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Abstrat

Tikhonov regularization is a popular method for the solution of linear
disrete ill-posed problems with error-ontaminated data. Nonstationary
iterated Tikhonov regularization is known to be able to determine approx-
imate solutions of higher quality than standard Tikhonov regularization.
We investigate the hoie of solution subspae in iterative methods for
nonstationary iterated Tikhonov regularization of large-sale problems.
Generalized Krylov subspaes are ompared with Krylov subspaes that
are generated by Golub�Kahan bidiagonalization and the Arnoldi proess.
Numerial examples illustrate the e�etiveness of the methods.
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1 Introdution

We would like to ompute an approximate solution of large-sale least-squares

problems of the form

min
x∈Rn

‖Ax − b‖ (1.1)

with a matrix A ∈ R
m×n, whose singular values gradually deay to zero with-

out a signi�ant gap. In partiular, A is severely ill-onditioned and possibly

singular. Minimization problems (1.1) with a matrix of this kind are ommonly
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referred to as disrete ill-posed problems. They arise, for instane, from the

disretization of ill-posed problems suh as Fredholm integral equations of the

�rst kind; see, e.g., [12, 15℄. For ease of notation, we will assume that m ≥ n,
however, the methods desribed easily an be adapted to the ase m < n.

The vetor b ∈ R
m in linear disrete ill-posed problems that arise in appli-

ations represents measured data and is ontaminated by an error e ∈ R
m, that

stems from measurement inauraies and possibly also from disretization. Let

btrue ∈ R
m denote the unknown error-free vetor assoiated with the vetor b in

(1.1). Then b an be written as

b = btrue + e. (1.2)

We will assume that a bound δ for the norm of the error in (1.2) is known, i.e.,

‖e‖ ≤ δ, (1.3)

and that the linear system of equations

Ax = btrue (1.4)

assoiated with the least-squares problems (1.1) is onsistent. We would like to

determine an approximation of the solution of minimal Eulidean norm, xtrue,

to (1.4) by omputing a suitable approximate solution of (1.1). Throughout

this paper ‖ · ‖ denotes the Eulidean vetor norm or spetral matrix norm.

Beause of the ill-onditioning of A and the error e in b, straightforward
solution of (1.1) typially does not yield a meaningful approximation of xtrue.

Therefore, one often replaes (1.1) by a nearby problem that is less sensitive

to the error e. This replaement is referred to as regularization. The possibly

most popular regularization method is due to Tikhonov. This method replaes

(1.1) by a penalized least-squares problem of the form

min
x∈Rn

{

‖Ax − b‖2 + µ−1‖Lx‖2
}

, (1.5)

where L ∈ R
p×n is alled the regularization matrix and the salar µ > 0 the

regularization parameter. When L is the identity matrix, the Tikhonov min-

imization problem (1.5) is said to be in standard form, otherwise it is said to

be in general form. The use of the regularization parameter µ instead of 1/µ is

ommented on below. We assume that

N (A) ∩N (L) = {0}, (1.6)

where N (M) denotes the null spae of the matrix M . Then the Tikhonov

minimization problem (1.5) has a unique solution xµ for any µ > 0. The value
of µ determines how sensitive xµ is to the error e and how lose xµ is to xtrue;

see, e.g., Engl et al. [12℄ for disussions on Tikhonov regularization.

We would like to determine a suitable value of the regularization param-

eter µ > 0 and an approximation of the assoiated solution xµ of (1.5) by a
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projetion-based nonstationary iterated Tikhonov regularization method that

an be applied to large-sale problems. Nonstationary iterated Tikhonov regu-

larization replaes the solution of (1.5) by the solution of a sequene of mini-

mization problems

min
x∈Rn

{‖Ax − b‖2 + µ−1
k ‖L(x − xk−1)‖

2}, k = 1, 2, . . . , (1.7)

with solutions xk, k = 1, 2, . . . . Here x0 is an initial approximate solution. Our

interest in nonstationary iterated Tikhonov regularization stems from the fat

that the approximations xk of xtrue omputed by this method for L = I for a

suitable hoie of regularization parameters µk an give more aurate approxi-

mations of xtrue than approximations determined by Tikhonov regularization in

standard form; see [11, 12, 14℄. Reent suessful appliations of modi�ations

of nonstationary iterated Tikhonov regularization with L = I are reported in

[1, 7℄.

Small to medium-sized minimization problems (1.7) an be solved onve-

niently by �rst omputing the generalized singular value deomposition (GSVD)

or related deompositions of the matrix pair {A,L}; see [8, 15℄ for details. In

this paper, we are onerned with the situation when the matries A and L are

too large to make it feasible to ompute these deompositions.

Approximations of the solution xµ of large-sale Tikhonov regularization

problems in standard form, i.e., of (1.5) with L = I, an be omputed by ar-

rying out a suitable (small) number of steps of Golub�Kahan bidiagonalization

of A and then solving the small redued Tikhonov minimization problem so

obtained; see, e.g., [2, 4, 25℄ and referenes therein for several solution methods

based on this approah. The omputed approximation xk, for k ≥ 1, of xtrue
determined in this manner lives in the Krylov subspae

Kk(AT A,AT b) = span{AT b, (AT A)AT b, . . . , (AT A)k−1AT b}, (1.8)

where the supersript T denotes transposition. These solution subspaes also

have been applied to the solution of large-sale Tikhonov minimization problems

(1.5) in general form; see [17℄. We are interested in developing solution methods

for the minimization problems (1.7) that are based on partial Golub�Kahan

bidiagonalization of A and determine approximate solutions in the subspaes

(1.8).

