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Dedicated to Åke Björck on the occasion of his 65th birthday.

1Department of Mathematics, Case Western Reserve University, Cleveland, OH 44106.
Email: dxc57@po.cwru.edu

2Department of Mathematics and Computer Science, Kent State University, Kent, OH
44242. Email: blewis@mcs.kent.edu

3Department of Mathematics and Computer Science, Kent State University, Kent, OH
44242. Email: reichel@mcs.kent.edu

Abstract.

The GMRES method is a popular iterative method for the solution of large linear
systems of equations with a nonsymmetric nonsingular matrix. This paper discusses
application of the GMRES method to the solution of large linear systems of equations
that arise from the discretization of linear ill-posed problems. These linear systems
are severely ill-conditioned and are referred to as discrete ill-posed problems. We
are concerned with the situation when the right-hand side vector is contaminated by
measurement errors, and we discuss how a meaningful approximate solution of the
discrete ill-posed problem can be determined by early termination of the iterations
with the GMRES method. We propose a termination criterion based on the condition
number of the projected matrices defined by the GMRES method. Under certain
conditions on the linear system, the termination index corresponds to the “vertex” of
an L-shaped curve.
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1 Introduction

The discretization of linear ill-posed problems gives rise to linear systems of
equations

Ax = b, A ∈ � n×n , x, b ∈ � n ,(1.1)

with a severely ill-conditioned matrix. Typically, the matrix has many “tiny”
singular values, some of which may be vanishing. Following Hansen [12], we refer
to such linear systems as discrete ill-posed problems. We assume that the system
(1.1) is consistent, and, in general, we would like to determine the solution of
(1.1) of minimal norm.
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Ill-posed problems arise, e.g., when seeking to determine the internal structure
of a system by external measurements. The determination of the internal struc-
ture of the sun by measurements from the earth is a classical ill-posed problem.
Image restoration problems, in which one seeks to restore an image that has
been contaminated by blur and noise, provide other examples. In this appli-
cation, often only a discretization of the contaminated image is available. For
instance, the discretized image may be represented by an array of pixel values.
The restoration of a contaminated discretized image is an example of a discrete
ill-posed problem. The matrix A then represents a blurring operator and often
is the discretization of a compact integral operator with a smooth kernel. We
consider an image restoration problem in Example 4.3 of Section 4.

In many linear discrete ill-posed problems that arise in the Sciences and En-
gineering, the right-hand side vector is contaminated by measurement errors
d ∈ � n , which we also refer to as noise. Let b in (1.1) denote a noise-free, but
unknown, vector, and let

bδ := b+ d(1.2)

be the available contaminated right-hand side vector. It is convenient to express
the noise vector d as a multiple δ of a unit noise vector e, i.e.,

d = δe, ‖e‖ = 1.(1.3)

Here and throughout this paper ‖ · ‖ denotes the Euclidean vector norm or the
associated induced matrix norm. The norm δ of the error d is assumed to be
unknown.

Since the vector b is not available, we cannot solve the linear system (1.1).
Instead, we seek to determine an approximate solution of (1.1) by computing an
approximate solution of

Ax = bδ.(1.4)

In the image restoration problems discussed in Section 4, the vector bδ represents
the available discretized blurred and noisy image; the entries of the vector store
pixel values. The vector b in (1.1) represents the discretized blurred but noise-
free image and is not available. The computed approximate solution of (1.4)
represents the discretized restored image.

The solution of (1.4), if it exists, generally is not a meaningful approximate
solution of (1.1) because of the severe ill-conditioning of the matrix A and the
noise d in the right-hand side vector bδ. Therefore, instead of solving the system
(1.4), we replace it by a nearby linear system with a less ill-conditioned matrix,
and solve the new linear system so obtained. This replacement is commonly
referred to as regularization. We propose to implicitly define the nearby linear
system by application of a few iterations of the GMRES method [15, 16], a
popular iterative methods for the solution of large linear systems of equations
with a nonsingular nonsymmetric matrix.

The application of iterative methods to determine meaningful approximate
solutions to large discrete ill-posed problems has previously only been considered
for problems with a symmetric matrix. For instance, the Conjugate Gradient
(CG) method has been applied to solve the normal equations

ATAx = AT bδ(1.5)

associated with nonsymmetric linear systems (1.4); see Björck [1, 2], Hanke [8]
and Hansen [12, Chapter 6] and references therein.



GMRES, L-CURVES, AND DISCRETE ILL-POSED PROBLEMS 3

It is important to terminate the iterations sufficiently early when applying
the CG method to discrete ill-posed problems of the form (1.5). Hanke and
Hansen [10], and more recently Hansen [12, Chapter 6], describe how an L-curve
criterion can be used to determine when to terminate the iterations. Let xδj , j =
0, 1, 2, · · · , denote the sequence of approximate solutions of (1.4) computed by
the CG method when applied to (1.5) with initial approximate solution xδ0 := 0,
and introduce the associated sequence of residual vectors of the linear system
(1.4),

rδj := bδ −Axδj , j = 0, 1, 2, · · · .(1.6)

Hansen [12, p. 142] points out that it follows from results by Hestenes and Stiefel
[13] that

‖rδ0‖ ≥ ‖rδ1‖ ≥ ‖rδ2‖ ≥ · · · ,(1.7)

‖xδ0‖ ≤ ‖xδ1‖ ≤ ‖xδ2‖ ≤ · · · .(1.8)

Thus, the norm of the iterates xδj computed by the CG method increases and the
norm of the associated residual vectors (1.6) decreases as the iteration number
increases.

