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ANTI-SZEGO QUADRATURE RULES

SUN-MI KIM AND LOTHAR REICHEL

ABSTRACT. Szegd quadrature rules are discretization methods for approximat-
ing integrals of the form [™ f(e®)du(t). This paper presents a new class of
discretization methods, which we refer to as anti-Szeg6 quadrature rules. Anti-
Szegd rules can be used to estimate the error in Szegé quadrature rules: under
suitable conditions, pairs of associated Szeg6 and anti-Szegd quadrature rules
provide upper and lower bounds for the value of the given integral. The con-
struction of anti-Szegd quadrature rules is almost identical to that of Szegd
quadrature rules in that pairs of associated Szegé and anti-Szegd rules differ
only in the choice of a parameter of unit modulus. Several examples of Szegd
and anti-Szeg6 quadrature rule pairs are presented.

1. INTRODUCTION

Let p(t) be a distribution function, i.e., a real-valued, bounded, nondecreasing
function, with infinitely many points of increase in the interval [—m, 7], and define
the integral

1

(L.1) 1= 5 [ 7t

and the inner product
(12) (F.9) = 5= | FEo(e)auto)

where ¢ := +/—1 and the bar denotes complex conjugation. The functions f and
g are assumed to be sufficiently smooth so that the integrals (II)) and ([2]) exist.
Moreover, the moments

1/~
(1.3) = — e~ Itdu(t), j=0,+1,+£2,...,

2 J_,
associated with u(t) are all assumed to exist and, for notational convenience, u(t)
is scaled so that pg = 1. The moment matrices are Hermitian Toeplitz matrices
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defined by
Ho -1 0 Hept1
H1 Ho Tt Hent2
Mn: . . . . G(Cnxn, TL:1,2,3,....
HPn—-1 Hn—-2 - Ho

FEach moment matrix is positive definite, because for any nonvanishing vector £ =
[51;‘527 e ,fn]t, we have

s
€08 = () = o [ Iple)du(t) > 0
™ —T

where p(z) = & + &az 4 -+ + &2

There is an infinite sequence of monic polynomials {1/Jj};?';0, known as Szegd
polynomials, that are orthogonal with respect to the inner product ([L2)). Properties
of Szegd polynomials are discussed by, e.g., Szegé [28], Grenander and Szegd [16],
Freud [8], and Geronimus [9]. Of particular importance is the fact that the monic
Szegb polynomials satisfy recursion relations of the form

Yol(z) = g(z) = 1,
(14) wj(z> = Z,(/}jfl(z)—’—')/jw;—l('z% .7 = 152737"' y
Vi(z) = zi—a(2) + i (2),

where 7 (z) := (271, L., if(2) = Ei:o ﬁ,ij)zk, then 97 (2) = i:o 7j(-j,)k2’k-
The 9% are sometimes referred to as reversed polynomials.

The recursion coefficients 7; € C can be determined for j = 1,2,3,... , by
combining (L4) with
(1.5) v = —(L2i-1)/d5-1,
(1.6) 5 = Ga(l—|yul), =1

see, e.g., [28]. The v, in the literature are sometimes called Schur parameters or
reflection coefficients. Algorithms for computing Szegd polynomials, such as the
Levinson and Schur algorithms, are described in, e.g., [I, [T 21]. Specifically, these
algorithms determine the set of coefficients {v;}7_; from the set of of moments
{m}j—g forn=1,2,3,....

Let A; denote the determinant of M. It follows from the recursion formulas of
the Levinson algorithm that

(17) A] :6j,15j,2---60, ]Z 1,2,3,... ]

see, e.g., Ammar and Gragg [Il, Sections 2.1-2.2] for a proof. The positive definite-
ness of the moment matrices M; yields that all §; are positive, and therefore, by
La),

vl <1,  5=1,2,3,....
Moreover, for n =10,1,2,...,

m /0, m=0,1,2,...,n—1,
(1.8) (2", ¢n) —{ 5. m=n

and in particular (¢, ¥,) = O,.

The following theorem given by Krein yields valuable information about the
zeros of orthogonal polynomials. In this theorem, the moment matrices M}, are
only assumed to be invertible for 1 < k < n 4+ 1 for some fixed n > 1. Thus, the



ANTI-SZEGO QUADRATURE RULES 3

My, may be indefinite and the distribution function u(t) in (LZ) is allowed to be
nonmonotonic. In this situation ([2]) is a sesquilinear form rather than an inner
product. This weaker requirement on the matrices M}, suffices to guarantee the
existence of a finite set of unique monic orthogonal polynomials {%’}}Z:o’ where
as usual 1); is a polynomial of degree j. We note, however, that if some moment
matrix My, is indefinite, then, in view of (@), there are recursion coefficients y; of
magnitude larger than unity. For proofs of the theorem, see, e.g., [6, Theorem 2.1]
or [22, Theorem 2].