Tikhonov regularization problems in standard form with a large square ma-

trix A also an be solved by �rst reduing A to a small upper Hessenberg matrix

by applying a few steps of the Arnoldi proess to A, and then solving the re-

dued problem. This approah, and some variations thereof, are disussed in

[5, 9, 24℄. The omputed approximate solution xk lives in a Krylov subspae of

the form

Kk(A,Aqb) = span{Aqb, Aq+1b, . . . , Aq+k−1b} (1.9)

for some k ≥ 1 and a �xed small integer q ≥ 0. A nie reent review of some

of these methods is presented by Gazzola et al. [13℄. The solution subspaes

(1.9) also an be applied when L 6= I; omputed examples are presented in
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[13℄ for q = 0. We will develop solution methods for (1.7) that determine

approximate solutions in subspaes of the form (1.9). Our interest in using these

solution subspaes instead of spaes of the form (1.8) stems from the property

that solution methods that use the former typially require fewer matrix-vetor

produt evaluations than solution methods based on the latter.

Reently, we developed an iterative method for the solution of (1.7) in whih

approximate solutions were determined in generalized Krylov subspaes [18℄.

The solution subspaes in this method are expanded in a manner �rst proposed

by Voss [31℄. This approah has reently been applied in several methods for

the solution of large-sale linear disrete ill-posed problems; see [20, 22℄.

It is the purpose of the present paper to ompare solution methods for (1.7)

based on the Krylov subspaes (1.8) and (1.9), as well as on the generalized

Krylov subspaes applied in [18℄. These methods have been hosen in our om-

parison beause they perform well, are simple to implement, and an be applied

to a variety of regularization matries. When the regularization matrix L has a

speial struture, suh as being banded with a small bandwidth, or is an orthog-

onal projetion, the Tikhonov minimization problem (1.5) an be transformed

to standard form in a fairly inexpensive manner; see Eldén [10℄, Hansen [15℄,

or Morigi et al. [23℄ for details. After this transformation the nonstationary

iterated Tikhonov minimization problems (1.7) an be solved by available teh-

niques for problems in standard form. Also redution methods desribed in

[19, 27, 28℄ and in referenes therein an be applied to the solution of (1.7). It

is beyond the sope of this paper to ompare all methods that may be applied to

the solution of (1.7). We single out three methods that are easy to implement

and that we feel are partiularly promising.

The remainder of this paper is organized as follows. Setion 2 presents

our projetion-based nonstationary iterated Tikhonov regularization method

for solving the sequene of Tikhonov regularization problems (1.7). The imple-

mentation of the algorithm is disussed in Setion 3, and Setion 4 desribes a

few numerial examples. A onlusion an be found in Setion 5.

2 Iterative subspae methods

The normal equations assoiated with (1.7) are given by

(AT A + µ−1
k LT L)x = µ−1

k LT Lxk−1 + AT b. (2.1)

These equations form the basis for our iterative methods. Introdue the sub-

spae Vk ⊂ R
n of small dimension k ≪ n, and let the olumns of the matrix

Vk ∈ R
n×k form an orthonormal basis for Vk. Substitute xk = Vkyk for some

yk ∈ R
k into (2.1), and multiply equation (2.1) by V T

k from the left. We obtain
(

(AVk)T (AVk) + µ−1
k (LVk)T (LVk)

)

yk = µ−1
k (LVk)T LVk−1yk−1 + (AVk)T b.

The matrix [AVk, LVk] is of full rank due to (1.6). Therefore the matrix on the

left-hand side is nonsingular for any 0 < µk < ∞, and we have

yk = ȳk +
(

(AVk)T (AVk) + µ−1
k (LVk)T (LVk)

)−1
(AVk)T r̄k, (2.2)
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where

ȳk =
[

yT
k−1, 0

]T
, r̄k = b − (AVk)ȳk. (2.3)

The iterations are started by hoosing a subspae Vk of dimension k for

some small value of k, say, k = 5. The matrix Vk is in our omputed examples

determined by the appliation of k steps of Golub�Kahan bidiagonalization to A
with initial vetor b, or by the appliation of k steps of the Arnoldi proess to A
with initial vetor b. We set yk−1 = 0 and ompute yk as desribed above. Then

we inrease the dimension of the subspae Vk by one to obtain the subspae Vk+1

and determine a new vetor yk+1 ∈ R
k+1 that satis�es (2.2) with k replaed by

k + 1. The olumns of the matrix Vk+1 = [Vk, vk+1] ∈ R
m×(k+1) form an

orthonormal basis for the subspae Vk+1, where the vetor vk+1 is determined

by applying one more step of Golub�Kahan bidiagonalization or the Arnoldi

proess to A.
The available bound δ for the norm of the error e in (1.3) allows us to deter-

mine a suitable value of µk in eah iteration step with the aid of the disrepany

priniple, whih presribes that µk = µk(δ) be hosen as the zero of the funtion

ϕ(µ, Vk) := ‖Axk − b‖2 − η2δ2, (2.4)

where η ≥ 1 is a user-spei�ed onstant independent of δ. When the bound δ
in (1.3) is fairly sharp and the error e is white Gaussian noise, then the best

omputed approximations xk of xtrue are generally obtained when η is hosen

lose to unity. We ompute the zero of ϕ(µ, Vk) with a zero-�nder desribed

below.

