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Abstract.

The present paper is concerned with symmetric Gauss-Lobatto quadrature rules,
i.e., with Gauss-Lobatto rules associated with a nonnegative symmetric measure on
the real axis. We propose a modification of the anti-Gauss quadrature rules recently
introduced by Laurie, and show that the symmetric Gauss-Lobatto rules are modified
anti-Gauss rules. It follows that for many integrands, symmetric Gauss quadrature
rules and symmetric Gauss-Lobatto rules give quadrature errors of opposite sign.
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1 Introduction

Let u(t) be a nondecreasing function with infinitely many points of increase
in the finite interval [—a, a] of the real axis, and assume that the induced non-
negative measure du(t) is symmetric with respect to the origin and has finite
moments of all orders. Introduce, for polynomials f and g, the inner product

(1) (f.0)= [ 1@aant.

Let pj, j =0,1,2,... , denote a family of orthonormal polynomials with respect
to this inner product, i.e., p; is a polynomial of degree j with positive leading
coefficient and satisfies

_J L Ji=k
(pj>pr) = { 0, j#k.
The polynomials p; satisfy a three-term recurrence relation of the form
(1.2) Bipi(t) = tpj—1(t) — Bj—1pj—2(t), 2<j<m,
where p; (t) := By 'tpo(t), po(t) == l/u(l)/2 and

a

(1.3) po := [ du(t).

—a
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It follows that

(1.4) pi(t) = (BiBj—1---BiBo) ¥ +O('™"),  t— oo,

/

where [ := u(l) % We note for future reference that

(1.5) B3 = (tpj—1 — Bi—1pj—2,tpj—1 — Bj—1pj—2)-

The present paper is concerned with the approximation of integrals of the form
a
(1.6) If:= [ f(t)dut)
—a

by quadrature rules of Gauss-type, in particular by Gauss, Gauss-Lobatto and
modified anti-Gauss quadrature rules.

The m-point Gauss quadrature rule associated with the measure dy is given
by

(1.7) G f = Zf(tj)w?-

The nodes t; and weights wf are uniquely determined by the requirement that

(1.8) 1f=Gmf,  Vf€Pyn,

where Py,,,_1 denotes the set of polynomials of degree at most 2m — 1.
Introduce the symmetric tridiagonal m x m matrix

_ . 181 O .
pr 0 B2
B2 0
(1.9) T =
,3m72
,Bm72 0 Bmfl
| O IBm—l 0 |

It is well known that the nodes t;, 1 < j < m, are the eigenvalues of T,, and
the weight w]2 is the square of the first component of the eigenvector of T, of
length ,u(l)/ ? associated with the eigenvalue t;; see, e.g., Golub and Welsch [6] or
Stoer and Bulirsch [8, Chapter 3].

The (m+1)-point Gauss-Lobatto rule associated with the measure du is given

by
(1.10) Gm+1f = f(—a)u?f + Z f(fj)w? + f(a)wim-i-l:

j=2
and the nodes £;, 2 < j < m, and weights ®?, 1 < j < m + 1, are uniquely
determined by the requirement that

(111) If = §m+1f, Vf € Poy_1.
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Golub [4] described how to determine a symmetric tridiagonal matrix of order

m + 1, whose eigenvalues are the nodes #; of the Gauss-Lobatto rule (1.10).

The square of the first component of orthogonal eigenvectors of this matrix,

/ 2 yield the weights uijz-. Details are discussed in

normalized to have length ,u(lJ
Section 2.

Recently, Laurie [7] introduced quadrature rules that he referred to as anti-
Gauss rules associated with the measure du. The nodes and weights of the
(m+ 1)-point anti-Gauss rule, denoted by G,,+1, are uniquely determined by the

requirement that

(112) (I - Gm+1)f = _gmf: Vf S IFj2m+17
where
(1.13) Emf =T —-Gn)f

is the quadrature error of the Gauss rule (1.7).

Because of the relation (1.12), the (m+1)-point anti-Gauss rule gives for many
integrands f a quadrature error of opposite sign as the m-point Gauss rule (1.7).
This property has been exploited in schemes described in [1, 2] for the estimation
of the error in the approximate solutions determined by iterative methods for
the solution of large linear systems of equations with a symmetric matrix.