Theorem 1.1. Let n > 1, and assume that A #0, 1 <k <n+1. Let o, and
Bn(=n— ay,) denote, respectively, the number of permanences and sign changes in
the sequence

1,A1,0q,..., A,
Then the orthogonal polynomial ¥y, has «, or B, zeros in |z| < 1, as ApApyq is
positive or negative, respectively. In particular, i, has no zeros on the unit circle.

Since the determinant of every moment matrix associated with the distribution
function u(t) in (L2) is positive, Theorem [[I] implies that all zeros of all Szegé
polynomials t1,%9,... lie in the open unit disk; see [6, Theorem 1.1] and [28|
Theorem 11.4.1] for alternative proofs.

An n-point Szegd quadrature rule is of the form

(1.9) ST =D W), Wi >0, AP eT,
m=1

where I denotes the unit circle in C. The characterizing property of SﬁnT) is that

(110) S;(J,T,Q(p) = I(p), Vp € Af(nfl),nflv
where the integral I is defined by (ILI)) and A_(,_1),—1 denotes the set of Laurent
polynomials

n—1

(1.11) L,_1(2) = Z cpzt, e € C,
k=—(n—1)

of degree at most n — 1; see, e.g., [20] for details.
The Laurent polynomial (ILTT]) with z = exp(it) can be expressed as a trigono-
metric polynomial T,,_1(t) of degree at most n — 1; i.e.,
n—1
Lno1(2) = a0+ Y _ (ay cos(kt) + bysin(kt)) = To_1(t), =z = explit),
k=1

where a;,b; € C. With a slight abuse of notation, we write S,S?T)(Ln,l) as

(1.12) ST, 1) = Y Wi T 1 (057), AW = exp(i6l)),
m=1
and I(L,_1) as
1 s
(1.13) (T01)= 5 / T 1 (8)dp(t).

It follows from (I0) that
(1.14) ST, 1) = I(T,_y).
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Gragg [I1] and Jones et al. [20] show that the nodes A of an n-point Szegd
quadrature rule are the zeros of

(1.15) Un(2) = 2Yn-1(2) + 7951 (2),
where 7 € I is arbitrary but fixed. The corresponding weights are given by
(1.16) w™ = I(l,), m=1,2,...,n,
where the [,,, are Lagrange polynomials defined by
RS SRRV
(1.17) I (2) = El AT AT
k#m

In particular, the nodes and weights depend on the parameter 7, but (LI0) holds
for all 7 € T
We introduce the n X n matrices

—Yo1 —YoY2 0 —Y0Yn—1 —YoT

L= -y - —Y1Yn—1 —-NT

Ho(7) = 0 L—|pl® - —FoY-1 7T
0 0 o 1- "Vn71|2 _'771717—

and
Dn = dia’g[é(); 517 RS 57L—1]a
where 79 := 1 and 7 € I'. Gragg [II] showed that the zeroes of (I.IH), i.e., the

nodes )\7(3 ) associated with this value of T, are the eigenvalues of the unitary upper
Hessenberg matrix

(1.18) H,(r):= D;'?H,(r)D}/?,

and the corresponding weights wr(,? ) are the magnitude squared of the first compo-

nent of the eigenvectors of H, (7) normalized to have unit length.

The n x n unitary upper Hessenberg matrix ([LI8]) is determined by only n
parameters: 1,72, - --,Vn_1,7. Several algorithms for computing the spectral de-
composition of H,(7) by manipulating these parameters, rather than the matrix
entries, are available and can be used to determine the Szegd quadrature rule as-
sociated with (LI8]); see [2 B, 12} [13] 14, [15] 18] 26, 27]. Some of these algorithms
do not require the computation of all components of the eigenvectors in order to
determine the quadrature rule. Recent discussions on Szegé quadrature rules can
be found in [4 [B [17].

Consider briefly the approximation of integrals of the form

(1.19) I(h) = /bh(t)du(t), o <a<b< oo,

where v(t) is a distribution function with infinitely many points of increase in the
real (finite or infinite) interval [a,b], such that all associated moments exists and
are bounded. When the integrand h(¢) is a smooth real-valued function, accurate
approximations of (I.I9) can be computed by Gauss quadrature rules. In addition, if
certain (high order) derivatives of h(t) are of constant sign in the interval [a, b], then
it is possible to determine upper and lower bounds for (LT9) by evaluating pairs of
Gauss and Gauss—Radau rules; see Golub and Meurant [10] for a discussion. Laurie
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[23] recently proposed that pairs of Gauss and associated anti-Gauss quadrature
rules be evaluated in order to determine error estimates; the (n + 1)-point anti-
Gauss rule yields an integration error of opposite sign as the n-point Gauss rule
for all polynomials of degree at most 2n 4+ 1. Under suitable conditions, pairs of
Gauss and anti-Gauss rules yield upper and lower bounds for the integral (I19)
even when derivatives of the integrand change sign in the interval of integration.