Having determined µk, we an ompute yk by (2.2). Then the searh sub-

spae Vk is expanded as desribed above. After expansion, a new value, µk+1, of

the regularization parameter is alulated by determining the zero of ϕ(µ, Vk+1).
This proess is repeated for inreasing k-values until two onseutive approxima-

tions xk−1 = Vk−1yk−1 and xk = Vkyk give residual errors that are su�iently

lose. Spei�ally, let rk−1 = b − AVk−1yk−1 and rk = b − AVkyk. The ompu-

tations are terminated as soon as the relative residual hange satis�es

‖rk − rk−1‖

‖b‖
≤ tol (2.5)

for some user-spei�ed tolerane tol. This stopping riterion is generally satis-

�ed already for a fairly small value of k.
Algorithm 2.1 desribes a solution method for (1.7) when A is redued by

a few steps of Golub�Kahan bidiagonalization. The algorithm easily an be

modi�ed to instead redue a square matrix A by the Arnoldi proess. Most

of the omputational work is arried out in line 7 of the algorithm, beause

omputing the zero in line 5 and determining yk by solving a redued least-

squares problem in line 6 are quite inexpensive.
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Algorithm 2.1 A projeted nonstationary iterated Tikhonov regularization

method

1: Input: A ∈ R
m×n, b ∈ R

m, L ∈ R
p×n, η > 1, and δ.

2: Determine initial matrix Vℓ ∈ R
n×ℓ with orthonormal olumns by ℓ steps

of Golub�Kahan bidiagonalization for ℓ > 0 small. This gives the deom-

position AVℓ = Uℓ+1C̃ℓ. Compute the QR fatorization LVℓ = QℓRℓ. Let

ȳℓ = 0.
3: for k = ℓ, ℓ + 1, . . . until onvergene do

4: Compute ȳk =
[

yT
k−1, 0

]T
and r̄k = b − (AVk)ȳk.

5: Find the root µk of ϕ(µ, Vk) by a zero-�nder.

6: Compute yk by solving the redued least-squares problem (3.5).

7: Compute vk+1 and uk+1 by one step of Golub�Kahan bidiagonalization.

8: Let Vk+1 = [Vk, vk+1] and Uk+2 = [Uk+1, uk+2]. This gives the

deomposition AVk+1 = Uk+2C̃k+1.

9: Compute the QR fatorization LVk+1 = Qk+1Rk+1.

10: end for

11: Find the root µk+1 of ϕ(µ, Vk+1) by a zero-�nder.

12: Compute yk+1 by solving the redued least-squares problem (3.5) with k
replaed by k + 1.

13: Determine the approximate Tikhonov solution xk+1 = Vk+1yk+1.

3 Some implementation details for Algorithm 2.1

We disuss some details of the implementation of Algorithm 2.1 when the solu-

tion subspaes Vk, k = 1, 2, . . . , are generated by Golub�Kahan bidiagonaliza-

tion of A. Modi�ations required when the solution subspaes are determined

by instead applying a few steps of the Arnoldi proess to a square matrix A are

straightforward and, therefore, will not be ommented on separately.

3.1 Golub�Kahan bidiagonalization

Appliation of k steps of Golub�Kahan bidiagonalization [2, 26℄ to A with initial

vetor b gives the deompositions

AVk = Uk+1C̃k, AT Uk = VkCT
k , Uk+1e1 = b/‖b‖, (3.1)

where the matries Uk = [u1, u2, . . . , uk] ∈ R
m×k, Uk+1 = [Uk, uk+1] ∈ R

m×(k+1),

and Vk = [v1, v2, . . . , vk] ∈ R
n×k have orthonormal olumns,

Ck =















α1 0

β2 α2

. . .
. . .

βk−1 αk−1

0 βk αk















∈ R
k×k (3.2)
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is lower bidiagonal, and C̃k = [CT
k , βk+1ek]T . Here ej = [0, . . . , 0, 1, 0, . . . , 0]T

denotes the jth axis vetor. We assume k to be small enough so that all diagonal

and subdiagonal entries of C̃k are nonvanishing. The olumns of Vk span the

Krylov subspae (1.8).

Introdue the QR fatorization

LVk = QkRk, (3.3)

where Qk ∈ R
p×k has orthonormal olumns and Rk ∈ R

k×k is upper triangular.

The matrix LVk is not required to be of full rank. Substituting the �rst part of

(3.1), as well as (3.3), into (2.2) produes

(C̃T
k C̃k + µ−1

k RT
k Rk)(yk − ȳk) = C̃T

k (‖b‖e1 − C̃kȳk). (3.4)

The above are the normal equations assoiated with the least-squares problem

∥

∥

∥

∥

∥

[

C̃k

µ
−1/2
k Rk

]

(yk − ȳk) −

[

‖b‖e1 − C̃kȳk

0

]

∥

∥

∥

∥

∥

2

= min! (3.5)

whih we solve for yk − ȳk. We solve (3.5) instead of (3.4) beause of the

smaller ondition number of the (2k + 1)× k system matrix in (3.5) than of the

system matrix in (3.4); see, e.g., Björk [3℄ for a disussion on the solution of

least-squares problems. It follows from (1.6) that the system matrix in (3.5) is

nonsingular. The solution yk − ȳk yields the desired vetor

yk = ȳk + (C̃T
k C̃k + µ−1

k RT
k Rk)−1C̃T

k (‖b‖e1 − C̃kȳk).

The vetor yk = yk(µ) is a funtion of the regularization parameter µ = µk.

We have

yk(µ) = y(µ, Vk) = ȳk + (C̃T
k C̃k + µ−1RT

k Rk)−1C̃T
k (‖b‖e1 − C̃kȳk).