In Section 3 we present a modification of anti-Gauss rules G,,+1, which trans-
forms symmetric anti-Gauss rules into symmetric Gauss-Lobatto rules. It follows
that for many integrands f, the Gauss rule (1.7) and Gauss-Lobatto rule (1.10)
yield quadrature errors of opposite sign. Hence, for many integrands we can
bracket the integration error by evaluating pairs of symmetric Gauss and Gauss-
Lobatto quadrature rules. This is illustrated by numerical examples in Section
4.

We conclude this section with an outline of a few other approaches to bound
the error in quadrature rules of Gauss-type. When the derivative of f of order
2m, denoted by f(>™) is continuous in the interval of integration, the integration
error &, f can be expressed as

(2m)(g) o m
(1.14) Emf = %ﬁ/ag(t—w’du(t),

where the ¢; are the nodes of the Gauss rule G,,, and 6 depends on m and f,
and lives in the open interval | — a,a[; see, e.g., [8, p. 158]. When |f(?™)(t)]
does not vary much in the interval of integration and a fairly accurate bound of

MaX;e[—q,q] | ™) ()| is available, this bound may yield a useful bound for the
integration error &, f.
Similarly, the integration error

(1.15) Emirf = (T = Gms1)f,

can be expressed as

R (2m) A a m—1 )
o) Ewnasf =T 0 [ @ - TLa- iau,
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where the fj are nodes of the Gauss-Lobatto rule G,, 11, and 6 €] — a, a[ depends
onm and f. The expression (1.16) can be derived analogously as (1.14). If f(2™)
is of constant sign in | — a, a[, then the right-hand sides of (1.14) and (1.16) are of
opposite sign and, hence, the values G, f and G,,+1 f bracket Zf. Note that the
evaluation of G, f and Qm+1 f gives error bounds without evaluation of f(2m),
Results of this kind are discussed, e.g., by Golub and Meurant [5]. A nice recent
review of these and related results is provided by Gautschi [3]. The present
paper is concerned with the computation of upper and lower bounds of Zf when
the formula (1.14) does not give useful computable bounds of &,, f, and when
™) changes sign in the interval of integration, so that G,, f and Qm+1 f cannot
be guaranteed to be of opposite sign.

2 Symmetric Gauss-Lobatto rules

Golub [4] observed that the nodes of the (m + 1)-point Gauss-Lobatto quadra-
ture rule are the eigenvalues of a symmetric tridiagonal matrix of order m + 1
that is closely related to the matrix (1.9) associated with the m-point Gauss rule
(1.7). In the case of a symmetric measure, the formulas derived by Golub [4]
show that the nodes #; of (1.10) are the eigenvalues of the symmetric tridiagonal
(m+1) x (m + 1) matrix

Tm+1 =

0 Bm 0

and the weights 11332 are the squares of the first components of orthogonal eigen-

/2

vectors normalized to be of length u(l) , where

Bj:zﬂja ]-Sj<ma
and

Since p;(a) > 0 for all j, it follows that B > 0.

3 Modified anti-Gauss rules

This section discusses a modification of the anti-Gauss rules Gm+1 introduced
by Laurie [7]. We denote the modified anti-Gauss rule by

m+1

(31) g~m+1,’yf = z f(t})’l[)?

=1
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and we require the integration error

gm+177f = (I - gm—i—l,’y)f

to satisfy 3
(32) (Z - gm—l—l,’y)f = _’ngfa vf € P2m+17

where &, f is the quadrature error (1.13) obtained with the Gauss rule (1.7) and
~ is a positive constant. When v = 1, the modified anti-Gauss rule (3.1) agrees

with the anti-Gauss rule G,,;; introduced by Laurie [7].
It follows from (3.2) that

(3.3) Omitof =((U+NT=9Gm)f,  Vf € Papya,
ie., Gm+1,7 is the (m + 1)-point Gauss rule for the functional
Ty f = ((1+7T =vGm) f-
Introduce the bilinear form
< f,9>=7y(f9),

and let {ﬁj};n:_'(_)l be the first m+2 orthogonal polynomials with respect to < -, >,

normalized so that < p;,p; >= 1 for all j. These polynomials satisfy the
recurrence relation

Bibi(t) = thj—1(t) = Bj-1Bj—2(t),  2<j<m+1,
where 1 (t) := By tpo(t) and Fo(t) := l/péﬁ. We note that
(34) /3’,2 =< thj—1 — Bj—1Pj—2,thj—1 — Bj—1Pj—2 > -
It follows from (3.3) and (1.8) that
<f9>=(f,9)=1(f9), [f€Pm 1, g€Pn,
and this equality applied to (1.5) and (3.4) yields
(3.5) =83, 1<j<m.

