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Abstract The need to compute expressions of the form u∗f(A)v, where A is a large square
matrix, u and v are vectors, and f is a function, arises in many applications, including net-
work analysis, quantum chromodynamics, and the solution of linear discrete ill-posed problems.
Commonly used approaches first reduce A to a small matrix by a few steps of the Hermitian
or non-Hermitian Lanczos processes and then evaluate the reduced problem. This paper de-
scribes a new method to determine error estimates for computed quantities and shows how to
achieve higher accuracy than available methods for essentially the same computational effort.
Our methods are based on recently proposed generalized averaged Gauss quadrature formulas.
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1 Introduction

Matrix functionals of the form

F(A) := u∗f(A)v, (1.1)

where A ∈ C
m×m is a large Hermitian or non-Hermitian matrix, u, v ∈ C

m are vectors, and the
superscript ∗ denotes transposition and complex conjugation, arise in many applications, such
as network analysis [4,5,15,16], quantum chromodynamics and statistics [2], as well as in the
solution of linear discrete ill-posed problems by Tikhonov regularization [25]; see also [20] for
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discussions on applications. We are interested in developing efficient methods for the accurate
approximation of this type of functionals.

We assume in this section, unless explicitly stated otherwise, that A is Hermitian, and we let
v = u. Application of ℓ steps of the Hermitian Lanczos process to A with initial vector u yields
the Lanczos decomposition

AUℓ = UℓTℓ + βℓuℓ+1e
∗
ℓ , (1.2)

where Uℓ ∈ C
m×ℓ has orthonormal columns with the initial column proportional to the vector

u, Tℓ ∈ R
ℓ×ℓ is a symmetric tridiagonal matrix, βℓ is a nonnegative scalar, the unit vector

uℓ+1 ∈ C
m is orthogonal to the columns of Uℓ, and eℓ denotes the ℓth column of an identity

matrix I of suitable order. The number of Lanczos steps, ℓ, is assumed to be small enough so that
the decomposition (1.2) with the stated properties exists. This is the generic situation. When A
is large, the dominating computational effort required to construct the decomposition (1.2) is the
evaluation of ℓ matrix-vector products with the matrix A; see Section 2 for details. For instance,
in several applications to network analysis reported in [15,16], m is 5 · 104 or larger and ℓ is less
than 10. Illustrations when m ≫ ℓ also can be found at the end of Section 4.

The functional (1.1) with v = u is a Stieltjes integral. This can be seen as follows. Consider
the spectral factorization

A = WΛW ∗, Λ = diag[λ1, . . . , λm] ∈ R
m×m, W ∈ C

m×m, W ∗W = I.

Substituting this factorization into (1.1) yields

F(A) =

m∑

j=1

f(λj)µj , µj := |e∗jW ∗u|2. (1.3)

Let µA,u be a nondecreasing piecewise constant function on the real axis with jump µj at the
eigenvalue λj , for 1 ≤ j ≤ m, and let dµA,u denote the associated measure. Then the sum (1.3)
can be written as the Stieltjes integral

If =

∫
f(x)dµA,u(x). (1.4)

Thus, the expression (1.1) with A Hermitian and v = u is equivalent to (1.4). We will discuss the
approximation of (1.4) by several quadrature rules, including Gauss quadrature. We say that an
ℓ-point quadrature rule Gℓ is a Gaussian rule for approximating (1.4) if

Gℓf = If ∀f ∈ Π2ℓ−1,

where Π2ℓ−1 denotes the set of all polynomials of degree at most 2ℓ − 1.
Golub and Meurant show in [19] and [20, Chapter 7] that the ℓ-point Gauss quadrature rule

for approximating (1.4) can be written as

Gℓf = ‖u‖2e∗1f(Tℓ)e1, (1.5)

where Tℓ is the symmetric tridiagonal matrix defined by (1.2). Here and throughout this paper,
‖ · ‖ denotes the Euclidean vector norm. The fact that the right-hand side indeed is an ℓ-point
quadrature rule can be seen by substituting the spectral factorization of Tℓ into (1.5). This shows
that the eigenvalues of Tℓ are the nodes and the squared magnitudes of the first components of
suitably normalized eigenvectors are the weights of the Gauss rule. Our reason for using Gauss
quadrature rules for approximating (1.4) is that these rules can be determined by applying a few
steps of the Lanczos process to A with initial vector u without explicit knowledge of the measure
dµA,u.
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When m is large and ℓ is fairly small, the evaluation of (1.5) is much cheaper than the
computation of the expression (1.1). It is therefore attractive to evaluate (1.5) instead of (1.1).
We are interested in estimating the incurred error,

Eℓf := If − Gℓf. (1.6)

In the special situation when the matrix A is Hermitian with a known upper bound for its
largest eigenvalue, a known lower bound for its smallest eigenvalue, and the derivatives of f of
orders 2ℓ and 2ℓ+1 are of constant sign on the convex hull of the spectrum of A, an (ℓ+1)-point
Gauss–Radau quadrature rule Rℓ+1 with a suitably allocated fixed node ζ can be constructed,
so that the values Gℓf and Rℓ+1f bracket If .1 Details about this approach to approximate If
are described by Golub and Meurant; see [19] and [20, Chapter 11]. This way of approximating
If is very useful when it can be applied. We are interested in situations when the derivatives
of f of orders 2ℓ or 2ℓ + 1 change sign on the convex hull of the spectrum of A, or when A is
non-Hermitian. Then pairs of Gauss and Gauss–Radau rules Gℓf and Rℓ+1f are not guaranteed
to bracket If . We propose to use averaged Gauss quadrature rules to estimate the quadrature
error in this situation.

The accurate estimation of the error (1.6) for general integrands f and measures dµA,u on
the real axis is a difficult problem that has received considerable attention in the literature.
For instance, it has lead to the development of Gauss–Kronrod quadrature rules; see [1,8,24,26]
and references therein. The difficulty of estimating the error (1.6) stems from the fact that the
evaluation of bounds for the quadrature error requires knowledge of quantities that are typically
difficult or impossible to determine. We remark that the difference Gℓ+1f −Gℓf is known not to
provide a reliable estimate of the error (1.6); see [10] for a discussion.

Recently, Spalević [31,32] proposed a new quadrature rule, referred to as a generalized av-

eraged Gauss quadrature rule and denoted by Ĝ2ℓ+1 below, for estimating the error (1.6). This
rule has 2ℓ + 1 nodes and the nodes of Gℓ form a subset. This is similar to the situation for
the (2ℓ + 1)-point Gauss–Kronrod rule H2ℓ+1 associated with Gℓ. An attractive feature of the

generalized averaged Gauss rule Ĝ2ℓ+1 is that it exists also when the Gauss–Kronrod rule H2ℓ+1

does not. The rule Ĝ2ℓ+1 is the optimal stratified extension of the Gauss rule Gℓ; see [31]. This
rule is of particular interest since it covers nested and stratified formulas; see Peherstorfer [28,
p. 2245] for a discussion.

