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Abstract. We describe regularizing iterative methods for the solution of large ill-conditioned
linear systems of equations that arise from the discretization of linear ill-posed problems. The
regularization is specified by a filter function of Gaussian type. A parameter µ determines the amount
of regularization applied. The iterative methods are based on a truncated Lanczos decomposition
and the filter function is approximated by a linear combination of Lanczos polynomials. A suitable
value of the regularization parameter is determined by an L-curve criterion. Computed examples
that illustrate the performance of the methods are presented.
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1. Introduction. This paper is concerned with the computation of an approxi-
mate solution of linear systems of equations

Ax = g̃, A ∈ � n×n , g̃ ∈ � n ,(1)

where A is a large symmetric matrix with many eigenvalues of different orders of
magnitude close to the origin; some of the eigenvalues may vanish. The available
right-hand side vector g̃ is assumed to be an approximation of an unknown vector g ′

in the range of A. The difference

e := g̃ − g′(2)

may stem from measurement or discretization errors and will be referred to as noise.
The vector g̃ is not required to be in the range of A.

Linear systems of equations with these properties arise when discretizing linear
ill-posed problems, such as Fredholm integral equations of the first kind with a smooth
symmetric kernel. Following Hansen [14], we refer to such linear systems of equations
as linear discrete ill-posed problems.

This paper presents new iterative methods for the solution of large linear discrete
ill-posed problems with a symmetric matrix, which may be definite, indefinite or
singular.

Consider the consistent linear system of equations with the noise-free right-hand
side g′,

Ax = g′,(3)

associated with (1). We would like to determine the solution of minimal Euclidean
norm, denoted by x′, of this system. However, the right-hand side g′ in (3) is not
available. Therefore, we seek to determine an approximation of x′ by computing an
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approximate solution of the linear system of equations (1) with known right-hand side
g̃.

Due to the noise e in g̃ and the severe ill-conditioning of the matrix A, straight-
forward solution of (1) typically does not yield a meaningful approximation of x′. In
order to facilitate the computation of a meaningful approximation of x′, one generally
replaces the discrete ill-posed problem (1) by a related problem that is less sensitive
to the noise e in g̃, and then solves the problem obtained for an approximation of x′.
This replacement is referred to as regularization. We propose to replace the discrete
ill-posed problem (1) by the least-squares problem

min
x∈ � n

‖Ax− ϕµ(A)g̃‖,(4)

where ‖·‖ denotes the Euclidean vector norm and ϕµ(t) is a filter function of Gaussian
type,

ϕµ(t) := 1− exp(−µt2).(5)

It is the purpose of this function to “filter out” the contributions of the noise e in
g̃ to the computed solution. The nonnegative regularization parameter µ determines
how much noise is filtered out. Regularization by filtering out noise in the given data
g̃ is sometimes referred to as prewhitening; see Louis [16] for a recent discussion of
prewhitening and its relation to other regularization methods.

Let A† denote the Moore-Penrose pseudo-inverse of the matrix A. The least-
squares solution of minimal Euclidean norm of (4) is given by

xµ = ϕµ(A)A†g̃.(6)

Note that x∞ = A†g̃, i.e., when µ = ∞ the minimal-norm solution of (4) agrees
with the minimal-norm least-squares solution of (1). This solution generally is a poor
approximation of x′, because the noise e in the right-hand side g̃ is not filtered out. On
the other hand, the choice µ = 0 filters out too much; both e and g̃ are filtered out and
we obtain x0 = 0, which in general is a poor approximation of x′. The determination
of a suitable value of the regularization parameter is an important problem. Hansen
[12] proposed that an L-curve be used for this purpose. Section 4 describes how the
L-curve criterion conveniently can be used for the iterative methods of the present
paper.

The influence of the filter function on the solution xµ for 0 < µ < ∞ can easily
be seen by substituting the spectral factorization

A = UnΛnU
∗
n, U∗nUn = In, Λn = diag[λ1, λ2, . . . , λn],(7)

into (6). Here In is the n× n identity matrix and the superscript ∗ denotes transpo-
sition. For future reference, we introduce the index sets

J0(A) := {j : λj = 0}, J1(A) := {j : λj 6= 0}.(8)

Let Un have columns uj and define

δj := u∗j g̃, 1 ≤ j ≤ n.

Then equation (6) can be expressed as

xµ =
∑

j∈J1(A)

ϕµ(λj)
δj
λj
uj .(9)

2



This representation of xµ shows that for 0 < µ < ∞, eigenvector components of xµ
associated with eigenvalues of small magnitude are damped, while eigenvector com-
ponents associated with eigenvalues of large magnitude are not damped significantly.
The smaller the value of µ, the more damping.