The derivative of yk(µ) with respet to µ is given by

y′
k(µ) = µ−2(C̃T

k C̃k + µ−1RT
k Rk)−1RT

k Rk(yk(µ) − ȳk).

The quantity y′
k = y′

k(µk) an be evaluated similarly as yk above, i.e., by solving

the least-squares problem

∥

∥

∥

∥

∥

[

C̃k

µ
−1/2
k Rk

]

y′
k −

[

0
µ−3/2Rk(yk − ȳk)

]

∥

∥

∥

∥

∥

= min! (3.6)

Note that the system matries in (3.5) and (3.6) are the same. Therefore, after

having omputed the Golub�Kahan bidiagonalization (3.1) and the QR fa-

torization (3.3), we an use these deompositions to solve both least-squares

problems (3.5) and (3.6) inexpensively. It is neessary to repeatedly solve these

systems for di�erent µk-values in order to determine a value suh that the as-

soiated solution xk = Vkyk satis�es the disrepany priniple; see below. The

following proposition ollets some properties of yk(µ) and y′
k(µ).
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Proposition 3.1 The following limits hold:

yk(∞) := lim
µ→∞

yk(µ) = ȳk + C̃†
k(‖b‖e1 − C̃kȳk),

yk(0) := lim
µ→0

yk(µ) = ȳk,

y′
k(∞) := lim

µ→∞
y′

k(µ) = 0,

y′
k(0) := lim

µ→0
y′

µ = (RT
k Rk)†C̃T

k (‖b‖e1 − C̃kȳk),

where M† denotes the Moore�Penrose pseudoinverse of the matrix M .

Proof. The limits an be shown by fairly straightforward omputations.

We omit the details sine related omputations are presented in [18℄. ¤

3.2 Properties of the funtion ϕ(µ, Vk)

We ollet some properties of the funtion (2.4). A related funtion is desribed

in [18℄. The proofs of the properties of the latter presented in [18℄ are analogous

to the orresponding proofs for (2.4). We therefore only outline the proofs for

the funtion (2.4) in this setion.

Substituting the fatorizations (3.1) and (3.3) into ϕ(µk, Vk), we obtain

ϕ(µk, Vk) = ‖AVkyk − b‖2 − η2δ2

= ‖C̃kyk − UT
k+1b‖

2 − η2δ2

= ‖b‖2 + (C̃kyk)T (C̃kyk) − 2‖b‖(C̃kyk)T e1 − η2δ2.

It follows that we an evaluate ϕ(µk, Vk) by solving a small least-squares problem

with a (2k+1)×k matrix onsisting of a lower bidiagonal matrix and a triangular

matrix; f. (3.5).

Theorem 3.2 Given the GSVD of the matrix pair {C̃k, Rk},

C̃k = ÛkΣkY T
k , (3.7)

Rk = V̂kΩkY T
k , (3.8)

where the matries Ûk = [u1, u2, . . . , uk] ∈ R
(k+1)×k and V̂k ∈ R

k×k have or-

thonormal olumns, and the nontrivial entries of the matries

Σk = diag[σ1, σ2, . . . , σk] ∈ R
k×k, Ωk = diag[ω1, ω2, . . . , ωk] ∈ R

k×k

are ordered aording to

0 ≤ σ1 ≤ . . . ≤ σk ≤ 1, 1 ≥ ω1 ≥ . . . ≥ ωk ≥ 0

with σ2
j + ω2

j = 1 for 1 ≤ j ≤ k. Moreover, Yk ∈ R
k×k is nonsingular.

Let r̄k be de�ned by (2.3). If there is an index i suh that

((Uk+1Ûk)T r̄k)i 6= 0, σi > 0, ωi > 0, (3.9)
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then the funtion ϕ(µ, Vk) is monotonially dereasing and onvex for µ > 0.
Moreover, the equation

ϕ(µ, Vk) = 0 (3.10)

has a unique solution 0 < µ < ∞ for any η2δ2 with

‖PN (C̃T

k
)(U

T
k+1r̄k)‖2 < η2δ2 < ‖r̄k‖

2, (3.11)

where PN (C̃T

k
) denotes the orthogonal projetor onto the null spae of C̃T

k .

Proof. We �rst show monotoniity and onvexity. Substituting the fa-

torizations (3.1), (3.3), and (2.2), together with (3.7) and (3.8), into (2.4), we

obtain after some alulations

ϕ(µ, Vk) + η2δ2 = ‖AVk(yk − ȳk) − (b − AVkȳk)‖2

= ‖Uk+1C̃k(C̃T
k C̃k + µ−1RT

k Rk)−1(Uk+1C̃k)T r̄k − r̄k‖
2

=
k

∑

i=1

ω4
i

(µσ2
i + ω2

i )2
((Uk+1Ûk)T r̄k)2i + (UT

k+1r̄k)T (I − ÛkÛT
k )UT

k+1r̄k.

It follows that the derivative of ϕ with respet to µ is given by

ϕ′(µ, Vk) = −
k

∑

i=1

2σ2
i ω4

i

(µσ2
i + ω2

i )3
((Uk+1Ûk)T r̄k)2i ,

and the seond derivative is

ϕ′′(µ, Vk) =

k
∑

i=1

6σ4
i ω4

i

(µσ2
i + ω2

i )4
((Uk+1Ûk)T r̄k)2i .

