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Abstract

Linear systems of equations and linear least-squares problems with
a matrix whose singular values “cluster” at the origin and with an
error-contaminated data vector arise in many applications. Their nu-
merical solution requires regularization, i.e., the replacement of the
given problem by a nearby one, whose solution is less sensitive to the
error in the data. The amount of regularization depends on a parame-
ter. When an accurate estimate of the norm of the error in the data is
known, this parameter can be determined by the discrepancy princi-
ple. This paper is concerned with the situation when the error is white
Gaussian and no estimate of the norm of the error is available, and
explores the possibility of applying a denoising method to both reduce
this error and to estimate its norm. Applications to image deblurring
are presented.

1 Introduction

We consider the approximate solution of linear least-squares problems

min
x∈Rn
‖Ax− b‖2, (1)

with a matrix A ∈ Rm×n whose singular values “cluster” at the origin. In par-
ticular, A is severely ill-conditioned and may be singular. Such least-squares
problems arise from the discretization of Fredholm integral equations of the
first kind and, in particular, in image deblurring problems. They are com-
monly referred to as discrete ill-posed problems. For notational simplicity,
we will assume that m ≥ n, however, this constraint easily can be removed.
Throughout this paper ‖ · ‖2 denotes the Euclidean vector norm or the spec-
tral matrix norm.
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The vector b ∈ Rm in (1) represents available data and is assumed to be
contaminated by an additive error e ∈ Rm, i.e.,

b = bt + e,

where bt ∈ Rn denotes the unknown error-free data. Such error contami-
nation can occur if b is recorded by a process subject to measurement and
transmission errors. The error e is assumed to be white Gaussian in this
paper. We sometimes will refer to e as “noise”. The least-squares problem
(1) with b replaced by bt is assumed to be consistent, but consistency of the
available problem (1) is not required.

Let A† denote the Moore-Penrose pseudoinverse of A. Then the solution
of the least-squares problem (1) can be expressed as

x = A†b = A†bt + A†e = x̂+ A†e, (2)

where x̂ = A†bt is the least-square solution of minimal Euclidean norm of
the error-free problem associated with (1). We would like to determine an
accurate approximation of x̂. Due to the ill-conditioning of A and the error e
in b, the vector (2) typically is dominated by the propagated error A†e, and
therefore not a useful approximation of x̂; see Section 2.1 for further details.
Regularization aims to remedy this situation.

Regularization methods replace the given problem (1) by a nearby one,
whose solution is less sensitive to the error e in b. Popular regulariza-
tion methods include the Truncated Singular Value Decomposition (TSVD),
Tikhonov regularization, and truncated iteration. In the TSVD method all
but the k largest singular values of the matrix A are set to zero, and the
solution of minimal Euclidean norm of the modified least-squares problem
so obtained is computed. The parameter k is referred to as a regularization
parameter and determines how much the given problem (1) is modified and
how sensitive the solution of the modified problem is to the error e. Tikhonov
regularization replaces the problem (1) by a penalized least-squares problem,
and a regularization parameter determines how much the given problem (1)
is modified. Finally, in truncated iteration regularization is achieved by car-
rying out sufficiently few iterations with an iterative solution method. The
number of iterations is the regularization parameter. We will illustrate the
performance of these regularization methods when the regularization param-
eter is determined by a novel denoising method.

Let x̂Reg. (p) denote the approximation of x̂ determined by a regularization
method with regularization parameter p and assume that ‖Ax̂Reg.(p) − b‖2

decreases as p increases. If a fairly tight bound for the norm of the error in
b,

‖e‖2 ≤ δ,

is available, then it is convenient to apply the discrepancy principle to deter-
mine p. The discrepancy principle selects the smallest value of the regular-
ization parameter p such that

‖Ax̂Reg. (p)− b‖2 6 τδ, (3)
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where τ ≥ 1 is a user-chosen parameter independent of the norm of e; see,
e.g., Engl et al. [9] and Hansen [12] for discussions. The main drawback of the
discrepancy principle is that a fairly accurate estimate of ‖e‖2 is required in
order for this parameter choice method to determine a value of p that yields
an as accurate approximation x̂Reg. (p) of x̂ as possible. A significant over-
estimate of ‖e‖2 results in an unnecessarily large value of the regularization
parameter and, therefore, in a needlessly large error x̂Reg. (p)− x̂; conversely
a significant underestimate of ‖e‖2 gives a computed solution that is severely
contaminated by propagated error.

