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1 | INTRODUCTION

Let A : X — Y be an injective linear operator between the Hilbert spaces X and Y with norms || - ||, and || - ||y, respectively,
and let R(A) denote the range of A. Then the equation

Ax =y (1.1

has a unique solution x € X for every y € R(A). Thus, we can define an inverse of A for y € R(A), which we denote by
A~ We are interested in the situation when the solution of (I}, which we denote by x___, does not depend continuously on
the right-hand side y, i.e., when the inverse operator .A~" is not bounded. Then the computation of the solution of (I.I)) is an
ill-posed problem.

In many ill-posed problems that arise in applications in physics, technology, and various branches of science, the operator .A
and the right-hand side function y in (I.I)) are not available. Instead, only an approximation .4,, which we also assume to be
injective, of .4 and an error-contaminated approximation y° € Y of y are known, where A, and y° satisfy

lA = Al < h, ly =51y <8, (1.2)
for some scalars 2 > 0 and 6 > 0. Here || - || denotes the operator norm induced by the norms || - ||y and || - ||, i.€.,
lAx|ly
lAll =

vexvop Ixlly

We will let X and Y be L,-spaces. Then || A|| is the largest singular value of A.
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Our task is to determine an approximation of x__ by computing an approximate solution of the available equation

Apx =P (1.3)

The perturbed right-hand side y° might not be in R(A,); then equation (T.3) does not have a solution. It follows that the
computation of a solution of (T.3)) also might be an ill-posed problem. Moreover, even when y° € R(A,), the solution x° of
(I.3) might not be a meaningful approximation of the solution x__, of (I.I) since .4, might not have a bounded inverse.

The solution of inverse problems with an inexact operator and a noisy right-hand side has been widely discussed in the
literature; see, e.g.,* 1821 The approach of the present paper differs from previous investigations in that it focuses on Golub—
Kahan bidiagonalization. Our analysis is inspired by the work of Neubauer2!, who approximates the operator A, in a fairly
general finite-dimensional subspace. We are interested in discretizing .4, with the aid of Golub—Kahan bidiagonalization due
to the fact that typically only very few bidiagonalization steps, and therefore a subspace of low dimension, are required to
determine a suitable approximation of x,_ . This makes this solution approach inexpensive. Illustrations of the performance of
Golub—Kahan bidiagonalization when A is a finite-dimensional matrix and y? a finite-dimensional vector can be found, e.g., in®.

Due to the ill-posed nature of problem (I.3), it is necessary to apply regularization, i.e., the operator A, in (I.3) is replaced by
an operator Aig : & — Y that approximates .4, in some sense and has a bounded inverse on &'. Therefore, instead of solving
equation (T.3), one solves the regularized equation

A% x =)0, (1.4)

reg

It is desirable to choose the regularized operator Aig so that the solution xi’g" of (L.4) is a meaningful approximation of the
solution x_,, of equation (I.I)) with unknown operator and right-hand side function.

exact

One of the most commonly used regularization methods is Tikhonov regularization, which approximates x,

exact

by the unique

minimizer xi*h of the functional

J,x) 1= A = Y115, + ullxII (1.5)

where u > 01is a regularization parameter. Then (.Aig)" = (A, A, +ul Y"1 A* where A}, denotes the adjoint of A, and I is the
identity. Numerically, one determines an approximate solution of by minimizing J, over some m-dimensional subspace
V,,, 1 <m < o0, of X. We denote the approximate solution of (I.5)) so obtained by xi’l;l . The choice of a suitable value of the
regularization parameter u is important. This parameter determines how sensitive the computed approximate solution xfl'r'n of
(T.3) is to perturbations in y and how close xi'r’n is to the solution x,, of (I.I). Ideally, one would like to choose u = u(m, 8, h)
so that the minimizer x%‘n of J, over V, satisfies

A, X = e

8,h—0
and that the rate of convergence is high.

There are several strategies for determining a suitable value of y, including the discrepancy principle, generalized cross
validation, and the L-curve criterion; see, e.g., /" 12U3UGIAIORY for recent discussions on these and other methods. We will
determine the regularization parameter 4 > 0 by an approach closely related to the one described by Neubauer?!. It allows
discretization and other errors both in the operator and right-hand side function. We will carry out an analogous analysis for
the situation when A, is discretized by a continuous version of the partial Golub—Kahan bidiagonalization (GKB) process.
Application of a few steps of this process gives a finite-dimensional approximation of the operator .A,. We replace A, in
by this approximation, and compute an approximate solution of the operator equation so obtained with the aid of Tikhonov
regularization. This replacement reduces the computational cost of Tikhonov regularization. We will discuss the effect of this
replacement on the computed solution, as well as the effect of the errors in the operator A, and in the right-hand side function
. Another approach for determining a low-rank approximation of the operator .A, by applying the Arnoldi process instead of
the GKB process has been discussed in“?. This approach is quite different from the one of the present paper and is based on
results by Natterer??,

This paper is organized as follows. Section [2] discusses the application of the GKB process to the operator A, which gives
orthonormal bases for finite-dimensional (and usually low-dimensional) subspaces of X and V. These bases allow us to define
an approximation of finite (and usually low) rank of the operator A, in (I.3). In Section 3| we discuss the effect of the error in
this approximation of A,. A few computed examples in Section[d] some of which using the MATLAB package Chebfun, which
simulates operators and functions, illustrate the theory. Concluding remarks can be found in Section 5]
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2 | GOLUB-KAHAN BIDIAGONALIZATION

This section describes the Golub—Kahan bidiagonalization (GKB) process for linear operators. An analogous discussion is
presented by Karimi and Jozi'l>. Before describing the GKB process, we need the following definition.

Definition 1. Let X and Y be Hilbert spaces andlet A : X — Y be alinear operator. Let z = [z}, z,, ... ,zm]T € R™ C € R™m
and V,, = [v}, 0, ..., 0,,], where the v; € X, i = 1,2, ..., m, are orthonormal functions to be specified below. Define

() V,z =2 zv; €X.

i=1 “i%i

G v,C :=[V,C(,1),V,C(,2),...,V,C(:,m)] € X", where C(:,i) € R" denotes the ith column of the matrix C.
(iii) AV, :=[Av,, Av,, ..., Av,] € Y™

Here X" and Y™ denote m-dimensional subspaces of elements in X and ), respectively. We also will need the inner products
(*,+)x and (-, -)y, of functions in X and Y, respectively.