We note that σi +ωi > 0 for all i. The ondition (3.9) seures that ϕ′(µ, Vk) < 0
and ϕ′′(µ, Vk) > 0. Thus, ϕ(µ, Vk) is monotonially dereasing and onvex for

µ > 0 on the subspae Vk.

Turning to the solubility of equation (3.10), we observe that

lim
µ→0

ϕ(µ, Vk) + η2δ2 = lim
µ→0

‖AVkyk − b‖2 (3.12)

= lim
µ→0

‖(C̃k(C̃T
k C̃k + µ−1RT

k Rk)−1RT
k − I)UT

k+1r̄k‖
2

= ‖UT
k+1r̄k‖

2 = ‖r̄k‖
2

and

lim
µ→∞

ϕ(µ, Vk) + η2δ2 (3.13)

= lim
µ→∞

‖(C̃k(C̃T
k C̃k + µ−1RT

k Rk)−1C̃T
k − I)UT

k+1r̄k‖
2

= (UT
k+1r̄k)T (I − C̃kC̃†

k)UT
k+1r̄k.
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Sine ϕ(µ, Vk) is monotonially dereasing and onvex for any µ > 0 on the

subspae Vk, the above limits imply that equation (3.10) has a unique solution

when (3.11) holds. This ompletes the proof. ¤

We remark that the onvexity of ϕ(µ, Vk) is a onsequene of using 1/µ in

(1.5) instead of µ. The proposition below provides some asymptoti properties

of the funtion ϕ(µ, Vk) and its derivatives.

Proposition 3.3 The following limits hold:

lim
µ→0

ϕ(µ, Vk) = ‖r̄k‖
2 − η2δ2, (3.14)

lim
µ→∞

ϕ(µ, Vk) = ‖r̄k‖
2 − ‖PR(C̃T

k
)(|b‖e1 − C̃kȳk)‖2 − η2δ2, (3.15)

lim
µ→0

ϕ′(µ, Vk) = −2‖(Rk)†C̃T
k (‖b‖e1 − C̃kȳk)‖2.

lim
µ→∞

ϕ′(µ, Vk) = 0,

lim
µ→0

ϕ′′(µ, Vk) = 6‖C̃k(RT
k Rk)†C̃T

k (‖b‖e1 − C̃kȳk)‖2,

lim
µ→∞

ϕ′′(µ, Vk) = 0.

Proof. The limits (3.14) and (3.15) follow from (3.12) and (3.13). The

remaining limits an be shown by using the orresponding limits for yk(µ). ¤

Sine ϕ(µ, Vk) is monotonially dereasing and onvex for µ > 0 under the

ondition that there is an index i so that (3.9) holds, the limit (3.15) has

to be negative in order for ϕ to have a �nite zero. Therefore, if ‖r̄k‖
2 −

‖PR(C̃T

k
)(‖b‖e1 − C̃kȳk)‖2 > η2δ2 for the initial matrix Vk, the initial solu-

tion subspae has to be enlarged to seure that ϕ has a �nite zero. In general,

‖PN (C̃T

k
)(‖b‖e1 − C̃kȳk)‖2 ≪ η2δ2 and ϕ(µ, Vk) has a �nite zero already for so-

lution subspaes of small dimension k. We remark that if limµ→∞ ϕ(µ, Vk) < 0
for some k ≥ 1, then this inequality also holds for all larger values of k.

3.3 Determining the regularization parameter

We use a zero-�nder based on inverse rational interpolation to determine the

zero of the funtion ϕ(µ, Vk) de�ned by (2.4). This zero-�nder is advoated

by Lampe et al. [20℄. We provide a brief outline and desribe formulas that

di�er from those used in [20℄. In this setion, we use the simpli�ed notation

f(µ) = ϕ(µ, Vk) and similarly for the derivatives.

We remark that a simple way to evaluate the funtions f(µ), f ′(µ), and
f ′′(µ) is to �rst ompute the GSVD of the matrix pair {AVk, LVk}. However,

there is no inexpensive way to update the GSVD of {AVk, LVk} to obtain the

GSVD of {AVk+1, LVk+1}. We therefore seek to determine the zeros of ϕ(µ, Vk)
for inreasing values of k without using the GSVD.

The zero-�nder advoated in [20℄ uses a rational funtion h(f) to approx-

imate f−1. The funtion h(f) is determined by using values of f and f ′ at
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two points, whih we denote by µ1 and µ2. The next iterate is µnew = h(0).
Spei�ally, we use the model funtion

h(f) =
p(f)

f − f∞

for approximating f−1. Here p(t) =
∑3

i=0 ait
i and

f∞ = ‖r̄k‖
2 − (‖b‖e1 − C̃kȳk)T (C̃kC̃†

k)(‖b‖e1 − C̃kȳk) − η2δ2.

The oe�ients ai are determined by the interpolation onditions

h(f(µi)) = µi, h′(f(µi)) = 1/f ′(µi), i = 1, 2,

with the points µ1 and µ2 hosen so that the funtion values f(µ1) and f(µ2)
do not have the same sign. We remark that the derivative of the model funtion

is given by

h′(f(µi)) =
a3

(

2f(µi)3 − 3f∞f(µi)2
)

+ a2

(

f(µi)2 − 2f∞f(µi)
)

− a1f∞ − a0

(f(µi) − f∞)2
.

Note that 1/f ′(µi) is the derivative of f−1 at f(µi).
The omputation of the oe�ients ai of the polynomial p requires the so-

lution of a linear system of equations with a 4 × 4 matrix. To improve the

onditioning of this matrix, we use a basis of Chebyshev polynomials for the

interval between the points f(µ1) and f(µ2) instead of the power basis in the

omputations.