Application of the filter function (5) to the solution of ill-posed problems was
proposed in [3]. Other choices of filter functions have been described in the literature.
For instance, the simplest form of Tikhonov regularization applied to (1) yields the
linear system of equations

(A2 +
1

µ
In)x = Ag̃

with solution

xTµ = ϕTµ (A)A†g̃,

where the Tikhonov filter function is given by

ϕTµ (t) := 1− 1

1 + µt2
(10)

and µ > 0 is the regularization parameter. Note that when µt2 is sufficiently small,
the exponential filter function ϕµ(t) is an accurate approximation of the Tikhonov
filter function (10). On the other hand, for µ fixed, the Tikhonov filter function has
singularities at the points t := ±i/√µ in the complex plane, where i :=

√
−1, while

the exponential filter function (5) is analytic in the finite complex plane. We refer
to [5] for further discussions on the filter function (10). Numerical examples that
compare the filtering properties of the exponential and Tikhonov filter functions, as
well as of the filter function defined by truncated singular value decomposition, are
presented in [1].

The present paper develops an iterative method for computing an approximation
of xµ by determining polynomial approximants of the function t−1ϕµ(t). The ap-
proximants are expressed as a linear combination of orthogonal polynomials that are
determined by the Lanczos process when applied to the matrix A with initial vector
g̃. The rapid convergence of the polynomial approximant follows from the fact that
the function t−1ϕµ(t) is analytic in the whole complex plane.

We remark that if a bounded interval [a, b] that contains the spectrum of the ma-
trix A is known, then it is possible to determine polynomial approximants of t−1ϕµ(t)
on [a, b] by expanding this function in terms of Chebyshev polynomials for this inter-
val. An iterative method based on this approach is presented in [4].

This paper is organized as follows. Section 2 describes a new iterative method
for approximating the vector xµ defined by (6) for a fixed value of the regularization
parameter µ > 0. A modification of this method that secures that the computed
approximate solutions of (4) are orthogonal to the null space of A is presented in
Section 3. The choice of a suitable value of the regularization parameter µ is discussed
in Section 4, and a few computed examples are presented in Section 5. Finally, Section
6 contains concluding remarks.

2. An exponentially filtering iterative method. We derive an iterative
method based on the Lanczos process for computing approximations of the vector
xµ defined by (6). The method determines a polynomial approximant of the analytic
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function

ψµ(t) :=

{
t−1(1− exp(−µt2)), t 6= 0,
0, t = 0.

(11)

Note that the solution (6) of the least-squares problem (4) can be expressed as

xµ = ψµ(A)g̃.(12)

Application of m steps of the Lanczos process to the matrix A with initial vector
g̃ yields the decomposition

AQm = QmTm + q′me
∗
m,(13)

where the matrix Qm = [q0, q1, . . . , qm−1] ∈ � n×m satisfies Q∗mQm = Im and Qme1 =
g̃/‖g̃‖, the matrix Tm ∈

� m×m is symmetric and tridiagonal with nonvanishing sub-
diagonal elements, the vector q′m ∈

� n is orthogonal to the columns of Qm, and ej
denotes the jth axis vector. Throughout this paper, we assume that the Lanczos pro-
cess does not break down during the first m steps. In the rare event of a breakdown,
the formulas derived can be simplified in an obvious manner.

It follows from (13) that the columns qj of the matrix Qm span the Krylov sub-
space

Km(A, g̃) := span{g̃, Ag̃, A2g̃, . . . , Am−1g̃}(14)

and that they satisfy a three-term recurrence relation. In particular, the qj can be
expressed as

qj = πj(A)g̃/‖g̃‖, j = 0, 1, 2, . . . ,(15)

where πj is a polynomial of degree j. We refer to the qj as Lanczos vectors and to the
πj as Lanczos polynomials. Since the Lanczos vectors satisfy a tree-term recurrence
relation, so do the Lanczos polynomials; see, e.g., Golub and Van Loan [8] for details
on the Lanczos process.

We seek to determine an approximation of xµ of the form

xµ,m =
m−1∑

j=0

γj,mqj , γj,m ∈
�
.(16)

In view of (12), the problem of approximating xµ by xµ,m is equivalent to the approx-
imation of ψµ by a linear combination of the Lanczos polynomials (15). We will use
this equivalence to derive a numerical method for determining the coefficients γj,m.

Our numerical method is based on the fact that the Lanczos polynomials are
orthogonal with respect to an inner product defined by a measure on the real axis. A
discussion on Lanczos polynomials and Gauss quadrature rules can be found in [7].
We review relevant properties and assume for simplicity that the Lanczos process does
not break down until n steps have been carried out. Then Lanczos decompositions
of the form (13) exist for 1 ≤ m < n. Moreover, when m = n, the vector q ′m in (13)
vanishes and we obtain

A = QnTnQ
∗
n.(17)
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Substituting (17) into (12) gives

xµ = ψµ(QnTnQ
∗
n)g̃ = ‖g̃‖Qnψµ(Tn)e1 =

n−1∑

j=0

γjqj ,

where

γj := ‖g̃‖e∗j+1ψµ(Tn)e1, 0 ≤ j < n.(18)

Introduce the inner product

< f1, f2 >:=
1

‖g̃‖2 (f1(A)g̃)∗(f2(A)g̃)(19)

for functions f1 and f2, such that the matrices

fj(A) := Undiag[fj(λ1), fj(λ2), . . . , fj(λn)]U∗n, j = 1, 2,(20)

are well defined, where Un and the λk are determined by (7). It follows from their
definition (15) that the Lanczos polynomials are orthonormal,

< πj , πk >=
1

‖g̃‖2 (πj(A)g̃)∗(πk(A)g̃) = q∗j qk =

{
1, j = k,
0, j 6= k.