Application of m + 1 steps of the GKB process (see Algorithm below) to the operator A, with initial function A,.A} »
gives the decompositions

Ath = Um+]Cm+l,m’ AZUm = Vm C:;,m’ (21)
where the entries of V,, = [v, 05, ...,0,] € X" and U,,,, = [u, s, ... , U] € Y™ are orthonormal functions in X and Y,

respectively, i.e.,
L, i=, .
(oo =)y ={ o150 forig =120

with u; = A, A%y /|| A, A% ||y Moreover,

c IR(m+1)><m

ﬁm+1

is a lower bidiagonal matrix, and C,, ,, € R™ " denotes its leading m X m submatrix. The matrix C,, ., denotes the transpose of
C,,m- Note that the matrix C ~1mCmttm is positive definite because it is an orthogonal section of the positive definite operator
A’ A,. We remark that the initial function A,.4%)° is not an analogue of the standard choice of initial vector often used in a
linear algebra context; see“%. Our reason for this choice of initial function is that we would like it to be in the range of .A,,.
Algorithm [T] describes the GKB process under the assumption that breakdown of the recursion relations does not occur. We
comment on how to handle breakdown at the end of this section. The algorithm also determines the function v,,,; which is

required in the decomposition (3.6) below.

Algorithm 1 The Golub—Kahan bidiagonalization (GKB) process.

Input: : Linear operator A, the right-hand side y° # 0, number of steps m + 1 > 1
Initialize: g, = ||Ah-/4>;,y5||y, u = AhAZY‘S/ﬂh v= Azul’ ay = |[vlly, vy = v/ay
Forj=2,....m+1

u= Ahvj_l - Olj_luj_l

B; = llully
u; = u/p;
— A%,
v=Au; = Bv;
a; = ||vlly
v; = U/aj
EndFor

Output: Golub—Kahan decomposition (2.1))
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It is easy to see that the functions {u; };":ll and {v; };.":11 generated by Algorithm [1| form orthonormal bases for the Krylov
subspaces

Kot (A AL Ay A = span{ A, ALY, ..., (A, A5y},
Kt (A Ay, (A5 A ASY®) = span{(A;A) ALY, .. (AL A AT ),

respectively; see also? for a discussion of the GKB process for operators. For the situation when A, is a finite-dimensional
matrix, this process is described by Paige and Saunders?2,

We remark that the functions v; and u; determined by Algorithm E] are orthonormal when the computations are carried out
in exact arithmetic. However, when the computations are carried out in finite-precision arithmetic, this is typically not the case.
We apply reorthogonalization in the computed examples reported in Sectiond]to avoid loss of orthogonality.

Algorithmassumes that m+1 steps can be carried out without breakdown, i.e., without any of the coefficients @, a5, ..., @,
and By, B,, ..., B, vanishing. This is the generic situation. In particular, this implies that y° is not allowed to be an eigenfunction
of A, A} associated with a zero eigenvalue.

We conclude this section with some comments on the rare event of breakdown of the recursions of Algorithm([I] First consider
the case when o, > 0 for 1 <k < j and f; > 0 for2 < k < j, but §; = 0. Then the decompositions

AnVist =Un Gy AU =Vin Gy
which are analogous to (2.1) can be computed, but the “next” function u; cannot be generated by the algorithm. If the above
decompositions yield an approximation of x,,, of sufficient accuracy, then we are done; otherwise we can let u; be a fairly
arbitrary function that is orthogonal to the available functions u,, u,, ..., u i1 substitute it into the algorithm and continue the
computations. In the theory developed below, we rule out this situations because it is very unusual, and it is difficult to show
results when the solution subspace contains fairly arbitrary functions.

We now investigate whether breakdown can occur in Algorithm [T when

a, >0, 1<k<y, p>0, 2<k<j, a;, =0.
In this case, Aju; = f;v;_,, and we can compute the decomposition

* _ *
AU, =V, Cj,j—l'
Since A, is injective, so is A, . Therefore, the space {A,U;z, z € R/} is of dimension j, but the space V.. C;‘j_lz, z € R/}

is of dimension j — 1. This contradiction shows that a; > 0.

3 | ERROR ESTIMATES

Let us first consider the situation when we just have an error in the operator A, i.e., when A # A, and y = y°. Let x u denote
the minimizer of J,, in (I.3) over X with y° replaced by y, and let xZ denote the corresponding minimizer obtained when A is
replaced by A,,. Thus,

x, =(A"A+ ul)~ 'A%y,

Xt = (A Ay + D) Apy.
It is known'? that
A —A,l

h
llx, = xlle <

for some constant ¢ > 0 independent of u and 4. Assume that y € R(.A). Then Neubauer?!' (Lemma 2.1) shows that
lA—A,l N0, —Olly

h
X, = x,lle £ —F——lIxullx

Vi 2

where Q and Q,, denote the orthogonal projectors onto R(A) and R(A}), respectively.

3.1)

Remark 1. Assume that
A-Al<h and ||Q,I-O)ylly<h
for some scalar 4 > 0. It can be shown that, if
h/\/ﬁ—>0 for u - 0,
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then

xZ—»x fory -0 and h - O,

exact

see® Chapter IIL.

Since A* is injective, R(A) = Y and Q = I, where I denotes the identity operator. Therefore, Q,(I — Q)y = 0 and the
bound (B-1)) simplifies to
llA = Agll

||xexact||X'
VH

We turn to the situation when the right-hand side function is error-contaminated and assume that y® € Y. In the numerical
computations, we project the operator A, into the finite-dimensional subspace

h
llx,, = <"l <

Wit = RWU,pep) = Ky (A AL, Ay ALY (3.2)

for a suitable m > 0.
The adjoint U} | of U, is applied to functions z € Y as

U, z= [(z,ul),(z,uz), cees <z, ”m+1>]T.

Due to the orthonormality of the functions u;, u,, ..., u,,., the operator U ,U,,,, is the identity in W, and

Opi1 = U, U, 3.3)

is an orthogonal projector onto W,,, ;. This projector is determined by applying m + 1 steps of the GKB process to the operator
A, with initial function A,;,.A%y°.

Define the projector Fm 1 =V V’;‘H. We will approximate x,_ by
hé -1 5 ~ >
Xumi1 = (Az,m+1~’4h,m+1 +ul) AZ,mHy ’ Anmet = QmerAnPiy (34

for some p > 0. Thus, A, .., is a projection of A, that is determined by ém +and 13,,, 41

Assume that infinitely many steps of the Golub—Kahan bidiagonalization process can be applied to the operator A, with initial
function AhAZ y® without breakdown. This results in infinite vectors U = [t uy,... Jand V' = [v,, Uy, ... ] with orthonormal
function elements and an infinite lower bidiagonal matrix C; see'’. We will determine (approximate) solutions of (T.T)) in subsets
of the space R(V) and, therefore, consider the restriction of A, to this space. We have analogously to (2.1) the decompositions

AV =UC,  AU=VC~ (3.5)

This is the infinite-dimensional analogue of 2.I).
Introduce the orthogonal projector P = V'V* and consider the projection of .4, P onto the space (3.2)). Then

ém+1-'4h}~)= ém+l(AhV)V*
= UmHU;;H(UC)V*
= m+1[Cm+1,m+1’ O]V*
= C

m+1~m+1,m+1 V,;,k+1?
where C,,, |, is the leading (m + 1) X (m + 1) principal submatrix of the infinite bidiagonal matrix C in (3.5) and the zero
matrix O has m + 1 rows and infitiely many columns. We will approximate A, by

—_ *
Ah,m+l - Um+lCm+l,m+lV

m+1°

(3.6)

The following result is both a generalization and specialization of Alqahtani et al.! (Corollary 3); it is a generalization because
infinite-dimensional operators are considered, and it is a specialization because tridiagonal matrices with scalar entries are
regarded.