We may choose Bj = f; for 1 < j < m, and then p; = p;, 0 < j < m. Consider
the polynomial

(36) pm (t) = tﬁm—l(t) - Bm—lﬁm—2(t)a
which also can be written as
(3-7) ﬁm(t) = tpm—l(t) - Bm—lpm—Z(t)-

Since this polynomial is a multiple of p,,, cf. (1.2), we have G, p2, = 0. We
obtain from (1.5), (3.4), (3.6) and (3.7) that

B2 = < bmbm >= (L+NIGL) — YGm(D2,)
1 +IB%) = A +7)Bm,Dm) = (L +7)B-
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We may choose ﬂNm = 1+ 9Bm. It follows that the symmetric tridiagonal
(m+1) x (m+1) matrix associated with the quadrature rule G, 11, is given by

0

0 B
B 0 P
B2 0
Tm—i-l:
/Bm—l
ﬂm—l 0 V1+7m
0 VTF 3 0

We are now in a position to discuss how to determine an approximation of Z f,
as well as how upper and lower bounds of Zf can be computed by evaluating
pairs of Gauss and anti-Gauss quadrature rules. For special choices of ~y, the
anti-Gauss rules are Gauss-Lobatto rules.

Consider the expansion

oo
(3.8) f&)=> mip;t), —a<t<a,
Jj=0
and assume that the series in the right-hand side converges sufficiently rapidly
/? and Ip; = 0 for j > 0,
application of the integral operator Z to (3.8) yields Zf = nop(l)/ %, Moreover, it
follows from the symmetry of the measure du with respect to the origin that

(3.9)

to allow term-wise integration. Because of Zpy = ,u(lJ

gmp2j+1 = g~m+1,'yp2j+1 =0, J=0,1,2,....

Therefore, applying the Gauss rule G,, and modified anti-Gauss rule Gy, 11, to
(3.8), using the properties (1.8) and (3.9), yields

(3.10) Gnf = ijgmpzj =7f+ Z 12 GmP2;,
j=0 j=m
~ 0 ~
Omy1nf = Z 12 Gm+1,4P2j
=0
m ot _
= > mi(L+NT=Gm)p2i + Y, MiGmt1,402
j=0 j=m+1
m m st N
= > mi(l+NIps; = Y i ¥GmP2 + D MiOmi1D2
7=0 7=0 j=m+l1
o0 ~
(3.11) = If = m2mYImp2m + Z 12i Gmt1,7D2; -

j=m+1

Related expansions for the case when v =1 and the measure du is not required
to be symmetric can be found in [2].
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Assume that the coefficients 7; converge rapidly to zero with increasing index.
Then the leading terms in the expansions (3.10) and (3.11) dominate and the

integration errors &, f and é:m+1,7 f are of opposite sign, or equivalently,

(3'12) gmf SIf ng-‘rlﬂf or gmf ZIf 2 g~m+1,’yf-

We formulate this observation as a theorem.

THEOREM 3.1. Let the function f(t), —a < t < a, have an expansion (3.8)
that converges sufficiently rapidly to allow term-wise integration. In addition,
assume that

o0
(3.13) [M2m GmPam| > | Z 12;GmP2;,
j=m+1
(3.14) M2mYGmpam| > | Z n2jgm+1,1p2j|-
j=m+1
Then (3.12) holds.
Proor. It follows from (3.10) that
(o ]
gmf = (I_ gm).f = _772mgmp2m - Z n2jgmp2j;
j=m+1

and the inequality (3.13) yields

(3.15) sign(En f) = —sign(N2m GmPam)
or &, f = 0. Similarly, we obtain from (3.11) that

Emitnf =T = Gmi14)f = TemYGmbom — Z 125 Gmi1,4D25
j=m+1
and it follows from (3.14) that
(316) Sign(gnﬂ»l,'yf) = Sign(n2mgmp2m)

or Emy1,yf = 0. This shows (3.12). O

The following auxiliary result will help us to draw further conclusions from
the expansions (3.10) and (3.11).