It is the purpose of the present paper to investigate the application of
denoising methods both for improving the data used in the computation and
for estimating the norm of the error in the data. We present applications
to digital image deblurring problems. Three data driven denoising methods
are considered for this purpose: the wavelet-shrinkage denoising algorithm
BayesShrink [3], the wavelet-shrinkage-based Residual Kurtosis Minimization
Denoising (RKMD) method described in [15], and a Total-Variation (TV) de-
noising method that uses RKMD to determine the regularization parameter.
We are interested both in denoising the data b without removing significant
features of the image and in determining an accurate estimate of the norm
of the error.

Another approach to the estimation of ‖e‖2 is described in [21, 22], where
an evolution equation associated with a regularization method based on the
Perona-Malik diffusivity is integrated a few time steps. This removes the
highest frequencies in b, and the difference between the integrated data and
b is used as an estimate of ‖e‖2. Computed results reported in [21, 22] are
promising, but the integrated data is not an accurate approximation of the
error-free data bt; the integrated data generally cannot replace the vector b
in (1) without loss of accuracy. The BayesShrink method has recently been
applied in [23] to estimate the noise in the data on each level of an alternating
multilevel method. As we will see in Section 5, the BayesShrink method does
not always determine ‖e‖2 accurately.

Methods for determining a suitable value of the regularization parameter
without using a bound for ‖e‖2 are commonly referred to as heuristic; see,
e.g., [2, 9, 14, 18, 20, 27] for discussions and illustrations. All of these methods
implicitly or explicitly estimate ‖e‖2, but none of them seek to remove the
noise to determine more accurate data for the deblurring problem.

Let p be a value of the regularization parameter determined by a heuristic
method and let x̂Reg. (p) be the associated approximate solution of (1). Then
the discrepancy principle suggests that ‖Ax̂Reg. (p)− b‖2 is an estimate of the
norm of e. If this estimate is close to but not smaller than ‖e‖2, then x̂Reg. (p)
is likely to be a useful approximation of x̂; however, if the estimate is much
smaller than ‖e‖2, then x̂Reg. (p) might not be close to x̂.

This paper is organized as follows. Section 2 gives a short review of the
regularization methods applied in the computed examples. They are TSVD,
Tikhonov regularization, and truncated iteration with a minimal residual
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method [25]. In Section 3, we briefly review the L-curve criterion for deter-
mining the regularization parameter p in the regularization methods consid-
ered. The L-curve criterion was first proposed by Lawson and Hanson [19],
and has subsequently been advocated by Hansen [11, 12]. We will compare
approaches for determining p based on denoising methods to the L-curve cri-
terion. Section 4 discusses denoising by the BayesShrink method, TV-norm
minimization, and the RKMD data-driven procedure. Numerical examples
that illustrate the application of these denoising methods to the determina-
tion of the regularization parameter for the regularization methods described
in Section 2 via the discrepancy principle and compares them to the L-curve
criterion are presented in Section 5. Concluding remarks can be found in
Section 6.

2 Regularization methods

This section provides an overview of the TSVD, Tikhonov, and minimal resid-
ual methods for computing regularized solution to discrete ill-posed problems.

2.1 TSVD

The Singular Value Decomposition (SVD) of a matrix A ∈ Rm×n is a factor-
ization of the form

A = UΣV T ,

where
Σ = diag [σ1, σ2, . . . , σn] ∈ Rm×n

is a (possibly rectangular) diagonal matrix whose diagonal entries σ1 ≥ σ2 ≥
. . . ≥ σn ≥ 0 are the singular values of A, and U = [u1, u2, . . . , um] ∈ Rm×m

and V = [v1, v2, . . . , vn] ∈ Rn×n are orthogonal matrices. The superscript
T denotes transposition. An optimal rank-p approximation Ap of A in the
spectral matrix norm ‖ · ‖2 is given by

Ap =

p∑
i=1

σjujv
T
j .

