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We study the accuracy of combined multiparameter measuring systems (CMPMSs) that determine several
unknown quantities from measurements of a single variable at different preprogrammed conditions determined
by control parameters. To reduce inaccuracies of determined quantities, we propose a mathematical method
for selection of control parameters that are optimal for all possible values of determined quantities. Using the
submultiplicativity of the spectral and Frobenius matrix norms, we construct the upper bound of the error function
and determine the set of control parameters by minimizing this bound. To demonstrate the capability of our method
for CMPMSs, we apply it to the polarized light microscopy technique called LC-PolScope, which is used for
determining inhomogeneous two-dimensional fields of optical retardation and orientation of the slow optic axis in
thin organic and inorganic samples. We compare the computed set of control parameters with other sets, including
the one used in the PolScope, and demonstrate that our choice of control parameters works very well even though
it does not take into account any specific features of the PolScope. We expect that our method will be successful
in various CMPMSs, as it is applicable to any error distribution of the control parameters and measured values.
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I. INTRODUCTION22

Today’s state-of-the-art experimental techniques have been23

greatly influenced by integration of powerful computers in the24

experimental setups used in microscopy, tomography, material25

science, biology, etc. A computer in a measuring system can26

have several functions. First, it can provide fast real-time calcu-27

lations that mitigate disadvantages of indirect measurements,28

when an unknown quantity λ is determined from a measured29

value b through a measuring function �(λ) = b. Second, it al-30

lows one to perform simultaneous measurements when several31

unknown quantities � = [λ1, . . . ,λn] are determined from the32

measurements of the same, or a larger, number of different33

physical quantities b = [b1, . . . ,bn̄] by solving a system of34

equations �i(�) = bi possibly in the least-squares sense; see,35

e.g. [1]. Third, the computer can control and change measuring36

conditions. In this case one can build a CMPMS, where37

several stationary or slowly changing unknown quantities � =38

[λ1, . . . ,λn] can be determined by measuring a single physical39

variable at preprogrammed different conditions, defined by40

control parameter(s) Ai ,41

�(Ai ,�) = bi, i = 1, . . . ,n, (1)

where Ai may be a scalar Ai = ai or a k-dimensional vector42

Ai = [ai1, . . . ,aik], controlled by the computer.43

The problem of best estimation of unknown quantities �44

from a system (1) for the case of a linear measuring function45

� were considered in [1,2] with the solution determined by the46

least-squares method.47

*mkuian@kent.edu
†reichel@math.kent.edu
‡sshiyano@kent.edu

A central problem of this paper is how to properly select 48

the control parameters A = {aij }, i = 1, . . . ,n, j = 1, . . . ,k. 49

The accuracy of measured quantities � is determined not only 50

by the accuracy of the measurements themselves, but also by 51

the accuracy of the settings of the control parameters. The 52

preprogrammed selection of the set of n × k values of the con- 53

trol parameters A = [A1, . . . ,An], where Ai = [αi1, . . . ,αik], 54

i = 1, . . . ,n, is complicated when the quantities � are spatial 55

and/or temporal functions; thus an a priori selection should be 56

“optimal” for all possible values of �. 57

In this paper we consider the class of CMPMSs that are 58

described by a separable measuring function, 59

�(Ai ,�) =
n∑

j=1

mj (Ai)vj (�), i = 1, . . . ,n, (2)

where mj , vj , j = 1, . . . ,n, are smooth nonlinear functions. 60

We develop a mathematical method for selection of control 61

parameters in such CMPMSs that are optimal for all possible 62

values of determined quantities. Using the submultiplicativity 63

of the spectral and Frobenius matrix norms we construct the 64

upper bound of the error function as a product of two functions, 65

one of which depends only on control parameters and another 66

one depends only on unknown quantities. We determine the 67

set of control parameters by minimizing the former function. 68

To demonstrate the full capability of the proposed method 69

we were looking for an example of CMPMS with the fol- 70

lowing features: (a) the measuring function (2) has a sim- 71

ple dependence on several control parameters and unknown 72

quantities; (b) many sets of unknown quantities are determined 73

concurrently at the same values of control parameters; (c) the 74

measurement errors are dependent on both the control param- 75

eters and unknown quantities, and thus cannot be minimized 76

2470-0045/2018/00(0)/003300(8) 003300-1 ©2018 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.00.003300&domain=pdf&date_stamp=2018-00-00
https://doi.org/10.1103/PhysRevE.00.003300