It is the purpose of the present paper to define new quadrature rules for ap-
proximating the integral (LI)). These rules are analogous to the anti-Gauss rules
introduced by Laurie [23], and we therefore refer to them as anti-Szegd quadrature
rules. Pairs of associated Szeg6 and anti-Szegé quadrature rules provide estimates
of upper and lower bounds for the integral (II]), and under suitable conditions on
the integrand they provide upper and lower bounds. We remark that the technique
advocated by Golub and Meurant [10] for computing upper and lower bounds for
(LI9) generally is not applicable to integrals of the form (1)

Section 2 discusses the construction of a quadrature rule AE:};, whose integration
error is a negative multiple of the integration error obtained with the Szeg6 rule
SP(:LT for all Laurent polynomials of degree at most n; i.e.,

(1.20) I(p) = AT (p) = —c(I(p) = SF2(P)), VP €Ay,
for some positive constant ¢. Note that (LI0) yields
(121) I(p) - AELY,L;(p) =0, Vp € A—(n—l),n—l'
The relation (I20) can also be expressed as
n 1 n n
(1.22) I(p) = 5" (p) = P} (AT) = SN ), VP €A nm,
and
1 c

= (n) (n)

(1.23) 10) = ()AL +(—)SIE), e A

Equation ([[22)) expresses the quadrature error of SftnT) (p) in the left-hand side as a
linear combination of computable quantities in the right-hand side for p € A_,, ,,,
and suggests that the right-hand side may yield a useful estimate of the quadrature
error also for integrands not in A_,, ,,. Analogously, equation (I.23) suggests that

the right-hand side may furnish a better approximation of I(p) than S, (nT) (p) also
for integrands p not in A_,, ,,; see Section Ml for further discussions of ([.22)) and
@23).

We show that for ¢ in a certain range, the quadrature rule AL"; has either
n or n + 1 nodes on the unit circle with positive weights. Furthermore, there
always exists a constant c such that the associated quadrature rule AEZQ is an n-
point rule. We shall call such n-point quadrature rules anti-Szegd quadrature rules.
The special case when ¢ = 1 in ([20) is discussed in Section Bl Applications
of and computations with anti-Szegd quadrature rules are presented in Section Ml
Concluding remarks can be found in Section Bl

The construction of anti-Szeg6 quadrature rules is almost identical to the con-
struction of Szegé quadrature rules. In particular, the parameter of unit length
for the anti-Szeg6 quadrature rule is determined by the parameter 7 of unit length
for the Szegé quadrature rule and by the coefficient ¢ in (L20). The case when
¢ = 1 therefore sheds light on the roles of the parameters 7 in Szegé rules and the
corresponding parameter in anti-Szeg6 rules.
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2. CONSTRUCTION OF Afﬁ

In this section we let 7 € T" be fixed, and we denote the nodes and the weights
of SfL"T) by A and wp,, m =1,2,...,n, respectively. It follows from (L20) that
(2.1) AT (p) = (L+)I(p) — ST (p),  YVpEA un,
where ¢ is a positive constant. Comparing (2.I)) and ([.I0) suggests that we consider
AL@ a Szegb quadrature rule for the linear functional

(2.2) I:=(1+c)—cST.
Analogously to ([[L2)), we introduce the sesquilinear form
(2.3) (f.9)7 :=1(fg).

We can determine the nodes and weights for the quadrature rule AL"; by first

computing the coefficients {7;}}_; in the recursion relations

do(z) = #p(2) = 1,

(2.4) ¢J(z) = %fbj—l(z) +’~)’j¢;,1(2’), J=12,...,n,
?;(2) = jzdj-1(2) + ¢j_1(2),
for the monic orthogonal polynomials ¢;, 7 = 0,1,...,n, with respect to the

sesquilinear form (23]). Thus, the ¢; satisfy (¢;, ¢x); = 0 for j # k. Analogously
to (LH) and (I6), we have