The pseudoinverse A†p of Ap can be expressed as

A†p =

p∑
i=1

viu
T
i

σi
,

where we assume that p is chosen small enough so that σp > 0. The solution
of minimal Euclidean norm of the least-squares problem (1) with A replaced
by Ap is given by

x̂TSVD = A†pb = A†p (bt + e) =

p∑
i=1

(
uTi bt
σi

vi +
uTi e

σi
vi

)
. (4)
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If A has tiny positive singular values, then the terms
uTi e

σi
vi in (4) associ-

ated with these singular values may dominate the other terms and give rise
to a large propagated error; see, e.g., [12] for a discussion. Regularization
by TSVD resolves this issue by omitting terms associated with the smallest
singular values. The integer p is a regularization parameter. In order for
x̂Reg.(p) = x̂TSVD to be a meaningful approximate solution of (1), p must be
chosen small enough so that x̂TSVD is not dominated by propagated error, yet
large enough that fidelity to the underlying problem is maintained.

2.2 Tikhonov regularization

In its simplest form, Tikhonov regularization replaces (1) by the penalized
least-squares problem

min
x∈Rn

{
‖Ax− b‖2

2 +
1

p
‖x‖2

2

}
, (5)

where p > 0 is a regularization parameter. This parameter, much like the
regularization parameter p in TSVD, acts as a selectable trade-off between
smoothness of the solution and fidelity to the underlying problem (1). The
solution of (5) can be determined inexpensively for many values of p when
the SVD of A is available

x̂Reg.(p) = x̂Tik. = V

(
ΣTΣ +

1

p
I

)−1

ΣTUT b =
n∑
i=1

σi
σ2
i + 1/p

(
uTi b
)
vi. (6)

Alternative implementations are discussed in [1, 8, 16].

2.3 A minimal residual iterative method

In this subsection, we assume the matrix A ∈ Rn×n in (1) to be symmetric.
It is well known that iterative methods for the solution of minimization prob-
lems (1) with a symmetric matrix should determine an approximate solution
in the range of A, because then the approximate solution is orthogonal to
the null space of A. We will use the implementation described in [25, Algo-
rithm 3.1] of a minimal residual Krylov subspace method with this property
in some of the examples of Section 5 using the software [26]. Thus, beginning
with the initial iterate x0 = 0, the pth iterate xp determined by this method
satisfies

‖Axp − b‖2 = min
x∈Kp(A,Ab)

‖Ax− b‖2 , xp ∈ Kp (A,Ab) ,

where Kp(A,Ab) = span {Ab,A2b, . . . , Apb} is a Krylov subspace in the range
of A. We assume that p is chosen small enough so that dim(Kp(A,Ab)) = p.

The use of this iterative method requires that the number of iterations, p,
be specified. This parameter is a regularization parameter, i.e., x̂Reg.(p) = xp.
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When p is (too) small, the number of iterations may not be sufficient to
accurately approximate the desired solution x̂, while if p is (too) large, then
the computed approximate solution xp may be dominated by propagated
error.

3 The L-curve criterion

The L-curve criterion determines the regularization parameter p by balancing
the sizes of the computed solution x̂Reg.(p) and of the associated residual error

r̂Reg.(p) = b− Ax̂Reg.(p).

It can be applied with all regularization methods of Section 2. We briefly
review the L-curve criterion and first consider its application to the deter-
mination of the regularization parameter in Tikhonov regularization. Thus,
x̂Reg.(p) is given by (6). The L-curve criterion considers the curve

p→ {ln ‖xReg.(p)‖2, ln ‖rReg.(p)‖2}. (7)

This curve is typically L-shaped in a vicinity of suitable values of the reg-
ularization parameter p and therefore is referred to as the L-curve. One
selects the value p = pL that corresponds to a point of largest curvature in
the L-shaped part of the curve. We refer to this point as the “vertex” of
the L-curve. The required computations are inexpensive when the SVD of
the matrix A is available. Software for determining pL is provided in Regu-
larization Tools [13]. For many linear discrete ill-posed problems, the point
{ln ‖xReg.(pL)‖2, ln ‖rReg.(pL)‖2} is near the point of the L-curve (7) closest to
the origin.