KUIAN, REICHEL, AND SHIYANOVSKII PHYSICAL REVIEW E 00, 003300 (2018)

FIG. 1. Scheme of the PolScope microscope. Liquid crystal plates
LCA and LCB have variable values of retardances, α1 and α2; λ/4 is a
quarter-wave plate with phase shift between polarization components
equal to π/2; P and A are the linear polarizer and analyzer which
transmit only the horizontal component of the beam.

simultaneously at each point of the sample. As an example of77

such a CMPMS we considered the PolScope microscope.78

The PolScope (also called LC-PolScope) described in [3–5],79

and its advanced versions, the Exicor MicroImager (Hinds80

Instruments) [6], and the Phi-Viz Imaging System (Polaviz)81

[7] are state-of-the-art polarized light microscopy techniques.82

The PolScope determines the two-dimensional fields of phase83

retardation �(x,y) and of the slow optic axis direction φ(x,y)84

of thin anisotropic samples by measuring transmitted light85

intensity under different conditions. The PolScope is equipped86

with a standard set of light source, monochromatic filter,87

polarizers, lenses, and CCD camera. The additional variable88

optical retarders are inserted in the optical path; for details,89

see Sec. III and Fig. 1. For each point (x,y) the sample90

quantities �(x,y) and φ(x,y) are determined by measuring91

transmitted light intensities bi = Ii(x,y) for different settings92

of two variable retarders Ai = [αi1,αi2]. The intensity Ii(x,y)93

is a product of Jones matrices of individual optical elements94

and has the separable form (2).95

We apply our method to compute the control parameters for96

the PolScope. We compare the computed set of control param-97

eters with other sets, including the one used in the PolScope,98

and demonstrate that our choice of control parameters works99

very well even though it does not take into account any specific100

features of the PolScope.101

II. DETERMINATION OF CONTROL PARAMETERS102

FOR CMPM SYSTEMS103

For separable measuring functions of the form (2), the104

nonlinear system (1) can be presented in matrix form,105

M(A) · V (�) = b, (3)

where M(A) is a matrix with elements M ij = mj (Ai), i, j =106

1, . . . ,n, and V (�) is a vector of functions vj (�), j = 1, . . . n.107

The elements of the vectors b, �, and Ai may correspond to108

different physical quantities and have different dimensions. In109

this case, we scale the matrix M(A) and the vectors b, �, Ai ,110

and V (�) to make them dimensionless.111

The error vector δ�̃ = �∗ − � = [δλ1, . . . ,δλn] has two112

sources: the errors caused by inaccuracies of the measuring113

unit, δb = b∗ − b, and the errors of control parameters δ A =114

A∗ − A = {δαij }, i = 1, . . . ,n, j = 1, . . . ,k. Here �∗, A∗
i ,115

and b∗
i are the true error-free values that obey the equations116

�(A∗
i ,�

∗) = b∗
i , i = 1, . . . ,n, and thus can be presented in117

the form118

M(A∗) · V (�∗) = M(A + δ A) · V (� + δ�̃) = b + δb. (4)

We establish the dependence of the unknown errors δ�̃ of 119

the control parameters and the measurement errors using meth- 120

ods of perturbation analysis [8], applying first-order Taylor 121

expansion, V (� + δ�̃) = V (�) + δV , where δV = D(�)δ�̃ 122

and D(�) is the Jacobian matrix with elements Dji = ∂vj (�)
∂λi

, 123

j,i = 1, . . . ,n. Similarly, M(A + δ A) = M(A) + δM, where 124

deviations of elements of the control matrix, 125

δM ij = ∇mj (Ai) · δ Ai , (5)

are caused by the errors in the control parameters δ Ai = 126

[δαi1, . . . ,δαik]; here ∇ = [ ∂
∂αi1

, . . . , ∂
∂αik

] is the gradient of the 127

control parameters. Neglecting the second-order term δMδV 128

in Eq. (4) and subtracting Eq. (3) leads to the equation 129

M(A)δV + δMV (�) = δb, (6)

which transforms into an expression for the measurement error 130

vector: 131

δ�̃ = D−1(�)M−1(A)δb

− D−1(�)M−1(A)δM(A,δ A)V (�). (7)