Fio= —(L20-1) /851,
(2.5) 5 = 61—, do=1,
and similarly as in Section [II
0, m=20,1,2,...,5—1,
(2.6) (2" ¢5); = { 5, m= ’
for 7 =0,1,...,n. The following relations will be applied below:
SEAI) = I(Z)=p_y,  0<|j|<n—1,
ST(m) = W AT 4w AT
The polynomial @[AJn, given by (LTH)), can be written in the form
(2.7) Un(2) = 2"+ en 12" T4z 41
for certain coeflicients ¢; € C. Since the nodes A, of S ,SnT) are zeros of &n, it follows
that \?, = —¢, 1A%t — ... — 1\, — 7, and therefore
SlS”T)(z") = wl(—cn,l)ﬂffl ——c M —T)+ wg(—cn,l)\gfl —i—C A —T)
4+ o Fwp(—Ca AT e A, — )
= (@A o AT — (WA e wr )
—T(w1 4+ .- +Wn)
= —Cn-1l—(n—1) — Cp—20—(n—2) — " — C1—1 — THo-

Hence, the moments associated with I can be expressed as
moy= (LA = eSy() =1(=") =py,  0<jl<n—1,
m_p = (14— ST
(L+)p—n +c(Cn—1p—(n—1) + Cn—2l_(n—2) + * + Cc1fi—1 + Tho)-
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From this relation of the moments m_; and ;1—; one can deduce, e.g., by using the
recursion relations (IL4)), (LH), and (L), or even more straightforwardly by using
the recursion relations of the Levinson or Schur algorithms, that

(2.8) 3=, 0;j=0; and ¢;=1v;, j=0,1,2,...,n—1
We turn to the computation of the coefficients 7,, and b, and obtain

_(]-wi(bnfl)]~ _ (172¢n71)f

(Sn,1 511—1

(17'([Jn>1~ - (1’7'1#;71)1”
511—1
(L&n)f (1, ;—1)I~.

= — + 7
6n—1 5n—1

Using (2.7) yields

(1,1ﬁn)1~ M_p + Cne1M_pa1 + -+ c1m_1 +7mg
511—1 577,—1
P+ Cn—1fbeny1 + -+ Crlb—1 + Tl
6n—1

= (1+4¢

(1, 4n)

677,71

= (1 +C)(1’§¢7n_1) + (1 —|—c)7’%
n—1 n—1

— (4t

= (1+¢)

The last equality follows from the definition of ,, and the fact that
(L ¥n_1) = (Yn-1,2"71) = 8nu,
cf. ([C8)). Since 9% _; is a polynomial of degree at most n — 1, we have
(Lbn 1) = (1,45 ),
and therefore
(2.9) Yo =1+ —cr,  bn=061(1—[7l?).
In particular, ¢, (2) = 2¢n_1(2) + Fnbl _1(2).

3. ANTI-SZEGO QUADRATURE RULES
Introduce the moment matrices
Y -1
Ml:[mj—k]j,k:oa [=1,2,...,n+1,

associated with the linear functional I and let A; denote the determinant of M.
Analogously to (L),

Aj:Sj_lgj_g"'gg, ]:1,2,,n+1

It follows from (Z8) that §; > 0 and |5;| < 1 for 1 < j < n, and therefore A; > 0
for 1 < j <n. Thus, A,,41 > 0 is equivalent to §,, > 0, and in view of (2.1) the
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latter inequality is equivalent to |¥,| < 1. Moreover, A, ; = 0 is equivalent to
|%.| =1 and 0,, = 0. If

A;>0, for1<l<mn, and A, =0,

then, following Jones et al. [20], we say that I is positive n-definite, and we refer
to {¢; };;:0 as a sequence of Szegd polynomials with respect to the positive n-definite

linear functional I. In this situation, the sesquilinear form (-, -); is an inner product
on A_(;,_1),n—1, and it follows from (2.8]) that

(3.1) (2", ¢n); =0, m=0,1,...,n.

In the following lemma I denotes an arbitrary positive n-definite linear func-
tional. In particular, the result holds for the linear functional defined by (2.2)
when the associated recursion coefficient 4, given by (23], is of unit modulus.

Lemma 3.1. (Jones et al. [20, Theorem 9.2]) Let {¢;}7_; be a finite sequence of
monic Szegd polynomials with respect to a positive n-definite linear functional I.
Then the n zeros of ¢, denoted by )\gn), )\én), R )\,(1”), are all simple and lie on the

(M (n)

unit circle. Moreover, there are positive real numbers © e p , which we

refer to as weights, such that
(3.2) I(Ly) =Y aSL,(A0),  VLn€A_pn,

i.e., the right-hand side is a quadrature rule for I, and it is exact for all L,, € Ay

We note that the property of the zeros Xg"), j =1,2,...,n, to all be of unit
modulus under the conditions of the above lemma follows from Theorem [l

Assume that the linear functional I, defined by (22)), is positive n-definite; i.e.,
the associated nth recursion coefficient, given by (29, satisfies |3,| = 1. Then
the n-point Szegé quadrature rule 32 for approximating I is exact for a larger
class of Laurent polynomials than the n-point Szegd rule (L9 for approximating
the integral (LI (cf. (ILIO)). The following theorem shows the importance of the
recursion coefficient 7,,.