(21)

Consider the spectral decomposition

Tn = WnΛnW
∗
n , W ∗nWn = In,(22)

where the diagonal matrix Λn is the same as in (7). Analogously to (20), we define

fj(Tn) := Wndiag[fj(λ1), fj(λ2), . . . , fj(λn)]W ∗n , j = 1, 2,(23)

and it follows from (17) that

fj(A) = Qnfj(Tn)Q∗n, j = 1, 2.(24)

Substituting (24) and (23) into (19) yields

< f1, f2 > = e∗1f1(Tn)f2(Tn)e1

= e∗1Wndiag[f1(λ1)f2(λ1), f1(λ2)f2(λ2), . . . , f1(λn)f2(λn)]W ∗ne1

=
n∑

j=1

f1(λj)f2(λj)ω
2
j , ωj := e∗1Wnej .(25)

Following Golub and Meurant [7], we write the sum (25) as a Stieltjes integral. For
this purpose, define the nonnegative measure

dω(t) :=
n∑

j=1

δ(t− λj)ω2
j ,(26)

where δ denotes the Dirac δ-function. Then

< f1, f2 >=
n∑

j=1

f1(λj)f2(λj)ω
2
j =

∫ ∞

−∞
f1(t)f2(t)dω(t).(27)
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We are now in a position to express the coefficients (18) in terms of Stieltjes
integrals. It follows from (15) and (17) that

e∗j+1ψµ(Tn)e1 = q∗jψµ(A)q0 =
1

‖g̃‖2 (πj(A)g̃)∗(ψµ(A)g̃) =< πj , ψµ > .

Substituting this expression into (18), and using the Stieltjes integral representation
(27) for the inner product, yields

γj = ‖g̃‖ < πj , ψµ >= ‖g̃‖
∫ ∞

−∞
πj(t)ψµ(t)dω(t).(28)

The evaluation of the coefficients γj by (18) or (28) requires that the matrix Tn
or its eigenvalues and the first components of normalized eigenvectors be available.
The computation of these quantities requires that n steps of the Lanczos process be
carried out. However, this is not feasible when n is large. We therefore describe how
approximations γj,m of the coefficients γj for 0 ≤ j < m can be computed when only
m < n steps of the Lanczos process have been carried out.

Introduce the spectral decomposition of the matrix Tm defined by (13),

Tm = WmΛmW
∗
m, W ∗mWm = Im, Λm = diag[λ1,m, λ2,m, . . . , λm,m],(29)

and let

ωj,m := e∗1Wmej , ω̆j,m := e∗mWmej , 1 ≤ j ≤ m.(30)

Analogously to (8), we introduce the index sets

J0(Tm) := {j : λj,m = 0}, J1(Tm) := {j : λj,m 6= 0}.(31)

It is well known that the m-point Gauss quadrature rule associated with the
measure (26) is given by

Gmf :=
m∑

j=1

f(λj,m)ω2
j,m;(32)

see, e.g., [7]. We determine approximations γj,m of the coefficients γj by replacing
the Stieltjes integral in the right-hand side of (28) by the Gauss rule (32), i.e.,

γj,m := ‖g̃‖Gm(πjψµ), 0 ≤ j < m.(33)

These coefficients and the Lanczos vectors {qj}m−1
j=0 define the approximation (16) of

xµ.
Analogously to the representation (18) of γj , we have

γj,m = ‖g̃‖e∗j+1ψµ(Tm)e1, 0 ≤ j < m,(34)

and substituting these expressions into (16) yields the representation

xµ,m = ‖g̃‖Qmψµ(Tm)e1.(35)

We remark that when increasing the number of steps m, the quality of the ap-
proximant xµ,m of xµ increases both because the size of the Krylov subspace in which
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xµ,m lives increases with m, and because the accuracy of the Gauss quadrature rules
(33) increases with m for each fixed j. Bounds for ‖xµ,m − xµ‖ can be derived as
follows. Express the function ψµ(t) in [a, b] as a series of Chebyshev polynomials of
the first kind for this interval. Bounds for the oefficients in this expansion can be
derived by techniques discussed in [5]. Since ψµ(t) is analytic in the finite complex
plane, the terms in the series converge to zero faster than geometrically. Druskin and
Knizhnerman [6] show how the bounds for these terms can be used to bound the error
‖xµ,m − xµ‖. This approach shows that the error decreases faster than geometrically
as m increases.

3. A modified iterative method. The representation (9) shows that xµ is
orthogonal to the null space of A. We describe a modification of the method of Section
2 with the property that the computed approximate solutions of (4), denoted by x̂µ,m,
also are orthogonal to the null space of A. Since the matrix A is symmetric, its null
space and range are orthogonal. We therefore require the approximate solutions x̂µ,m
to be in the range of A.