Our interest in the rule Ĝ2ℓ+1 stems from the fact that it easily can be determined for measures
dµA,u. The execution of ℓ + 1 steps of the Hermitian Lanczos process applied to A with initial

vector u suffices. We will show that the rule Ĝ2ℓ+1 is exact for all polynomials in Π2ℓ+2. We remark
that the standard (ℓ + 1)-point Gauss rule, Gℓ+1, also can be determined with ℓ + 1 steps of the

Hermitian Lanczos process. It is exact for all polynomials in Π2ℓ+1. The rule Ĝ2ℓ+1 therefore can
be expected to give a more accurate approximation of If than the Gauss rule Gℓ+1 for essentially

the same computational effort. The fact that Ĝ2ℓ+1 may give a smaller quadrature error than
Gℓ+1 can be seen as follows. Let p0, p1, p2, . . . be a sequence of orthonormal polynomials with
respect to the inner product

〈p, q〉 = I(pq),

defined for polynomials of not too high degree, and assume that the integrand is smooth enough
so that the coefficients γj in the expansion

f(x) = γ0p0(x) + γ1p1(x) + γ2p2(x) + . . .

1 The requirements on the bounds of the spectrum of A can be weakened depending on the location of the node
ζ.
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converge to zero quickly. Then the quadrature error is dominated by the integral of the first term
in the above expansion that is not integrated exactly, and the error |(I−Ĝ2ℓ+1)f | is smaller than
the error |(I − Gℓ+1)f |. Similarly, the error |(I − Gℓ+1)f | is smaller than the error |(I − Gℓ)f |.

Since the quadrature rule Gℓ+1f typically gives a more accurate approximation of If than

Gℓf , and the evaluation of the rule Ĝ2ℓ+1f requires the execution of ℓ + 1 steps of the Lanczos

process, similarly as the computation of Gℓ+1f , we will use the value Ĝ2ℓ+1f to estimate the error
in Gℓ+1f . We remark that when the matrix A is large and ℓ is small, the additional computational

work required to evaluate Ĝ2ℓ+1f when Gℓ+1f already has been computed is relatively small.

We also consider “truncations” of the generalized averaged Gauss quadrature rule Ĝ2ℓ+1.
They also are exact for all polynomials in Π2ℓ+2. Our interest in these truncations stems from
the fact that they may have all nodes in the convex hull of the support of the measure dµA,u

when Ĝ2ℓ+1 does not. This property is important when the integrand f only is defined on the
convex hull of the spectrum of A. Example 4.1 in Section 4 provides an illustration.

It is the purpose of the present paper to discuss the application of generalized averaged Gaus-
sian quadrature rules to the approximation of matrix functionals (1.1). Section 2 reviews results
by Spalević [31,32] and introduces truncated generalized averaged Gauss rules. This section is
concerned with the situation when A in (1.1) is Hermitian. Section 3 discusses quadrature rules
that can be applied when A is non-Hermitian. Then A can be reduced to a small non-Hermitian
tridiagonal matrix by the application of a few steps of the non-Hermitian Lanczos process. The
non-Hermitian tridiagonal matrix so obtained defines a Gauss-type quadrature rule, and we in-
troduce associated generalized averaged Gauss rules. These rules are new. Computed examples
are presented in Section 4, and concluding remarks can be found in Section 5.

2 Quadrature rules for Hermitian matrices

We first review results shown in [31,32]. Let dµ be a nonnegative measure defined on the real
axis such that all moments

mj :=

∫
xjdµ(x), j = 0, 1, 2, . . . , (2.1)

exist and are bounded. For notational simplicity, we require the measure to have infinitely many
points of support and to be of total mass one. Application to the approximation of matrix
functionals (1.1) is discussed at the end of the section.

Introduce the inner product

〈f, g〉 :=

∫
f(x)g(x)dµ(x)

and let {pj}∞j=0 denote a family of orthonormal polynomials associated with this inner product.
Thus, pj is of degree j with positive leading coefficient and such that

〈pj , pk〉 =

{
1 j = k,
0 j 6= k.

The pj satisfy a recursion relation of the form

βj+1pj+1(x) = (x − αj)pj(x) − βjpj−1(x), j = 0, 1, 2, . . . , (2.2)

where p−1(x) := 0, p1(x) := 1, and β0 := 0. The recursion coefficients αj are real and the
coefficients βj , j ≥ 1, can be chosen real and nonnegative.
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Define the symmetric tridiagonal matrix

Tℓ =




α0 β1 0
β1 α1 β2

. . .
. . .

. . .

βℓ−2 αℓ−2 βℓ−1

0 βℓ−1 αℓ−1



∈ R

ℓ×ℓ (2.3)

determined by the first 2ℓ−1 nontrivial recursion coefficients. It is well known that the eigenvalues
and the squares of the moduli of the first components of normalized eigenvectors give the ℓ-point
Gauss quadrature rule for the approximation of

If :=

∫
f(x)dµ(x);

see, e.g., [21]. As mentioned in Section 1, this rule can be expressed as

Gℓf = e∗1f(Tℓ)e1; (2.4)

see Gautschi [18] and Golub and Meurant [20] for detailed discussions on orthogonal polynomials
and Gauss quadrature.

Introduce for 0 ≤ r < ℓ the reverse matrices

T̃ℓ−r,r =




αℓ−1 βℓ−1 0
βℓ−1 αℓ−2 βℓ−2

. . .
. . .

. . .

βr+2 αr+1 βr+1

0 βr+1 αr



∈ R

(ℓ−r)×(ℓ−r) (2.5)

as well as the concatenated symmetric tridiagonal matrices

T̂2ℓ+1−r,r =




Tℓ βℓeℓ 0
βℓe

∗
ℓ αℓ βℓ+1e

∗
1

0 βℓ+1e1 T̃ℓ−r,r


 ∈ R

(2ℓ+1−r)×(2ℓ+1−r). (2.6)

Spalević [31,32] considered the latter matrix for r = 0 and referred to the associated quadrature
rule

Ĝ2ℓ+1f = e∗1f(T̂2ℓ+1,0)e1 (2.7)

as a generalized averaged Gauss formula. Substituting the spectral factorization of T̂2ℓ+1,0 into
(2.7) shows that this quadrature rule has 2ℓ + 1 nodes. Special cases of this quadrature rule for
Laguerre and Hermite measures have previously been considered by Ehrich [11], but without

defining the associated matrix (2.6) for r = 0. We provide some properties of the matrix T̂2ℓ+1,0

and the corresponding quadrature rule.

Proposition 2.1 The quadrature rule (2.7) is exact for all f ∈ Π2ℓ+2. If the measure dµ is
symmetric with respect to the origin, then the quadrature rule (2.7) is exact for all f ∈ Π2ℓ+3.
The nodes of the Gauss rule (2.4) form a subset of the nodes of the rule (2.7).
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Proof First assume that dµ is a general, not necessarily symmetric, measure. Consider the Cheby-
shev algorithm described in, e.g., [18, Section 2.1.7]. It determines recursion coefficients αj and
βj of orthogonal polynomials from the moments (2.1). More precisely, the entries α0, α1, . . . , αℓ

and β1, β2, . . . , βℓ+1 of (2.6) are determined by the moments m0,m1, . . . ,m2ℓ+2 in the order
α0, β1, α1, β2, . . . , βℓ, αℓ, βℓ+1; see, e.g., Peherstorfer [28, Theorem 2.1] for details. We conclude
that the quadrature rule (2.7) is exact for (at least) all polynomials in Π2ℓ+2. When the mea-
sure dµ is symmetric with respect to the origin, all diagonal entries of the matrix (2.6) vanish.
Therefore, the (ℓ+2)nd diagonal entry of (2.6) can be thought of having been determined by the
moments m0,m1, . . . ,m2ℓ+3. It follows that the quadrature rule (2.7) is exact for all f ∈ Π2ℓ+3.