The L-curve criterion also can be applied in conjunction with the TSVD
and minimal residual iterative methods. Then the regularization parameter
achieves integer values and the analogue of the L-curve (7) is a discrete point
set, which we refer to as the “discrete L-curve”. We will chose p = pL so that
the point {ln ‖xReg.(pL)‖2, ln ‖rReg.(pL)‖2} is closest to the origin among the
points that make up the discrete L-curve. This point is easy to determine.
When using the minimal residual iterative method, we terminate the itera-
tions within a few steps after the function p → ln ‖xReg.(p)‖2 + ln ‖rReg.(p)‖2

does not decrease any more. The point {ln ‖xReg.(pL)‖2, ln ‖rReg.(pL)‖2} is for
many discrete ill-posed problems at or close to a “vertex” determined by
visual inspection.

4 Noise level estimation via denoising

This section outlines three parameter-free data-driven denoising methods.
They will be applied both to denoise the available data b and to estimate the
norm of the noise in b.
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4.1 BayesShrink

BayesShrink is a level-adaptive wavelet-shrinkage denoising method [3]. The
method first applies a multi-level discrete wavelet transform to the noisy data.
The BayesShrink method assumes that the coefficients of each detail sub-
band of the noise-free data conform to a generalized Gaussian distribution,
i.e., they have a density function of the form

GσX ,β(t) = C (σX , β) exp
{
−[α (σX , β) |t|]β

}
with support −∞ < t < ∞ and parameters σX > 0 and β > 0. Here
X denotes the noise-free signal and σX the standard deviation of X. The
functions C (σX , β) and α (σX , β) are given by

C (σX , β) = βα(σX ,β)
2Γ(β−1)

and α (σX , β) = σ−1
X

√
Γ(3/β)
Γ(1/β)

.

The BayesShrink method proceeds by soft-thresholding each wavelet detail
sub-band i using the threshold

λ∗i =
σ̂2
e

σ̂b,i
,

where σ̂b,i, an estimate of the signal variance in sub-band i, is computed
according to

σ̂b,i =
√

max {σ̂2
i − σ̂2

e , 0}.

The BayesShrink method requires an a priori estimate of the standard
deviation of the noise σ̂e. Chang [3] proposed to estimate σ̂e by using the
median of the wavelet coefficients in the first level HH1 sub-band,

σ̂e =
median |HH1|

0.6745
. (8)

This estimate is commonly used as an a priori noise-level estimator in wavelet
denoising methods; see [3, 6, 7]. We used the CDF 9/7 wavelet with four
levels of decomposition in the numerical examples reported in Section 5.

4.2 Residual kurtosis minimization denoising

Residual kurtosis minimization denoising (RKMD) is a new data-driven method-
ology for reducing Gaussian noise in given data b [15]. Let a denoising method
be parametrized by the scalar t. The RKMD method determines denoised
data b̆ (t) by choosing t so that the normalized residual kurtosis

κ2 (r (t)) =

√
mn

24

[
mn

(
‖r (t)‖4

‖r (t)‖2

)4

− 3

]
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of the residual vector

r (t) = ĕ (t)−mean (ĕ (t))

is minimized, where
ĕ (t) = b− b̆ (t) .

The reasoning behind the RKMD methodology is as follows. Consider a

random normal sample X = (x1, . . . , xn) ∈ Rn, where x1, . . . , xn
i.i.d∼ N (0, σ2).

The kurtosis κ1 of X is a sample statistic defined as

κ1 =
m4

m2
2

,

where m4 and m2 are the sample moments

m4 =
1

n

n∑
i=1

(xi − x̄)4, m2 =
1

n

n∑
i=1

(xi − x̄)2.