Let φ(t) and ψ(t) be strictly increasing functions for t ≥ 0, and define the
points qj := {φ(‖xδj‖), ψ(‖rδj‖)}, j = 0, 1, 2, · · · . Consider the graph obtained
by linear interpolation between adjacent points qj and qj+1 for j = 0, 1, 2, · · · .
Because of the inequalities (1.7) and (1.8), the graph can be identified with a
piecewise linear monotonically decreasing function. For many choices of increas-
ing functions φ(t) and ψ(t), and for many discrete ill-posed problems, the graph
looks roughly like the letter “L.” Hanke and Hansen [10] therefore refer to the
graph as an L-curve and propose to choose the iterate xδk that corresponds to
the point qk at the “vertex” of the L-curve as the desired approximate solution
of (1.1). This choice can be motivated as follows. A vector xδj , that is associated
with a residual error (1.6) of large norm, i.e., of norm much larger than δ, is
a poor approximation of the solution to (1.4), and therefore, typically, also is
a poor approximation of a solution to the noise-free linear system of equations
(1.1). On the other hand, iterates xδj of large norm are likely to be contami-
nated by propagated errors caused by the noise d in the right-hand side vector
bδ and by round-off errors introduced during the computation of xδj . Iterates xδj
associated with points qj near the “vertex” of the L-curve balance the errors in
xδj caused by the inexact solution of the linear system (1.4) and the influence of
propagated errors.

We remark that iterates xδj determined by the L-curve in the manner out-
lined are not guaranteed to be suitable approximate solutions of (1.1). Engl
and Grever [6], Hanke [9], Hansen [12, Chapter 6] and Vogel [18] provide in-
sightful discussions on properties and shortcomings of the L-curve applied to
the determination of regularized approximate solutions of ill-posed problems.
To distinguish this L-curve from other L-curves discussed in the present paper,
we will for clarity sometimes refer to it as the solution-norm L-curve for the CG
method.

In most numerical examples of Section 4, we use the functions

φ(t) := log10(t), ψ(t) := log10(t), t > 0,(1.9)
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and define the L-curve by linear interpolation between adjacent points qj and
qj+1 for j = 1, 2, 3, · · · . The L-curve so obtained is independent of the point
q0 = {φ(‖xδ0‖), ψ(‖rδ0‖)}, which is not defined since xδ0 = 0.

For some discrete ill-posed problems (1.4), other choices of φ(t) and ψ(t) than
(1.9) may give a more pronounced L-shape of the L-curve and therefore make it
easier to locate the “vertex.” This is illustrated in Section 4.

An analogue of the solution-norm L-curve described above can be defined when
the iterates xδj are determined by the GMRES method applied to the solution
of linear discrete ill-posed problems (1.4). However, for many linear discrete
ill-posed problems, the curve so obtained does not look like the letter “L.” This
can be seen as follows. Let xδ0 := 0 be the initial approximate solution of (1.4)
and introduce the Krylov subspaces

�
j (A, bδ) = span{bδ, Abδ , . . . , Aj−1bδ}, j = 1, 2, 3, · · · .(1.10)

The GMRES method determines iterates xδj ∈
�
j (A, bδ), j = 1, 2, 3, · · · , that

satisfy
‖bδ −Axδj‖ = min

x∈ � j (A,bδ)
‖bδ −Ax‖.(1.11)

It follows from (1.11) and the relation
�
j−1 (A, bδ) ⊂ �

j (A, bδ) that the inequal-
ities (1.7) hold for the residual vectors (1.6) associated with the GMRES iterates
xδj . However, the GMRES iterates are not guaranteed to satisfy the inequalities
(1.8). Therefore, the graph obtained by linear interpolation between adjacent
points qj and qj+1, for j = 0, 1, 2, · · · , where the points qj := {φ(‖xδj‖), ψ(‖rδj‖)}
are determined by the GMRES iterates and the associated residual vectors, is
not L-shaped for many discrete ill-posed problems and it can be difficult to locate
a “vertex” on the graph. This is illustrated by computed examples in Section 4.
We refer to the graph as the solution-norm L-curve for the GMRES method.

This paper introduces a new L-curve, which is better suited for use with the
GMRES method. It is obtained by replacing the abscissas φ(‖xδj‖) of the points

qj that define the solution-norm L-curve by φ(‖κδj‖), where κδj denotes the con-
dition number of a projected matrix defined in the jth iteration of the GMRES
method. The graph of the new L-curve describes a monotonically decreasing
function, and we present sufficient conditions for it to have a “vertex.” We
use the vertex to determine an approximate solution of the linear system (1.1);
details and a motivation for this approach are presented in Section 2.

This paper is organized as follows. Section 2 discusses the GMRES method and
introduces the new L-curve, Section 3 presents conditions under which this curve
exhibits a “vertex,” and computed examples are shown in Section 4. Concluding
remarks can be found in Section 5.

2 The GMRES method and the condition L-curve

The GMRES method of Saad and Schultz [15, 16] is based on the Arnoldi
process. We use the notation

< f, g >:= fT g, f, g ∈ � n ,

in the following description of the Arnoldi process.

Algorithm 2.1. The Arnoldi process
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Input: A ∈ � n×n , bδ ∈ � n , k ∈ � such that dim
�
k (A, bδ) = k;

Output: upper Hessenberg matrix Hδ
k = [hδi,j ]

k
i,j=1 ∈

� k×k , orthonormal

basis {vδj}kj=1 of
�
k (A, bδ), f δk+1 ∈

� n ;

f δ1 := bδ;
for j = 1, 2, . . . , k do

vδj := f δj /‖f δj ‖;
f δj+1 := Avδj ;
for i = 1, 2, . . . , j do

hδi,j :=< f δj+1, v
δ
i >; f δj+1 := f δj+1 − hδi,jvδi ;

endfor i;
if j < k

hδj+1,j := ‖f δj+1‖;
endif;

endfor j;

The assumption that the number of iterations k in the algorithm is chosen
small enough so that dim

�
k (A, bδ) = k holds simplifies the presentation of our

results, but is not essential. In fact, in the remainder of this section, we will for
notational simplicity assume that k is small enough, so that dim

�
k+1 (A, bδ) =

k + 1. Then the vector f δk+1 determined by Algorithm 2.1 does not vanish.