Let R(A) denote the range of A and define

ĝ := Ag̃.(36)

Apply m steps of the Lanczos process to the matrix A with initial vector ĝ. Assuming
that the Lanczos process does not break down, we obtain, analogously to (13), the
decomposition

AQ̂m = Q̂mT̂m + q̂′me
∗
m,(37)

where the matrix Q̂m = [q̂0, q̂1, . . . , q̂m−1] ∈ � n×m satisfies Q̂∗mQ̂m = Im and Q̂me1 =
ĝ/‖ĝ‖, the matrix T̂m ∈

� m×m is symmetric and tridiagonal with nonvanishing sub-
diagonal elements, and the vector q̂′m ∈

� n is orthogonal to the columns of Q̂m. It
follows from (37) and (36) that the columns q̂j of the matrix Q̂m span the Krylov
subspace Km(A,Ag̃), which is in R(A).

We determine an approximation of xµ of the form

x̂µ,m =
m−1∑

j=0

γ̂j,mq̂j , γ̂j,m ∈
�
,(38)

where we note that x̂µ,m ∈ R(A) for any choice of coefficients γ̂j,m.
Introduce the function

ψ̂µ(t) :=

{
t−2(1− exp(−µt2)), t 6= 0,
0, t = 0.

This function is discontinuous at t = 0 when µ 6= 0. The solution (6) of the least-
squares problem (4) can be expressed as

xµ = ψ̂µ(A)ĝ,

where we define ψ̂µ(A) := Undiag[ψ̂µ(λ1), ψ̂µ(λ2), . . . , ψ̂µ(λn)]U∗n.
Analogously to the representation (34) of the coefficients γj,m, we let

γ̂j,m := ‖ĝ‖e∗j+1ψ̂µ(T̂m)e1, 0 ≤ j < m,(39)

where ψ̂µ(T̂m) is defined similarly as ψ̂µ(A). Substituting (39) into (38) yields

x̂µ,m = ‖ĝ‖Q̂mψ̂µ(T̂m)e1,(40)

analogously to (35).
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4. Determination of the regularization parameter. In many discrete ill-
posed problems that arise in applications a suitable value of the regularization pa-
rameter µ is not known a priori. A method for determining such a value based on
the discrepancy principle is described in [4]. This method requires that the norm
of the noise e be known. The L-curve criterion for determining a suitable value of
the regularization parameter, proposed by Hansen [12], does not require knowledge
of ‖e‖. This method is based on comparing the norm of the computed approximate
solution with the norm of the associated residual vector. We focus primarily on the
method of Section 2, which determines approximate solutions xµ,m given by (35). The
associated residual vector is defined by

rµ,m := g̃ −Axµ,m.(41)

Before studying the behavior of ‖xµ,m‖ and ‖rµ,m‖ as a function of µ, we inves-
tigate how the norm of the solution xµ of (4) and of the associated residual vector

rµ = g̃ −Axµ(42)

changes with µ. Throughout this section N (A) denotes the null space of A.
Theorem 4.1. Let xµ be defined by (6), let g̃N (A) denote the orthogonal pro-

jection of g̃ onto N (A), and assume that g̃ 6= g̃N (A). Then the residual vector (42)
associated with xµ satisfies

‖r0‖ = ‖g̃‖,(43)

lim
µ→∞

‖rµ‖ = ‖g̃N (A)‖.(44)

Moreover, ‖rµ‖ is a strictly decreasing function of µ for µ ≥ 0.
Proof. Substituting the representation (9) into (42) yields

‖rµ‖2 =
∑

j∈J0(A)

δ2
j +

∑

j∈J1(A)

(δj − φµ(λj)δj)
2(45)

=
∑

j∈J0(A)

δ2
j +

∑

j∈J1(A)

exp(−2µλ2
j )δ

2
j ,

where the index sets J0(A) and J1(A) are defined by (8). Equations (43) and (44)
follow from (45) and the observation that

∑

j∈J0(A)

δ2
j = ‖g̃N (A)‖2.

Differentiating (45) with respect to µ yields

‖rµ‖
d

dµ
‖rµ‖ = −

∑

j∈J1(A)

λ2
j exp(−2µλ2

j )δ
2
j .(46)

It follows from g̃ 6= g̃N (A) that the right-hand side of (46) is negative for µ ≥ 0, and
therefore d

dµ‖rµ‖ < 0 for µ ≥ 0. Hence, ‖rµ‖ is a strictly decreasing function of µ.

Theorem 4.2. Let xµ be defined by (6) for µ ≥ 0, and assume that g̃ 6= g̃N (A).
Then

‖x0‖ = 0,(47)

lim
µ→∞

‖xµ‖ = ‖A†g̃‖.(48)
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Moreover, ‖xµ‖ is a strictly increasing function of µ for µ > 0.
Proof. The representation (9) yields

‖xµ‖2 =
∑

j∈J1(A)

(1− exp(−µλ2
j ))

2

(
δj
λj

)2

,(49)

from which equations (47) and (48) follow. The condition g̃ 6= g̃N (A) secures that at
least one term in the sum (49) is positive for µ > 0. Differentiation of equation (49)
with respect to µ shows that d

dµ‖xµ‖ > 0 for µ > 0.
We now show results analogous to Theorems 4.1 and 4.2 for the approximate

solution (35) and the associated residual vector (41).
Theorem 4.3. The norm of the residual vector (41) can be expressed as