Based on earlier work by Fisher [10], it has been shown by D’Agostino,
Pearson, and Tietjen [4, 5] that in the case of normal samples, a normalized
statistic for kurtosis is given by

κ2 =

√
n

24

(
m4

m2
2

− 3

)
distr.→ N (0, 1) (9)

with convergence as n→∞.
Let Φ be the probability that a value of κ2 (or a value further away

from zero) is attained in the normal sample X. Interpreted as a measure of
normality of the sample X, this probability can be computed as

Φ = 2P (y > |κ2|) = 2

∞∫
|κ2|

1√
2π
e−

y2

2 dy = 1− erf

(
|κ2|√

2

)
,

where y is a standard normal random variable y∼N (0, 1) and erf (x) denotes
the Gauss error function. This probability can be computed using standard
tables or by numerical quadrature.

We should mention that the robustness of using the kurtosis statistic as
a measure of normality is dependent on the sample size. This has been ob-
served in the contexts of other types of mathematical problems. For instance,
consider the problem of linear blind source separation of either the columns
or rows of a matrix A ∈ Rm×n. This problem is solved within the framework
of independent component analysis (ICA) by decreasing a selected numerical
measure of normality of the columns a1, . . . , an of A or of the rows aT1 , . . . , a

T
m

of A. It has been noted, see, e.g., [17], that kurtosis may not be a robust
enough measure of normality for the purpose of ICA when the columns or
rows of A do not have sufficiently many entries.
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In the present paper, we assume that the sample distribution of κ2 is
accurately characterized by the asymptotic distribution in (9). Then kurtosis
is a robust measure of normality. The justification for this assumption is that
the sample sizes, i.e., the number of pixels of digital images to be denoised,
typically is large, even when the image is represented by a fairly small number
of pixels in the horizontal and vertical directions. For instance, a digital
image comprised of 64× 64 pixels, yields a sample size of 642 = 4096 entries.
Compared to the sample sizes considered in [4, 5] (from 30 to 200), this
sample size is large. Moreover, many images that arise in applications are
represented by many more than 64× 64 pixels.

We will apply the kurtosis statistic to all of the components of the residual
image, following an application of a denoising procedure parametrized by t.
Then, clearly, Φ depends on this value. When a value of t is found that
maximizes Φ, this value maximizes the likelihood of normality of the residual
ĕ. This observation is the basis for our denoising method.

The RKMD approach has in [15] been successfully paired with denois-
ing via wavelet coefficient thresholding using soft-shrinkage operators. The
soft-shrinkage thresholds are chosen to minimize κ2(r(t)) for each wavelet
decomposition level, while keeping the thresholds optimized for previous lev-
els fixed. Thus, there is a scalar parameter t for each wavelet decomposition
level. The implementation of the RKMD method used for the numerical ex-
amples of Section 5 applies the Newton-CG method [24] for the minimization
of κ2 (r (t)) on each wavelet decomposition level.

4.3 Total variation minimization

In Total Variation (TV) image denoising a restoration F̆ TV is computed by
minimizing a discretization of the functional

b̆TV = F̆ TV (b;λ) = arg min
b̆∈Rm×n

∥∥∥b− b̆∥∥∥2
+ λ

∫
Ω

∣∣∣∇b̆∣∣∣ dΩ

 (10)

for some parameter λ > 0. Here Ω is the rectangular image domain. In
computations a discrete version of the integral in (10) is evaluated. The
minimum is typically computed with the aid of an iterative method applied
to the Euler-Lagrange equation associated with (10); see, e.g., [28, 29].

TV-norm-based denoising methods effectively smooth noise within “flat”
regions of a digital image while preserving edges. They require a value of the
parameter λ in (10) to be chosen. For a fair comparison with the RKMD
method and BayesShrink, the implementation of the TV-norm-based denois-
ing method should be entirely data-driven. To this end, we determine a value
λ = λ∗ that minimizes the normalized residual kurtosis by the Newton-CG
method [24]. Thus,

λ∗ = arg min
λ

∣∣∣k2

(
b− b̆TV (b, λ)

)∣∣∣ .
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This is an extension of the RKMD methodology beyond the framework of
wavelet coefficient thresholding.