We can scale the error vector δ� = �δ�̃ by selecting the 132

numerical values of �ii , i = 1,...,n, based on the “importance” 133

of determined values λi ; however, as one can see below, the 134

proposed selection of the control parameters A does not depend 135

on �. We measure the error vector with the Euclidian norm 136

(length) ‖δ�‖2 =
√∑n

i=1 δλi
2. From Eq. (7), the vector δ� 137

consists of two terms, δ� = δ�M + δ�B , where the error 138

δ�M = �D−1(�)M−1(A)δM(A,δ A)V (�) (8)

is caused by errors in the setting of the control parameters, and 139

δ�B = −�D−1(�)M−1(A)δb (9)

stems from measurement inaccuracies. Elements of the vectors 140

δ�M and δ�B are linear functions of, respectively, δαij and 141

δbi , which we assume to be accidental errors, i.e., mutually 142

independent, random zero-mean quantities: 143

E[δαij δαi ′j ′] = σ 2(δαij )δii ′δjj ′ , E[δbj δbj ′ ] = σ 2(δbj )δjj ′ ,

E[δαij δbk] = 0, (10)

where E is the expectation operator and σ is the standard 144

deviation. With this assumption we obtain the following 145

equations: 146

E
[‖δ�‖2

2

] = E
[‖δ�M‖2

2

] + E
[‖δ�B‖2

2

]
, (11)

where 147

E
[‖δ�M‖2

2

] =
n∑

i,l=1

k∑
j=1

�2
ii

(
∂λi

∂αlj

)2

σ 2(δαlj ), (12)

E
[‖δ�B‖2

2

] =
n∑

i=1

�2
ii

(
∂λi

∂bi

)2

σ 2(δbi), (13)

define the contributions caused by the errors in the control 148

parameters and measured values, respectively. Both functions 149

depend on the control parameters A and on the quantities 150

�; the former are usually a single set selected before the 151

experiment, the latter are unknown and may change during the 152
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experiment. A single set A cannot concurrently minimize the153

expressions E[‖δ�M‖2
2], E[‖δ�B‖2

2] or their sum (11) for all154

measured values of �. Thus, we consider them separately and155

will minimize their upper bounds using the submultiplicative156

property of the spectral matrix norm and the linearity of the157

expectation operator:158

E
[‖δ�M‖2

2

] = E
[‖�D−1(�)M−1(A)δMV (�)‖2

2

]
� ‖�D−1(�)‖2

2‖V (�)‖2
2E

[‖M−1(A)δM‖2
2

]
,

(14)

E
[‖δ�B‖2

2

] = E
[‖�D−1(�)M−1(A)δb‖2

2

]
� ‖�D−1(�)‖2

2E
[‖M−1(A)δb‖2

2

]
. (15)

The spectral matrix norm of an arbitrary matrix W is defined159

as ‖W‖2 = supx �=0
‖W x‖2
‖x‖2

, where supx �=0 denotes the smallest160

upper bound of the expression for all possible vectors x �= 0.161

To minimize (14), we keep the factors ‖�D−1(�)‖2
2 and162

‖V (�)‖2
2, which are independent of A, and bound the spectral163

norm in E[‖M−1(A)δM‖2
2] by the Frobenius matrix norm164

‖M−1(A)δM‖2
2 � ‖M−1(A)δM‖2

F [9], because the square165

of the Frobenius norm, defined as ‖W‖2
F = Tr(WT W ) =166 ∑

i

∑
j W 2

ij , is easily explicitly calculated as167

∥∥M−1(A)δM
∥∥2

F
=

n∑
p=1

n∑
s=1

⎡
⎣ n∑

i=1

k∑
j=1

ψpi

∂ms(Ai)