The value µnew replaes the value µi on the same side of the root. In ase

µnew 6∈ (µ1, µ2) (e.g. due to round-o� errors), a bisetion step is arried out.

Depending on the sign of f((µ1 + µ2)/2), the appropriate µi is updated.

When the requirement (3.11) on the solution subspae Vk is violated, it is

not possible to �nd a zero of f(µ) (exept when f(µ) ≡ 0). This situation may

arise, if we hoose the initial searh spae Vk to be a subset of N (L). Then

the matrix LVk is the zero-matrix. A simple way to handle this situation is to

inrease the dimension of the initial solution subspae Vk, e.g., by arrying out

a few more Golub�Kahan bidiagonalization steps, until (3.11) holds.

3.4 Enlarging the Searh Spae

We disuss how the solution subspaes are enlarged and desribe some updating

formulas that are onvenient to use. In the beginning of this subsetion, we will

assume that the solution subspaes are determined by partial Golub�Kahan

bidiagonalization of A. Subsequently, we will disuss the situation when the

solution subspaes are generated by the Arnoldi proess.

The reursion formulas for Golub�Kahan bidiagonalization of A with initial

vetor b are given by

β1u1 = b, α1v1 = AT u1;
βk+1uk+1 = Avk − αkuk, αk+1vk+1 = AT uk+1 − βk+1uk,

(3.16)
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for k = 1, 2, . . . . The salars αk, βk, k = 1, 2, . . . , are hosen so that the vetors

uk and vk are of unit length. These vetors form the orthonormal olumns of the

matries Uk and Vk in (3.1), and the salars αk, βk are entries of the matries

(3.2) and C̃k; see [2, 26℄ for details. We will use the reursion formulas (3.16) to

determine new olumns to be appended to the matries Vk and Uk. Thus, we

de�ne Vk+1 = [Vk, vk+1] and Uk+1 = [Uk, uk+1]. Similarly, we update Ck and

C̃k to obtain Ck+1 and C̃k+1. The main omputational ost is the evaluation of

two matrix-vetor produts; one with A and one with AT .

When enlarging the solution subspae in Algorithm 2.1 by the new ve-

tor vk+1, we update the matries AVk and LVk to obtain AVk+1 and LVk+1

by appending Avk+1 and Lvk+1 as the last olumns of the matries AVk and

LVk, respetively. These omputations ost only one matrix-vetor produt

evaluation with eah one of the matries A and L. Matries L used in applia-

tions typially approximate derivative operators and therefore are very sparse.

The omputational work required for evaluating matrix-vetor produts with L
therefore generally an be ignored. Moreover, the matrix-vetor produt Avk+1

is used in the next step of Golub�Kahan bidiagonalization. Therefore a typial

iteration step only requires one matrix-vetor produt evaluation with eah one

of the matries A and AT .

The QR fatorization of LVk = QkRk is updated as follows:

LVk+1 = L[Vk, vk+1] = [Qk, q̃k+1]

[

Rk rk+1

0 ρk+1

]

, (3.17)

where Qk+1 = [Qk, q̃k+1] ∈ R
p×(k+1) has orthonormal olumns, rk+1 ∈ R

k, and

ρk+1 ∈ R; see [6℄ for a detailed disussion on updating and downdating of the

QR fatorization. The vetor rk+1 and salar ρk+1 are determined by

rk+1 = QT
k (Lvk+1), qk+1 = Lvk+1 − rk+1,

ρk+1 = ‖qk+1‖, q̃k+1 = qk+1/ρk+1.

In ase ρk+1 = 0, the vetor q̃k+1 is hosen as an arbitrary unit vetor suh that

QT
k q̃k+1 = 0. The main omputational ost for determining the deomposition

(3.17) is the evaluation of the matrix-vetor produt with QT
k ∈ R

k×p. Sine k
is quite small, the ost for updating the fatorization (3.17) is negligible.

We turn to the situation when the solution subspae is generated by the

Arnoldi proess and assume that A ∈ R
n×n. Appliation of k steps of the

Arnoldi proess to A with initial vetor b gives the deomposition

AVk = Vk+1H̃k, (3.18)

where Vke1 = b/‖b‖ and the orthonormal olumns of the matrix Vk ∈ R
n×k

forms a basis for the Krylov subspae (1.9) with q = 0. The olumns of Vk+1 =
[Vk, vk+1] ∈ R

n×(k+1) are also orthonormal. The matrix H̃k ∈ R
(k+1)×k is

upper Hessenberg with positive subdiagonal entries. We assume here that k
is small enough so that breakdown of the reursions for the Arnoldi proess

does not our. This is the generi situation. Breakdown is a rare event that
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typially simpli�es the omputations; see Saad [29℄ for details on the Arnoldi

proess. The deomposition (3.18) an be used similarly as the Golub�Kahan

bidiagonalization in Algorithm 2.1. To inrease the number of olumns of Vk

by one, one more step of the Arnoldi proess is exeuted. This gives formulas

analogous to (3.16). The QR fatorization is updated as desribed by (3.17).

In the generalized Krylov subspae (GKS) method, the solution subspae is

enlarged in eah step by inluding the residual vetor for the normal equations,

rk = AT AVkyk + µ−1
k LT LVkyk − µ−1

k LT Lxk−1 − AT b,

in the present solution subspae, f. (2.1). We use the MATLAB funtion reorth

from [16℄ to insure that rk is orthogonal to the olumns of Vk and then de�ne

Vk+1 = [Vk, rk/‖rk‖]. This expansion approah was �rst used by Voss [31℄ in a

method for solving nonlinear eigenvalue problems. More reent appliations are

desribed in [20, 21, 22℄.