Let V δj = [vδ1 , v
δ
2, . . . , v

δ
j ] for 1 ≤ j ≤ k. It follows from the construction of the

vector f δk+1 in Algorithm 2.1 that (V δk )T f δk+1 = 0. The relations for the matrix

entries hδj,k and vectors vδj and f δj+1 of the algorithm can be written in matrix
form,

AV δk = V δkH
δ
k + f δk+1e

T
k ,(2.1)

where ek denotes the kth axis vector. We refer to (2.1) as an Arnoldi decompo-
sition of the matrix A.

Append the row ‖f δk+1‖eTk to the matrix Hδ
k and denote the (k+1)×k matrix

so obtained by H̄δ
k . Define vδk+1 := f δk+1/‖f δk+1‖ and V δk+1 := [V δk , v

δ
k+1]. Then

(2.1) can be expressed as
AV δk = V δk+1H̄

δ
k .(2.2)

The GMRES method solves the minimization problem (1.11) by expressing
vectors x ∈ �

j as x = Vjy and using the decomposition (2.2) with k replaced by
j. Thus,

‖Axδj − bδ‖ = min
x∈ � j (A,bδ)

‖Ax− bδ‖ = min
y∈� j

‖AV δj y − bδ‖

= min
y∈ � j ‖V

δ
j+1(H̄δ

j y − ‖bδ‖e1)‖ = min
y∈ � j ‖H̄

δ
j y − ‖bδ‖e1‖(2.3)

= ‖H̄δ
j y
δ
j − ‖bδ‖e1‖,

where yδj solves the minimization problems (2.3). It follows that the jth iterate
determined by the GMRES method can be expressed as

xδj = V δj y
δ
j , yδj = (H̄δ

j )†e1‖bδ‖ = (H̄δ
j )†(V δj+1)T bδ,(2.4)
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where (H̄δ
j )† denotes the Moore-Penrose pseudo-inverse of the matrix H̄δ

j . Hence,

xδj is the least-squares solution of minimal norm of the linear system of equations

Aδjx = bδ,(2.5)

where
Aδj := V δj+1H̄

δ
j (V δj )T ∈ � n×n , j ≥ 1.(2.6)

Define the condition number of a matrix M by

κ(M) := ‖M‖‖M †‖.

Proposition 2.1. Assume that dim
�
k+1 (A, bδ) = k + 1. Then

‖Aδj‖ ≤ ‖Aδj+1‖,
‖(Aδj)†‖ ≤ ‖(Aδj+1)†‖, j = 1, 2, . . . , k − 1,(2.7)

and it follows that the condition numbers κδj := κ(Aδj ) satisfy

κδj ≤ κδj+1, j = 1, 2, · · · , k − 1.(2.8)

Moreover,
‖Aδj‖ ≤ ‖A‖, 1 ≤ j ≤ k,(2.9)

and if A is nonsingular, then

‖(Aδj)†‖ ≤ ‖A−1‖, 1 ≤ j ≤ k,(2.10)

and
κδj ≤ κ(A), 1 ≤ j ≤ k.(2.11)

Proof. It follows from (2.6) and (Aδj )
† = V δj (H̄δ

j )†(V δj+1)T that

‖Aδj‖ = ‖H̄δ
j ‖, ‖(Aδj )†‖ = ‖(H̄δ

j )†‖.(2.12)

It therefore suffices to consider the matrices H̄δ
j .

Let H̄δ
j,0 ∈

� (j+2)×j denote the matrix obtained by appending a row with zero

entries to H̄δ
j . The matrices H̄δ

j,0 and H̄δ
j have the same singular values, and

it follows that ‖H̄δ
j,0‖ = ‖H̄δ

j ‖ and ‖(H̄δ
j,0)†‖ = ‖(H̄δ

j )†‖. Appending the last

column of the matrix H̄δ
j+1 to H̄δ

j,0 yields H̄δ
j+1. Therefore the singular values of

H̄δ
j,0 interlace the singular values of H̄δ

j+1; see, e.g., [7, p. 449]. The inequalities
(2.7) follow from the interlacing property and (2.12).

The matrices H̄δ
j and (H̄δ

j )† are orthogonal projections of A and A†, respec-
tively, and therefore the inequalities (2.9) and (2.10) hold. Finally, (2.8) follows
from (2.7), and (2.11) from (2.9) and (2.10).

It is convenient to define κδ0 := 1. Then the inequality (2.8) also holds for
j = 0.

We apply the GMRES method to the linear system (1.4) and determine the
least-squares solution of minimal norm xδj of a sequence of linear systems (2.5) for
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increasing values of j. Note that replacing the given linear system (1.4) by (2.5),
and computing the minimal-norm least-squares solution of (2.5), constitutes a
regularization method for the system (1.4), because we have replaced the ill-
conditioned linear system (1.4) by the less ill-condition system (2.5), cf. (2.11).
The inequalities (2.8) suggest that the condition numbers κδj of the matrices

Aδj of the regularized systems grow with j, and this behavior can generally be

observed in applications of the GMRES method. Moreover, the norm ‖A−Aδj‖
decreases as j increases. It is important to terminate the GMRES iterations
after a suitable number of iterations, say k of them, so that the matrix Aδk is not
too ill-conditioned and Aδk is close to the matrix A. We refer to the iteration
number as the regularization parameter.

