

m2∑
j=n+1

η̄n+1ξj [p̂n+1, p̂j ]n+1 +

n∑
i=0

m2∑
j=n+2

η̄iξj [p̂i, p̂j ]n+1(4.5)

+

m1∑
i=n+2

m2∑
j=0

η̄iξj [p̂i, p̂j ]n+1 .

Let

ψn :=

n−1∑
i=0

(η̄iξn+1〈p̂i, p̂n+1〉n + η̄n+1ξi〈p̂n+1, p̂i〉n) − η̄nξn.

Combining (4.3) with (4.4), and (4.3) with (4.5), yields

〈f, g〉n = 〈f, g〉 + ψn + δn,

[f, g]n+1 = 〈f, g〉 − ψn + δ̃n,

respectively, where δn, δ̃n ∈ C converge to zero when the coefficients ηj and ξj , j ≥
n + 1, do.

Assume that the coefficients ηj and ξj for j ≥ n + 1 are of sufficiently small
magnitude, so that

max{|Re(δn)|, |Re(δ̃n)|} ≤ |Re(ψn)|,
max{|Im(δn)|, |Im(δ̃n)|} ≤ |Im(ψn)|,(4.6)

where Re(z) and Im(z) denote the real and imaginary parts of z ∈ C, respectively.
Then, if Re(ψn) ≤ 0, we have

Re(〈f, g〉n) ≤ Re(〈f, g〉) ≤ Re([f, g]n+1).

Similarly, if Im(ψn) ≤ 0, then

Im(〈f, g〉n) ≤ Im(〈f, g〉) ≤ Im([f, g]n+1).

Conversely, the inequality Re(ψn) ≥ 0 implies that Re(〈f, g〉n) and Re([f, g]n+1)
furnish upper and lower bounds, respectively, of Re(〈f, g〉), and Im(ψn) ≥ 0 im-
plies that Im(〈f, g〉n) and Im([f, g]n+1) are upper and lower bounds, respectively, of
Im(〈f, g〉).

We remark that it is generally not straightforward to verify whether the condi-
tions (4.6) hold. Nevertheless, it is interesting that there are sufficient conditions for
the Arnoldi and anti-Arnoldi rules to give upper and lower bounds. Moreover, for
many quadratic forms (1.3) and (1.9) these quadrature rules provide upper and lower
bounds. This is illustrated in section 5.

Expansions for 〈f, g〉(r,s), 〈f, g〉(r,s)n , and [f, g]
(r,s)
n+1 can be derived in a way similar

to the expansions (4.3), (4.4), and (4.5). Let, analogously to (4.1),

‖v‖f(A)vr = ‖v‖f(A)p̂r−1(A)v =

m3∑
i=0

η
(r)
i p̂i(A)v,

‖v‖g(A)vs = ‖v‖g(A)p̂s−1(A)v =

m4∑
j=0

ξ
(s)
j p̂j(A)v.
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Then, similarly to (4.2),

〈f, g〉(r,s) =

m3∑
i=0

m4∑
j=0

η̄
(r)
i ξ

(s)
j 〈p̂i, p̂j〉,

and formulas analogous to (4.3), (4.4), and (4.5) can easily be derived. They show

that under suitable conditions on the coefficients η
(r)
i and ξ

(s)
j , the real and imaginary

parts of the quadrature rules 〈f, g〉(r,s)n and [f, g]
(r,s)
n+1 bracket the real and imaginary

parts, respectively, of 〈f, g〉(r,s).
We now are in a position to discuss the computation of inexpensive estimates of

bilinear forms u∗g(A)v, where u =
∑�

r=1 βrvr and r < n, considered at the end of
section 1. Assume that the coefficients βr are real. Then

u∗g(A)v =

�∑
r=1

βrv
∗
rg(A)v =

1

‖v‖

�∑
r=1

βr〈1, g〉(r,1).(4.7)

We use

1

‖v‖

�∑
r=1

max
{
βr〈1, g〉(r,1)n , βr[1, g]

(r,1)
n+1

}
(4.8)

as an estimate of an upper bound of u∗g(A)v, and

1

‖v‖

�∑
r=1

min
{
βr〈1, g〉(r,1)n , βr[1, g]

(r,1)
n+1

}
(4.9)

as an estimate of a lower bound.
As another application, note that from (1.7) the error 〈f, g〉 − 〈f, g〉n for {f, g} ∈

Wn can be computed by evaluating the right-hand side of

〈f, g〉 − 〈f, g〉n =
1

2
([f, g]n+1 − 〈f, g〉n).