The leading and trailing principal ℓ× ℓ submatrices of T̂2ℓ+1,0 have the same eigenvalues. By

considering the characteristic polynomial for T̂2ℓ+1,0 and expanding the determinant along row

ℓ+1, one can show that the spectrum of the leading principal submatrix Tℓ of T̂2ℓ+1,0 is a subset
of the spectrum of the latter matrix; see [24, Lemma 1] for details. 2

The property that the nodes of the Gauss rule (2.4) form a subset of the nodes of the rule
(2.7) can be utilized in computations. Calvetti et al. [8] show how a divide-and-conquer method
described in [6] can be used efficiently in the context of the computation of the nodes and weights
of Gauss–Kronrod quadrature rules. The same approach can be applied to evaluate the nodes
and weights of the rule (2.7). We note, however, that (2.7) can be evaluated for many functions

f without computing the spectral factorization of T̂2ℓ+1,0; see Higham [23] for algorithms and
analyses of many methods for evaluating functions of matrices of small to moderate size. We
remark that in typical applications the matrix A is large, while the matrices Tℓ+1 and T̂2ℓ+1,0 are

small. The additional computational effort required for evaluating f(T̂2ℓ+1,0) instead of f(Tℓ+1)
then is negligible in comparison with the effort required to evaluate ℓ+1 matrix-vector products
with the matrix A.

The quadrature rule Ĝ2ℓ+1f has at most two nodes outside the convex hull of the support
of the measure dµA,u, see [31] for a discussion, where also a detailed analysis of the location of
the extreme nodes as a function of α, β > 0 is provided for the Jacobi measure dµ(α,β)(x) =
(1 − x)α(1 + x)βdx, −1 < x < 1. Conditions for when all quadrature nodes are in the interval
[−1, 1] are given. The location of extreme nodes for the Laguerre and Hermite weight functions
has been investigated by Ehrich [11].

We are also interested in the quadrature rules

Ĝ2ℓ+1−r,rf = e∗1f(T̂2ℓ+1−r,r)e1 (2.8)

for 1 ≤ r < ℓ. We note that the nodes of the Gauss rule Gℓf do not form a subset of the nodes
of the rules Ĝ2ℓ+1−r,rf for 1 ≤ r < ℓ. Numerical experiments show that the rule Ĝ2ℓ+1−r,rf for
some 1 ≤ r < ℓ may have all nodes in the convex hull of the support of the measure dµA,u when
the rule (2.7) does not; see Example 4.1 below. Moreover, the rules (2.8) integrate the same class
of functions exactly as the rule (2.7). The latter property can be shown in the same manner as
Proposition 2.1. We therefore omit the proof.

Proposition 2.2 The quadrature rules (2.8), for 1 ≤ r < ℓ, are exact for all f ∈ Π2ℓ+2. If the
measure dµ is symmetric with respect to the origin, then they are exact for all f ∈ Π2ℓ+3.

The actual accuracy achieved with the quadrature rules (2.7) and (2.8) may be higher than
suggested by Propositions 2.1 and 2.2. Let the support of measure dµ be in a bounded real
interval. Then the recursion coefficients for orthonormal polynomials determined by this measure
have limits, i.e., αj → α and βj → β for some constants α and β as j increases. This means
that if ℓ is sufficiently large, then for a given constant ε > 0, there is a constant k < ℓ such
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that |αj − α| ≤ ε and |βj − β| ≤ ε for all j ≥ k. We then can conclude similarly as in [32]

that the quadrature rule Ĝ2ℓ+1−k,kf is nearly exact for all f ∈ Π4ℓ−2k+1. Let k < r < ℓ. Then

the quadrature rule Ĝ2ℓ+1−r,rf integrates all f ∈ Π4ℓ−2r+1 nearly exactly. Since 4ℓ − 2r + 1 <

4ℓ − 2k + 1, we expect the rule Ĝ2ℓ+1−r,rf to yield a larger quadrature error than Ĝ2ℓ+1−k,kf .
This is illustrated in Section 4. We conclude that the main advantage of the rules (2.8), when
compared to the rule (2.7), is that the former rule may have all nodes in the convex hull of the
support of the measure when the latter does not.This property follows from the fact that the
eigenvalues of the matrix T̂2ℓ−r,r+1 interlace the eigenvalues of T̂2ℓ+1−r,r for 0 ≤ r < ℓ.

We remark that one could use the Gauss rules G2ℓ+1−rf = e∗1f(T2ℓ+1−r)e1 instead of the rules
(2.8) to estimate the error in Gℓ+1f . Our interest in using the rules (2.8) stems from the fact
that their computation only requires the evaluation of ℓ + 1 steps with the Lanczos algorithm,
while computing G2ℓ+1−rf would demand 2ℓ + 1 − r steps and, therefore, be more expensive.

We turn to the problem of computing approximations of matrix functionals (1.1) with a large
Hermitian matrix A ∈ C

m×m. Assume that v = u. Then the decomposition (1.2) can be com-
puted by ℓ steps of the Hermitian Lanczos algorithm with initial vector u. The computation of
the entries of the matrix (2.6) requires ℓ + 1 steps. We therefore describe the algorithm for this
number of steps.

Algorithm 2.1: The Hermitian Lanczos algorithm
Initialization: u1 := u/‖u‖; u0 := 0; β0 := 0;

for j = 1, 2, . . . , ℓ + 1 do

w := Auj − βj−1uj−1;

αj−1 := w∗uj ;

w := w − αj−1uj ;

βj := ‖w‖;
uj+1 := w/βj ;

end j

Introduce the matrix Uℓ+1 = [u1, . . . , uℓ+1] ∈ R
m×(ℓ+1) with orthonormal columns deter-

mined by Algorithm 2.1, and let the scalars α0, α1, . . . , αℓ and β1, β2, . . . , βℓ, also computed by
the algorithm, define the symmetric tridiagonal matrix

Tℓ+1 =




α0 β1 0
β1 α1 β2

. . .
. . .

. . .

βℓ−1 αℓ−1 βℓ

0 βℓ αℓ



∈ R

(ℓ+1)×(ℓ+1). (2.9)

The matrix (2.3) is the leading ℓ × ℓ principal submatrix of Tℓ+1. Analogously to (1.2), we have

AUℓ+1 = Uℓ+1Tℓ+1 + βℓ+1uℓ+2e
∗
ℓ+1. (2.10)

The entries of the matrices (2.6) and (2.9) can be determined from (2.10). We recall that the
latter matrix determines an (ℓ + 1)-point Gauss quadrature rule that is exact for all f ∈ Π2ℓ+1,
while the quadrature rules associated with (2.6) for 0 ≤ r < ℓ are exact for at least all f ∈ Π2ℓ+2.
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In each step of Algorithm 2.1, one matrix-vector product with the matrix A is evaluated.
When A is large, this is the dominant computational work required by the algorithm. Therefore
the determination of the rules (2.8) and of the Gauss rule Gℓ+1 requires essentially the same
computational work. Our interest in the former rules stems from the fact that they are exact for
a larger class of polynomials than the latter. Moreover, they typically yield accurate estimates
of the quadrature error (1.6) with ℓ replaced by ℓ + 1.