‖rµ,m‖ = (‖ exp(−µT 2
m)e1‖2 + |e∗mψµ(Tm)e1|2‖q′m‖2)1/2‖g̃‖,(50)

where the matrix Tm and vector q′m are defined by the Lanczos decomposition (13).
In particular,

‖r0,m‖ = ‖g̃‖.(51)

If the vector q′m in the Lanczos decomposition (13) vanishes, then ‖rµ,m‖ is a decreas-
ing function of µ for µ ≥ 0, and

lim
µ→∞

‖rµ,m‖ = (
∑

j∈J0(Tm)

ω2
j,m)1/2‖g̃‖,(52)

where the index set J0(Tm) is defined by (31) and the Gaussian weights ω2
j,m are

determined by (30). In particular, when Tm is nonsingular, J0(Tm) = ∅ and
limµ→∞ ‖rµ,m‖ = 0.

Conversely, if q′m 6= 0, then

lim
µ→∞

‖rµ,m‖ = (
∑

j∈J0(Tm)

ω2
j,m + |e∗mT †me1|2‖q′m‖2)1/2‖g̃‖.(53)

Since e∗mT
†
me1 6= 0, the norm of rµ,m might not be a decreasing function of µ.

Proof. Substituting (35) and (13) into (41) yields

rµ,m = g̃ −AQmψµ(Tm)e1‖g̃‖ = (Qm(Im − Tmψµ(Tm))e1 − q′me∗mψµ(Tm)e1)‖g̃‖.

The orthogonality of the vector q′m to the columns of Qm yields (50). Substituting
the spectral decomposition (29) of Tm into (50) gives

‖rµ,m‖2 = (
∑

j∈J1(Tm)

exp(−2µλ2
j,m)ω2

j,m +
∑

j∈J0(Tm)

ω2
j,m)‖g̃‖2(54)

+(
∑

j∈J1(Tm)

ω̆j,mωj,mψµ(λj,m))2‖q′m‖2‖g̃‖2,

where the ωj,m and ω̆j,m are given by (30). Setting q′m = 0 in this expression shows
(51) and (52). Moreover, it follows from (54) that ‖rµ,m‖ is a decreasing function of
µ when q′m = 0.

Since the sub- and super-diagonal entries of Tm are nonvanishing, it is easy to
see that the first and last eigenvector components ωj,m and ω̆j,m, given by (30), are
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nonvanishing for all j. Therefore, the last term in (54) does not vanish when q ′m 6= 0.
The observation that

lim
µ→∞

∑

j∈J1(Tm)

ω̆j,mωj,mψµ(λj,m) = lim
µ→∞

∑

j∈J1(Tm)

ω̆j,mωj,mλ
−1
j,m = e∗mT

†
me1

completes the proof.
We have observed in computations that typically ‖rµ,m‖ decreases monotonically

for 0 ≤ µ ≤ µ∗ for some µ∗ > 0. For large values of µ, the norm of rµ,m may increase
with µ. This is illustrated by computed examples in Section 5.

Theorem 4.4. Let xµ,m be given by (35) for µ ≥ 0. Then

‖x0,m‖ = 0,(55)

lim
µ→∞

‖xµ,m‖ = ‖g̃‖(e∗1(T †m)2e1)1/2.(56)

Moreover, ‖xµ,m‖ is a strictly increasing function of µ for µ > 0.
Proof. The representation (35) of xµ,m yields

‖xµ,m‖2 = ‖ψµ(Tm)e1‖2‖g̃‖2 =
∑

j∈J1(Tm)

λ−2
j,m(1− exp(−µλ2

j,m))2ω2
j,m‖g̃‖2.(57)

Equation (55) follows by setting µ = 0 in (57). Letting µ→∞ in (57) yields

lim
µ→∞

‖xµ,m‖2 =
∑

j∈J1(Tm)

λ−2
j,mω

2
j,m‖g̃‖2,

which shows (56). Differentiation of (57) with respect to µ shows that d
dµ‖xµ,m‖ > 0

for µ > 0.
Results analogous to those of Theorems 4.3 and 4.4 can be established for the

approximate solution x̂µ,m defined by (40) and the associated residual vector r̂µ,m :=
g̃ − Ax̂µ,m. For instance, the following properties of x̂µ,m can be shown similarly as
Theorem 4.4.

Theorem 4.5. Let x̂µ,m be defined by (40) for µ ≥ 0. Then

‖x̂0,m‖ = 0,

lim
µ→∞

‖x̂µ,m‖ = ‖ĝ‖(e∗1(T †m)4e1)1/2.

Moreover, ‖x̂µ,m‖ is a strictly increasing function of µ for µ > 0.
We turn to the determination of a suitable value of the regularization parameter.

Hansen [12] proposed a simple approach known as the L-curve criterion. We describe
how this criterion conveniently can be applied to determine a suitable value of the
regularization parameter for the iterative method of Section 2. The L-curve criterion
can be applied to the method of Section 3 in a similar fashion.