5 Numerical examples

We present a few numerical examples where we restore images that have been
contaminated by white Gaussian noise and Gaussian blur. First the image
is denoised by one of the methods of Section 4. Besides reducing the noise in
the given image, the denoising methods provide estimates of the norm of the
noise in the image. These estimates allow us to use the discrepancy principle
when solving the discrete ill-posed deblurring problems. Each image to be
restored is a digital gray-scale image that has been contaminated by Gaussian
blur and white Gaussian noise.

Let X̂ ∈ Rm×n denote the unknown uncontaminated desired gray-scale
image. This image is represented by an array of m × n pixels. Our model
for image contamination is

B = Bt + E = K ∗ X̂ + E,

where K ∈ Rm×n is a known kernel of the blurring operation (often referred
to as a point spread function (PSF)) and E ∈ Rm×n is a matrix whose entries
are white Gaussian noise. The matrix Bt ∈ Rm×n represents the unavailable
blurred and noise-free image, and B ∈ Rm×n is the recorded blurred and
noisy image. The operation ∗ denotes discrete convolution. We have

[Bt]i,j = F ∗K =
m∑
h=1

n∑
l=1

Fh,lKi−h,j−l, 1 ≤ i ≤ m, 1 ≤ j ≤ n.

Convolution is a linear operation on X̂ and can be written as

vec (Bt) = A vec
(
X̂
)
,

where the matrix A encodes the discrete convolution operation, and vec (Bt)

and vec
(
X̂
)

are column vectors formed by successively stacking the columns

of the matrices Bt and X̂, respectively. The singular values of A typically
“cluster” at the origin. Let

b = vec (B) =


B1

B2
...
Bn

 =


B11

...
Bm1

...
Bmn

 , x̂ = vec
(
X̂
)

=


x̂1

x̂2
...
x̂n

 =


f̂11
...

f̂m1
...

f̂mn

 .
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Figure 1: The original noise-free Kent and Barbara images.

Figure 2: Blurred and noisy Kent and Barbara images.

Thus, the problem of determining an approximation of X̂ from B and K,
using the matrix A and the vector b, is a discrete ill-posed problem of the
form (1).

The digital images used in the numerical experiments were the Kent and
Barbara images shown in Figure 1. Each image was blurred using a Gaussian
PSF

Ki,j = exp

{
− 1

2θ2

[(
i− m

2

)2

+
(
j − n

2

)2
]}

with scale parameter θ = 1.25, and contaminated with 5% additive white
Gaussian noise, i.e.,

‖Ax̂− b‖2

‖Ax̂‖2

=
‖e‖2

‖Ax̂‖2

= 0.05.

The blurred and noisy images are shown in Figure 2.

5.1 Results

The blurred and noisy images were restored using TSVD, Tikhonov regular-
ization, and the minimal residual iterative method described in Subsection
2.3. For each restoration, the regularization parameter was selected with the
aid of the discrepancy principle (3) with τ = 1, where an estimate δ of the
norm of the error e in b is determined with TV-denoising, BayesShrink, and
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Method Image PSNRB PSNRX̆L
PSNRX̆opt

errδ errp PSNRX̆ PSNRX̆(B̆)

TV denoising
Kent 28.59 31.17 31.32 29.24 4.15 27.06 25.23

Barbara 27.67 28.29 28.98 14.61 3.128 26.81 25.94

BayesShrink
Kent 28.59 31.17 31.32 0.1273 0.333 30.19 31.88

Barbara 27.67 28.29 28.98 0.1702 0.6 28.29 29.5

RKMD
Kent 28.59 31.17 31.32 0.017 0.0 31.32 32.84

Barbara 27.67 28.29 28.98 0.0812 0.0 28.98 29.79

Table 1: Tabulation of the errδ, errp, and PSNR restoration values for the
Kent and Barbara images, using TSVD.