Theorem 3.2. Let the linear functional I be given by Z2) and let ,, defined
by (Z9), denote the nth recursion coefficient for the monic orthogonal polynomials
(n)
T

associated with I. Then the quadrature rule A + has the following properties. If

|| < 1, then Aftnl is an (n+ 1)-point Szegd quadrature rule with respect to I. The
rule depends on a parameter p € T'. If instead |3,| = 1, then AL”; 18 an n-point
Szeqd quadrature rule with respect to the positive n-definite linear functional I with
positive weights and nodes on I'. In either case, the quadrature rule A,g"; is exact

forallpe A_,, .

Proof. We first consider the case when |3,| < 1. Then A; > 0 forl =1,2,...,n+1,
and it follows that {¢;}}_, is the finite sequence of monic Szegé polynomials with

respect to I. In particular, there are (n+1)-point Szegd quadrature rules determined
by the recursion coefficients ~1,...,v,—1,7, and by an arbitrary parameter p € I'.

These rules are exact forallp € A_,, ,. Let AL@ denote any one of these quadrature
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rules. The following unitary upper Hessenberg matrix determines the weights and
nodes of A,(fl

—Yon —Yoy2 - —%’:Yn —Yop
I *’71’722 M TP
Hyi1(p) = D;i/f 0 T—Pel* o %W —2p Drllfp
0 0 o 1=l —Aap
where ﬁnﬂ := diag[do, 91, .-, 0n_1, Sn] and 7y := 1; cf. the discussion in Section

[ related to the matrix H,(7) defined by (ILI8]). The weights are positive and the
nodes lie on the unit circle. Note that the matrices H,1(p) and H, (7) have the
same (n — 1) x (n — 1) leading principal submatrix.

We turn to the case when |3,| = 1. Now I is a positive n-definite linear func-
tional, and Lemma [3.] shows the existence of an n-point quadrature rule whose
nodes are the zeros of ¢, and whose weights are positive. We denote this rule by
Afffl, and note that, in view of Lemma [3.1] AL"; is exact for all p € A_,, ,,. Since
the nth coefficient 7,, is of unit modulus, the associated n x n upper Hessenberg
matrix H, (%), defined by (LI8) with 7 := 4, is unitary. In particular, the nodes
determined by H,(%,) lie on the unit circle and the corresponding weights are
positive. O

We remark that if |3, > 1, then An+l < 0, and by Theorem [l all zeros of
¢y, are outside the unit circle. Further properties of polynomials orthogonal with
respect to an indefinite sesquilinear form are discussed by Landau [22].

We turn to the choice of coefficient ¢ > 0 in (L20) and (Z2)). It is convenient to
write the expression ([29) for 4, in the form

(33) Yn =n + c('yn - T)'

Corollary 3.3. For every T € I', there is a unique positive constant c, given by
1- ‘7n|2

3.4 c= ,
(34 L+ [yn]? — 2Re(7,7)

such that 4, defined by B3) is of unit modulus. The associated quadrature rule
A,(fl is an n-point rule with positive weights and nodes on the unit circle.

Proof. Consider the function

F(@)=|wm+z(n -7’  z€R,
and recall that |y,| < 1. Clearly, lim, .o F(x) = |y,|? and lim, .., F(z) = oc.
By continuity of F', there is a constant ¢ > 0, such that F(¢) = 1. The unicity
of this constant follows from the fact that F'(z) is a parabola, and straightforward
computation yields the value [B4). Finally, the existence of the quadrature rule

A,(fl with the specified properties is a consequence of Theorem O

We refer to the n-point quadrature rule Afﬁl determined in Corollary B.3] as an
anti-Szegl quadrature rule associated with the n-point Szegé rule SP(LnT) Both rules
AL@ and S,(ﬂ) depend on the parameter 7 of unit modulus.
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Example 3.1. Consider n-point quadrature rules associated with the measure
dp(t) = dt. The Szegd polynomials are ¢;(z) = 27, j = 0,1,2,... . In particular,
all recursion coefficients ; vanish. Therefore, by B3), ¥, = —cr, and, by B.4),
¢ = 1. It follows that 4,, = —7. For any 7 € I, the n-point Szeg6 and anti-Szeg6
quadrature rules are determined by the n X n unitary upper Hessenberg matrices
H,(7) and H,(—7), respectively (cf. ([I8)). The nodes for the n-point Szegd
rule are the zeros of ¢, (z) = 2" + 7 (cf. ([I5)), and the nodes for the associated
anti-Szeg6 rule are the zeros of ¢, (z) = 2™ — 7. Thus, the nodes and weights for
the n-point Szeg6 rule are given by