Let xµ,m and rµ,m be given by (35) and (41), respectively, and consider the point
set

L := {(‖xµ,m‖, ‖rµ,m‖) : µ > 0}.(58)

In the numerical experiments of Section 5, we plot this set in a log-log scale. The graph
so obtained is convex for many linear discrete ill-posed problems (1), in agreement
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with Theorems 4.3 and 4.4. For small values of µ the slope of the graph is negative and
of large magnitude. This indicates that an increase of µ gives a significant reduction in
the norm ‖rµ,m‖, but ‖xµ,m‖ only increases slightly. For larger values of µ, the graph
typically has a negative slope of small magnitude. This indicates that an increase of
µ only gives a slight decrease of ‖rµ,m‖, but ‖xµ,m‖ may grow considerably. For even
larger values of µ both ‖rµ,m‖ and ‖xµ,m‖ might increase with µ.

When the vector q′m = 0, ‖rµ,m‖ is a decreasing function of µ, cf. Theorem 4.3,
and the graph of the set L often looks like the letter “L”. Theorem 4.3 indicates that
when q′m 6= 0, the graph may be shaped like the letter “U”. We refer to the graph
of the set L as the L-curve, whether q′m vanishes or not. Following the approach by
Hansen [12], we choose a value of the regularization parameter in the vicinity of the
point of largest curvature of the graph. The value of µ so determined seeks to achieve
a small norm of the residual vector rµ,m and a fairly small norm of the computed
approximate solution xµ,m. If the graph is “U-shaped” in the vicinity of the point of
largest curvature, then it may be possible to reduce the error xµ.m − x′ by increasing
the value of m.

We remark that the L-curve criterion may fail to determine a suitable value of
the regularization parameter for certain problems. However, its simplicity and the
fact that it for many problems gives a fairly good value of the the regularization
parameter contribute to its popularity. For insightful discussions on the advantages
and limitations of the L-curve criterion, we refer to [14, 15].

5. Computed examples. This section describes numerical examples that illus-
trate the performance of the exponential filtering method of Section 2. The method
of Section 3 performed in a similar manner. We therefore do not report experiments
with the latter method. The only advantage of the method of Section 3 is that the
approximate solutions determined are guaranteed to be orthogonal to the null space
of A.

Our implementation of the exponential filtering method of Section 2 stores the
matrix Qm and vector q′m in the Lanczos decomposition (13), and reorthogonalizes
the columns of Qm and q′m to secure numerical orthogonality. We compare this im-
plementation with the MR-II method proposed by Hanke and use the implementation
described in [9]. The MR-II method is a minimal residual method that determines a
sequence of approximate solutions x̆m ∈ Km(A,Ag̃) of (1) that satisfy

‖Ax̆m − g̃‖ = min
x∈Km(A,Ag̃)

‖Ax− g̃‖, m = 1, 2, . . . .

The iteration number m can be thought of as the regularization parameter. It is
important to determine when to terminate the iterations with the MR-II method. Too
few iterations gives a residual vector r̆m := g̃−Ax̆m of unnecessarily large norm, and
too many iterations yields an approximate solution x̆m that is severely contaminated
by propagated errors due to the error e in the right-hand side g̃. An analysis of the
performance of the MR-II method is provided by Hanke [9]. The MR-II method only
requires storage of a few n-vectors at a time.

The point set

Ld := {(‖x̆m‖, ‖r̆m‖) : m = 1, 2, . . . }(59)

determined by the iterates x̆m and associated residual vectors r̆m generated by the
MR-II method is analogous to the set (58) for the exponential filtering method of
Section 2. Below we show log-log plots of the curves obtained by linear interpolation
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between successive points in the set (59) and refer to these graphs as L-curves for
the MR-II method. For many linear discrete ill-posed problems (1) these graphs are
shaped like the letter “L”. Iterates x̆m associated with points close to the “vertex” of
the graph are often suitable choices of approximate solutions of (1). This approach of
choosing the regularization parameter for iterative methods is discussed in [10, 11, 14].

We found that for many linear discrete ill-posed problems (1) the best possible
approximations of the minimal-norm least-squares solution of the associated noise-free
linear system of equations (3), denoted by x′, determined by the method of Section
2 and by the MR-II method are of roughly the same quality. Moreover, the value
of the regularization parameter µ determined by the L-curve (58) and the number of
iterations m determined by the L-curve for the MR-II method (59) often are adequate.
Example 5.1 below provides an illustration. However, for some linear discrete ill-posed
problems, the exponential filtering method of Section 2 implemented as described in
the present section gives considerably better approximations of x′ than the MR-II
method. This is illustrated by Example 5.2.

All computed examples of this section are implemented in Matlab on a PC with
a Pentium III processor. The unit roundoff is ε ≈ 2 · 10−16.
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Fig. 1. Example 5.1: Error ‖xµj ,60 − x′‖ as a function of j for approximate solutions xµj ,60

determined by the exponential filtering method, where µj := 100 · (1.25)j−1, 1 ≤ j ≤ 100.