Theorem 1. Let {4;;w;}2, be an eigensystem of the self-adjoint compact operator AhﬁA;. Assume that the eigenvalues
are ordered so that 4, > A,,; > O for all i > 1, and let the eigenfunctions w; be orthonormal. Assume that the Golub—

Kahan bidiagonalization process applied to A, with initial function A,.A} y° can be carried out infinitely many steps without
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breakdown, and let the a; and f; be the diagonal and subdiagonal entries, respectively, of the (infinite) bidiagonal matrix C in
(B.3). It follows from Algorithm I]that these entries are positive. Then

m+1

Haiﬁm < H/l,., m=1,2,.... (3.7)
i=1

i=1

Proof. Let A, ﬁA;‘l = S'AS* denote the spectral factorization, where A = diag[4,, 4,, ... ]and .S is a unitary operator. Introduce
the monic polynomial p,,(f) = H,m=1 (t — 4;) with I < m < oco. The eigenvalues 4; are nonnegative, since they are the square of
the singular values of .4, V. Therefore,

12w A PADI = 1PNl = SUP 12,(2)] < 1, O)] = I

Jjzm+ i=1
Hence,
12w (AP ADALALY Ny < 14,4551y [ A (3.8)
i=1
Application of infinitely many steps of the Golub—Kahan bidiagonalization process to the operator .A, with initial function
Ay Asy° gives B3) withu; = A, A5y’ /|| A, A5y ||y. We obtain from (3.5) that

A, PAL =UTU", (3.9)
where T’ = [1; j];’"}:] 1= CC* is an infinite symmetric tridiagonal matrix with diagonal entries ;; = (xl.2 + ﬁiz, i=1,2,... ,with
p; = 0, and subdiagonal entries ;| ; = f,, ;, i = 1,2, ... . We have

Pu( Ay PAD AL ALY = Up,(T)U" A A5y = Up,(T)ey | A4, A5 .
Here and in the following, e ;= [0,...,0,1,0,0,... T denotes the (infinite) jth axis vector and || - |l, denotes the £,-norm. The
next inequality follows by direct computation,
12 (AP ADALA |y = [1Pa(De ol ARAL Iy = 14,4y lleh, pu(Te; - (3.10)
We will show by induction over m > 1 that
m+1
el pu(Te;, = Haiﬂm @3.11)
i=1

for m > 1. When m = 1, equation (3.11)) becomes
ey pu(Tey = [ay By, (0 + B5) — A1, 2,85,0,0, ... Je; = a; ;.
Assume that equation (3.11]) holds for m > 2. We would like to show that (3.11)) is valid for m + 1. We have

e P (Mey =€l (T = 4, Dp,(Te,

= (am+2ﬁm+3e;+l + ((ar2n+2 + ﬂi+2) - /lm+1)e;+2 + am+3ﬂm+4e;+3)pm(T)el'
Since the operator p,,(T') is (2m + 1)-banded, it follows that
’ (Te, = a,,f,.5¢". p,(T)e
Cns2Pmt1 1 m+2Pm+3€,41Pm 1

Applying the induction hypothesis, we obtain

m+1 m+2
T
em+2pm+l(T)el = Qpy2Pis H afip = Haiﬁiﬂ'
i=1 i=1
Thus, the relation (3.1T)) holds. Substituting (3.11)) into (3.10), and combining with (38)), shows the theorem. O

Figure [I] displays, in logarithmic scale, the values taken by each side of inequality (3.7) with the number of iteration, m,
ranging from 1 to 10. The graphs show that the product Hf"“ a;f;., converges to zero much faster than the product Hlm:l A; as
m increases. The operators are integral operators of the first kind defined in Section [4]

i=1
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FIGURE 1 Behavior of the bound @) with respect to the iteration index m for Baart, Foxgood, Gravity, and Shaw integral
equations of the first kind. These integral equations are described in Section[d] The left-hand side of inequality (3.7) is represented
by gray stars and the right-hand side is represented by black circles.

Theorem 2. Let A, be a compact operator and assume that infinitely many steps of the Golub—Kahan bidiagonalization process
can be applied to this operator with initial function A,.A} y° without breakdown. Let the identity (3.3) hold and let A hmt1 DE
given by (3.6). Furthermore, assume that, for all j > 1,

IA

b < p 1mgzl£j aBis1s (3.12)

2 2 2 g2
Xy +bhy <P 1mglélj(w,- + B), (3.13)
for some constant p independent of j. Here the a; and f; are the nontrivial entries of the lower bidiagonal matrix C in (3:3).
Then the bound y,,,; > 0in

IALP = Ap it | < Vs (3.14)

can be chosen arbitrarily small by letting m be sufficiently large.

Proof. Consider the infinite tridiagonal matrix T = CC* of the proof of Theorem see (3.9). It has diagonal entries 7;; = 0‘12+ ﬁiz,
i=1,2,...,with f; = 0, and subdiagonal entries tiv1g = By i = 1,2, L It follows from (]3;7[) that the product of the
subdiagonal entries ,,, ; of T converges to zero as the number of factors, #,,, ;, increases. The requirment (3.12) secures that
the subdiagonal entries 7, ; converge to zero as i increases. Let € > 0 be an arbitrary (small) constant. Then there is an integer
m,, depending on ¢, such that 7, _; ; < € for all i > m,. In particular, lim;_, ¢, ;; = 0.

We turn to the diagonal entries #;; of T'. Since A,,.A; is a compact operator, its eigenvalues cluster at the origin, which is the
only cluster point. The matrix T is unitarily similar to the operator A, ﬁAZ. Therefore, its eigenvalues also cluster at the origin,
and this is the only cluster point. In particular, T has only finitely many, say m,, eigenvalues larger than €.