This suggests that the quadratic form 〈·, ·〉 can be approximated by the averaged
quadrature rule

(f, g)n+1/2 :=
1

2
([f, g]n+1 + 〈f, g〉n),(4.10)

and from (1.7),

(f, g)n+1/2 = 〈f, g〉 ∀{f, g} ∈ Wn.

Moreover, since 〈p̂n, p̂n〉 = 1, 〈p̂n, p̂n〉n = 0, and [p̂n, p̂n] = 2, the averaged quadrature
rule (·, ·)n+1/2 takes on the same values as 〈·, ·〉 for a larger class of functions than the

quadrature rules (1.5) and (1.6). The expansion for the averaged quadrature rule,

(f, g)n+1/2 =

n∑
i=0

η̄iξi +

m2∑
j=n+1

η̄n+1ξj(p̂n+1, p̂j)n+1/2

+

n∑
i=0

m2∑
j=n+2

η̄iξj(p̂i, p̂j)n+1/2 +

m1∑
i=n+2

m2∑
j=0

η̄iξj(p̂i, p̂j)n+1/2,
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does not contain many of the low-order terms present in the expansions (4.4) and
(4.5) but not in the expansion (4.3), and for many functions the averaged quadrature
rule (4.10) gives higher accuracy than either quadrature rule (1.5) or (1.6). This is
illustrated in section 5.

Similarly to (4.10), we also introduce the averaged quadrature rules associated
with the quadrature rules (2.13) and (3.14),

(f, g)
(r,s)
n+1/2 :=

1

2
([f, g]

(r,s)
n+1 + 〈f, g〉(r,s)n ), 1 ≤ r, s ≤ n,(4.11)

as well as an averaged rule for the inexpensive approximation of (4.7),

u∗g(A)v ≈ 1

‖v‖

�∑
r=1

βr (1, g)
(r,1)
n+1/2 ,(4.12)

where the coefficients βj are the same as in (4.7).

5. Numerical examples. This section presents computed examples which il-
lustrate the accuracy of the computed estimates. The computations were carried out
using MATLAB 6.1 on a personal computer, i.e., with approximately 15 significant
digits.

In examples below, we approximate functionals of the form

I(r,s)(g) := ‖v‖2v∗rg(A)vs, 1 ≤ r, s ≤ n,(5.1)

for several functions g and matrices A by Arnoldi, anti-Arnoldi, and averaged quadra-
ture rules given by, in order,

G(r,s)
n (g) := ‖v‖2e∗rg(Hn)es,

G̃(r,s)
n+1 (g) := ‖v‖2e∗rg(H̃n+1)es,

L(r,s)
2n+1(g) :=

1

2
(G(r,s)

n (g) + G̃(r,s)
n+1 (g)).

These quadrature rules are related to the bilinear forms (2.13), (3.14), and (4.11),
respectively.

Example 5.1. Let the nonsymmetric matrix A ∈ R
200×200 have uniformly dis-

tributed entries in the interval [0, 0.01]; we generated A with the MATLAB command
A = rand(200)/100. The initial vector v = v1 has random entries and is normal-
ized to be of unit length. We compute approximations of the functionals (5.1) for
g(t) = exp(t) and 1 ≤ r, s ≤ 3. Table 5.1 displays, for n = 3, the values I(r,s)(g)
computed by using the MATLAB command expm(A) as well as approximations of
these values determined by the Arnoldi, anti-Arnoldi, and averaged quadrature rules.
The n = 3 steps of the Arnoldi process generate a 3 × 3 matrix H3. Table 5.1 is
a 3 × 3 block matrix with each block-row corresponding to one value of the index
r and each block-column to one value of the index s. The first entry of each block
shows the value I(r,s)(g), and the second and third entries show the approximations