Example 5.1. We are concerned with the solution of a linear system of equations
of the form (1) with the matrix defined by

A := U300Λ300U
∗
300 ∈

� 300×300 ,

where

Λ300 := diag[1, 2−3, 3−3, . . . , 300−3],(60)

and U300 is the orthogonal eigenvector matrix of a symmetric 300 × 300 matrix de-
termined by discretizing a Fredholm integral equation of the first kind discussed by
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Fig. 2. Example 5.1: Computed approximate solution xµ89,60 by the exponential filtering
method (continuous curve) and exact solution x′ of the noise-free linear system (3) (dash-dotted
curve).

Phillips [17]. The discretization was carried out using Matlab code provided by Hansen
[13]. The eigenvectors uj have the property that the number of sign changes in the
sequence {e∗juk}300

j=1 increases with the index k. This property is typical of matrices
obtained by discretizing Fredholm integral equations of the first kind.

Let x′ ∈ � 300 represent the spike shown by the dash-dotted graph in Figure 2;
only 10 of the entries of the vector are nonvanishing. Define the noise-free right-hand
side g′ := Ax′. Then ‖x′‖ = 2.5 · 102 and ‖g′‖ = 4.3 · 101. Let the entries of the
noise-vector e be normally distributed with zero mean and variance chosen so that
‖e‖ = 1 · 10−3 and define the contaminated right-hand side by g̃ := g ′ + e, cf. (2).

First consider the exponential filtering method of Section 2. We carry out 60 steps
of the Lanczos process and evaluate the norms of the approximate solutions xµj ,60

and of the associated residual vectors rµj ,60 for µj := 100 · 1.25j−1, 1 ≤ j ≤ 100.
After the Lanczos decomposition (13) with m = 60 has been computed, we determine
the spectral decomposition (29) of the symmetric tridiagonal matrix T60 generated by
the Lanczos process. The norms ‖rµj ,60‖ and ‖xµj ,60‖ can then be computed quite
inexpensively for each value of µj by using the formulas (54) and (57).

Figure 1 displays the error ‖xµj ,60 − x′‖ for µj := 100 · 1.25j−1 and 1 ≤ j ≤ 100.
The smallest error is achieved for j = 89; we have µ89 = 3.4 · 1010. The continuous
graph of Figure 2 displays xµ89,60, the dash-dotted curve shows x′. The latter figure
shows xµ89 ,60 to be a fairly good approximation of x′. We have ‖xµ89,60−x′‖ = 9.3·101.

Figure 3 shows the L-curve (58) for m = 60 and µj := 100 · 1.25j−1, 1 ≤ j ≤ 100.
We have marked the point (‖xµ89,60‖, ‖rµ89,60‖) on the L-curve by “∗”. This point
is located near the point of largest curvature of the L-curve. Thus, the value of
the regularization parameter µ associated with the point of largest curvature on the
L-curve is appropriate for linear system of equations of the present example.

We turn to the MR-II method and compute approximate solutions x̆m for 1 ≤
13
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Fig. 3. Example 5.1: L-curve (58) for the exponential filtering method for m = 60 and µ =
µj = 10 · 1.25j−1, 1 ≤ j ≤ 100. The point (‖xµ89,60‖, ‖rµ89,60‖) on the curve is marked by “∗”.
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Fig. 4. Example 5.1: Error ‖x̆m − x′‖ as a function of m, 1 ≤ m ≤ 100, for solutions x̆m
determined by the MR-II method.

m ≤ 100. Figure 4 shows the error ‖x̆m − x′‖ for 1 ≤ m ≤ 100. The smallest
error is achieved for m = 66. Figure 5 shows the computed solution x̆66 (continuous
curve) and the exact solution x′ of the noise-free linear system of equations (3) (dash-
dotted curve). The figure shows x̆66 to be a fairly good approximation of x′; we have
‖x̆66 − x′‖ = 9.9 · 101. This error is slightly larger than the error for the approximate
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Fig. 5. Example 5.1: Computed approximate solution x̆66 by the MR-II method (continuous
curve) and exact solution x′ of the noise-free linear system (3) (dash-dotted curve).
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Fig. 6. Example 5.1: L-curve for the MR-II method defined by the set (59) for 1 ≤ m ≤ 100.
Adjascent points are connected by straight lines. The point (‖x̆66‖, ‖r̆66‖) is marked by “∗”.

solution xµ89 ,60 determined by the exponential filtering method.

Figure 6 displays the L-curve associated with the MR-II method. The point
(‖x̆66‖, ‖r̆66‖) is marked by “∗”. It is located at a point where the slope of the L-
curve for the MR-II method changes the most, i.e., at the “vertex” of the L-curve.

�
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Fig. 7. Example 5.2: Error ‖xµj ,40 − x′‖ as a function of j for approximate solutions xµj ,40

determined by the exponential filtering method, where µj := 107 · (1.25)j−1, 1 ≤ j ≤ 100.