We now show that the diagonal entries #;; of T converge to zero as i increases. Assume to the contrary that the ¢,; are bounded
below by # > 0 for all i > m,, for some finite m, > 1. Let € = /3 and m = max{m,, m,, m}. Define the symmetric tridiagonal
matrix Ty by setting all the diagonal and off-diagonal entries #;; and ¢,,,; of T to zero for 1 <i < m + 1. Then Tj, is a compact
operator with all entries of its leading m + 1 rows and columns vanishing. Thus, 7;, has m + 1 vanishing eigenvalues. The
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remaining eigenvalues of T;, can be bounded with the aid of Gershgorin disks. These eigenvalues are in the set
{zeC: U;';m+2|z—tjj|Stj,j_l+tj+l,j}. (3.15)

The radius of every disk {z € C : |z—1;;| <t;,_ | +1,,;} is bounded by 2¢ = %n, and the diagonal entries are bounded
below by 5. Therefore, every nonvanishing eigenvalue A of T, satisfies

2
A—t. | <=n,
I ,,I_3n
which leads to )

i.e.,, A > n/3, Hence, the eigenvalues of T, do not cluster at the origin. This contradiction shows that the ¢; are not bounded
below by a constant strictly larger than zero. The requirement (3.13)) secures that lim,_, aiz + ﬁiz =0.
Since both the diagonal and subdiagonal entries of T}, converge to zero with increasing index number, we may choose the
cut-off index m large enough so that
Lo+ttt <va, Vizm+1
Application of Gershgorin disks then shows that the largest eigenvalue of T, is bounded by 7’3, +1- Introduce the infinite lower
bidiagonal matrix

O

m

CO — ﬂm+2 Apyo ,
ﬁm+3 Apt3
where O,, denotes the zero matrix with m columns and infinitely many rows. Then T, = C,C; and [|Cyll, = ||T0||;/ ’ < Y
Finally, we obtain from (3.3)) and (3.6)) that
ApP = Ay =UCV™ - Um+1Cm+l,m+1Vy:+| =UC)V™
It follows that
AP = Ap il = 1Coll
This shows that the bound (3.14]) can be chosen arbitrarily small by letting m be sufficiently large. [

Figurelg'] displays the convergence of the diagonal entries #;; and subdiagonal entries 7, ; of the matrix 7" in (3.9) to zero as i
increases. The matrices T are determined by Fredholm integral equations of the first kind described in Section [4]

Golub—Kahan bidiagonalization determines a basis {v;, v,, ... } for the solution subspace. The operator .4, maps this basis
to orthonormal functions {u;,u,, ... }in the range of A,. We will let ¥ = span{u,,u,, ... } and, if necessary, replace y in (I.I)
by UU*y.

The following proposition establishes that the conditions in Neubauer?! (Assumption 2.3) are satisfied.
Proposition 1. Assume that the Golub-Kahan bidiagonalization process applied to .4, with initial function .4, A} y° can be

carried out infinitely many steps without breakdown and that the representation (3.3) holds. Let W,,,, = R(A,, ) for m =
0,1, ... . Then with the operators defined as above, we have

W,..1 C R(A,P), (3.16)

R(Qpi1 Ap) = Was1» (3.17)

Q41 (A, P — Al < Vi1 (3.18)
10,1 (¥ = Wlly < 6, (3.19)

§m+1 — I as m - oo point-wise in R(U). (3.20)

Proof. Tt follows from (3.6) that
Ah,m+1P = Um+]Cm+l,m+1V,:+1 = Ah,m+1
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FIGURE 2 Illustration of convergence of the subdiagonal entries #;, ; and diagonal entries ¢;; of the tridiagonal matrix T in
Theorem|2|to zero. The matrices T are determined by Fredholm integral equations of the first kind described in Section E}

and, therefore,
1 = R(Ap mi1) C R(A,P),
which shows (3-16). Furthermore, R(Q,s1 A ms1) = R(Aj 1), which shows (B-17). We have

w

~ ~ ~ ~ (ENE!)
||Qm+1(-AhP—Ah,m)|| < ||Qm+1||||AhP—Ah,m|| < Vw1
and
- S ;@
10,1y =)y <lly=¥lly < 6.

This shows (3.18) and (3.19).

Finally, let f € R(U) with U = [u},u,, ... ]. The functions u ; form an orthonormal basis for R(U). We have for coefficients

a; that
o0 o0
— 2
f—Zajuj, Zlajl < 00.
j=1 j=1

The convergence of the latter sum implies that for any arbitrarily small n > 0, there is an m = m,, such that

If = O 5= D layl> <.

Jj=m+2

This shows (3.20). O
We are in a position to derive a bound for ||xf;’i1 1 Xewall2:
Lemma 1. Let xZ:‘Sm +1 be defined by @) let y € R(A), and assume that Propositionholds. Then, for any 0 < y < oo,

hé 1 1¥ly ~ o~
”x xexacl”X S (5 + J/m-l-l ”xexacl”X) + h < u +c+ O(h) ||Pm+lA Qm+1y”X

pm+1 - 2\/;

Full(AL Ay + D x s (3.21)
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~

where c is a constant that is independent of 6, y, and m,and A,,,, = Q,, +1A13m -

Proof. Split the error into three parts

hs
”’m_'.] exact

h,6

= (xy,m+l -

h h
x”!m.;.[) + (xu,m+l - xy,m+l) + (xy,m+l - xexacl)’

where
-1
h _ * *
Xymel = (Ah,m+1“4h,m+1 + '“[> Ay V>

-1
Xpm+1 = (A;+1Am+l + /‘I) ALY

and A, ., is defined by (3:4). For any operator /3, one can easily show that

* = * 1
| (B*B+ul)™ Blly < —. (3.22)

2\/u
This inequality and (T:2)) yield
I —xh < 6 (3.23)

pu,m+1 - u,m+1
2y/u

Using the definitions, the second part can be written as

-1
h _ * * * -1
xy,m+1 - 'xﬂsm‘H - (Ah,m+1Ahsm+1 + HI) Ah,m+1y - (Am+1AM+1 + HI) Am+1y
~ ~ ~ -1 < ~ ~ ~ ~ -1 < ~
= (Pm+1AZQm+1AhPm+l + MI) Pm+1AZQm+1y - <Pm+lAl Qm+1APm+1 + MI) Pm+1A*Qm+1y’

N* A — ~ ~>{< D — D N* — ~ ~* — D
where we have used tIElt Qm+19m+l =015 €m+1Pm+] = Pm+1~,Qerl =0,,and P =P, .

Let M, = 13,,,+1.A;“1Q,,,+1A,,Pm+1 and M = Pm+1A*§m+1A*Pm+1. We have

1~ ~ -1 1\ = ~
xZ,m+1 ™ Xpme1 = (Mh +”I) P (AZ - A*) Qi1+ ((Mh +HI) — (M + ul) 1) P, A Qv

Since || (M, + MI)_1 | <p'and||P,,, (Ar —A%) 0,111l < h, it follows that
hlylly

I (M4 1) = (M 4D B A5O3l

wm+l X pm+1 ”X <
Let M, = M + E;. Then

(M, + )™ = (M + u)™ = (M + puIy™! ((I+(M+/"I)Eh)_l —1)

=—E, + O (I1E4II%).
Using the fact that || E,|| < ¢ & for some constant ¢ > 0, we get
. Iylly -
||xﬂyerl ~Xymilly <A T +c+00) | I1Py1 A Opr1 Yl p- (3.24)

We turn to the last part:

-1
_ % %
xu,m+1 - xcxacl - (A Am+1 + “I) Am+]y - xcxacl

m+1

-1
= ("4>{< Am+1 + l’lI) A:;H.]A xcxac( - xcxacl’ (y = Axcxacl)

m+1

-1
= (‘A;+1Am+l + /’lI) A;_H (Am+l + (A - Am+l)) Xexact ~ Xexact®
By applying (3.14) and (3.22)), we obtain
-1 Vm+1
”xﬂ,m+l - xcxacl”(Y S ” (A;knAm+l + #I) ‘A'fn+]‘/4m+1xcxucl - xcxacl”X + s ”xcxacl”X
2\/u
-1 Vm+1
= ”” (A:;l+]'A'm+1 + MI) xexacl”X + s ”xsxam”(\" (3.25)

2\/u
Combining (3.23), (3:24), and (3.23)) shows the lemma. O

Using the error estimate (3.21]), we obtain the following convergence rate results from“! Proposition 2.6.
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Proposition 2. Let fon ., be defined by (3.4) and assume that

= (A;A4,)" vy, v, € N(A)*, v, #0, (3.26)

cx.lul

for some v € [0, 1] with v, uniformly bounded for all 42 > 0 sufficiently small. Let the regularization parameter
l’_l =M (Wm+1’ym+l7Ah,m+l’5’y6) >0
satisfy
-1 1
WP (A A + 1) (A i A ) 0nlly = (vt Ill + 30 (3.27)

it g 1s Apms 6,3°) = 0as m — oo and y,,,,1, 6 — 0. Moreover,

Then u (W

2v/(v+1
0 = Xewalle = 0 (64 200)™"*) + 4 1,00, (3.28)

where o(-) has to be replaced by O(-) if v = 1 and

0, if v=0,
N e 1 * 1/2
pm -+ 1,v) = Emrtl = ezl X ifv=7 Ajz=(AA4) " 0p
Sl = @y DALy <& lloplly, if v=1,
@/m) & lloglly, otherwise,

and &, = (I = Q) A4l

Remark 2. The standard smoothness condition for obtaining convergence rates in inverse problems, also used by Neubauer?!

reads x_,, = (A*A)v. In contrast, we require (3.26) to hold for x_, and each h with associated source element v, and uniform
bound ||v,|| < p. This condition has already been used in proving convergence rates for Arnoldi-Tikhonov regularization?
Proposition 4.2. In real applications, (3.26)) might be hard to verify. For a discussion of (3.26), we refer the reader to** Remark

4.3 and Proposition 4.5.

The convergence rate in (3.28) is usually optimal with respect to 6 and y,,,,. However, the choice of the regularization

parameter ji of Proposition 2]is not computable, since v is not known and v typically is not available. Following Neubauer, we

2l Theorem 3.5 to obtain an a posteriori parameter selection method, which yields the same rate as in Proposition but only
uses available data.

Proposition 3. Let the constants L > 1 and E > 3||x,___||» be such that

0 < Eypyy + L8 < 110,117 lly

holds. For x___let (3.27) be fulfilled, and let fon 4 be defined by (3.4) such that j is the unique solution of

exact

<<Ah m+lAh mel T ﬁI> Qm+1y6a §m+1y5> = (Eym + Lé)z . (3.29)

hs hs : -
Then the same asymptotic estimates hold for Xome1 ~ Xewar S for X1~ Xewe 10 Prop0s1t10n

The approach for selecting the parameter y described in Proposmonldoes not tell us how to choose the constants L and E
when solving actual problems. We would like these constants to be such that [|x"™° X,..|lx 18 as small as possible for given
|| v, and that

m+1
values of m, y,,.,, and 6. Results of !/ Proposition 3.6 show that Proposmonl also holds for L > 1 and E > ||x

the best choices of these constants are L =1 and E = ||x__ || »-
However, we may not know an accurate estimate of ||x___||. In this case, Neubauer? suggests to let ji = (m +1,7,41,0 )
be the unique solution of

exact

exact

-3 ~ 2
<(Ah it A + L) O, Qm+1y5> = (Drar 12,1+ ) (3:30)

for some constant D > 1. Observe that ||xZ’fn .1 |lx is a decreasing function of y and, thus, a solution of (3.30) exists if

o< ||Qm+1y§||y
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holds. Let /i be the solution of (3.29) with L = 1 and E = ||x_|lx, and let ji be the solution of (3:29) with L = 1 and
E =2D||x,,.|l». For some constant D > 1, we obtain that 4 < i < ji and, therefore,

h,6

1% e =

h,6 1
xexacl”X S ”‘xﬁ m+1 - ‘xexact”X

h,
m+1 - xexam”X S ”xﬁ
for m sufficiently large, and both A and é sufficiently small. This provides a computable method for selecting a value of the
parameter y, since we do not need any information about the exact solution x_, or the parameter v.

In our analysis, we require that the basis of the discretized space does not change when we decrease the noise level. To this end,
we fix the noise level and therefore the initial function .4, A} y® when applying bidiagonalization. If subsequently the amount of
error is decreased, and this requires more bidiagonalization steps to be carried out to satisfy (3.30), then we keep the functions,

1 1 . . . .
say {u; };.":1 and {v, };":1 already available, and generate more functions u; and v; for j > m + 1 as necessary to satisty (3.30).
We finally comment on the evaluation of the expression

3 -
<<Ah,m+l“4;,m+1 +ﬁ1> Qm+ly§’Qm+ly5>

in the left-hand side of (3.29). In actual computations, the number of bidiagonalization steps m + 1 typically is fairly small. It is
then convenient to evaluate (3.29) by first computing the singular value decomposition of A, ., | by evaluating the singular value
decomposition of the lower bidiagonal matrix C,, ., associated with A, ., cf. (3.6), and then using this decomposition to
solve

(Ah,m+1AZ,m+1 +il)z = Qm.¢.1y(3

for z. This is followed by solving another system of equation with the same operator and right-hand side z.

4 | NUMERICAL EXPERIMENTS

In this section, we apply Golub—Kahan bidiagonalization with Tikhonov regularization to solve integral equations of the first
kind
/K(S, Hx() dt = y(s), s € Q,, “4.1n
Q]
where x € L*(Q)), y € L*(Q,), and k € L*(Q; X Q,) is a nondegenerate kernel. The Q; are subsets of R% for i = 1, 2. We first
consider four test problems from Regularization Tools"; they are problems in one space-dimension and are listed in Table For
two test problems, Gravity and Shaw, the function y(s) is not explicitly known and, therefore, not given explicitly in the table.
Instead, it is computed by evaluating the integral (4.1)). Subsequently, we apply Golub—Kahan bidiagonalization with Tikhonov
regularization to solve an inverse problem in two space-dimensions. This problem is inspired by the IR ToOLS package''L.

All computations were carried out in MATLAB R2017a with about 15 significant decimal digits, some with the MATLAB
package Chebfun, running on a laptop computer with core CPU Intel(R) Core(TM)i7-7Y75 @1.60GHz processor with 16GB
of RAM. Chebfun carries out computations with approximations of continuous functions and operators. The functions and
operators are approximated by piece-wise Chebyshev polynomials, so called chebfuns; see®© for details. Chebfun makes it
unnecessary for a user to explicitly discretize functions and operators. This makes the computations closer to the theory devel-
oped in, e.g., Engl et al.”, than when using the more common approach of discretizing the integral equation (#.I)) before solution.