(3.5) AP = exp(i(6 + 2mm) /n), wW = %, m=1,2,...,n,

m

where —7 = exp(i6), and the nodes and weights for the associated anti-Szegé rule
are

- 1
(3.6) AP = exp(i(@ + (2m + 1)) /n), @ = e m=1,2,...,n.
Example 3.2. The monic Szegé polynomials associated with the measure du(t) =
2sin’(t/2)dt are given by
11— (j+2)274 4 (j+1)27*2
djj (Z) == — 2 ;
j+1 (1-2)

with recursion coefficients v; = 1,;(0) = 1/(j + 1); see Bultheel et al. [4]. Let 7 € T
and consider n-point Szegd and anti-Szegd rules. Equations (B3] and ([B.4) yield

j=0,1,2,...,

c+1 n? +2n
n = —cr, c= —.
R n?+2n+ 2 —2(n+ 1)Re(7)
For instance, 7 = 1 gives ¢ = 14+ 2/n and 4,, = —1, and the desired Szeg6 and anti-

Szegd quadrature rules are determined by the n X n unitary Hessenberg matrices
H, (1) and H,(—1), respectively (cf. (LI8))). Similarly, 7 = —1 yields ¢ = n/(n+2)
and 7, = 1. The associated n-point Szegé and anti-Szegé rules are determined by
the matrices H,,(—1) and H, (1), respectively.

The parameter 7 can be chosen arbitrarily on I". The choice

{7—” if 3, # 0,
T =

(3.7) [yl

1, if v, =0,
has received attention because the unitary upper Hessenberg matrix H,,(7) obtained
for this value of 7 is a closest unitary matrix, in any unitarily invariant norm, to the
upper Hessenberg matrix H,(7,); see, e.g., [25] for a proof. The following theorem
discusses Szegd and anti-Szegé quadrature rules obtained for 7 given by (B.1).

Theorem 3.4. Let the parameter T be defined by B). Then the pair of ma-
trices Hy (1) and H,(—7) determine the n-point Szegd and associated anti-Szegd
quadrature rules, respectively.

Proof. Let 7, = 0. Then 7 = 1 and, by 34), ¢ = 1. Tt follows from (B3) that
An = —1. Therefore, the pair of matrices H,,(1) and H, (—1) determine the n-point
Szegb and associated anti-Szegb quadrature rules.
We turn to the case v, # 0. Equations (34) and B.7) yield
_ L4 |
L=yl
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and it follows from (B3] that

~ In
o = =00 = —T.
[Ynl
Thus, the pair of matrices Hy(vn/|vn|) and Hy(—=7n/|vn|) determine associated
n-point Szegd and anti-Szegd quadrature rules. O

In Laurie’s discussion of anti-Gauss quadrature rules [23], the coefficient ¢ in
his analogue of equation (I20) is set to one. In the remainder of this section we
consider the case when ¢ = 1 in (L20). Then the integration errors achieved with
the Szegd rule ST and anti-Szegd rule A"} are of opposite sign and of the same
modulus for all Laurent polynomials in A_,, ,,. The following theorem is concerned
with the expression ([B.3)) for 4,, when ¢ = 1, and shows how to choose the auxiliary
parameter 7 in (ILI8) so that |5, | = 1.

Theorem 3.5. Let 7 € T satisfy |2y, — 7| = 1, and define 7, = 27, — 7. Then
SP(LnT) and AL@ form a pair of n-point Szegd and anti-Szegd quadrature rules.

Proof. We remark that the choice of 4,, corresponds to ¢ = 1 in ([29). Since |y, | < 1,
the set W := {w € T : |2, — w| = 1} is not empty. In particular, v, # 0 yields
W = {lz—z‘ exp(=+if)} with cos(6) = |yn|. If 7, = 0, then W = I'. The result now
follows from Theorem O

Remark. By Corollary B3] there is a unique positive constant ¢ associated with each
parameter 7 € I'. The different possible values of 7 in Theorem correspond to
c¢=11in (33). Thus, different values of 7 may yield the same constant c.