determined by the Arnoldi quadrature rule G(r,s)
n (g) and the anti-Arnoldi quadrature

rule G̃(r,s)
n+1 (g), respectively. The last entry of each block displays the approximation

obtained with the averaged rule L(r,s)
2n+1(g). The values I(r,s)(g) can be seen to lie

between the approximations determined by the Arnoldi and anti-Arnoldi quadrature
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Table 5.1

Example 5.1: g(t) = exp(t), A ∈ R200×200 nonsymmetric random matrix, n = 3.

s = 1 s = 2 s = 3

I(1,s)(g) 2.2393416561 0.7638513101 0.0362450361

G(1,s)
n (g) 2.2393414349 0.7638494620 0.0361306238

G̃(1,s)
n+1 (g) 2.2393418837 0.7638532236 0.0363646813

L(1,s)
2n+1(g) 2.2393416593 0.7638513428 0.0362476525

I(2,s)(g) 0.7647795061 1.4693731134 0.0190982332

G(2,s)
n (g) 0.7647793198 1.4693715815 0.0190056961

G̃(2,s)
n+1 (g) 0.7647796957 1.4693746791 0.0191935089

L(2,s)
2n+1(g) 0.7647795077 1.4693731303 0.0190996025

I(3,s)(g) 0.0157954394 0.0590195933 0.9964079321

G(3,s)
n (g) 0.0157953250 0.0590186907 0.9963570541

G̃(3,s)
n+1 (g) 0.0157955541 0.0590204980 0.9964589719

L(3,s)
2n+1(g) 0.0157954395 0.0590195944 0.9964080130

Table 5.2

Example 5.2: g(t) = exp(t), A ∈ R200×200 nonsymmetric Toeplitz matrix, n = 5.

s = 1 s = 2 s = 3 s = 4 s = 5

I(1,s)(g) 201.43 −90.70 −52.26 −18.16 −7.81

G(1,s)
n (g) 201.47 −90.54 −51.78 −16.93 −5.30

G̃(1,s)
n+1 (g) 201.40 −90.81 −52.55 −18.82 −8.80

L(1,s)
2n+1(g) 201.44 −90.67 −52.17 −17.88 −7.05

I(2,s)(g) 95.58 10.39 −28.53 −26.92 −12.79

G(2,s)
n (g) 95.63 10.59 −27.96 −25.42 − 9.64

G̃(2,s)
n+1 (g) 95.55 10.25 −28.94 −27.88 −14.51

L(2,s)
2n+1(g) 95.59 10.42 −28.45 −26.65 −12.07

rules. The averaged rule is seen to determine approximations of higher accuracy than
the Arnoldi and anti-Arnoldi quadrature rules.

Example 5.2. Let A ∈ R
200×200 be a nonsymmetric Toeplitz matrix with first

row [1, 2−2, 3−2, . . . , 200−2] and first column [1, 2−1, 3−1, . . . , 200−1]T , and let v =
[1, 1, . . . , 1]T /

√
200. We compute approximations of the functionals (5.1) for g(t) =

exp(t), 1 ≤ r ≤ 2 and 1 ≤ s ≤ 5. Table 5.2 is analogous to Table 5.1 and displays
the values I(r,s)(g) computed by using the MATLAB command expm(A) as well as
approximations of these values determined by the Arnoldi, anti-Arnoldi, and averaged
quadrature rules with n = 5. The values I(r,s)(g) can be seen to lie between the ap-
proximations determined by the Arnoldi and anti-Arnoldi quadrature rules. Therefore
the averaged rules determine approximations of higher accuracy than the Arnoldi and
anti-Arnoldi quadrature rules.