Proposition 2.1 suggests a new L-curve for monitoring the progress of the itera-
tions and for determining a suitable termination index k for the GMRES method.
Let φ(t) and ψ(t) be strictly increasing functions for t ≥ 0, and define the points
qj := {φ(κδj), ψ(‖rδj‖)} for j = 0, 1, 2, · · · . Consider the graph obtained by linear
interpolation between adjacent points qj and qj+1 for j = 0, 1, 2, · · · . Because
of the inequalities (1.7) and (2.8), the graph can be identified with a piecewise
linear monotonically decreasing function. For many linear systems (1.4) this
graph is shaped roughly like the letter “L.” We therefore refer to the graph as
the condition L-curve for the GMRES method. Let qk be the point at the “ver-
tex” of the condition L-curve. We then choose xδk as an approximate solution
of (1.1). This choice seeks to balance the ill-conditioning of the matrices (2.6)
in the linear systems (2.5) solved by the GMRES method, and the norm of the
residual errors (1.6) associated with the computed solutions.

The following result shows that the condition L-curve provides, up to the
scaling factor ‖bδ‖/‖H̄δ

1‖, an upper bound for the solution-norm L-curve for the
GMRES method.

Theorem 2.2. Assume that dim
�
k+1 (A, bδ) = k + 1 and let xδj denote the

least-squares solution of minimal norm of the projected linear system (2.5) for
1 ≤ j ≤ k. Then

‖xδj‖ ≤ κδj
‖bδ‖
‖H̄δ

1‖
, 1 ≤ j ≤ k.(2.13)

Proof. Formula (2.4) yields

‖xδj‖ = ‖yδj‖ ≤ ‖(H̄δ
j )†‖‖bδ‖ = κδj

‖bδ‖
‖H̄δ

j ‖
≤ κδj

‖bδ‖
‖H̄δ

1‖
,

where the last inequality follows from (2.12) and (2.7).

3 The vertex of the condition L-curve

This section presents conditions on the linear system (1.1) and the noise d that
secure that the condition L-curve for the GMRES method exhibits a “vertex.”
The conditions imposed are chosen to make the analysis simple; they can easily
be weakened.

Let the matrix A have the spectral factorization

A = ZΛZ−1, Λ = diag[λ1, λ2, · · · , λn], Z = [z1, z2, . . . , zn],(3.1)
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and assume that the eigenvalues λj are distinct and nonvanishing. Let the noise-
free right-hand side vector b be a linear combination of m < n eigenvectors

b =
m∑

j=1

αjzj(3.2)

with all coefficients αj 6= 0. Then the polynomial

pm(t) :=
m∏

j=1

(1− t

λj
)(3.3)

satisfies
pm(A)b = 0.(3.4)

Assume that the noise d in (1.2) is such that

bδ =
n∑

j=1

αδjzj(3.5)

with all coefficients αδj 6= 0.
We will use the following notation. When δ = 0, we have d = 0, cf. (1.3),

and we omit the superscript δ. For instance, Algorithm 2.1 with input vector b
yields the orthonormal basis {vj}kj=1 of the Krylov subspace

�
k (A, b) and the

upper Hessenberg matrix Hk.
Proposition 3.1. Let xj , j = 1, 2, 3, · · · , denote the iterates determined by

the GMRES method when applied to the solution of the linear system (1.1) with
the noise-free right-hand side (3.2) and initial approximate solution x0 := 0.
Then Axm = b and Axj 6= b for 0 ≤ j < m.

Let xδj , j = 1, 2, 3, · · · , denote the iterates determined by the GMRES method
when applied to the solution of the linear system (1.4) with the right-hand side
(3.5) and initial approximate solution xδ0 := 0. Then Axn = bδ and Axj 6= bδ

for 0 ≤ j < n.
Proof. The iterate xj determined by the GMRES method when applied to

the solution of the linear system (1.1) with initial approximate solution x0 := 0
satisfies

‖b−Axj‖ = min
x∈ � j (A,b)

‖b−Ax‖.(3.6)

Let � (0)
j denote the set of all polynomials p of degree at most j such that p(0) = 1,

and assume that dim
�
j (A, b) = j. Then

min
x∈ � j (A,b)

‖b−Ax‖ = min
p∈ � (0)

j

‖p(A)b‖.(3.7)

It follows from the representation (3.2) that dim
�
j (A, b) = j for 1 ≤ j ≤ m.

Substituting (3.2) and the spectral factorization (3.1) into the right-hand side
of (3.7) shows that

min
p∈� (0)

j

‖p(A)b‖ > 0, 1 ≤ j < m.(3.8)
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Let rj := b−Axj . Combining equations (3.6), (3.7) and (3.8) shows that rj 6= 0
for 0 ≤ j < m. It follows that none of the iterates xj , 0 ≤ j < m, solve the
linear system of equations (1.1).

Since the polynomial pm defined by (3.3) is in the set � (0)
m , we have

‖b−Axm‖ = min
p∈� (0)

m

‖p(A)b‖ ≤ ‖pm(A)b‖ = 0,

where the last equality stems from (3.4). Thus, xm solves the linear system
(1.1).

We turn to the solution of the linear system (1.4) with right-hand side (3.5).
It follows from the representation (3.5) that dim

�
j (A, bδ) = j for 1 ≤ j ≤ n.

Substituting the spectral factorization (3.1) into the minimization problem (1.11)
shows that the iterates xδj satisfy Axδj 6= bδ for 1 ≤ j < n, and that Axδn = bδ.