Method Image PSNRB PSNRX̆L
PSNRX̆opt

errδ errp PSNRX̆ PSNRX̆(B̆)

TV denoising
Kent 28.59 31.66 31.83 29.24 5.187 28.06 27.23

Barbara 27.67 29.19 29.65 14.61 3.254 27.76 27.62

BayesShrink
Kent 28.59 31.66 31.83 0.1873 0.1267 31.19 31.96

Barbara 27.67 29.19 29.65 0.1202 0.1042 29.08 29.81

RKMD
Kent 28.59 31.66 31.83 0.0275 0.0132 31.82 33.02

Barbara 27.67 29.19 29.65 0.0812 0.0293 29.63 30.82

Table 2: Tabulation of the errδ, errp, and PSNR restoration values for the
Kent and Barbara images, using Tikhonov regularization.

RKMD. For BayesShrink and RKMD, a four-level decomposition with the
CDF 9/7 wavelet was used.

We tabulate the Peak-Signal-to-Noise-Ratio of the given blurred and
noise-contaminated image B defined by

PSNRB = 20 log10

255

‖B − X̂‖F
. (11)

Here ‖ · ‖F denotes the Frobenius norm. Thus, ‖B − X̂‖F = ‖b − x̂‖2. The
numerator 255 = 28− 1 of (11) stems from the fact that every pixel is repre-
sented by 8 bits. The PSNR-value increases with the quality of restoration.

We first apply the L-curve criterion outlined in Section 3. It yields re-
stored images that we denote by X̆L. The columns labeled PSNRX̆L

of Tables

1, 2, and 3 show the PSNR-values for the images X̆L determined by TSVD,
Tikhonov regularization, and truncated iteration with the minimal residual
method of Subsection 2.3, respectively. The PSNR-values for the restored

Method Image PSNRB PSNRX̆L
PSNRX̆opt

errδ errp PSNRX̆ PSNRX̆(B̆)

TV denoising
Kent 28.59 31.72 31.98 29.24 15.35 27.44 22.43

Barbara 27.67 28.79 29.02 14.61 10.65 26.05 24.10

BayesShrink
Kent 28.59 31.72 31.98 0.1273 0.349 31.32 32.58

Barbara 27.67 28.79 29.02 0.1702 0.223 28.72 29.97

RKMD
Kent 28.59 31.79 31.98 0.017 0.0 32.06 34.09

Barbara 27.67 28.79 29.02 0.0812 0.0 29.63 30.88

Table 3: Tabulation of the errδ, errp, and PSNR restoration values for the
Kent and Barbara images, using a minimal residual iterative method.
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images X̆L are larger than for the corresponding blurred and noisy image B.
The increase is particularly large for the image Kent.

Next we consider application of the discrepancy principle using the exact
norm of the noise E in B, i.e.,

δ = ‖E‖F . (12)

The restored images using TSVD, Tikhonov regularization, and truncated
iteration described in Subsection 2.3 are denoted by X̆opt and the columns
labeled PSNRX̆opt

of Tables 1-3 display the PSNR-values for the restored

images so obtained. In all tables the images X̆opt have a somewhat larger

PSNR-value than the corresponding images X̆L. Thus, the restorations ob-
tained with the discrepancy principle are of somewhat higher quality than
those determined with the L-curve criterion.

We now apply each denoising method of Section 4 to determine a denoised
image, which we refer to as B̆. The quantity

δ̆ = ‖B − B̆‖F (13)

provides an estimate of the noise in B. The relative error in this estimate is

errδ =
|δ − δ̆|
δ

.

For Tikhonov regularization, the discrepancy principle applied with δ and
the noise estimate δ̆ gives the regularization parameters p(δ) and p(δ̆), re-
spectively. We tabulate the relative errors

errp =
|p(δ)− p(δ̆)|

p(δ)
. (14)

For TSVD and the iterative method of Subsection 2.3, the numerator of (14)
is a nonnegative integer.