Example 5.3. Let the nonsymmetric matrix A ∈ R
500×500 and initial vector

v = v1 be generated similarly as in Example 5.1. We compute approximations of
the functionals (5.1) for g(t) = (1 + t2)−1. Table 5.3 shows, for n = 4, the values
I(r,s)(g) computed by using the MATLAB command inv(I + A2) and approxima-
tions determined by the Arnoldi, anti-Arnoldi, and averaged quadrature rules. As in
the examples above, the approximations determined by the Arnoldi and anti-Arnoldi
quadrature rules bracket the exact values of I(r,s)(g). The averaged quadrature rules
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Table 5.3

Example 5.3: g(t) = (1 + t2)−1, A ∈ R500×500 nonsymmetric, n = 4.

s = 1 s = 2 s = 3 s = 4

I(1,s)(g) 0.6309356066 −0.2190558983 −0.0043520021 −0.0005276674

G(1,s)
n (g) 0.6309356000 −0.2190558782 −0.0043517905 −0.0005591523

G̃(1,s)
n+1 (g) 0.6309356129 −0.2190559178 −0.0043521878 −0.0004972393

L(1,s)
2n+1(g) 0.6309356065 −0.2190558980 −0.0043519891 −0.0005281958

I(2,s)(g) −0.2188599160 0.8701328956 −0.0025997873 −0.0003641850

G(2,s)
n (g) −0.2188599109 0.8701328732 −0.0025997154 −0.0003307974

G̃(2,s)
n+1 (g) −0.2188599206 0.8701329188 −0.0025999568 −0.0003982020

L(2,s)
2n+1(g) −0.2188599157 0.8701328960 −0.0025998361 −0.0003644997

I(3,s)(g) −0.0064198253 −0.0037919324 0.9999829690 −0.0000783738

G(3,s)
n (g) −0.0064198163 −0.0037919671 0.9999829347 −0.0000258878

G̃(3,s)
n+1 (g) −0.0064198342 −0.0037918976 0.9999829918 −0.0001309499

L(3,s)
2n+1(g) −0.0064198253 −0.0037919324 0.9999829632 −0.0000784188

I(4,s)(g) 0.0001669050 −0.0006640880 0.0000195458 1.0000332437

G(4,s)
n (g) 0.0001669043 −0.0006640839 0.0000195017 1.0000272973

G̃(4,s)
n+1 (g) 0.0001669058 −0.0006640921 0.0000195737 1.0000391773

L(4,s)
2n+1(g) 0.0001669051 −0.0006640880 0.0000195377 1.0000332373

Table 5.4

Example 5.4: g(t) = exp(t), A ∈ C200×200 non-Hermitian, n = 3, i =
√
−1.

s = 1 s = 2 s = 3

I(1,s)(g) 2.262829 + 0.039314i 0.742972 + 0.023252i 0.119483 − 0.000962i

G(1,s)
n (g) 2.262825 + 0.039325i 0.742945 + 0.023334i 0.119019 + 0.000486i

G̃(1,s)
n+1 (g) 2.262831 + 0.039304i 0.742992 + 0.023169i 0.119814 − 0.002445i

L(1,s)
2n+1(g) 2.262828 + 0.039314i 0.742969 + 0.023252i 0.119417 − 0.000979i

I(2,s)(g) 0.788222 + 0.011862i 1.441307 + 0.021074i 0.061573 + 0.003638i

G(2,s)
n (g) 0.788225 + 0.011867i 1.441324 + 0.021118i 0.061851 + 0.004413i

G̃(2,s)
n+1 (g) 0.788220 + 0.011856i 1.441291 + 0.021029i 0.061327 + 0.002829i

L(2,s)
2n+1(g) 0.788222 + 0.011862i 1.441307 + 0.021073i 0.061589 + 0.003621i

I(3,s)(g) 0.056832 + 0.000658i 0.203864 + 0.001905i 1.009163 + 0.004721i

G(3,s)
n (g) 0.056835 + 0.000654i 0.203882 + 0.001871i 1.009443 + 0.004173i

G̃(3,s)
n+1 (g) 0.056830 + 0.000663i 0.203847 + 0.001939i 1.008883 + 0.005261i

L(3,s)
2n+1(g) 0.056832 + 0.000658i 0.203864 + 0.001905i 1.009163 + 0.004717i

give approximations of higher accuracy than the Arnoldi and anti-Arnoldi quadrature
rules.