The most common approach to solve the integral equation (@.I)) is to first discretize the equation to obtain a linear system of
algebraic equations. The matrix of this system will be ill-conditioned. This approach requires that the integrals be approximated
by quadrature rules. One can choose the quadrature rules so that the error caused by this approximation is insignificant compared
to the regularization error caused by noisy data. We discretize the integral equation (4.I)) by a Nystrom method based on the
composite trapezoidal rule with n nodes. This transforms (@.I)) into a linear system of equations Ax = y, where A € R™" is a
symmetric or nonsymmetric matrix, x € R” is a discretization of the exact solution, x_ ., and y € R”" is considered an error-free
right-hand side vector. We carry out these computations using standard MATLAB (without Chebfun).

We turn to the continuous solution approach that is based on the use of Chebfun. Then || - ||gi stands for an L?-norm. Thus,

Ixllg, = / Ix(®)*dt,  fori=1,2.

Q.

i
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TABLE 1 Test problems used for the numerical experiments.

Example Domain x(s, 1), x(t) and y(s) Reference
Baart Q, = [0, r] k(s,1) = exp(s cos(t)) 3Ex. 4.2
Q, =10, %] x() = sin(?)
y(s) =9 sinfsl(s)
Foxgood €, =[0,1] k(s, 1) = (s> + tz)% 1015, 520
Q, =1[0,1] x(t)=t
_ 1 2\ _ 3
y) = 21+ s
Gravity Q; =[0,1] k(s,t) =1+ (s — t)z)_% “Lp. 17
Q, =[0,1] x(1) = sin(tx) + 3 sin(27 1)
2
Shaw Q = [—%, %] k(s,1) = (cos(s) + cos(?)) (sm(”) ) 21p. 97
Q, = [—%, %] u = n(sin(s) + sin(z))

x(t) = 26—6(1—0.8)2 + e—2(z+o.5)2

We generate the perturbed operator .4, associated with the operator A according to

(Apx)(s) = / K%(s, 1) x(1)dt,
Q

where
(s, D)llg,,
IF . Dllg,,
Here, F(s,t) is a smooth Chebfun function in two space-dimensions, generated by the Chebfun command randnfun2(9,Q; X
Q,), with maximum frequency about 27 /& and standard normal distribution N (0, 1) at each point. The parameter & > 0 specifies
the noise level.

The right-hand side function y(s) in (I.I) is assumed not to be known, but the error-contaminated function y%(s), defined by

y(s)llg,
IFO)llg,

is available. The function F(s) is a smooth Chebfun function, generated with the Chebfun command randnfun(§,Q,), with
maximum frequency about 2z /9 and standard normal distribution N (0, 1) at each point. The parameter 6 > 0 specifies the
noise level. In the computed examples, we let 9 = 1072.

Application of m + 1 steps of the continuous Golub—Kahan bidiagonalization process to the operator .A, with initial func-
tion u; = A, A5y’ /|| A, A7) |y yields the decomposition (ZT), as well as the low-rank operator A, ,,, as defined by (3-6).
Tikhonov regularization is applied to determine an approximate solution of the operator equation

K%(s,t) = k(s, 1)+ a

Y(s)=y(s)+6 F(s),

_ .0
Ah,m+lx =)y

as described in Section |3} In particular, the regularized solution xh 0 41 is computed by using (3-4).

Figures[3|to[f]show some graphs obtained by applying Golub—Kahan bidiagonalization with Tikhonov regularization to the test
problems Baart, Foxgood, Gravity, and Shaw. The exact kernels x (s, t) and the added errors are illustrated in subfigures (a) and
(b), respectively, of all the figures. Subfigures (c) of the figures display the right-hand side functions y(s) and the corresponding
error-contaminated functions y°(s). The subfigures (d) show the exact solutions x___(¢) and the computed approximate solutions

ho 41 (1) determined by applying Golub—Kahan bidiagonalization with Tikhonov regularization for m = 20. The latter subfigures
show Golub-Kahan bidiagonalization with Tikhonov regularization to yield quite accurate approximations of the exact solution
for all the test problems. We let @ = & € {107, 1072} in all experiments.
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(a) Kernel «(s, 1). (b) Error added to the kernel « (s, t).

00
(c) Right-hand side y(s).

(d) Solutions.
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FIGURE 3 Example —“Baart”, « = 6 =1.00e—4.

The second and fourth columns of Table 2] display results for m € {20, 30,40}. The approximation error in the operator A is
evaluated by

h = [[(Ax)(s) = (A, x)(9)lg,»
which is listed in the third column of Table 2] The fifth column of the table reports the error incurred by replacing the operator
Ap by Ap i
Yms1 = ”(Ahx)(s) - (Ah,m+1x)(s)||92~
The sixth column displays the value of the regularization parameter y, which is determined by solving (3:29) with E = ||x__| Q
and L = 1 as suggested in the previous section. The desired value of y is computed by Newton’s method with & = ||y — y°|| Q
We measure the accuracy of the computed approximate solution xZ"S 41 by the relative error

h,6
exact xu,m+1 “Q]

; 4.2)
|| xexac& ||Ql

lIx
RE =

this error is tabulated in the last column of Table 2]

A few observations about Table 2] are in order. The relative error (4.2) depends on the error in the right-hand side function
y9(s), the error in the approximate operator .A,, and the approximation error y,,,,. We notice that the error y,,,, decreases
as the number of bidiagonalization steps m increases, as can be expected from Lemma [2] As a result, when the noise level &
decreases, and the number of bidiagonalization steps m increases, the quality of the computed solutions improves. The results in

Table[2]show Golub—Kahan bidiagonalization with Tikhonov regularization using Chebfun to perform well for all test problems
considered.
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(a) Kernel «(s,1). (b) Error added to the kernel « (s, t).

00 0.2
(c) Right-hand side y(s). (d) Solutions.
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FIGURE 4 Example —Foxgood”, « = 6 =1.00e-2.