Example 5.2. The matrix A in this example has the same eigenvalues as the
matrix in Example 5.1, but has a different eigenvector matrix. Thus, let Λ300 be
defined by (60) and let U300 be the orthogonal eigenvector matrix of a symmetric
300× 300 matrix determined by discretizing a Fredholm integral equation of the first
kind discussed by Shaw [18]. The discretization was carried out using Matlab code
provided by Hansen [13]. The eigenvectors uj have the property that the number
of sign changes in the sequence {e∗juk}300

j=1 increases with the index k. We define
A := U300Λ300U

∗
300. Let the vector x′ be the same as in Example 5.1 and introduce

g′ := Ax′. Thus, g′ is the right-hand side and x′ the solution of the noise-free linear
system of equations (3). Divide the noise vector used in Example 5.1 by 100. This
gives a noise vector e of norm 1 ·10−5. Define the right-hand side of the linear system
(1) by g̃ := g′ + e.

We first consider the exponential filtering method of Section 2. Carry out 40 steps
of the Lanczos process and evaluate the norms of the approximate solutions xµj ,40

and of the associated residual vectors rµj ,40 for µj := 1 · 107 · 1.25j−1, 1 ≤ j ≤ 100.

Figure 7 displays ‖xµj ,40 − x′‖ for 1 ≤ j ≤ 100 and shows that the smallest
error is achieved for j = 72, which corresponds to the value µ72 = 7.6 · 1013 of the
regularization parameter. The continuous curve of Figure 8 displays xµ72,40 and the
dash-dotted curve shows the exact solution of the noise-free system x′. The figure
shows xµ72 ,40 to be a fairly good approximation of x′. We have ‖xµ72,40−x′‖ = 7.0·101.

Figure 9 shows the L-curve (58) with m = 40. The point (‖xµ72,40‖, ‖rµ72,40‖) on
the L-curve is marked by “∗”. The L-curve is seen to be “U-shaped” and the star “∗”
is located slightly to the right of the point of largest curvature on the L-curve. In fact,
the point of largest curvature is roughly at µ = µ70. Figure 7 indicates that xµ70 ,40

approximates x′ almost as well as xµ72 ,40. Thus, in this example the point of largest
curvature of the L-curve determines a suitable value of the regularization parameter.

The U-shape of the L-curve indicates that a better approximation of x′ may
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Fig. 8. Example 5.2: Computed approximate solution xµ72,40 by the exponential filtering
method (continuous curve) and exact solution x′ of the noise-free linear system (3) (dash-dotted
curve).

be achievable by increasing the number of Lanczos steps. Thus, in an interactive
computing environment, the L-curve (58) can be used both to determine a suitable
value of the regularization parameter µ and an appropriate number of Lanczos steps
m. We would like m to be large enough to make the L-curve L-shaped rather than
U-shaped in a vicinity of the point of largest curvature. Nevertheless, in the present
example m = 40 Lanczos steps suffices to determine an approximation of x′ that is
substantially better than the best approximation computed by the MR-II method.
We computed the approximate solutions x̆m, 1 ≤ m ≤ 100, by the latter method.
The smallest error ‖x̆m − x′‖ is achieved for m = 50; it is ‖x̆50 − x′‖ = 1.9 · 102.
Figure 10 shows the computed solution x̆50 (continuous curve) and the exact solution
of the noise-free system x′ (dash-dotted curve).

Figure 11 displays the L-curve (59) associated with the MR-II method. The point
(‖x̆50‖, ‖r̆50‖) is marked by “∗”. Note that ‖x̆m‖ does not grow monotonically with
m and therefore the L-curve is not L-shaped. The possibility of the L-curve for the
MR-II method not being L-shaped has previously been pointed out in [2], and another
L-curve was proposed there. However, since the MR-II method only achieves poor
approximations of the vector x′ in the present example we do not dwell on alternative
L-curves in this paper.

In exact arithmetic, without round-off errors, the search directions generated by
the MR-II method are A2-conjugate. The reason for the poor performance of the MR-
II method in this example is that this property is violated by the computed search
directions due to propagated round-off errors. Other implementations of the MR-II
method may perform better, however, the discussion of implementation issues of the
MR-II method is outside the scope of the present paper. Here we only note that the
exponential filtering method of Section 2 implemented as described in the beginning
of this section may yield significantly better approximations of x′ than the standard
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Fig. 9. Example 5.2: L-curve (58) for the exponential filtering method for m = 40 and µj =
1 · 107 · 1.25j−1, 1 ≤ j ≤ 100. The point (‖xµ72,40‖, ‖rµ72,40‖) on the L-curve is marked by “∗”.
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Fig. 10. Example 5.2: Computed approximate solution x̆50 by MR-II method (continuous
curve) and exact solution x′ of the noise-free linear system (3) (dash-dotted curve).

implementation of the MR-II method described in [9].
�

6. Conclusion. This paper describes an exponential filtering method based on
the Lanczos process. Similarly as Tikhonov regularization, the method depends on a
regularization parameter that can be varied continuously. Our numerical experience
suggests that the L-curve (58) often is a useful aid for determining a suitable value
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Fig. 11. Example 5.2: L-curve for the MR-II method defined by the set (59) for 1 ≤ m ≤ 100.
Adjascent points are connected by straight lines. The point (‖x̆50‖, ‖r̆50‖) is marked by “∗”.

of the regularization parameter and an appropriate number of Lanczos steps for the
exponential filtering method.
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