The following definitions help us to discuss the graph of the condition L-curve.
Let qj = {sj , tj}, j = 0, 1, 2, · · · , denote points in

� 2 . We say that q0 is larger
(smaller) than q1, and write q0 ≥ q1 (q0 ≤ q1) if s0 = s1 and t0 ≥ t1 (t0 ≤ t1).
The point q0 is said to lie below the line segment � ⊂ � 2 if there is a point
q1 ∈ � , such that q0 ≤ q1. We say that a set of points � = {qj}`j=0 is ordered

if s0 ≤ s1 ≤ · · · ≤ s`. An ordered triple of points {qj}2j=0 is said to determine a
vertex if the point q1 lies below the line segment that joins the points q0 and q2.
We say that an ordered point set � = {qj}`j=0 has a vertex if the set contains

an ordered triple {qi}j+1
i=j−1 that determines a vertex.

Proposition 3.2. Let � = {qj}`j=0 be an ordered set of points in
� 2 and

assume that one of the points, say qk, lies below the line segment that joins q0

and q`. Then the set � has a vertex.
Proof. The statement follows immediately from the definitions.
We are now in a position to discuss the existence of a vertex of the condition

L-curve. Let φ(t) and ψ(t) be strictly increasing functions for t ≥ 0, and let the
set of points

� = {qj}nj=0, qj := {φ(κδj), ψ(‖rδj‖)},(3.9)

where the condition numbers κδj are defined in Proposition 2.1, be determined
by the GMRES method applied to the solution of the linear system of equations
(1.4) with right-hand side vector (3.5) and initial approximate solution xδ0 := 0.

It follows from the inequalities (2.8) that the set (3.9) is ordered. The graph
obtained by linear interpolation between adjacent points qj and qj+1 for j =
0, 1, 2, · · · , is the condition L-curve for the GMRES method. We say that the
condition L-curve has a vertex if the set of points (3.9) has a vertex.

Theorem 3.3. Let the right-hand side vector b in (1.1) be of the form (3.2),
and assume that the unit noise vector e in (1.3) is such that the right-hand side
vector bδ given by (1.2) can be expressed as (3.5) with all coefficients αδj 6= 0 for

all δ > 0 sufficiently small.1

Apply the GMRES method to the solution of the linear system of equations
(1.4) with a right-hand side vector bδ with the stated properties, and with initial
approximate solution xδ0 := 0. Let the point set (3.9) be determined by the GM-
RES method. Then the condition L-curve for the GMRES method determined
by this point set has a vertex for any δ > 0 sufficiently small.

1We vary δ, but keep e fixed



10 D. CALVETTI, B. LEWIS, and L. REICHEL

The proof of the theorem is a consequence of the following result.
Lemma 3.4. Let the GMRES method applied to the linear system (1.4) with

right-hand side vector bδ given by (3.5) and initial approximate solution xδ0 := 0
give the iterates xδj , j = 1, 2, 3, · · · , and associated residual vectors rδj defined
by (1.6). Then

‖rδm‖ ≤
m∏

j=1

(1 +
‖A‖
|λj |

)δ.(3.10)

Proof. The least-squares problem (1.11) with j replaced by m can be written
as

‖rδm‖ = min
p∈� (0)

m

‖p(A)bδ‖,

cf. (3.7). Since the polynomial pm defined by (3.3) is in � (0)
m , it follows that

‖rδm‖ ≤ ‖pm(A)bδ‖ ≤ ‖pm(A)b‖+ ‖pm(A)(bδ − b)‖ ≤ ‖pm(A)‖δ,(3.11)

where the last inequality follows from (3.4) and ‖bδ − b‖ = δ. Moreover,

‖pm(A)‖ ≤
m∏

j=1

‖I − 1

λj
A‖ ≤

m∏

j=1

(1 +
‖A‖
|λj |

).(3.12)

Combining equations (3.11) and (3.12) completes the proof.
Proof of Theorem 3.3. Assume that δ > 0 satisfies ‖b‖ > δ. Note that

q0 = {φ(0), ψ(‖bδ‖)} ≥ {φ(0), ψ(‖b‖ − δ)} and qn = {φ(κ(A)), ψ(0)}. We will
show that for any δ > 0 sufficiently small, the point qm = {φ(κδm), ψ(‖rδm‖)} lies
below the line segment between the points q0 and qn.

By Lemma 3.4, there is a constant cm, independent of δ > 0, such that

ψ(‖rδm‖) ≤ ψ(cmδ).(3.13)

Application of the GMRES method to the solution of the linear system of
equations (1.1) with right-hand side vector (3.2) and initial approximate solution
x0 := 0 yields a sequence of upper Hessenberg-like matrices H̄j ∈

� (j+1)×j

and iterates xj , j = 1, 2, · · · ,m. By Proposition 3.1, we have Axm−1 6= b and
Axm = b. Therefore, the last row of H̄m vanishes and the columns of H̄m are
linearly independent; see Saad [15, Propositions 6.10 and 6.11].

The matrix H̄δ
m, obtained by application of Algorithm 2.1 with k = m to the

matrix A and initial vector (3.5), depends continuously on δ, for δ > 0 suf-
ficiently small and e fixed. Since the columns of the matrix H̄δ

m are linearly
independent for all δ > 0 sufficiently small, the pseudo-inverse (H̄m)† also de-
pends continuously on δ for all δ > 0 sufficiently small. Thus,

lim
δ↘0
‖H̄δ

m‖ = ‖H̄m‖, lim
δ↘0
‖(H̄δ

m)†‖ = ‖(H̄m)†‖.(3.14)

Let the condition numbers κδj be defined as in Proposition 2.1. We obtain from
(2.12) and (3.14) that

lim
δ↘0

κδm = κm := ‖H̄m‖‖(H̄m)†‖,
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We conclude from (3.13) and (3.14) that the point qm can be positioned arbi-
trarily close to q∗ := {φ(κm), ψ(0)} by choosing δ > 0 sufficiently small. The
observation that the ordered triple {q0, q

∗, qn} forms a vertex concludes the
proof. �

4 Computed Examples

The computations for the first two examples were carried out on an Intel Pen-
tium workstation with Matlab 5.3. The third example presents an application
to image restoration and requires significantly more computational work and
computer storage than the first examples. The computations for the latter ex-
ample were carried out on a networked cluster of Intel Pentium workstations
using Octave 2.0.16. The unit round-off for all examples was 2 · 10−16.