LEMMA 3.2.

317 o = l/? PiB2 - Bm ,
(317 G 10 BrtrPrtz - Bam

m=1,2,3,...,

where po is defined by (1.3) and the B; are the recursion coefficients of the
orthonormal polynomials p;; see (1.2).

PROOF. Substituting f = po, into (1.13) and (1.14), and using the fact that
Ipom = 0, yields

(2m) a m
_ P (9) _
(3.18) —Gmpam = 2(27)‘ /ajl:ll(t ~4)2du(t).
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It follows from (1.4) that

(2m)
(3.19) ngimgf) =By Bt Bom
and .
H (t—1t;) = BoBr -+ Bmpm (t),
where (o = ,u(l)/ ?. Therefore
(3:20) [ M- tpautn = s363--- 2,
ajoy

Substituting (3.19) and (3.20) into (3.18) yields (3.17). O
COROLLARY 3.3. Under the conditions of Theorem 3.1, we have

sign(Em f) = sign(nzm), sign(Emt1,4f) = —sign(nam)-

PRrROOF. The corollary follows by substituting (3.17) into (3.15) and (3.16). O

The following theorem gives sufficient conditions, that do not explicitly depend
on the quadrature rules, for the Gauss and anti-Gauss rules to give quadrature
errors of opposite sign.

THEOREM 3.4. Let the function f(t), —a < t < a, have an ezpansion (3.8)
that converges sufficiently rapidly to allow term-wise integration. If

1. Bmt1Bm+2 - - - Pom o
7 BrBa -+ Brm _max | Y ipe(t)

j=m+1

(3:21) [r2m| > prg’* max{1, 5

where pg is defined by (1.3), then (3.12) holds.
PROOF. In view of Lemma 3.2, the inequality (3.21) is equivalent to

(3:22) [72m Gmpam| > max{1, —}No _max | Z—i—ln2jp2j(t)
j=m

Using the fact that the weights w} and @} of the Gauss and anti-Gauss rules

Gm and g~m+1m respectively, are positive and sum to g yields the following two
lower bounds for the sum in the right-hand side of (3.22),

m o0
Ho max | Z P (B > 1) (D msp2s(te))wil

j=m+1 k=1 j=m+1
oo
= |Gm( Z mpo)l = | Y m2iGmpay]
j=m+1 Jj=m+1
[e's} m+1 [e9)
po _max | Y mypoi (B > 1) (D mospa;(Er))ig]
j=m+1 k=1 j=m+1
:lgm+1,7( z 772]172])' = | Z 772jgm+1,'yp2j|-

j=m+1 j=m+1
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Substituting these bounds into (3.22) shows that

o0 oo
M2m GmPam| > o _max . | > maipa; (1)) > | Z 12 GmP2;|
j=m+1 j=m+1

and

1 .
2mGmpom| > 2 glgiéa Z M2ip2; ()] > —| ‘ Z 125 Gm-+1,vP2j]-
j=m+1 j=m+1

Thus, the inequality (3.21) implies (3.13) and (3.14), and the theorem follows
from Theorem 3.1. O
Theorem 3.4 suggests how a set of functions for which pairs of Gauss and
anti-Gauss rules G,, and Gp,41,4 give quadrature errors of opposite sign can be
defined. Thus, let Q, (d) be the set of functions f with a term-wise integrable
expansion (3.8), such that the inequality (3.21) holds for m =1,2,3,... .
COROLLARY 3.5. Let f € Q,(dy). Then (3.12) holds for m =1,2,3,... .
PROOF. The corollary follows from Theorem 3.4. 0O
It follows from (3.10) and (3.11) that

(3.23) 1 +9) " CGmt11f = Gmf) B ~1omGmP2m,

and therefore evaluation of the left-hand side of (3.23) yields an estimate of the
error in G, f. Similarly, evaluation of the left-hand side of

(324) _—fy,y(gm-i-l,’yf - gmf) ~ 772m’YQmP2m

1+

gives an estimate of the error in gmH f-
The formulas (3.10) and (3.11) suggest that the quadrature rule

(3.25) £2m+17»yf = (1 + ’)’)_I(Gm—i-l,'y + 'ng)f

yields a good approximation of Zf. Indeed, it follows from (3.10) and (3.11)
that

£2m+1,'yf Zf + — Z 772][’2m+1,'yp2]a

1+’y] =m+1

which shows that the quadrature rule (3.25) is exact for all polynomials of degree
up to 2m + 1. We refer to Lop 1,4 as the average integration rule. Laurie [7]
introduced this quadrature rule for v = 1.