Example 3.3. Consider the same measure as in Example We have v, =
1/(n + 1) and would like to determine 7 € T', so that |# — 7| = 1. This yields

1 1 1 1
=——=xu/l- 2 y——— Fiy]1— 2 7
T n+1 ! (nJrl)7 7n+1:FZ (nJrl) T

Thus, the nodes and weights of the n-point Szegé and associated anti-Szegd quad-
rature rules are determined by H,(7) and H,(7T), respectively.

4. APPLICATIONS OF ANTI-SZEGO QUADRATURE RULES

An important application of Szegé and anti-Szegé quadrature rules is the ap-
proximation of integrals with periodic integrands. Let T be a 27-periodic function.

Analogously to (LI2) and (LI3)), we define

(4.1) ST = Y wWiTe0)), AL = exp(ibl)),
m=1

(4.2) Arlr) = Yo ewTEln), A =expid),
m=1
1 s

(4.3) I(T) = - [ TrT(t)du(t).

We may assume that T'(¢) is real-valued; otherwise, we integrate the real and imag-
inary parts separately.
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There is a sequence of orthogonal trigonometric polynomials Fy o, P10, P11, P21,

P55,... with respect to the inner product
1 s
(T,U) := o / T)U(t)du(t).
m
Here P, s denotes a trigonometric polynomial of degree 7; i.e.,
Poo(t) = 1,
k—1
Py p_1(t) = sin(kt) + » (3;sin(jt) + ¢; cos(jt)),
§=0
k-1
P r(t) = cos(kt) + s sin(kt) + Z(% sin(jt) + ¢; cos(jt))
j=0

for certain coefficients 3;, é;, s;, §;, and ¢;; see, e.g., [T, [24] for details.
Assume that T'(¢) can be expressed as

oo

T(t) = (P j-1(t) + B;P; (1)),

=0

where the coefficients o, 3; € R converge sufficiently rapidly to zero to allow term-
wise integration and Py _1(t) := 0. The orthogonality of the P, s yields I(FPpo) =1
and I(P, ) = 0 for all r,s > 0. It follows that I(T) = ;. We obtain from (II4)
that S’fﬂ) (Poo) =1 and S’fﬂ) (P.s) =0 for 0 <r,s <n. Analogous results hold for

the anti-Szeg6 rule AE]Q Combining these properties shows that

(4.4) SENT) = I(T)+ anS{(Pon-1) + BnSY)(Pon)
+ Z {0 STy 1) + B;SU(P;4)}
j=n+1
AL@(T) = Z{(lJFC) *CS( ‘r}(aj -1+ Bj JJ)
=0
+ Z A(n) (ajPj -1+ BiPj;)
j=n+1
(45) = I(T)_CO‘TLS( ( n,n— 1)_Cﬁn T (Pn,n)
+ Z {O‘J Pjj- 1)"'5]14( J(Pi )}
Jj=n-+1

Assume that the coeflicients o; and 3; converge so rapidly to zero with increasing
index that the leading terms in (£4]) and (@3] dominate the integration errors, i.e.,

(4.6) ECNT) = (I-SI)(T) ~ —anSTN(Pan-1) = BuSE (Pan),
(4.7) E(n)(T) = (17A5L72)(T) ~ canS("( nn— 1)+Cﬂns( )( Pon),

where ~ stands for “approximately equal to”. In this situation, the errors E(™ (T
and E()(T) are of opposite sign; i.e., the computed approximations SP(LnT) (T) and
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TABLE 4.1. This is a description of Example &1l Error E™)(T)
and error estimate E(")(T) for the n-point Szegd rule, error
E()(T) for the n-point anti-Szegé rule, and error £ (T) for the
associated average rule for the integrand T'(t) := In(1 4 cos(t) +
sin?(¢/2)) and three values of n. I(T) = 0.37645281291920.

n=4 n=>5 n==~6
EM(T)| 43-100%* —59-107° 85-107°
EM(T)| 43-107* —59-107°> 85-107°
EM(T) | -4.3-107*  59-107° —85-107°
EM(TY | 1.9-1077  44-107°  1.1-10710

A,S";(T) bracket I(T'). Note that the expressions (£.8) and (4.1) are consistent with
(T20); i.e., they show that

EM(T,) = —cE™(T,)

for all trigonometric polynomials T}, of degree at most n.
Consider the estimate

- 1
4. EM .— _— (g _ gn)
(4.8) o1 Air =8
of the integration error E™) (cf. (L22))). It follows from (@6) and @1) that
. 1 ~
EONT) = ——{B"(T) = EM(D)} ~ —an S (Pan1) = BuSi (Pan)-

In particular, E(")(T,) = E(™)(T},) for every trigonometric polynomial T, of degree
at most n.