The examples compare the condition and solution-norm L-curves for the GM-
RES method, the solution-norm L-curve for the CG method applied to the nor-
mal equations (1.5) and the solution-norm L-curve for Truncated Singular Value
Decomposition (TSVD). The latter method is often used for the solution of small
linear discrete ill-posed problems. We outline the method; details are discussed,
e.g., by Hansen [12, Chapters 3 and 5]. Introduce the singular value decompo-
sition

A = USW T ,

where

U = [u1, u2, . . . , un] ∈ � n×n , UTU = I,
W = [w1, w2, . . . , wn] ∈ � n×n , W TW = I,

S = diag[σ1, σ2, . . . , σn] ∈ � n×n , σ1 ≥ σ2 ≥ · · · ≥ σn ≥ 0,

and I denotes the identity matrix. Define the diagonal matrices

Sk = diag[σ1, σ2, . . . , σk, 0, . . . , 0] ∈ � n×n .

The TSVD method gives the approximate solutions

xδk := WS†kU
T bδ, 0 ≤ k ≤ n,(4.1)

of (1.4), where we define xδ0 := 0. The representations

xδk =
k∑

j=1

uTj b
δ

σj
wj , 1 ≤ k ≤ n,

show that ‖xδk‖ grows with k. It is easy to establish that the norm of the
associated residual vectors rδk = bδ −Axδk decreases as k increases.

Let φ(t) and ψ(t) be strictly increasing functions for t ≥ 0 and define the
points qk := {φ(‖xδk‖), ψ(‖rδk‖)}, 0 ≤ k ≤ n, where xδk is given by (4.1) and rδk
is the associated residual vector (1.6). We refer to the graph obtained by linear
interpolation between adjacent points qk and qk+1 as the solution-norm L-curve
for the TSVD method. In all graphs of L-curves in this section, except for those
in Figures 4.6 and 4.7, we used the φ(t) and ψ(t) given by (1.9).

Example 4.1. We compare the condition L-curve for the GMRES method with
the solution-norm L-curves for the GMRES and TSVD methods. This example
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Figure 4.1: Example 4.1: Condition L-curve for the GMRES method (solid
curve) with points qj = {log10 κ

δ
j , log10 ‖rδj‖}, j = 1, 2, 3, marked by “o.” The

points q̃j := {log10 κ
δ
j , log10(‖xδj − x‖/‖x‖)}, j = 1, 2, 3, marked by “×,” display

the relative error of the iterates xδj . Points q̃j with adjacent indices are connected
by dotted line segments.

illustrates that the GMRES method when combined with the condition L-curve
can give a more accurate approximation of the exact solution of (1.1) than the
GMRES and TSVD methods when used in conjunction with the solution-norm
L-curves.

Define the 3×3 matrix A in the linear system (1.1) by its spectral factorization
(3.1), where

Z = [z1, z2, z3] =




1 1.0001 1
−1 −1.0001 0

0 0.0001 0


 , Λ = diag[1, 2, 3].(4.2)

Let
x := z2 + z3(4.3)

and define the noise-free right-hand side vector in (1.1) by b := Ax. The linear
system (1.1) so obtained is consistent and has an ill-conditioned matrix, with
κ(A) = 1.0×108. Introduce the noise vector d = [0, 6×10−4, 4×10−4]T of norm
δ = 7.2× 10−4, and define the noisy right-hand side bδ by (1.2).

The discussion of Section 3 shows that the linear system (1.1) with the noise-
free right-hand side vector b can be solved in two iterations by the GMRES
method when the initial vector is chosen to be x0 = 0. The solution of the linear
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Figure 4.2: Example 4.1: Solution-norm L-curve for the GMRES method (solid
curve) with points qj = {log10 ‖xδj‖, log10 ‖rδj‖}, j = 1, 2, 3, marked by “o.”

The points q̃j := {log10 ‖xδj‖, log10(‖xδj − x‖/‖x‖)}, j = 1, 2, 3, marked by “×,”

display the relative error of the iterates xδj . Points q̃j with adjacent indices are
connected by dotted line segments.

system (1.4) with the right-hand side vector bδ requires three iterations with the
same initial vector.

Figure 4.1 displays the condition L-curve for the GMRES method (solid line
segments). The points qj := {log10 κ

δ
j , log10 ‖rδj‖}, j = 1, 2, 3, that define the

L-curve are marked by “o.” If the computations were carried out in exact arith-
metic, then rδ3 would vanish. In order to easily be able to compare the condition
L-curve with the solution-norm L-curve, we do not display the point q0. Note
that the L-curve has a vertex at q2.

Figure 4.1 also shows the logarithm of the relative error log10(‖xδj − x‖/‖x‖),
where xδj denotes the iterates determined by the GMRES method and x is the
exact solution (4.3) of the linear system (1.1). The figure displays the points
q̃j := {log10 κ

δ
j , log10(‖xδj − x‖/‖x‖)}, j = 1, 2, 3, marked by “x.” Consecutive

points q̃j are connected by dotted line segments. The figure shows that the
smallest relative error is achieved by the iterate xδ2, which corresponds to the
vertex of the condition L-curve.