The following connection between Gauss-Lobatto rules and modified anti-
Gauss rules suggests, in view of Theorems 3.1 and 3.4, that for many integrands
the m-point Gauss rule G,,, and the associated (m + 1)-point Gauss-Lobatto rule

Gm+1 give integration errors of opposite sign.
THEOREM 3.6. The Gauss-Lobatto quadrature rule (1.10) is a modified anti-

Gauss rule (3.1) with
(3.26) apm(a)

= Bopmi@ -
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In particular, v is positive.
PRrOOF. The expression (3.26) follows from (2.1) and by requiring the matrices
Tm+1 and Tm+1 to have the same last subdiagonal entries. Then Tm+1 Tm+1
It remains to be shown that v defined by (3.26) is positive. Since p;(a) > 0
and 3; > 0 for all j, it suffices to show that

apm(a) — BmPm—1(a) > 0.

But the left-hand side of this inequality equals Bp+1Pm+1(a), which is positive.
a

Introduce tpm(8)

Pm

3.27 )= P 1 t>a
(3:27) ™) Bmpm-1(t) -
This formula generalizes (3.26). It follows from (2.1) with a replaced by ¢ that
the symmetric tridiagonal matrix obtained by replacing the last subdiagonal
entry /1 + 7B, in Thy1 by /1 + v(t) B has eigenvalues at +t.

THEOREM 3.7. The parameter (t) defined by (3.27) is a positive and strictly
increasing function of t for t > a. Moreover,

(3.28) tim 248 1,

PROOF. Since the zeros of the polynomials p; are in the open interval | —a, a[
for all j, the quantity «(¢) is well defined for all ¢ > a. Theorem 3.6 established
that v(a) > 0. The inequality

Prn(O)Pm—1(t) = P 1 (Dpm(t) >0,  tER,

is well known; see, e.g., [9, eq. (3.3.6)]. It shows that p,(t)/pm—1(t) has a
positive derivative for ¢ > a. Therefore £(t) > 0 for ¢ > a. The limit (3.28) is
a consequence of (1.4). O

Theorem 3.7 shows that for any 4 > «v(a) the modified anti-Gauss rule g~m+1,:,
can be considered a Gauss-Lobatto rule associated with the measure dy with
prescribed nodes at +t(¥), where t(y) is the inverse function of ().

4 Computed examples

We determine the quadrature error achieved with several pairs of Gauss and
Gauss-Lobatto rules. The integrands in the computed examples are chosen so
that the error formulas (1.14) and (1.16) for Gauss and Gauss-Lobatto quadra-
ture rules, respectively, do not give simply computable accurate error bounds
for the quadrature errors. Moreover, the integrals can be evaluated analytically.
All computations were carried using Matlab 6.1 on a personal computer with
about 16 significant decimal digits.

Example 4.1. Let f(t) := (5 — 10t) exp(=5(t — t?)), a := 1 and dpu(t) := dt.
Then po = 2 and Zf = 1 — e~ 1%, Tt can be shown that the anti-Gauss rule
gm+1 .~ with v =1+ 1/m is the Gauss-Lobatto rule gm+1f Tables 4.1 and 4.2
show the performance of Gauss, Gauss-Lobatto and average quadrature rules

used to approximate Zf. The errors (Z — Gp,)f and (Z — Gy1) f are seen to be
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Table 4.1: Example 4.1: Comparison of Gauss rules G, and Gauss-Lobatto rules
Gm+1 for f(t) := (5—10t) exp(=5(t—t?)), -1 < t < 1,du(t) = dt. Tf = 1—e 0.
m (Z-Gn)f | (Z=Gmi1)f
5 1.9-1071 -2.1-1071
10 5.6-1076 -5.9-107¢
15 | —2.1-10710 2.2-10710

Table 4.2: Example 4.1: Error of the average rule Lsp,41, and error
estimate (3.23) for Gauss rules G,, and (3.24) for Gauss-Lobatto rules,
f(@) :=(5—10t) exp(=5(t — t?)), —1 <t < 1,du(t) =dt. Tf =1—e~10.