Equation (23] suggests that the quadrature rule

1 c

4.9 L0 = (—— —
(4.9) (c +1 c+1

be considered. We refer to this rule as the average rule. It satisfies

)S(")

AT + ( )

)

1 - n n
T4 e > o AP ) + BATLP; )}
j=n+1
c o0
> {oySTU(P o) + BiSI(Ps )}

14—cj:n+1

I(T) + i {o £ (P 1) + B,L7 (P 1)}

j=n+1

L£M(T) I(T) +

+

Thus, L™ (T),) = I(T},) for all trigonometric polynomials T}, of degree at most n.
The following computed example illustrates that the average rule £ may yield
higher accuracy than the associated Szegé and anti-Szegé quadrature rules. We
tabulate the integration error

EMN(TY .= (I — L) (T).
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Example 4.1. We illustrate the performance of Szegé and anti-Szegé quadrature
rules associated with the measure du(t) = dt considered in Example[3l In particu-
lar, the constant ¢ in ([£8]) and ([€9) is unity. For 27-periodic integrands, the Szegd
quadrature rule (@I) determined by the nodes and weights ([.3]) with 6 = 0 is the
trapezoidal rule, and the anti-Szegé quadrature rule (£2) defined by the nodes and
weights [B.6) with 6 = 0 is the midpoint rule. We would like to determine approx-
imations of the integral (@3)) with the integrand T'(t) := In(1 + cos(t) + sin?(t/2))
using these and the average quadrature rules. The value of the integral can be

shown to be 5

I(T) =In(; + %\/5) ~ 0.37645281291920.

The integration errors E( (T) for the trapezoidal rule and E(™(T') for the mid-
point rule are displayed in Table [l They can be seen to be of opposite sign for
fixed values of n. The table also shows £ (T') to be an accurate approximation
of EM(T).

In this example £ = S,(ff ). Tt is known that the trapezoidal rule converges
rapidly for analytic periodic integrands with an increasing number of nodes; see,
e.g., Henrici [19] Section 11.11]. Formula ([£9) therefore suggests that the errors in
SﬁnT) (T') and A,(JQ(T) are of about the same modulus but of opposite sign. Table
[Tl shows this indeed to be the case.

Example 4.2. Let the measure be defined by the Poisson kernel
du(t) = L dt
AN cos(t) +r2 7

where 0 < r < 1. The associated orthonormal Szegd polynomials are given by
o(z) =1 and

n —7“2:"_1
=" =12 ;
see, e.g., [I7]. In particular, v; = —r, 6; = 1 — %, and ~,, = 0 for n > 1. Hence,

c=1and 4, =—7 forn > 1.

Consider the approximation of the integral (€3) for T'(t) := % log(5 + 4 cos(t)).
Table shows the performance of Szeg6 and anti-Szegd rules, as well as of the
average rule (£9), for r = 1/2 and 7 = 1. The errors ([{0]) and [@7) can be seen to

be of about the same magnitude and of opposite sign. Note that SL(LRT) (T) is larger

TABLE 4.2. This is a description of Example Error E()(T)
and error estimate E(”)(T ) for the m-point Szegd rule, error
E(™)(T) for the n-point anti-Szegé rule, and error £™(T) for the
associated average rule for the integrand T'(t) := £ log(5 + 4cos(t))
for three values of n. I(T) = 0.91629073187416.

n=29 n=12 n =18

EM™(T)| 11-100* -1.0-107°> —1.0-1077
EM(T)| 1.1-107% —1.0-1005 —1.0-1077
EM(T) | -1.1-107*  1.0-107° 1.0-1077
EM(TY | 1.7-1077  20-107°  3.3-10713
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than AL")(T) for n = 12 and 18, but smaller than A&n; (T') for n = 9. Moreover,
E(™)(T) furnishes an accurate estimate of the error [@6). The average rule £ (T)
is seen to give better approximations of I(T") than S,SnT)(T) and A(Tfl(T) for the
same values of n.

We conclude with some comments on the computation of the exact value of I(T).
For functions u(z) which are harmonic in the unit disk, we have

| 1—r?

ufe )1 —2rcos(0 —t) + 12
Since T'(t) = log |e'* + 2|, we define u(z) = log |z +2|. Then, for r = 1/2, we obtain
that 1(T) = u(1e) = u(1/2) = log(5/2) = 0.91629073187416.

o » dt = u(re').

5. CONCLUSIONS

This paper presents and analyzes anti-Szeg6 rules, a new type of quadrature rule
for Laurent and trigonometric polynomials. When used together with Szegé rules,
they furnish error estimates for the latter. Moreover, they can be used to define
the average rule (£9) which often yields higher accuracy than the corresponding
Szegb and anti-Szegd rules.
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