∂αij

δαij

⎤
⎦

2

,

(16)

where ψpi = [M−1(A)]pi are the elements of the inverse168

matrix M−1(A). Using Eqs. (16) and (10), we obtain an upper169

bound for E[‖δ�M‖2
2],170

E
[‖δ�M‖2

2

]
� ‖�D−1(�)‖2

2‖V (�)‖2
2

×
n∑

p=1

n∑
s=1

n∑
i=1

k∑
j=1

σ 2
ij (δαij )ψ2

pi

[
∂ms(Ai)

∂αij

]2

.

(17)

If we can assume that the absolute errors δαij are identically171

distributed, σ 2
ij (δαij ) = σ 2

α , then172

E
[‖δ�M‖2

2

]
� σ 2

α‖�D−1(�)‖2
2‖V (�)‖2

2P
a
M (A), (18)

where173

P a
M (A) =

n∑
p=1

n∑
s=1

n∑
i=1

k∑
j=1

ψ2
pi

[
∂ms(Ai)

∂αij

]2

(19)

is the function that governs the minimization of E[‖δ�M‖2
2].174

If the errors in the control parameters δαij are proportional175

to their magnitudes αij , then δαij can be expressed as εαij ,176

where ε is a random variable, σ (ν) = σε, σ (δαij ) = σεαij ,177

and178

E
[‖δ�M‖2

2

]
� σ 2

ε ‖�D−1(�)‖2
2‖V (�)‖2

2P
r
M (A) (20)

is determined by the function 179

P r
M (A) =

n∑
p=1

n∑
s=1

n∑
i=1

k∑
j=1

α2
ij
ψ2

pi

[
∂ms(Ai)

∂αij

]2

. (21)

Now, we consider the function E[‖δ�B‖2
2], see Eq. (15), 180

which depends on A through E[‖M−1(A)δb‖2
2]. If the mea- 181

surement errors δbi do not depend on bi and are iden- 182

tically distributed, σ (δbj ) = σb, then E[‖M−1(A)δb‖2
2] = 183

‖M−1(A)‖2
F σ 2

b and 184

E
[‖δ�B‖2

2

]
� σ 2

b ‖�D−1(�)‖2
2P

a
b (A) (22)

is determined by the function 185

P a
b (A) = ‖M−1(A)‖2

F =
n∑

i=1

n∑
j=1

ψ2
ij (A). (23)

If the measurement errors δbi are proportional to bi , then 186

the error vector δb can be expressed as δb = �b, where � is a 187

diagonal matrix with identically distributed random elements 188

�ii , σ (�ii) = σ�. From the equality M(A) · V (�) = b, we 189

get 190

E
[‖δb‖2

2

] = E
[‖�b‖2

2

] = σ 2
�‖M(A) · V (�)‖2

2

� σ 2
�‖M(A)‖2

F ‖V (�)‖2
2

and 191

E
[‖δ�B‖2

2

]
� σ 2

�‖V (�)‖2
2‖�D−1(�)‖2

2P
r
b (A), (24)

where P r
b (A) is the condition number of M(A), 192

P r
b (A) = cond[M(A)] = ‖M−1(A)‖2

F ‖M(A)‖2
F

=
n∑

i,j=1

n∑
p,s=1

ψ2
ij (A)m2

ps(A). (25)

Using Eqs. (18), (20), (22), and (24), one can see that the 193

“optimal” choice of the control parameters that minimizes 194

the upper bound for the total error (11) can be found by 195

minimization of the weighted function, 196

Ptot(A) = wP
ξ

M (A) + (1 − w)P η

b (A), (26)

where ξ and η are either a, see Eqs. (19) and (23), or r , see 197

Eqs. (21) and (25), depending on whether the errors in the 198

control parameters and the measured values are absolute or 199

relative. The weighting coefficient 0 � w � 1 is determined 200

by the products in Eqs. (18), (20), (22), and (24). 201

If the errors in the measured values bi have relative form, see 202

Eq. (24), then w is determined only by the standard deviations 203

σν and σ�, 204

w = σ 2
ν

σ 2
ν + σ 2

�

, (27)