Example 5.4. Let the matrices A1, A2 ∈ R
200×200 be generated similarly to the

matrix A in Example 5.1 and let A := A1 + iA2 ∈ C
200×200, where i =

√
−1. The

initial vector v = v1 has random complex entries and is of unit length. We compute
approximations of the functionals (5.1) for g(t) = exp(t) and n = 3. Table 5.4 displays
the values I(r,s)(g) computed by using the MATLAB command expm(A) as well as
approximations determined by the Arnoldi, anti-Arnoldi, and averaged quadrature
rules. The real and imaginary parts of I(r,s)(g) can be seen to be bracketed by
the real and imaginary parts, respectively, of the approximations determined by the
Arnoldi and anti-Arnoldi quadrature rules. The averaged quadrature rule yields higher
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Table 5.5

Example 5.5: f(t) = t20, g(t) = exp(t), A ∈ R200×200 nonsymmetric, n = 3.

s = 1 s = 2 s = 3

〈f, g〉(1,s) 1.9426441044 1.1529977481 0.0534278853

〈f, g〉(1,s)n 1.9427711374 1.1530783050 0.0534990864

[f, g]
(1,s)
n+1 1.9425056337 1.1529104434 0.0533534039

(f, g)
(1,s)

n+1/2
1.9426383856 1.1529943742 0.0534262451

〈f, g〉(1,s)n+1 1.9426383731 1.1529943662 0.0534262419

〈f, g〉(2,s) 1.1460720705 0.6802164707 0.0315200334

〈f, g〉(2,s)n 1.1461641820 0.6802741850 0.0315625116

[f, g]
(2,s)
n+1 1.1459715957 0.6801538166 0.0314755768

(f, g)
(2,s)

n+1/2
1.1460678888 0.6802140008 0.0315190442

〈f, g〉(2,s)n+1 1.1460678789 0.6802139945 0.0315190416

〈f, g〉(3,s) 0.0532727803 0.0316184501 0.0014651433

〈f, g〉(3,s)n 0.0536498306 0.0318423794 0.0014773829

[f, g]
(3,s)
n+1 0.0528602607 0.0313734723 0.0014518747

(f, g)
(3,s)

n+1/2
0.0532550457 0.0316079258 0.0014646288

〈f, g〉(3,s)n+1 0.0532549891 0.0316078912 0.0014646132

accuracy than the Arnoldi and anti-Arnoldi quadrature rules.
Example 5.5. Let the nonsymmetric matrix A ∈ R

200×200 and the initial vector
v = v1 be generated as in Example 5.1. We compute approximations of 〈f, g〉(r,s) for
f(t) = t20, g(t) = exp(t), and 1 ≤ r, s ≤ n. Table 5.5 shows, for n = 3, the values
〈f, g〉(r,s) and approximations (2.13), (3.14), and (4.11) determined by Arnoldi, anti-
Arnoldi, and averaged quadrature rules, respectively. The table also displays the
approximations

〈f, g〉(r,s)n+1 := ‖v‖2e∗r(f(Hn+1))
∗g(Hn+1)es, 1 ≤ r, s ≤ n.

Similar to the previous examples, the approximations 〈f, g〉(r,s)n and [f, g]
(r,s)
n+1 de-

termined by the Arnoldi and anti-Arnoldi quadrature rules, respectively, bracket the

exact value 〈f, g〉(r,s) for each pair (r, s). The values (f, g)
(r,s)
n+1/2 determined by the av-

eraged quadrature rule can be seen to be of higher accuracy than the approximations

〈f, g〉(r,s)n and [f, g]
(r,s)
n+1 .