We remark that Saad [29] proposed an interesting approach, referred to as a “corrected
scheme”, to improve the accuracy when approximating the matrix exponential exp(A)u by a
Krylov subspace method. The corrected scheme also can be applied to improve Krylov subspace
approximations of expressions of the form u∗ exp(A)u. Similarly to our method, the corrected
scheme uses the vector uℓ+1 and coefficient βℓ in the Lanczos decomposition (1.2). One row
and one column are appended to the symmetric tridiagonal matrix Tℓ in (1.2) to obtain a non-
Hermitian matrix. Hence, Saad’s corrected scheme and our approach are different. Moreover, the
corrected scheme is only derived for the exponential function and uses properties of this function.

In many applications, the number of steps, ℓ + 1, can be chosen fairly small. Then loss of
orthogonality of the vectors u1, u2, . . . , uℓ+2 caused by propagated round-off errors introduced
during the execution of Algorithm 2.1 generally is not a problem. When ℓ is not small or for
matrices A with certain eigenvalue distributions, the vectors uj may have to be reorthogonalized
to secure accurate evaluation of the computed quadrature rule.

In the Lanczos decomposition (2.10), the remainder AUℓ+1 − Uℓ+1Tℓ+1 is of rank one. The
following result describes a decomposition involving the tridiagonal matrix (2.6) in which the
remainder is of rank less than or equal to two. The decomposition uses the permutation matrix

Pℓ = [eℓ, eℓ−1, . . . , e1] ∈ R
ℓ×ℓ. (2.11)

Theorem 2.1 Let Û2ℓ+1 = [Uℓ+1, UℓPℓ] ∈ C
m×(2ℓ+1), where Pℓ is given by (2.11). Then the

expression

AÛ2ℓ+1 − Û2ℓ+1T̂2ℓ+1,0 (2.12)

is of rank at most two.

Proof Introduce the matrix Ũℓ = UℓPℓ and note that T̃ℓ,0 = PℓTℓPℓ. We obtain from (1.2) that

AŨℓ = AUℓPℓ = (UℓTℓ + βℓuℓ+1e
∗
ℓ )Pℓ

= UℓPℓPℓTℓPℓ + βℓuℓ+1e
∗
ℓPℓ = ŨℓT̃ℓ,0 + βℓuℓ+1e

∗
1.

(2.13)

It follows that

A[Uℓ+1, Ũℓ] = [Uℓ+1Tℓ+1, ŨℓT̃ℓ,0] + [βℓ+1uℓ+2e
∗
ℓ+1, βℓuℓ+1e

∗
1].

Moreover,

[Uℓ+1, Ũℓ]T̂2ℓ+1,0 = [Uℓ+1Tℓ+1 + βℓ+1uℓe
∗
ℓ+1, ŨℓT̃ℓ,0 + βℓ+1uℓ+1e

∗
1].

Therefore,

A[Uℓ+1, Ũℓ] − [βℓ+1uℓ+2e
∗
ℓ+1, βℓuℓ+1e

∗
1] = [Uℓ+1, Ũℓ]T̂2ℓ+1,0 − [βℓ+1uℓe

∗
ℓ+1, βℓ+1uℓ+1e

∗
1].

Rearranging the terms, we obtain

AÛ2ℓ+1 = Û2ℓ+1T̂2ℓ+1,0 + [βℓ+1(uℓ+2 − uℓ)e
∗
ℓ+1, (βℓ − βℓ+1)uℓ+1e

∗
1],

which shows the theorem. If βℓ = βℓ+1, then the expression (2.12) is of rank one. 2
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The theorem illustrates both the similarity and difference of the expression (2.12) and the
expression AU2ℓ+1 − U2ℓ+1T2ℓ+1 that is obtained when carrying out 2ℓ + 1 steps of the Lanczos

process. Both expressions are of low rank, but the matrix Û2ℓ+1 is of rank ℓ + 1 only.
We assumed above that v = u in (1.1). This restriction can be removed by writing (1.1) in

the form

u∗f(A)v =
1

4
(u + v)∗f(A)(u + v) − 1

4
(u − v)∗f(A)(u − v). (2.14)

Each term in the right-hand side can be approximated by quadrature rules in the manner de-
scribed above. Since there are two terms, the work is doubled compared with the situation when
u = v. The following section discusses another approach to approximate the functional in the
left-hand side of (2.14). This approach can also be applied when the matrix A is non-Hermitian.

3 Quadrature rules for non-Hermitian matrices

This section discusses quadrature rules that can be applied when A ∈ C
m×m is a non-Hermitian

diagonalizable matrix with spectral factorization A = SΛS−1, where S ∈ C
m×m is nonsingular

and Λ = diag[λ1, . . . , λm] ∈ C
m×m. The vectors u, v ∈ C

m in (1.1) are assumed to be scaled so
that u∗v = 1.

Substituting the spectral factorization into (1.1) yields

F(A) = u∗f(A)v = u∗Sf(Λ)S−1v =

m∑

j=1

f(λi)µjµ
′
j , (3.1)

where [µ1, . . . , µm] := u∗S and [µ′
1, . . . , µ

′
m]T := S−1v. The right-hand side of (3.1) can be

written as an integral

If =

∫
f(x)dµA,u,v(x), (3.2)

with the measure

dµA,u,v(x) :=
m∑

j=1

δ(x − λj)µjµ
′
j , (3.3)

where δ(·) denotes the Dirac δ-function.
Introduce the bilinear form

〈f, g〉 :=

∫
f(x)g(x)dµA,u,v(x). (3.4)

There are two sequences of polynomials p0, p1, p2, . . . and q0, q1, q2, . . . that are biorthonormal
with respect to the bilinear form (3.4). These polynomials can be determined by applying the
non-Hermitian Lanczos process to A with initial vectors u, v such that u∗v = 1. Properties and
implementation details of the non-Hermitian Lanczos process are discussed, e.g., by Saad [30]
and Ye [34]. The following implementation ignores the possibility of breakdown.
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Algorithm 3.1: The non-Hermitian Lanczos algorithm
Initialization: u1 := u; v1 := v; u0 := 0; v0 := 0; β0 := 0; γ0 := 0;

for j = 1, 2, . . . , ℓ + 1 do

αj−1 := u∗
j (Avj − γj−1vj−1);

r := Avj − αj−1vj − γj−1vj−1;

s := A∗uj − αj−1uj − βj−1uj−1;

βj := |r∗s|1/2; γj := r∗s/βj ;

vj+1 := r/βj ; uj+1 := s/γj ;

end j

The algorithm is said to break down if some βj vanishes. Breakdown is likely to take place
when the matrix A is sparse and the initial vectors u and v only contain few nonvanishing entries.
We will not dwell on this situation. A nice way to handle breakdown is described by Ye [34].

Introduce the matrices

Uℓ+1 = [u1, . . . , uℓ+1] ∈ C
m×(ℓ+1), Vℓ+1 = [v1, . . . , vℓ+1] ∈ C

m×(ℓ+1).

The columns of these matrices are biorthonormal, i.e., U∗
ℓ+1Vℓ+1 = I. Define the tridiagonal

matrix

Tℓ+1 =




α0 γ1 0
β1 α1 γ2

. . .
. . .

. . .

βℓ−1 αℓ−1 γℓ

0 βℓ αℓ



∈ C

(ℓ+1)×(ℓ+1). (3.5)

We recall that a tridiagonal matrix is said to be unreduced if all its subdiagonal entries are
nonvanishing. By the assumption of non-breakdown, all sub- and super-diagonal entries of Tℓ+1

are nonvanishing. The recursions of Algorithm 3.1 can be written as

AVℓ+1 = Vℓ+1Tℓ+1 + βℓ+1vℓ+2e
∗
ℓ+1,

A∗Uℓ+1 = Uℓ+1T
∗
ℓ+1 + γℓ+1uℓ+2e

∗
ℓ+1.