where the parameter ν is either a or ε, depending on whether 205

the errors in the control parameters and the measured values are 206

absolute or relative. In this case Eq. (26) does not depend on the 207

unknown quantities � and, therefore, allows one to determine 208

the control parameters A by minimization of the function (26). 209
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If the errors in the measured values are absolute, see Eq. (22),210

then the weighting coefficient211

w = ‖V (�)‖2
2σ

2
ν

‖V (�)‖2
2σ

2
ν + σ 2

b

(28)

depends on �. Additional assumptions are required to justify212

the minimization of (26). If either term in the denominator of213

(28) is dominant or ‖V (�)‖2
2 remains almost constant in the214

domain of possible values of �, then one may assume w to be215

constant and minimize (26). In the case when w in (28) strongly216

depends on �, we propose the following procedure, which is217

similar to single parameter optimization. For several selected218

values of w, we calculate the corresponding “optimal” sets219

A by minimizing the function (26), and between them choose220

the best set by comparing the total error functions (11). Further221

refinement of w can be performed if necessary.222

To summarize, the goal of our method is to construct223

an effective error function (26), which does not depend on224

unknown quantities and is an upper bound for the true error225

function (11). We then minimize function (26) and determine226

the optimal set of control parameters A. Below we demonstrate227

how the proposed method is implemented for the PolScope.228

III. APPLICATION OF THE PROPOSED METHOD229

TO THE POLSCOPE230

In this section we apply the proposed method to the231

PolScope [3,4,10]. PolScopes are widely used to study pat-232

terns with submicron resolution in various inhomogeneous233

anisotropic films, in particular, biological cells, polymer sam-234

ples, liquid crystal films, etc. The PolScope is a polarized light235

microscope, where a quarter-wave plate and two liquid crystal236

(LC) variable optical retarders LCA and LCB, see Fig. 1,237

are added to a standard set of optical elements: light source,238

monochromatic filter, polarizer, lenses, analyzer, and CCD239

camera. The PolScope determines in-plane, two-dimensional240

fields of the phase retardance �(x,y) and of the azimuth of241

slow optic axis φ(x,y) from a sequence of measurements of242

transmitted light intensity obtained for the different retardances243

of LCA and LCB set by the computer controlled applied244

voltages. The phase retardance �(x,y) and azimuth φ(x,y)245

are determined by the four-frame algorithm [3,4,10]. The246

corresponding function of the output intensity at the CCD247

camera Iout can be derived within the Jones calculus, which248

is an efficient technique to analyze optical devices consisting249

of linear nonreflecting, polarization sensitive optical elements.250

The basic element of the Jones calculus is the two-251

dimensional (2D) Jones vector j =
[

Ex

Ey

]
, which is the complex252

amplitude of the electric field E = j exp[2πi(z − ct)/λ] of253

the plane monochromatic wave with the wavelength λ, and254

the 2 × 2 Jones matrix of an optical element J that defines255

the transformation of the Jones vector jout = J jin [11]. The256

optical scheme of the PolScope system, shown in Fig. 1,257

contains two types of optical elements: linear polarizers and258

phase retarders. The Jones matrix of a linear polarizer, which259

transmits horizontal polarization along the Ox axis, is JH =260 [
1 0
0 0

]
. The Jones matrix of a phase retarder is defined by its261

phase retardance ψ and the angle θ between its slow optic axis262

and the Ox axis, 263

Jr(ξ,θ ) = R(−θ )Jr(ξ,0)R(θ ), (29)