The columns labeled PSNRX̆ show PSNR-values for restored images de-
termined when the discrepancy principle is applied with a noise estimate
δ̆ obtained from one of the denoising methods of Section 4. These PSNR-
values are larger than those obtained with the L-curve criterion only when δ̆
is determined by the RKMD method. This is commented on further below.

The last column of Tables 1-3 is labeled PSNRX̆(B̆). It displays the PSNR-
values of the restored images obtained by using the discrepancy principle with
the noise estimate δ̆ and restoration is applied to the denoised blurry image,
B̆, rather than to the given blurred and noisy image B. When B̆ and δ̆ are de-
termined by the RKMD method, the PSNR-values for the restorations X̆(B̆)
are the largest for all restoration methods considered. Selected restorations
are shown in Figures 3-5.

Our examples show TV denoising to overly smooth each blurred and noisy
image. This resulted in a significant over-estimation of the norm of the noise
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(a) Restored, RKMD. (b) Restored, TV denois-
ing.

(c) Restored, BayesShrink.

(d) Denoised blurry image. (e) Restoration from de-
noised image.

Figure 3: The Kent image blurred and contaminated with 5% noise, and restored
using TSVD. The discrepancy principle was applied using each of the indicated
denoising methods to estimate the noise level δ. Image (e) shows the restoration
achieved by deblurring image (d), which is a denoised version of (a) determined
with the RKMD method.
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(a) Restored, RKMD. (b) Restored, TV denois-
ing.

(c) Restored, BayesShrink.

(d) Restoration from de-
noised image.

Figure 4: The Barbara image blurred and contaminated with 5% noise, and re-
stored using Tikhonov regularization. The discrepancy principle was applied using
each of the indicated denoising methods to estimate the noise level δ. Image (d)
shows the restoration achieved by deblurring a denoised version of the Barbara
image in Figure 2 with the denoising done by the RKMD method.
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(a) Restored, RKMD. (b) Restored, TV denois-
ing.

(c) Restored, BayesShrink.

(d) Restoration from de-
noised image.

Figure 5: The Kent image blurred and contaminated with 5% noise, and restora-
tions determined by a minimal residual iterative method. The discrepancy princi-
ple was applied using each of the indicated denoising methods to estimate the noise
level δ. Image (d) shows the restoration achieved by deblurring a denoised version
of the Kent image in Figure 2 with the denoising done by the RKMD method.
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in B. The computed estimate δ̆ of δ was much too large to yield an accurate
restoration when applied in the discrepancy principle.

In contrast, the BayesShrink method under-estimated the norm of the
noise for each example, though the estimate was far closer to the true δ-value
(12) than the estimates determined by TV-denoising. When using the δ̆-value
obtained from (13) in the discrepancy principle, the resulting restorations
were of larger norm than the optimal restoration, X̆opt. A modification of
the BayesShrink method in which an initial estimate different from (8) is
used might mitigate this issue.

The smallest relative error errδ in the computed noise-estimate was ob-
tained by the RKMD method. This led to computed regularization pa-
rameter values with very small relative errors errp. Moreover, the resulting
restorations had the highest PSNR-values among the three denoising meth-
ods. These values were very close to the PSNRX̆opt

-values for all computed
examples. Further, the PSNRX̆(B̆)-values were larger than the correspond-
ing PSNRX̆opt

-values for the RKMD method. This indicates that not only
does the RKMD method allow for a data-driven implementation of the dis-
crepancy principle but, moreover, the denoising can lead to restorations of
higher quality than those obtained from the discrepancy principle with exact
knowledge of the norm of the noise.

6 Conclusions

The numerical examples shown in Section 5.1 as well as numerous other
computed examples suggest that the use of data-driven denoising methods
has a promising potential informing the choice of regularization parameter
value for discrete ill-posed problems. Interestingly, these methods aid not
only through the estimation of norm of the Gaussian noise in the data, but
also in the denoising of the input data as well. Of the denoising methods
compared, only the RKMD method was robust enough to accurately estimate
the amount of Gaussian noise in each one of the computed examples.

Acknowledgement

We would like to thank a referee for comments.

References
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