4 Numerial Examples

Several solution methods for projeted nonstationary iterated Tikhonov regu-

larization are ompared in order to gain some insight into the importane of

the hoie of solution subspae. We refer to results ahieved with Algorithm

2.1 as PNITR-GKB. The solution subspae is for this method determined by

partial Golub�Kahan bidiagonalization. When this bidiagonalization method is

replaed by the Arnoldi proess, as desribed in Subsetion 3.4, we obtain the

PNITR-ARN method. Reently, a projeted nonstationary iterated Tikhonov

regularization method, in whih the solution subspae is enlarged by inlud-

ing the urrent residual vetor for the normal equations (2.1), was proposed

in [18℄. This expansion approah leads to solution subspaes that are general-

ized Krylov subspaes (GKS). We refer to this method as PNITR-GKS. This

expansion approah previously has been applied in a projeted (noniterated)

Tikhonov regularization method [20℄, whih we below refer to as PTR-GKS.

We illustrate the performane of these methods when applied to three test

examples, the �rst two of whih are from Hansen's Regularization Tools [16℄.

The last example is onerned with the restoration of a blurred and noisy im-

age. The matries in all examples are numerially singular. We determine the

regularization parameter in all examples by the disrepany priniple. In the

�rst two examples we set η = 1.1 in (2.4) and tol = 1 · 10−6 in the stopping ri-

terion (2.5). All omputations were arried out in MATLAB version 2012a with

about 15 signi�ant deimal digits on a omputer with an Intel Core i5-3230M

� 2.60GHz proessor and 8GB RAM.

In the examples xtrue is provided, from whih we ompute btrue := Axtrue.

White Gaussian noise e is added to btrue. This gives the error-ontaminated

vetor b in (1.1); f. (1.2). We refer to the quotient

σ :=
‖e‖

‖btrue‖
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as the noise level.

Table 1: Example 4.1: Comparison of relative errors using PTR-GKS, PNITR-

GKS, PNITR-GKB, and PNITR-ARN for di�erent regularization matries.

Method L = L1 L = L2

PTR-GKS 0.056 0.061

PNITR-GKS 0.058 0.058

PNITR-GKB 0.048 0.049

PNITR-ARN 0.048 0.049

Example 4.1. Consider the Fredholm integral equation of the �rst kind

∫ π/2

−π/2

κ(t, s)x(s)ds = b(t), −π/2 ≤ t ≤ π/2, (4.1)

with the kernel

κ(t, s) = (cos(s) + sin(t))2(
sin(ξ)

ξ
)2, ξ = π(sin(s) + cos(t)).

The right-hand side funtion b(t) is hosen so that the solution x(s) is the sum
of two Gaussian funtions. This integral equation is disussed by Shaw [30℄. We

use the MATLAB ode shaw from [16℄ to disretize (4.1) by a Galerkin method

with 1000 orthonormal box funtions as test and trial funtions. The ode

produes a matrix A ∈ R
1000×1000 and the solutions xtrue. We ompute btrue

and the error-ontaminated vetor b with noise level σ = 1 · 10−3 as desribed

above.

The ondition number κ(A) := ‖A‖‖A†‖ of A, as omputed with the MAT-

LAB funtion ond, is larger than 1.1 · 1021. Thus, the matrix is numerially

singular. The regularization matrix L is hosen to be a saled disrete �rst

or seond order derivative operator in one spae-dimension, i.e., the bidiagonal

matrix

L1 =







1 −1
. . .

. . .

1 −1






∈ R

(n−1)×n, (4.2)

or the tridiagonal matrix

L2 =







−1 2 −1
. . .

. . .
. . .

−1 2 −1






∈ R

(n−2)×n, (4.3)

with n = 1000.
The initial solution subspae is of dimension six. The PNITR-GKS and

PTR-GKS methods use the same initial solution subspae as PNITR-GKB. We
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Figure 1: Example 4.1: Relative errors (left olumn), and exat and omputed

approximate solutions (right olumn) by PTR-GKS (�rst row), PNITR-GKS

(seond row), PNITR-GKB (third row), and PNITR-ARN (fourth row) for L =
L1.

would like to illustrate the onvergene of several interesting quantities and

therefore do not terminate the omputations until the solution subspae has

dimension 200. Table 1 ompares relative errors using several methods and
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the regularization matries L1 in (4.2) and L2 in (4.3). The table shows all

projeted nonstationary iterated Tikhonov regularization methods to give more

aurate approximations of xtrue than the noniterated Tikhonov regularization

method PTR-GKS. Moreover, both Krylov subspae methods PNITR-GKB and

PNITR-ARN yield approximations of higher quality than PNITR-GKS, whih

uses a generalized Krylov subspae as solution subspae.