Figure 4.2 shows the solution-norm L-curve for the GMRES method defined
by the points qj := {log10 ‖xδj‖, log10 ‖rδj‖}, j = 1, 2, 3. These points are marked

by “o.” We omit the point q0 because the logarithm is not defined for xδ0 = 0.
Since the points qj , j = 1, 2, 3, are not ordered, the solution-norm L-curve does
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Figure 4.3: Example 4.1: Solution norm L-curve for the TSVD method (solid
curve) with points qj = {log10 ‖xδj‖, log10 ‖rδj‖}, j = 1, 2, 3, marked by “o.”

The points q̃j := {log10 ‖xδj‖, log10(‖xδj − x‖/‖x‖)}, j = 1, 2, 3, marked by “×,”

display the relative error of the approximate solutions xδj . Points q̃j with adjacent
indices are connected by dotted line segments.

not display a vertex. The figure also shows the logarithm of the relative errors
in the computed iterates, similarly as Figure 4.1. It is not obvious from the
solution-norm L-curve that xδ2 is the best approximate solution of (1.4).

Figure 4.3 presents the solution-norm L-curve for the TSVD method. The
points qj := {log10 ‖xδj‖, log10 ‖rδj‖}, j = 1, 2, 3, that determine the L-curve are
ordered, but the curve does not display a vertex. Thus, the solution-norm L-
curve for the TSVD method does not clearly indicate which xδj should be chosen
as an approximate solution of (1.4). The figure also displays the logarithm of the
relative errors in the computed approximate solutions xδj . Note that the norm of
errors in the approximate solutions determined by the TSVD method is at least
as large, and for j = 2 much larger, than the norm of the error in the iterates
computed by the GMRES method. �

Example 4.2. The inversion of the Laplace transform
∫ ∞

0

exp(−st)x̂(t)dt = b̂(s), s ≥ 0,(4.4)

where b̂ is a given function and x̂ is to be determined, is a classical ill-posed
problem. Let

b̂(s) :=
1

s
− 2

2s+ 1
.
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Figure 4.4: Example 4.2: Condition L-curve for the GMRES method (solid
curve) with points qj = {log10 κ

δ
j , log10 ‖rδj‖}, 1 ≤ j ≤ 14, marked by “o.” The

points q̃j := {log10 κ
δ
j , log10(‖xδj−x‖/‖x‖)}, 1 ≤ j ≤ 14, marked by “×,” display

the relative error of the iterates xδj . Points q̃j with adjacent indices are connected
by dotted line segments.

Then the solution of (4.4) is given by

x̂(t) := 1− exp(−t/2).(4.5)

We discretize the integral equation (4.4) by software written in Matlab by Hansen
[11]. The integral is replaced by a 100-point Gauss-Laguerre quadrature rule
and the equation so obtained is required to be satisfied at the collocation points
sj := j/10, 1 ≤ j ≤ 100. This determines the matrix A ∈ � 100×100 and the

entries bj := b̂(sj) of the right-hand side vector b ∈ � 100 of the linear system
(1.1). Let the noise vector d ∈ � 100 have normally distributed random entries
with zero mean and with variance chosen so that δ = 1 · 10−4; cf. (1.3). We
obtain the noisy right-hand side vector from (1.2). This defines the linear system
of equations (1.4).

Let xδj denote the iterates computed by the GMRES method when applied

to the solution of (1.4) with initial approximate solution xδ0 := 0. Figure 4.4
is analogous to Figure 4.1 and shows the condition L-curve for the GMRES
method as well as the logarithm of the relative error of the iterates. We consider
the tabulation of the function (4.5) at the 100 nodes of the Gauss-Laguerre
quadrature rule as the “exact solution” x when computing the relative error
‖xδj − x‖/‖x‖.

Figure 4.4 shows the condition L-curve to have two vertices, each of which is
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Figure 4.5: Example 4.2: Solution-norm L-curve for the TSVD method (solid
curve) with points qj = {log10 ‖xδj‖, log10 ‖rδj‖}, 1 ≤ j ≤ 18, marked by “o.”

The points q̃j := {log10 ‖xδj‖, log10(‖xδj − x‖/‖x‖)}, 1 ≤ j ≤ 18, marked by

“×,” display the relative error of the approximate solutions xδj . Points q̃j with
adjacent indices are connected by dotted line segments.

associated with a fairly good approximate solution of (1.1). The smallest relative
error is achieved by the iterate xδ3, which is associated with the “first” vertex of
the condition L-curve.

Figure 4.5 is analogous to Figure 4.3 and displays the solution-norm L-curve
for the TSVD method, as well as the logarithm of the relative error of the
iterates. The solution-norm L-curve has a clear L-shape. However, the relative
error associated with the solution corresponding to the vertex of the L-curve
is significantly larger than the relative error of the iterate xδ3 determined by
GMRES method; cf. Figure 4.4.

We remark that in this example, as well as in Example 4.1 above, the GMRES
method gives a better approximate solution of (1.1) than the TSVD method.
This depends on that these methods use different bases. The importance of the
choice of basis on the quality of the computed regularized approximate solutions
of discrete ill-posed problems has previously been observed by Varah [17]. �

Example 4.3. We consider an application to image restoration. The discretized
image is represented by an array of 512×512 pixels. For computational purposes,
we store the pixels row-wise in a vector with 5122 ≈ 2.6 · 105 entries. The right-
hand side vector in the linear system (1.4) represents the available image, which
has been contaminated by blur and noise. The matrix A in (1.4) represents the
blurring operator and is of size 5122 × 5122. The blur is Gaussian and spatially
variant. Specifically, the matrix is given by A := I1A1 + I2A2, where I1 is the
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Figure 4.6: Example 4.3: Condition L-curve for the GMRES method.

diagonal matrix, whose first 5122/2 diagonal entries are one, and the remaining
entries zero, and I2 := I − I1. The matrices Ai are Kronecker products of
banded Toeplitz matrices Ti, which represent Gaussian blur in one dimension.