(3.6)

Moreover, the recursion formulas of Algorithm 3.1 show that

uj+1 = qj(A
∗)u1, vj+1 = pj(A)v1, 0 ≤ j ≤ ℓ + 1, (3.7)

for some polynomials pj and qj of degree j. It follows from the definition of the measure in (3.4)
that

〈qj , pk〉 = u∗qj(A)pk(A)v = u∗
j+1vk+1 =

{
1 j = k,
0 j 6= k.

This shows that the Lanczos polynomials (3.7), which are implicitly determined by Algorithm
3.1, are biorthonormal with respect to the bilinear form (3.4). In particular, the recursion coeffi-
cients αj , βj , and γj computed by the algorithm are recursion coefficients for the biorthonormal
polynomials. It follows from (3.7) that the pj and qj satisfy the same recursion relations as the
vectors uj and vj , i.e.,

βjpj(x) = (x − αj−1)pj−1(x) − γj−1pj−2(x),

γjqj(x) = (x − αj−1)qj−1(x) − βj−1qj−2(x),
j = 1, 2, . . . , ℓ + 1, (3.8)
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with p−1(x) := 0, q−1(x) := 0, γ0 := 0, and β0 := 0.

Define the row vectors

p̆ℓ(x) = [p0(x), . . . , pℓ−1(x)], q̆ℓ(x) = [q0(x), . . . , qℓ−1(x)],

and let Tℓ be the leading ℓ × ℓ principal submatrix of (3.5), i.e.,

Tℓ =




α0 γ1 0
β1 α1 γ2

. . .
. . .

. . .

βℓ−2 αℓ−2 γℓ−1

0 βℓ−1 αℓ−1




. (3.9)

The recurrence relations (3.8) for 0 ≤ j < ℓ can be expressed as

xp̆ℓ(x) = p̆ℓ(x)Tℓ + βℓpℓ(x)e∗ℓ ,

xq̆ℓ(x) = q̆ℓ(x)T ∗
ℓ + γℓqℓ(x)e∗ℓ .

This shows that the zeros of pℓ are eigenvalues of Tℓ. Conversely, if x is an eigenvalue of Tℓ, then
pℓ(x) = 0. We will assume that Tℓ has ℓ distinct eigenvalues. Ammar et al. [1, Proposition 2.2]
show that this is the case if and only if Tℓ is diagonalizable (since the matrix is unreduced). We
say that a quadrature rule with ℓ nodes (possibly in the complex plane) is a Gauss quadrature
rule with respect to the measure dµA,u,v if it is exact for all polynomials of degree 2ℓ − 1.

Proposition 3.1 Let the matrix (3.9) be diagonalizable. Then

Gℓf = e∗1f(Tℓ)e1 (3.10)

is an ℓ-point Gauss quadrature rule associated with the measure dµA,u,v(x) in (3.4), i.e., Gℓ

satisfies

Gℓf = If ∀f ∈ Π2ℓ−1

for the integral operator (3.2).

Proof We provide a simple proof for completeness; it is a simplification of a proof presented in
[16] for quadrature rules associated with the non-Hermitian block Lanczos process.

The assumption that Algorithm 3.1 does not break down secures that the matrix Tℓ exists,
and the assumption that Tℓ is diagonalizable guarantees that all eigenvalues are distinct; see
[1, Proposition 2.2]. Substituting the spectral factorization of Tℓ into (3.10) shows that Gℓ is an
ℓ-point quadrature rule with real or complex conjugate nodes.

It follows by induction over the degree of the polynomials p and q that for fixed ℓ,

p(A)v1 = Vℓp(Tℓ)e1, p ∈ Πℓ−1,
V ∗

ℓ q(A∗)u1 = q(T ∗
ℓ )e1, q ∈ Πℓ.

Let f ∈ Π2ℓ−1. Factoring f = qp, where p ∈ Πℓ−1 and q ∈ Πℓ, yields

If = u∗q(A)p(A)v = u∗q(A)Vℓp(Tℓ)e1 = e∗1q(Tℓ)p(Tℓ)e1 = e∗1f(Tℓ)e1 = Gℓf. 2
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Introduce for 0 ≤ r < ℓ the reverse matrices

T̃ℓ−r,r =




αℓ−1 γℓ−1 0
βℓ−1 αℓ−2 γℓ−2

. . .
. . .

. . .

βr+2 αr+1 γr+1

0 βr+1 αr



∈ C

(ℓ−r)×(ℓ−r) (3.11)

as well as the concatenated tridiagonal matrices

T̂2ℓ+1−r,r =




Tℓ γℓeℓ 0
βℓe

∗
ℓ αℓ γℓ+1e

∗
1

0 βℓ+1e1 T̃ℓ−r,r


 ∈ C

(2ℓ+1−r)×(2ℓ+1−r). (3.12)

The matrices (3.11) and (3.12) are analogues of the matrices (2.5) and (2.6) of Section 2. We can
use the matrix (3.12) to define the quadrature rule

Ĝ2ℓ+1f = e∗1f(T̂2ℓ+1,0)e1, (3.13)

which is a generalization of the rule (2.7) to measures dµA,u,v in (3.2). Another generalization is
defined at the end of this section.

Proposition 3.2 Let all leading principal submatrices of T̂2ℓ+1,0 be diagonalizable. Then (3.13)
is a (2ℓ + 1)-point quadrature rule that is exact for all f ∈ Π2ℓ+2. If the measure is symmetric
with respect to the imaginary axis, then the quadrature rule (3.13) is exact for all f ∈ Π2ℓ+3.
The nodes of the Gauss quadrature rule (3.10) form a subset of the nodes of the rule (3.13).

Proof Let the measure dµA,u,v in (3.4) be defined by (3.3) and assume for now that this mea-
sure does not possess any additional symmetry properties. Consider the matrix Tℓ+2, which is
analogous to the matrix (3.9). We will assume this matrix to be diagonalizable. Then it follows
from Proposition 3.1 that

Gℓ+2f = e∗1f(Tℓ+2)e1

is an (ℓ + 2)-point Gauss quadrature rule. This rule is exact for all polynomials in Π2ℓ+3. An
arbitrary modification of the last diagonal entry of Tℓ+2 results in a quadrature rule that is exact
for all polynomials in Π2ℓ+2. This is a consequence of the recursions of the Chebyshev algorithm,
which from the moments mj =

∫
xjdµA,u,v(x), j = 0, 1, . . . , 2ℓ+2, computes all entries except the

last diagonal entry of Tℓ+2; the last diagonal entry of Tℓ+2 is determined by m2ℓ+3. A modified
Chebyshev algorithm is described in, e.g., [7]; the (standard) Chebyshev algorithm is a special
case.

We remark that the moments determine the products βjγj of the off-diagonal entries. The
scaling of the βj is arbitrary.

When the measure dµA,u,v is symmetric about the imaginary axis in the complex plane, all
recursion coefficients αj vanish. The leading (ℓ + 2) × (ℓ + 2) principal submatrix of (3.12) then
is Tℓ+2. This means that the quadrature rule (3.13) is exact for all f ∈ Π2ℓ+3.