The evaluations of 〈f, g〉(r,s)n+1 and (f, g)
(r,s)
n+1/2 both require the computation of

n + 1 steps of the Arnoldi process. In Table 5.5 the value (f, g)
(r,s)
n+1/2 furnishes an

approximation of 〈f, g〉(r,s) with a smaller error than 〈f, g〉(r,s)n+1 for each pair (r, s).

However, we remark that it is easy to find examples such that 〈f, g〉(r,s)n+1 is a more

accurate approximation than (f, g)
(r,s)
n+1/2 for some pair (r, s).

Example 5.6. Let the matrix A ∈ R
200×200 and the vector v ∈ R

200 be the same
as in Example 5.2 and define u = v + Av. We would like to determine estimates of
u∗ exp(A)v using (4.8) and (4.9) with g(t) = exp(t). It follows from (1.1) with v1 = v
that u = v1 + Av1 = (1 + h11)v1 + h21v2. Thus, β1 = 1 + h11 and β2 = h21 in (4.8)
and (4.9). With n = 4, the formulas (4.8) and (4.9) yield the values 1.4035 · 103 and
1.3998 · 103, respectively. Using the average quadrature rule (4.12) gives 1.4016 · 103.
The exact value is, after rounding, 1.4014 · 103. The value obtained by the averaged
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quadrature rule is slightly more accurate than the value delivered by the Arnoldi
quadrature rule with n = 5. The computational effort required by these rules is
about the same.

The above examples show how the Arnoldi and anti-Arnoldi quadrature rules can
be applied to determine estimates of upper and lower bounds for certain quadratic
and bilinear forms. Moreover, the examples illustrate that for many quadratic and
bilinear forms, the computed estimates are upper and lower bounds.
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G. H. Golub, and G. Opfer, eds., Birkhäuser-Verlag, Basel, Switzerland, 1999, pp. 41–56.

[7] R. W. Freund and M. Hochbruck, Gauss quadratures associated with the Arnoldi process and
the Lanczos algorithm, in Linear Algebra for Large Scale and Real-Time Application, M. S.
Moonen, G. H. Golub, and B. L. R. De Moor, eds., Kluwer, Dordrecht, The Netherlands,
1993, pp. 377–380.

[8] F. R. Gantmacher, The Theory of Matrices, Vol. 1, Chelsea, New York, 1990.
[9] G. H. Golub and G. Meurant, Matrices, moments and quadrature, in Numerical Analysis

1993, D. F. Griffiths and G. A. Watson, eds., Longman Scientific and Technical, Harlow,
UK, 1994, pp. 105–156.

[10] G. H. Golub and G. Meurant, Matrices, moments and quadrature II: How to compute the
norm of the error in iterative methods, BIT, 37 (1997), pp. 687–705.

[11] G. H. Golub and C. F. Van Loan, Matrix Computations, 3rd ed., The Johns Hopkins Uni-
versity Press, Baltimore, MD, 1996.

[12] M. Hochbruck and C. Lubich, On Krylov subspace approximations to the matrix exponential
operator, SIAM J. Numer. Anal., 34 (1997), pp. 1911–1925.

[13] L. Knizhnerman, Calculation of functions of unsymmetric matrices using Arnoldi’s method,
Comput. Math. Math. Phys., 31 (1991), pp. 1–9.

[14] D. P. Laurie, Anti-Gaussian quadrature formulas, Math. Comp., 65 (1996), pp. 739–747.
[15] G. Meurant, The computation of bounds for the norm of the error in the conjugate gradient

algorithm, Numer. Algorithms, 16 (1997), pp. 77–87.
[16] Y. Saad, Iterative Methods for Sparse Linear Systems, PWS, Boston, 1996.
[17] P. E. Saylor and D. C. Smolarski, Why Gaussian quadrature in the complex plane?, Numer.

Algorithms, 26 (2001), pp. 251–280.
[18] P. E. Saylor and D. C. Smolarski, Addendum to: “Why Gaussian quadrature in the complex

plane?,” Numer. Algorithms, 27 (2001), pp. 215–217.
[19] E. D. Sontag, Mathematical Control Theory: Deterministic Finite Dimensional Systems,

Springer-Verlag, New York, 1990.