The left-hand side olumn of Figure 1 displays the relative errors {‖xk −
xtrue‖/‖xtrue‖} for approximate solutions xk, 1 ≤ k ≤ 200, determined by the

regularization methods PTR-GKS, PNITR-GKS, PNITR-GKB, and PNITR-

ARN for L = L1. The right-hand side olumn shows the exat solution xexat
(green graph) and the omputed approximations x200 by the di�erent methods

aording to Table 1. The errors in the omputed solutions for the projeted

nonstationary iterated Tikhonov regularization methods quikly deay with in-

reasing iteration number k and do not vary signi�antly when k is inreased

further. This implies that the exat hoie of the number of iterations k is not

important for the auray in the omputed approximations xk as long as k is

su�iently large. The relative errors in the approximate solutions xk omputed

with PTR-GKS method reah a minimum faster than for the projeted nonsta-

tionary iterated methods, but then inrease before plateauing. It is di�ult to

determine the number of iterations k that give the smallest error in xk. The

behavior of the solution methods is similar when L = L2. We therefore omit

the graphs for this regularization matrix. ¤

Table 2: Example 4.2: Comparison of relative errors using PTR-GKS, PNITR-

GKS, PNITR-GKB, and PNITR-ARN for di�erent regularization matries.

Method L = L1 L = L2

PTR-GKS 0.014 0.015

PNITR-GKS 0.013 0.014

PNITR-GKB 0.011 0.012

PNITR-ARN 0.013 0.013

Example 4.2. We investigate the performane of the regularization meth-

ods when applied to the inverse heat equation problem implemented by the

MATLAB ode heat from [16℄ with parameter κ = 5. This ode determines

the matrix A ∈ R
1000×1000 and exat solution xtrue ∈ R

1000. We ompute

btrue := Axtrue and add Gaussian noise of noise level 1 ·10−2 to obtain the error-

ontaminated vetor b. The ondition number κ(A) := ‖A‖‖A†‖ is larger than

3.5 · 1019. Thus, the matrix is numerially singular. We would like to illustrate

the onvergene of several interesting quantities and therefore do not terminate

the omputations until the solution subspae has dimension 100, similarly as in

Example 4.1.

Table 2 reports the relative errors of the omputed solution obtained with

the regularization matries (4.2) and (4.3). The table shows the regularization

matrix L1 to give approximate solutions of slightly higher quality than L2, and
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Figure 2: Example 4.2: Relative errors (left olumn), exat and omputed ap-

proximate solutions (right olumn) by PTR-GKS (�rst row), PNITR-GKS (se-

ond row), PNITR-GKB (third row), and PNITR-ARN (fourth row) for L = L1.

the projeted nonstationary iterated Tikhonov methods to give iterates of higher

auray than the PTR-GKS method.

Figure 2 is analogous to Figure 1 and shows results for the regularization
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matrix L1. The �gure shows the relative errors in the iterates xk to beome

small faster for the PNITR methods than for PTR-GKS, and the errors of

iterates generated by the latter method plateau at a higher level than the errors

of iterates omputed by PNITR methods. ¤

              

  

   

   

   

   
              

  

   

   

   

   

(a) (b)

Figure 3: Example 4.3: (a) Original image �Opfer�, (b) blur and noise ontami-

nated image.

Table 3: Example 4.3: Comparisons of relative residual norm and relative errors

orresponding when restoring Figure 3(b) using PNITR methods with L =
L1,2D.

Relative residual norm

PNITR-GKS 0.0095

PNITR-GKB 0.0096

PNITR-ARN 0.0096

Relative error

PNITR-GKS 0.035

PNITR-GKB 0.035

PNITR-ARN 0.035
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Figure 4: Example 4.3: Comparison of relative errors of the restored images

using (a) PNITR-GKB and (b) PNITR-ARN with di�erent L = L1,2D.

Example 4.3. This example disusses the restoration of a gray-sale image

that is represented by an array of 256×256 pixels. Figure 3(a) shows the original

image �Opfer�, whih is assumed to be unknown. The pixel values are ordered

olumn-wise and stored in xtrue ∈ R
65536. Figure 3(b) displays a blur- and noise-

ontaminated version of the original image that we would like to restore. The

pixel values for this image are stored in b ∈ R
65536. The blur is Gaussian; the

blurring matrix A ∈ R
65536×65536 is blok Toeplitz with Toeplitz bloks. It is

generated with the MATLAB funtion blur from [16℄ using the parameter values

band = 5 and sigma = 1.0. Let btrue ∈ R
65536. The noise is white Gaussian with

noise level 1 · 10
−2 and is stored in e ∈ R

65536. The vetor b is determined by

(1.2). The fator η in (2.4) is set to 1.05 and we hoose the regularization matrix

L1,2D =

[

L1 ⊗ In

In ⊗ L1

]

,

where L1 is de�ned by (4.2) with n = 256, and ⊗ denotes Kroneker produt.

We would like to determine an approximation of xtrue given A and b. To

ahieve this, we arry out 40 steps with eah one of the PNITR-GKB, PNITR-

ARN, and PNITR-GKS methods. The limit on the number of steps is ditated

by the large size of the solution subspae basis vetors that have to be stored.

Table 3 displays the relative residual norms and relative solution errors of the

images determined with these method, and Figure 4 illustrates the onvergene

of the relative errors. The di�erene in quality of the restored images is in-

signi�ant. We note that sine PNITR-ARN does not require matrix-vetor

produt evaluations with AT , the method only omputes half the number of

matrix-vetor produts as PNITR-GKB and PNITR-GKS. The restored image

determined by PNITR-ARN is shown in Figure 5.

5 Conlusion

This paper proposes to hoose standard Krylov subspaes for projeted nonsta-

tionary iterated Tikhonov regularization of large-sale problems. The method
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Figure 5: Example 4.3: Restored image �Opfer� with the PNITR-ARN method.

based on the Arnoldi proess is partiularly attrative beause it requires fewer

matrix-vetor produt evaluations than the other PNITR methods in our om-

parison and yields omputed solution of ompetitive quality.
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