The fact that the nodes of the quadrature rule (3.10) form a subset of the nodes of rule (3.13)
can be shown similarly as outlined in the proof of Proposition 2.1. 2

Ammar et al. [1] discuss the computation of nodes and weights of Gauss–Kronrod rules
associated with a real non-Hermitian tridiagonal matrix. Some computational aspects carry over
to the determination of the nodes and weights of the quadrature rule (3.13). However, as already
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mentioned in Section 2, the evaluation of (3.13) can be done efficiently for many functions of

interest without using the spectral factorization of T̂2ℓ+1.

Similarly as in Section 2, we define the quadrature rules

Ĝ2ℓ+1−r,rf = e∗1f(T̂2ℓ+1−r,r)e1, 1 ≤ r < ℓ. (3.14)

Proposition 3.3 Under the conditions of Proposition 3.2, the quadrature rules (3.13) and (3.14)
are exact for the same class of functions.

Proof The leading (ℓ + 2) × (ℓ + 2) principal submatrix of the matrix T̂2ℓ+1−r,r in (3.14) is the
same as the corresponding leading principal submatrix of the rule (3.13). Therefore, the proof of
Proposition 3.2 carries over to the quadrature rules (3.14). 2

The following result yields some properties of decompositions that involve the matrix (3.12).

Theorem 3.1 The matrices Tℓ and T̃ℓ,0 have the same eigenvalues. Let their spectral factor-

izations be given by Tℓ = SℓΛℓS
−1
ℓ and T̃ℓ,0 = S̃ℓΛℓS̃

−1
ℓ with Λℓ ∈ C

ℓ×ℓ diagonal. Let Vℓ+1

and Uℓ+1 be determined by the decompositions (3.6), and let Vℓ and Uℓ consist of the first ℓ

columns of Vℓ+1 and Uℓ+1, respectively. Define the matrices Ṽℓ = VℓSℓS̃
−1
ℓ and Ũℓ = UℓSℓS̃

−1
ℓ ,

and let V̂2ℓ+1 = [Vℓ+1, Ṽℓ] and Û2ℓ+1 = [Uℓ+1, Ũℓ]. Then the matrices AV̂2ℓ+1 − V̂2ℓ+1T̂2ℓ+1,0 and

AÛ2ℓ+1 − Û2ℓ+1T̂2ℓ+1,0 have rank at most two.

Proof The matrix (3.11) with r = 0 satisfies Tℓ = SℓS̃
−1
ℓ T̃ℓ,0S̃ℓS

−1
ℓ . We obtain, with hj = βjvj+1

for j ∈ {ℓ, ℓ + 1}, that

AṼℓ = AVℓSℓS̃
−1
ℓ = (VℓTℓ + hℓe

∗
ℓ )SℓS̃

−1
ℓ

= (VℓSℓS̃
−1
ℓ T̃ℓ,0S̃ℓS

−1
ℓ + hℓe

∗
ℓ )SℓS̃

−1
ℓ

= VℓSℓS̃
−1
ℓ T̃ℓ,0 + hℓe

∗
ℓSℓS̃

−1
ℓ

= ṼℓT̃ℓ,0 + hℓe
∗
ℓSℓS̃

−1
ℓ .

The above relation combined with (3.6) gives

A[Vℓ+1, Ṽℓ] = [Vℓ+1Tℓ+1, ṼℓT̃ℓ,0] + [hℓ+1e
∗
ℓ+1, hℓe

∗
ℓSℓS̃

−1
ℓ ].

Moreover,

[Vℓ+1, Ṽℓ]T̂2ℓ+1,0 = [Vℓ+1Tℓ+1 + βℓ+1vℓSℓS̃
−1
ℓ e∗ℓ+1, γℓ+1vℓ+1e

∗
1 + ṼℓT̃ℓ,0].

Therefore,

A[Vℓ+1, Ṽℓ] − [hℓ+1e
∗
ℓ+1, hℓe

∗
ℓSℓS̃

−1
ℓ ] = [Vℓ+1, Ṽℓ]T̂2ℓ+1,0 − [βℓ+1vℓSℓS̃

−1
ℓ e∗ℓ+1, γℓ+1vℓ+1e

∗
1],

and rearranging terms yields

AV̂2ℓ+1 = V̂2ℓ+1T̂2ℓ+1,0 + [(hℓ+1 − βℓ+1vℓSℓS̃
−1
ℓ )e∗ℓ+1, hℓe

∗
ℓSℓS̃

−1
ℓ − γℓ+1vℓ+1e

∗
1]. (3.15)

We can express Û2ℓ+1A
∗ in a similar fashion. This shows the theorem. 2
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A different extension of the Gauss rule (3.10) is obtained by replacing the matrix (3.11) in
(3.12) by its conjugate transpose. This gives the matrix

T̂ ′
2ℓ+1−r,r =




Tℓ γℓeℓ 0
βℓe

∗
ℓ αℓ γℓ+1e

∗
1

0 βℓ+1e1 T̃ ∗
ℓ−r,r


 (3.16)

and the associated quadrature rule

Ĝ′
2ℓ+1−r,rf = e∗1f(T̂ ′

2ℓ+1−r,r)e1.

When r = 0, we define

Ĝ′
2ℓ+1f = e∗1f(T̂ ′

2ℓ+1,0)e1. (3.17)

Analogues of Proposition 3.2, Corollary 3.3, and Theorem 3.1 can be shown. In our experience,
the quadrature rules (3.14) and (3.17) yield about the same accuracy. We therefore illustrate the
performance of the former rules only in the following section.

4 Numerical examples

We exhibit the accuracy of several of the quadrature rules discussed. All computations were
carried out using MATLAB R2010b on a 64-bit DELL personal computer. The first four examples
illustrate the performance of the quadrature rules when applied to several integrands f and
matrices A; the last three examples are concerned with network analysis.

Table 4.1 Magnitude of relative errors in computed approximations of F (A) = u∗(I +A2)−1u with A symmetric
indefinite.

m = 100 ℓ = 6 ℓ = 10 ℓ = 12 ℓ = 14
Gℓ+1f 8.4003×10−2 1.4300×10−2 6.9629×10−3 1.2098×10−3

bG2ℓ+1f 5.5165×10−3 8.7300×10−4 2.1057×10−3 4.0794×10−4

bG 3

2
ℓ+1, ℓ

2

f 4.2586×10−2 8.8065×10−4 1.6913×10−3 5.5927×10−4

bGℓ+2,ℓ−1f 6.6907×10−2 4.5364×10−3 1.9222×10−3 1.9274×10−3

Table 4.2 Magnitude of relative differences of computed approximations of F (A) = u∗(I + A2)−1u with A
symmetric indefinite.

m = 100 ℓ = 6 ℓ = 10 ℓ = 12 ℓ = 14

|(Gℓ+1 − bG2ℓ+1)f |/F (A) 8.9519×10−2 1.3427×10−2 4.8572×10−3 1.6178×10−3

|( bG 3

2
ℓ+1, ℓ

2

− bG2ℓ+1)f |/F (A) 3.7069×10−2 1.7537×10−3 4.1449×10−4 1.5132×10−4

Example 4.1 We would like to determine an approximation of the functional F (A) := u∗(I +
A2)−1u, where A ∈ R

100×100 has randomly generated uniformly distributed real eigenvalues in
the interval [−5, 5] and a random orthogonal eigenvector matrix, and u is a random vector of unit
norm. The exact value of F (A) is 0.2942. Table 4.1 displays the magnitude of the relative errors

achieved with quadrature rule Gℓ+1f and with the rules Ĝ2ℓ+1−r,rf for r ∈ {0, ℓ/2, ℓ − 1} and
several values of ℓ. We note that r = 0 and r = ℓ−1 are the smallest and largest possible r-values.
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For all ℓ-values, except for ℓ = 12, the rules Ĝ2ℓ+1−r,rf give the most accurate approximations

for r = 0. The relative error in Ĝ2ℓ+1f can be seen to be smaller than in Gℓ+1f .