We turn to the discrete approach. Thus, we apply the discrete Golub—Kahan bidiagonalization method with Tikhonov
regularization to linear systems of equations

Ax =y°, AeR™, x,y’eR",

that result from the discretization of the operator equation (4.I)). In this approach, || - ||, denotes the Euclidean vector norm or
the associated induced matrix norm. We define the perturbed matrix A, € R"™" by

Ally ~
1Al

£

where F € R™" is a random matrix whose entries are from a normal distribution with mean zero and variance one, and « is a
chosen error level. We generate the error-contaminated vector y° € R” according to

A, =A+a

[P
e,
llell,

where e € R" is a random vector whose entries are from a normal distribution with mean zero and variance one. Application
of a discrete analogue of Algorithmto the matrix A, with initial vector u; = AA*y°/||AA*y’||, yields the decompositions

8

=y+6

Ath = Um+1Cm+1 m> AZﬁm = I7"16':;1,m’
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(a) Kernel «(s, 1). (b) Error added to the kernel x (s, t).

xexacl (t)

h,6
xu,m+l (t)

0 | | | | | | | | | | | | | |
0 1 1 3 1 3 3 7 1 0 1 1 3 1 3 3 7 1
8 4 8 2 8 4 8 g8 4 8 2 8§ 4 8
FIGURE 5 Example —“Gravity”, « = 6 =1.00e-2.
where the matrices V,, = [v,,0,...,v,] € R™ and U,,, = [u;,u,, ..., u,,,] € R™"*+D have orthonormal columns.
Moreover,
@
P o
5 L 1
Cpitm = "o € RUmthxm (4.3)
ﬁm am
ﬂm+1
is a lower bidiagonal matrix. The algorithm also determines the lower bidiagonal matrix C,, ,.;; € R™*D*"+D with leading
principal submatrix (#-3) and the matrix V,,,; = [v},V,, ..., 0,1 € R™™*D_Define the low-rank approximation A, of

the matrix A, by

_ ~ 73k
Ah,m+1 - Um+1Cm+1,m+le+1'

We compute an approximate solution of the linear system of equations

_ 40
Ah,m+1x =Y

with the aid of Tikhonov regularization. The computed regularized solution x4 s given by
u,m+1

-1
h,6 _ * * )
um+l T (Ah,m+1Ah,m+1 + /41) Ah,mH)’ .

Tables 3] to[f]report results obtained when applying m steps of discrete Golub—Kahan bidiagonalization with Tikhonov regular-
ization to the Baart, Foxgood, Gravity, and Shaw test problems, respectively. In our experiments, weleta = 6 € { 1074, 1072 },

X
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(a) Kernel «(s, 1). (b) Error added to the kernel « (s, t).
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(c) Right-hand side y(s). (d) Solutions.
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FIGURE 6 Example —“Shaw”, « = § =1.00e—4.

n € {1000, 2000,4000}, and m € {20, 30,40}, which are listed in the first, second, and fourth columns of the tables, respectively.
The approximation error of the matrix A, is evaluated by

h=1lA= Al

These errors are displayed in the third column of the tables. The fifth column shows the approximation error that is incurred by
approximating the matrix A, by the low-rank matrix A, ,,; it is computed by

Ymr1 = 1A, — Ah,m+1”2'

The accuracy of the computed approximation xﬁi 41 of ., is measured by the relative error

h,6
”xexac( - xu,m.'.] “2

”xexacl ||2

RE = , 4.4

and is shown in the last column of the tables.

We make the following observations about the results in Tables [3] to [6] The relative error (4.4) in the computed solution
depends on the error in the right-hand side function y°(s), the error in the operator A, and on the approximation error y,,, ;. We
notice that the relative error decreases as the number of bidiagonalization steps m is increased for fixed n.

Tables [2]to[6] show the computed approximate solutions determined by the continuous GKB-Tikhonov method with Chebfun

to give more accurate approximations of the exact solutions x,, than the approximate solutions determined by the discrete
GKB-Tikhonov method.
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TABLE 2 Results obtained by applying the GKB-Tikhonov method with Chebfun to the Baart, Foxgood, Gravity, and Shaw
test problems.

Example  Noise level h m Y1 u RE

20 9.1879-1077  2.3465-10"°  1.1331-107!
104 1.8691 - 1075 30 89538-1077  2.1411-10"®  1.1308- 107!
40  8.5346-1077  2.0492-107°  1.1296- 107!

Baart
20 1.9810-107*  2.3562-1073  1.9569 10!
1072 1.8447 - 1073 30  1.8898.10™*  22540-1073  1.9423.107!
40  1.8170-10~*  2.2034-103  1.9350-10"!
20  5.7627-10"'°  1.7781-107°  1.0782-1072
104 3.5548 - 10° 30 5.3919-107%  1.5371-10"° 1.0110- 1072
40  5.0299-10710  1.3521-10° 9.5829.1073
Foxgood
20 1.7885-107°  1.8357-10"3  5.9800- 1072
102 3.8030 - 104 30 1.7111-10°  1.4946-1073  5.3485.1072
40  1.5477-107°  1.2965-10"3  4.9877-1072
20 2.8666-10"%  2.1567-1073  1.3043-1072
10~ 4.9568 - 1075 30 2.6213-107%  1.2988-10"%  1.1397- 1072
. 40  2.4565-10"%  1.1183-1073  1.0966 - 1072
Gravity
20 2.9287-107°  2.7345-107'  5.8208 - 1072
102 5.6748 - 1073 30 2.7037-1075  1.9778-107!  5.2284.1072
40  2.5929-1075  1.4755-107"  4.7811-1072
20 1.8517-1077  3.8155-107°  4.6667 - 1072
10~ 2.4056 - 1077 30 1.7918-1077  2.1163-107°>  4.5770-1072
Shaw 40  1.7575-1077  9.0756-107%  4.4066 - 107>

20 1.2229-107*  6.4269-10"3  1.1138-107!
1072 2.5578 - 1073 30 1.1798-10~*  5.1209-10"3  1.0453-107!
40  1.1348-107*  4.3765-10"3  1.0052- 10!

Our last example is concerned with solving an inverse linear PDE problem. We select the inverse diffusion problem from
the IR ToOLS package'll. The partial differential equation

i=u,, +u,,, forall(t,1,) € Q =[0,11x[0,1],

describes a diffusion process, where u(t,, t,, 7) is the concentration at the point (¢,,¢,) in £, at time z. The time derivative of u
is denoted by &, and u, , stands for the second derivative in direction ;. We assume that u satisfies the initial condition

u(ty, 5, 0) = ug(ty. 1),
for some given function u,, and Neumann boundary conditions for all time 7 > 0,
u, (t1,1,,7) =0, for all (¢,,1,) € 09,
where 0€2; denotes the boundary of Q,. After T' seconds, the solution of the system is
up(ty,t,) = u(t),t,,T).

Our task is to recover the initial condition u, from a given noisy version of u, for T' = 0.01. To generate data for this problem,
we use the MATLAB function

[A, y, x, ProbInfo] = PRdiffusion(n)
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TABLE 3 Results obtained by applying the discrete GKB-Tikhonov method to the Baart test problem.

Noise level n h m o U RE

20 4.5322-10™*  3.0481-107*  1.5531-107!
1000  4.5674-107* 30 4.4930-107*  2.9385-107*  1.5495-10!
40  4.4895-107*  2.9285-10™*  1.5492.107!

20 4.5342-10™*  3.2164-107*  1.5607 - 107!

104
2000  4.5667 - 1074 30 4.5297-107%  3.2030-107*  1.5603 - 107!
40  4.5120-107*  3.1571-10™*  1.5589-107!
20 4.5584-107*  3.1806-10"*  1.5588-107!
4000  4.5664 - 1074 30 4.5571-107%  3.1748-107*  1.5586-107!
40  4.5454-107*  3.1413-10™*  1.5576- 107!
20 4.5196-1072  2.4122-107"  3.6483-107!
1000  4.5674-1072 30 4.4930-1072 2.3934-107'  3.6442-107!
40  4.4685-1072  2.3795-107!  3.6411-107!
10-2 20  4.5355-1072  2.3986-107'  3.6337-107!