Thus, Ai := Ti ⊗ Ti, where the matrices Ti = [t
(i)
j,k]512

j,k=1, i = 1, 2, are given by

t
(i)
j,k :=

{
1

ρi
√

2π
exp(− (j−k)2

2ρ2
i

), if |j − k| ≤ 12ρi,

0, otherwise.

In the computations, we let ρ1 := 4 and ρ2 := 4.5. This gave matrices Ti with
condition numbers greater that 1 · 1018, i.e., the matrices Ti were numerically
singular. The blurring matrix A so obtained is nonsymmetric. It represents
different blur in the upper and lower halves of the image.

Given the discretization of an “original” noise-free and blur-free image x ∈
� 5122

, we generated a blurred and noisy image bδ := Ax + d, where d is a
noise vector with normally distributed random entries with zero mean and with
variance chosen so that ‖d‖/‖b‖ = 5.0 × 10−3. The original image x in this
example is “Antarctic Penguins” from NASA, image number AC86-0614-22.

Figure 4.6 displays the condition L-curve for the GMRES method when applied
to the solution of (1.4) with initial approximate solution xδ0 := 0. Let xδj denote

the iterates generated by the GMRES method and let rδj be the associated

residual vectors (1.6). The condition numbers κδj are defined in Proposition 2.1.
The condition L-curve shown is determined by the point set

� = {qj}10
j=1, qj := {φ(κδj ), ψ(‖rδj‖)}
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Figure 4.7: Example 4.3: Solution-norm L-curve for the CG method applied to
the normal equations (1.5).

with
φ(t) := t, ψ(t) := log10 t.(4.6)

This choice of φ(t) and ψ(t) gives a more pronounced L-shape than the choice
(1.9).

The L-curve suggests that xδ4 may be a good approximation of the original
noise-free and blur-free image. This is verified by Figure 4.8, which shows the
given blurred and noisy image in the upper-left corner, and then row-wise, from
top to bottom, displays the images determined by the GMRES method after
2, 4, 6, 8 and 10 iterations. The amplified noise in the images obtained when
carrying out 8 and 10 iterations is clearly visible.

For comparison, we also determined approximate solutions of the linear system
(1.1) by applying the CG method to the normal equations (1.5). We used the
implementation CGLS described by Björck [2, Chapter 7]. Related methods have
been applied to the restoration of astronomical images with spatially-variant
blur; see Nagy and O’Leary [14] for a discussion.

Figure 4.7 shows the solution-norm L-curve for the CG method applied to the
normal equations (1.5) with initial approximate solution xδ0 := 0. Denote the
iterates determined by the CG method by xδj and let rδj denote the associated
residual vector (1.6). The solution-norm L-curve shown is determined by the
point set

� = {qj}25
j=1, qj := {φ(‖xδj‖), ψ(‖rδj‖)}

with φ(t) and ψ(t) given by (4.6). This choice of φ(t) and ψ(t) makes it easy to
compare the graph with the condition L-curve of Figure 4.6. The solution-norm
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L-curve has a fairly pronounced vertex at the point q19 and this suggests that
the iterate xδ19 may be a good approximation of the original image noise-free and
blur-free image.

Figure 4.9 shows the given blurred and noisy image in the upper-left cor-
ner (same image as in the upper-left corner of Figure 4.8), and then row-wise,
from top to bottom, displays the images determined by the CG method after
5, 10, 15, 19 and 25 iterations. Each iteration requires the evaluation two matrix-
vector products, one with the matrix A and one with its transpose. Much blur
has been removed in the image obtained after 19 iterations, however, the figure
displays “ringing.” In the present example, the images restored by the GMRES
method do not suffer from “ringing.” Experience from the restoration of nu-
merous images by the GMRES and CGLS methods suggests that the GMRES
method typically gives a better restoration with less computational work. �

5 Conclusion and related work

The GMRES method can be applied to compute meaningful approximate so-
lutions of linear discrete ill-posed problems with a right-hand side vector that is
contaminated by errors. The termination criterion for the iterations is impor-
tant. The condition L-curve is well suited for this purpose for many problems.
Comparison with the conjugate gradient method applied to the normal equations
suggests that for many problems the GMRES method may be able to compute
a meaningful approximate solution with less work.

We remark that superior performance of the GMRES also can be observed
when the iterations are terminated by the discrepancy principle; see [3] for nu-
merical examples.

The condition L-curve introduced in the present paper for use with the GM-
RES method can be used together with many regularization methods. For in-
stance, its use with the MINRES and MR-II iterative methods is described in
[4].

This paper focuses on some computational issues related to the application of
the GMRES method to the solution of discrete ill-posed problems. The investi-
gation [5] sheds light on the regularizing property of the GMRES method.
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Figure 4.8: Example 4.3: Image restoration by the GMRES method. Row-wise
from top-left to bottom-right: the given image that is contaminated by blur
and noise, the restored images after 2, 4, 6, 8, and 10 iterations by the GM-
RES method. The condition L-curve for the GMRES method suggests that 4
iterations should be carried out.
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Figure 4.9: Example 4.4: Image restoration by the CG method applied to the
normal equations (1.5). Row-wise from top-left to bottom-right: the given image
that is contaminated by blur and noise, the restored images after 5, 10, 15, 19,
and 25 iterations by the CG method. The solution-norm L-curve for the CG
method suggests that 19 iterations should be carried out.