m (I - £2m+1,7)f (323) (324) Y

5 71-1073 1.8-10°T | —2.1-10°T | 1.2000
10 1.3-1077 55-107% | —6.0-10~% | 1.1000
15 —8.9-10718 —2.1-10~10 2.2-10719 | 1.0667

Table 4.3: Example 4.2: Comparison of Gauss rules G,, and Gauss-Lobatto
rules G 1 for f(t) = 132 cos(22 arccos(t)) exp(10sin(% arccos(t))), =1 < t < 1,
dp(t) = (1 —t?)~'/2dt. Tf = exp(—=5v/3) — 1.

m | (ZT—=Gn)f | (LT —=Gmy1)f
100 | —4.4-1072 9.0-1072
200 | —1.1-1072 2.3-1072
300 | —5.1-1073 1.0-1072

Table 4.4: Example 4.2: Error of the average rule Lsp41,, and error
estimates (3.23) for Gauss rules G, and (3.24) for Gauss-Lobatto rules

Cmi1, f(b) = 190 cos(12 arccos(t)) exp(10sin(L2 arccos(t))), —1 < t < 1,
dp(t) = (1 —t?)~'/2dt. Tf = exp(—=5v/3) — 1.

m | (Z — Lami1,)] (3.23) 324) [~

100 2.2-1072 —6.7-1072 [ 6.7-102 | 1

200 5.7-1073 -1.7-1072 | 1.7-1072 | 1

300 2.5-1073 ~76-107% | 7.6-107% | 1

of opposite sign. Moreover, the error estimate (3.23) for the Gauss rule and the
error estimate (3.24) for the Gauss-Lobatto rule are close to the actual errors
obtained with the Gauss and Gauss-Lobatto rules, respectively. O

Example 4.2. Let f(t) := 12_0 cos(13—0 arccos(t)) exp(10 sin(% arccos(t))), a:=1
and du(t) := (1 —t2)~/2dt. Then po = 7 and Zf = exp(—5v/3) — 1. The anti-
Gauss rules with v = 1 are Gauss-Lobatto rules; see Laurie [7] for a discussion
on anti-Gauss rules (with = 1) for Jacobi measures. The performance of the
Gauss, Gauss-Lobatto and average quadrature rules is displayed in Tables 4.3
and 4.4. O

Example 4.3. Let f(t) := 15 exp(2 arccos(t)) sin® (3 arccos(t)), a := 1 and
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Table 4.5: Example 4.3: Comparison of Gauss rules G,, and Gauss-Lobatto
rules Gpy1 for f(t) = 15 exp(2 arccos(t)) sin®(3arccos(t)), —1 < t < 1,
dp(t) = (1 —t2)V2dt. Tf ~0.9.

m | (Z-6m)f | € =Gmp1)f
5| -36-10"1 3.6-107!
10| 39-107%| —9.3-1073
15 3.7-107* | —9.0-10~*

Table 4.6: Example 4.3: Error of the average rule L2m;41,, and error esti-
mates (3.23) for Gauss rules G,, and (3.24) for Gauss-Lobatto rules G, 41,
f(t) = & exp(2arccos(t)) sin® (3arccos(t)), —1 < t < 1, du(t) = (1 — £2)1/24d¢.
Tf~09.

m | (Z— ,CQmJ,_L»Y)f (3.23) (3.24) ol

b} —6.0-1072 —-3.0-101 4.2-10~1 | 1.4000
10 —-2.1-1073 6.0-103 | —7.2-1073 | 1.2000
15 —2.3.107* 59.-107% | —6.7-107* | 1.1333

dp(t) := (1 — t*)Y/2dt. Then po = 7/2 and

365796

=—————(e""+1).
512208125 ° 1)

if
Hence, Zf ~ 0.9. The anti-Gauss rule G, 1, with v = 14 2/m is the Gauss-
Lobatto rule G,,+1. Tables 4.5 and 4.6 illustrate the performance of the Gauss,
Gauss-Lobatto and average quadrature rules. [
The above examples show Gauss and Gauss-Lobatto rules to give quadrature
errors of opposite sign. They therefore provide upper and lower bounds of Zf.
This behavior also has been observed for numerous other integrands.
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