Table 4.2 shows the relative differences |(Gℓ+1−Ĝ2ℓ+1)f |/F (A) and |(Ĝ 3

2
ℓ+1, ℓ

2

−Ĝ2ℓ+1)f |/F (A).

The former differences provide fairly accurate estimates of the magnitude of the relative error in
Gℓ+1f , but overestimate the magnitude of the relative error in Ĝ2ℓ+1f . Table 4.2 suggests that

Ĝ2ℓ+1f be used as an approximation of If .

The relative differences |(Gℓ+1 − Ĝ2ℓ+1)f |/F (A) are larger than |(Ĝ 3

2
ℓ+1, ℓ

2

− Ĝ2ℓ+1)f |/F (A)

for all ℓ-values. This suggests that one also may use the latter as an estimate of the magnitude
of the relative error in Ĝ2ℓ+1f , but this may give an underestimate of the actual error.

We note that the derivatives of f(x) = (1 + x2)−1 change sign on [−5, 5]. Therefore the
technique described in [19,20] for bounding F (A) based on evaluating pairs of Gauss and Gauss–
Radau quadrature rules is not guaranteed to yield lower and upper bounds.

This example illustrates the situation when the nodes of generalized averaged Gauss quadra-
ture rules are not contained in the convex hull of the support of the measure, which is the interval
[λmin, λmax], where λmin and λmax denote the smallest and largest eigenvalues of the matrix A,

respectively. For ℓ = 12 and ℓ = 14, the smallest node of Ĝ2ℓ+1 is smaller than λmin. This would
make it difficult to approximate the expression u∗(A − λminI)1/2u by 25- and 29-node general-
ized averaged Gauss quadrature rules. However, the smallest nodes of the truncated generalized
averaged Gauss quadrature rules Ĝ 3

2
ℓ+1, ℓ

2

for ℓ = 12 and ℓ = 14 are strictly larger than λmin and,

therefore, could be applied. 2

Table 4.3 Magnitude of relative errors of F (A) = u∗ exp(A)u with A a banded nonsymmetric Toeplitz matrix.

m = 1000 ℓ = 2 ℓ = 3 ℓ = 6
Gℓ+1f 1.9025×10−4 2.1698×10−5 5.7383×10−9

bG2ℓ+1f 2.3086×10−5 2.2268×10−7 6.7648×10−12

bGℓ+2,ℓ−1f 2.3251×10−5 1.8832×10−6 2.3465×10−10

bG2ℓ+1−r,rf 2.9705×10−4 1.9623×10−6 3.8471×10−11

Table 4.4 Magnitude of relative differences of computed approximations of F (A) = u∗exp(A)u with A a banded
nonsymmetric Toeplitz matrix.

m = 1000 ℓ = 2 ℓ = 3 ℓ = 6

|(Gℓ+1 − bG2ℓ+1)f |/F (A) 1.6716×10−4 2.1475×10−5 5.7315×10−9

|( bG2ℓ+1−r,r − bG2ℓ+1)f |/F (A) 3.2014×10−4 1.7396×10−6 3.1706×10−11

Example 4.2 This example determines approximations of F (A) := u∗ exp(A)u, where A =
[ai−j ] ∈ R

1000×1000 is a pentadiagonal nonsymmetric Toeplitz matrix with a0 = 1, a1 = 3/2,
a2 = 2, a−1 = 2, and a−2 = 3. We let u = [1/

√
1000, . . . , 1/

√
1000]∗ ∈ R

1000. The exact value of
F (A) is 1.3273 × 104.

Table 4.3 displays the magnitude of the relative errors achieved with the different quadrature
rules. We choose r = ℓ/2 when ℓ is even, otherwise r = (ℓ+1)/2. The quadrature error for Ĝ2ℓ+1f
is the smallest for all values of ℓ in this example.

The magnitudes of relative differences between quadrature errors are reported in Table 4.4.
Similarly as in Table 4.2, the relative differences |(Gℓ+1 − Ĝ2ℓ+1)f |/F (A) are fairly accurate

estimates of the relative errors in Gℓ+1f . The relative differences |(Ĝ2ℓ+1−r,r − Ĝ2ℓ+1)f |/F (A)
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are smaller for ℓ ≥ 3. Since A is nonsymmetric pairs of Gauss and Gauss–Radau rules are not
guaranteed to provide lower and upper bounds for F (A). 2

Table 4.5 Magnitude of relative errors in computed approximations of F (A) = u∗ log(A+ cI)u with A a banded
nonsymmetric Toeplitz matrix.

m = 100 ℓ = 4 ℓ = 14 ℓ = 19
Gℓ+1f 4.5839×10−6 1.7569×10−7 5.1568×10−9

bG2ℓ+1f 1.4315×10−7 1.5645×10−7 3.2633×10−9

bGℓ+2,ℓ−1f 1.9361×10−6 1.6364×10−7 4.2304×10−9

bG2ℓ+1−r,rf 1.8950×10−6 1.1401×10−7 3.6063×10−9

Table 4.6 Magnitude of relative differences of computed approximations of F (A) = u∗ log(A + cI)v with A a
banded nonsymmetric Toeplitz matrix.

m = 100 ℓ = 4 ℓ = 14 ℓ = 19

|(Gℓ+1 − bG2ℓ+1)f |/F (A) 4.4408×10−6 1.9519×10−8 8.4201×10−9

|( bG2ℓ+1−r,r − bG2ℓ+1)f |/F (A) 1.7518×10−6 4.2441×10−8 6.8696×10−9

Example 4.3 In this example, we approximate the value of F (A) := u∗ log(A + cI)u, where
A = [ai−j ] ∈ R

100×100 is a pentadiagonal nonsymmetric Toeplitz matrix with a0 = 1, a1 = 3/2,
a2 = 2, a−1 = 2, and a−2 = 3. The constant c is set to 4.3. Then all eigenvalues of A + cI have
positive real part, some of which are small. We let u = [1/10, . . . , 1/10]∗ ∈ R

100. The exact value
of F (A) is 2.6127.

Table 4.5 displays the magnitude of the relative errors achieved with the different quadrature
rules. We choose r = ℓ/2 when ℓ is even, otherwise r = (ℓ+1)/2. The magnitude of relative differ-
ences between quadrature rules is reported in Table 4.6. We observe that the relative differences
|(Gℓ+1 − Ĝ2ℓ+1)f |/F (A) are fairly accurate estimates of the relative errors in Gℓ+1f . 2

The number of steps of the symmetric or nonsymmetric Lanczos process required to determine
an approximation of matrix functionals (1.1) depends on the function f and the location of the
eigenvalues of the matrix A. For instance, the following example requires more steps than the
example above to yield comparable accuracy.