2000  4.5667 - 1072 30 4.5278-1072  2.3891-107'  3.6317-107!
40  4.5134-1072  2.3801-10"!  3.6297- 107!

20  4.5589-1072 2.4358-10"!  3.6510- 107!
4000  4.5664 - 1072 30 4.5536-1072  2.4252-107"  3.6487-107!
40  4.5397-1072  2.4158-10"!  3.6466- 107!

TABLE 4 Results obtained by applying the discrete GKB-Tikhonov method to the Foxgood test problem.

Noise level n h m o U RE

20  8.0417-107°  1.2294-107*  3.5932-1072
1000 8.1109- 1073 30 7.9794-107°  1.2046-10~*  3.5852-1072
40  7.9706-107°  1.1998-10~*  3.5836-1072

20  8.0532-107 1.2350-10™*  3.0527-1072

10~
2000  8.1097 - 1073 30 8.0480-1075  1.2290-10™*  3.0504 - 1072
40  8.0359-107°  1.2261-107*  3.0493-1072
20 8.0936-107°  1.2405-107*  2.7372-1072
4000  8.1091 - 1073 30 8.0885-107°  1.2352-107*  2.7349-1072
40  8.0612-1075  1.2291-10™*  2.7323-1072
20 8.0400-107%  1.3862-1072  1.8441-107!
1000 8.1109-1073 30 8.0396-107° 1.3776-1072  1.8397-107!
40  8.0068-107%  1.3674-1072  1.8346-107!
10-2 20 8.0567-107%  1.3537-1072  1.7979 - 107!

2000  8.1097 - 1073 30 8.0510-1073  1.3459-1072  1.7937-107!
40 8.0130-107%  1.3355-1072  1.7882-107!

20  8.0955-107  1.4008-1072  1.8266- 107!
4000  8.1091-1073 30 8.0848-107°  1.3897-1072  1.8209- 10!
40  8.0599-107%  1.3807-10"2  1.8164-107!
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TABLE 5 Results obtained by applying the discrete GKB-Tikhonov method to the Gravity test problem.

Noise level n h m o U RE

20 6.3987-107*  1.0176-1072  1.9575-1072

1000 6.4596 - 10~ 30 6.3314-107*  9.8998 - 107  1.9420- 1072

40  6.2825-10™*  9.8053-107  1.9367-1072

10-4 20 6.4155-107*  1.0223-1072  1.9787-1072
2000  6.4594 - 10~ 30 6.3831-107*  9.9587-107°  1.9640-1072

40  6.3766-107* 993481073  1.9627-1072

20 7.0373-107*  1.1048-1072  2.0246-1072

4000  6.4593- 107 30 6.4430-107*  1.0062-1072  1.9716- 1072

40  6.4294-10™*  1.0037-1072  1.9702-1072

20 6.3992-1072 1.6496 - 10° 1.1784 - 107!

1000 6.4596 - 1072 30 6.3290-1072 1.6271 - 10° 1.1707 - 107!

40  6.3064 - 1072 1.6186 - 10° 1.1678 - 107!

10-2 20 6.4444.1072 1.6543 - 10° 1.1831- 107!
2000  6.4594 - 1072 30 6.4212-1072 1.6390 - 10° 1.1779 - 107!

40  6.4000- 1072 1.6305 - 10° 1.1750 - 107!

20 6.4492-1072 1.6574 - 10° 1.1870 - 107!

4000  6.4593 - 1072 30 6.4152-1072 1.6391 - 10° 1.1808 - 107!

40  6.4096 - 1072 1.6332 - 10° 1.1788 - 107!

TABLE 6 Results obtained by applying the discrete GKB-Tikhonov method to the Shaw test problem.

Noise level n h m o u RE

20 1.2597-1072  4.7310- 1072 1.7496 - 107!

1000  2.9988 - 1074 30 1.2596- 1072 4.7306 - 1072 1.7496 - 107!

40 1.2595-1072  4.7301- 1072 1.7496 - 107!

10-4 20 6.3179 1073 1.9000 - 1072 1.6057 - 107!
2000 2.9960 - 1074 30 6.3179-1073 1.8996 - 102 1.6057 - 107!

40 6.3179-1073 1.8993 - 1072 1.6057 - 107!

20 3.1883-107° 3.5123-1073 1.2861- 107!

4000  2.9947-10~* 30 3.1881-1073 3.5085- 1073 1.2858 - 107!

40 3.1874-1073 3.5054 - 1073 1.2856 - 107!

20  3.1927-1072 1.8204 - 107! 2.2556 - 107!

1000  2.9988 - 102 30 3.1747-1072 1.8034 - 107! 2.2502 - 107!

40  3.1535-1072 1.7892 - 107! 2.2456 - 107!

10-2 20  3.0428-1072 1.7314 - 107! 2.2136 - 107!
2000  2.9960 - 102 30  3.0360- 1072 1.7223 - 107! 2.2106 - 107!

40  3.0324-1072 1.7179 - 107! 2.2091 - 107!

20 3.0019-1072 1.7299 - 107! 2.2168 - 107!

4000  2.9947 - 1072 30 3.0013-1072 1.7224 - 107! 2.2144 - 107!

40  3.0001-1072 1.7190 - 107! 22133 - 107!




A. Algahtani BT AL. | =

from IR TOOLS, where A is a function handle for the forward and adjoint problem, y € R is a vector that represents the
solution uy, and x € R¥ is a vector that represents the initial condition u,. In this example, we let N = n*> = 4096 and the noise
level to be 107%.

The true solution x_, corresponding to the initial condition to u, and the noisy data y° corresponding to the function u; are
displayed in subfigures (a) and (b), respectively, of Figure[7] Subfigures (c) and (d) of Figure[7|display values of the regularization
parameter u, the error y,,, ;, and the relative error as a function of the number of the iterations m + 1 for m € {30, 40, 50,60}.
The remaining subfigures illustrate the reconstructed solutions obtained by applying the GKB-Tikhonov method with different

values of m. In our experience, m = 50 or m = 60 seems to produce better results.

S | CONCLUSION

This paper describes an application of a continuous version of Golub—Kahan bidiagonalization to integral operators of the first
kind to determine a low-rank approximation. The effect of this approximation error, as well as of errors in the available integral
operator and right-hand side functions on the approximate solution determined by Tikhonov regularization is investigated. Our
analysis applies results by Neubauer?!. Computed results illustrate the theory. The computations are carried out both in the
standard way of first discretizing and then solving the discretized problem, and by applying Chebfun which works with functions.
The computations with Chebfun are closer to the theory for ill-posed problems described in, e.g.,”, than the discretize first
approach.
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