Table 4.7 Magnitude of relative errors in computed approximations of F (A) = u∗ log(A + cI)v with A nonsym-
metric.

m = 200 ℓ = 9 ℓ = 19 ℓ = 24
Gℓ+1f 3.1529×10−5 1.7917×10−8 8.7185×10−9

bG2ℓ+1f 3.1256×10−5 4.3359×10−9 8.5918×10−9

bGℓ+2,ℓ−1f 3.1322×10−5 1.2428×10−8 8.5948×10−9

bG2ℓ+1−r,rf 3.1276×10−5 2.2239×10−8 8.5687×10−9

Example 4.4 We approximate the value F (A) := u∗ log(A + cI)v, where u = e2, v = e2 + e3.
The result is the sum of the matrix entries [log(A + cI)]2,2 and [log(A + cI)]2,3. The matrix
A ∈ R

200×200 has random entries and the constant c is chosen so that all eigenvalues of A + cI
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Table 4.8 Magnitude of relative differences of computed approximations of F (A) = u∗ log(A + cI)v with A
nonsymmetric.

m = 200 ℓ = 9 ℓ = 19 ℓ = 24

|(Gℓ+1 − bG2ℓ+1)f |/F (A) 2.7347×10−7 2.2253×10−8 1.2668×10−10

|( bG2ℓ+1−r,r − bG2ℓ+1)f |/F (A) 2.0600×10−8 2.6575×10−8 2.3078×10−11

have positive real part and some are close to the origin. In our experiment c = 13.5. The exact
value of F (A) is 0.229.

Table 4.7 displays the magnitude of relative errors achieved with the different quadrature
rules. We choose r = ℓ/2 when ℓ is even, otherwise r = (ℓ+1)/2. Table 4.8 reports the magnitudes
of relative differences between quadrature rules. 2

The following three examples illustrate the application of the quadrature rules of this paper
to quantities of interest in network analysis. A network is defined by a graph G, which is made up
of a set of m vertices V and a set of edges E . We assume that G is an unweighted connected graph
with simple edges, and with no loop of length one. This kind of graphs arise in many applications,
including genetics, epidemiology, and telecommunication; see, e.g., Estrada and Higham [12,13].
The adjacency matrix A = [aij ] ∈ R

m×m associated with G has the entry aij = 1 if there is
an edge between node i and node j; otherwise aij = 0. If the graph G is undirected, then A is
symmetric. The size of the entries of exp(A) is commonly used to measure properties of vertices
of a network. For instance, when the diagonal entry [exp(A)]ii is large in comparison with other
diagonal entries, the vertex i is well connected and, therefore, important. A large off-diagonal
entry [exp(A)]ij , i 6= j, signals that communication between nodes i and j is easy; see [4,5,12,
13,15,16] for discussions.

The communicability betweenness of vertex p is defined by

1

(m − 1)(m − 2)

∑

i6=p

∑

j 6=p
j 6=i

[exp(A)]ij − [exp(Ap)]ij
[exp(A)]ij

, (4.1)

where Ap is the adjacency matrix of the graph obtained by removing from G all edges involving
node p. This is a measure of the amount of communication passing through node p; see Estrada
et al. [14].

The quantity (4.1) is cumbersome to compute when A is large. Therefore, Fenu et al. [16]
introduced the alternative communicability betweenness of node p, given by

c∗p exp(A)cp − d∗p exp(Ap)dp

c∗p exp(A)cp
, (4.2)

where cp ∈ R
m and dp ∈ R

m−1 are vectors with all entries one, except for the pth entry, which
vanishes. The quotient (4.2) is related to (4.1), but differs from the latter in that it takes into
consideration the effect of removing node p on the diagonal elements of exp(A).

Table 4.9 Magnitude of relative errors in computed approximations of (4.2) for p = 2.

ℓ = 2 ℓ = 3 ℓ = 6
Gℓ+1 2.0738×10−1 1.0574×10−2 3.6370×10−5

bG2ℓ+1 6.4565×10−2 4.0547×10−2 1.1034×10−5

bGℓ+2,ℓ−1 5.3863×10−2 2.6791×10−2 8.5372×10−6
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Example 4.5 We consider a network that describes the protein interaction in yeast. Each edge
represents the interaction of two proteins; see Sun et al. [33]. The data set is available at [3]. The
graph has 2114 vertices, 4480 edges, and is undirected.

Table 4.9 shows the magnitude of relative errors in computed approximations of alternative
communicability betweenness (4.2) of node p = 2 determined by quadrature rules discussed in
this paper. Only few quadrature nodes are required to yield approximations with higher accuracy
than what typically is required in applications. 2

Table 4.10 Magnitude of relative errors in computed approximations of c∗ exp(A)c, c = [1, 1, . . . , 1]∗.

ℓ = 2 ℓ = 3 ℓ = 6
Gℓ+1 1.7370×10−1 2.8278×10−2 1.8624×10−5

bG2ℓ+1 3.0256×10−2 6.5685×10−4 1.1743×10−6

bGℓ+2,ℓ−1 2.0679×10−3 4.7213×10−3 2.0722×10−6

Example 4.6 This example displays estimates of the total communicability determined by the
quadrature rules considered in this paper for the yeast network; see the previous example for a
description. Table 4.10 shows the averaged Gaussian rule Ĝ2ℓ−1 to give approximations with the
smallest relative errors for ℓ = 3 and ℓ = 6 Gaussian nodes. Quite high accuracy is achieved with
very few nodes. 2

Table 4.11 Magnitude of relative errors in computed approximations of F (A) = e∗
2

exp(A)e2.

ℓ = 4 ℓ = 7 ℓ = 9
Gℓ+1f 1.6516×10−3 7.8789×10−9 1.8381×10−12

bG2ℓ+1f 6.4931×10−4 5.7566×10−10 2.0508×10−14

bGℓ+2,ℓ−1f 5.4074×10−5 7.1766×10−10 1.2048×10−14

Example 4.7 Our last example is concerned with a network for air traffic. The adjacency matrix
A ∈ R

2649×2649 is determined by the network defined by flight connections between airports in
the United States during May of 2005. There are 2649 airports (nodes) that are connected by
13106 links (edges). The network is directed, i.e., the adjacency matrix is nonsymmetric. The
network is available at [27]. Assume that we are interested in the importance of the second
airport in the list. We therefore compute approximations of e∗2f(A)e2, where f(t) = exp(t) and
e2 = [0, 1, 0, . . . , 0]∗ is the second axis vector.

Table 4.11 shows the magnitude of the relative errors in the computed approximations. Both
the quadrature rules Ĝ2ℓ+1 and Ĝℓ+2,ℓ−1 determine more accurate approximations than the Gauss
rule Gℓ+1. Since A is nonsymmetric, pairs of Gauss and Gauss–Radau quadrature rules are not
guaranteed to determine lower and upper bounds for e∗2f(A)e2. 2

5 Conclusion

Matrix functionals (1.1) with a Hermitian matrix A and v = u are commonly approximated by
the use of Gauss quadrature rules. We propose that the generalized averaged Gauss quadrature
rules (2.7) or (2.8) be used instead of the associated (ℓ + 1)-point Gauss rule, because the latter
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typically yield higher accuracy and require essentially the same computational effort when the
matrix A is so large that the dominating computational work in Algorithm 2.1 is the evaluation of
matrix-vector products. The relative difference |(Gℓ+1 − Ĝ2ℓ+1)f |/F (A) is found to often provide

an upper bound for the magnitude of the relative errors in Gℓ+1f and Ĝ2ℓ+1f .
New quadrature rules (3.13) and (3.14) are developed for the approximation of matrix func-

tionals (3.1) with a non-Hermitian matrix. The advantages of the rules (3.13) and (3.14) over
the corresponding (ℓ + 1)-point Gauss-type rule are the same as of the rules (2.7) or (2.8) for a
Hermitian matrix A.
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