where Jr(ξ,0) =
[

e−iξ/2 0
0 eiξ/2

]
is the Jones matrix if the slow 264

axis is parallel to the Ox axis, and R(θ ) =
[

cos θ − sin θ

sin θ cos θ

]
is 265

the rotation matrix. Then, the Jones matrices of the optical 266

elements in the PolScope are J1 = JH for the linear polarizer, 267

J2 = Jr(α1,π/4) for the liquid crystal variable retarder LCA 268

rotated by π/4, J3 = Jr(α2,0) for the liquid crystal variable 269

retarder LCB, J4(x,y) = Jr[�(x,y),ϕ(x,y)] for the (x,y) pixel 270

of the specimen, J5 = Jr(π/4,π/4) for the quarter-wave plate 271

rotated by π/4, and J6 = JH for the linear analyzer. Thus, the 272

transmission coefficient of the PolScope, TPS , is determined 273

by the Jones matrix JPS = J6J5J4J3J2 that transforms the 274

normalized Jones vector after the polarizer jin =
[

1
0

]
into the 275

Jones vector after the analyzer jout = JPSjin: 276

TPS = j∗out · jout = 1
2 (1 + sin α1 cos α2cos�

− sin α1 sin α2 cos 2φ sin � + cos α1 sin 2φ sin �),

(30)

where j∗out denotes the complex conjugate of the vector jout. 277

Considering the inhomogeneous distributions of the input 278

intensity Iin(x,y) and of the depolarized leakage Ileak(x,y), one 279

obtains the output intensity distribution at the CCD camera 280

Iout(x,y) as 281

Iout = Ileak + IinTPS = Ileak + 1
2Iin(1 + sin α1 cos α2 cos �

− sin α1 sin α2 cos 2φ sin � + cos α1 sin 2φ sin �).

(31)

The intensity function (31) has separable form (2) and 282

contains the four-dimensional vector of unknown quantities 283

� = [Ileak, Iin,�, φ]T that requires four measurements, i = 284

1, . . . ,4, of the intensity Iout = Ii with different sets of the 285

control parameters Ai = [αi1,αi2]. Thus, � is determined from 286

Eq. (3) where 287

M(A) =

⎡
⎢⎣

1 sin α11 cos α12 sin α11 sin α12 cos α11

1 sin α21 cos α22 sin α21 sin α22 cos α21

1 sin α31 cos α32 sin α31 sin α32 cos α31

1 sin α41 cos α42 sin α41 sin α42 cos α41

⎤
⎥⎦,

V (�) =

⎡
⎢⎢⎢⎢⎣

Ileak + Iin
2

Iin cos �
2

− Iin sin � cos 2φ

2
Iin sin � sin 2φ

2

⎤
⎥⎥⎥⎥⎦, b =

⎡
⎢⎣

I1

I2

I3

I4

⎤
⎥⎦. (32)

In Eqs. (8) and (9), we choose the diagonal matrix � = 288

diag[0,0,1,1] because we are not interested in values of Ileak 289

and Iin, and the “importance” of the dimensionless quantities 290

� and φ is assumed to be equal. 291

The matrix 292

�D−1 = 1

Iin

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 −2 cos � cos 2φ

sin 2φ

sin �

0 0 2 cos � sin 2φ
cos 2φ

sin �

⎤
⎥⎥⎦ (33)
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multiplies both error vectors (8) and (9). Taking into account293

that the depolarized leakage Ileak depends linearly on Iin,294

and Ileak � Iin, we assume that the measuring errors do not295

significantly depend on Iin and Ileak. We set Iin = 1, and Ileak =296

0. For the PolScope, the errors in the control parameters δaij297

are absolute; i.e., they do not depend on the parameter values298

aij , and the measurement errors δbi are relative, δbi = �iibi ,299

where �ii ∼ 1% [3]. Thus, we start the search of the set of300

“optimal” values of A by separately minimizing the functions301

(19) and (25). To determine these minima, we apply the Nelder-302

Mead algorithm implemented in Wolfram Mathematica. The303

function (19) achieves its minimum min P a
M (A) = 4.907 at304

A = AM = [[180◦, 90◦][51.36◦, 180◦][51.36◦, 0◦]

× [91.83◦, 90◦]], (34)

where for better visibility we present here and below the305

variable phase retardances α1 and α2 in degrees, rather than306

in radians. The function (25) reaches min P r
b (A) = 3.9051 at307

A = AB = [[180◦, 90◦][51.58◦, 180◦][51.58◦, 0◦]

× [93.56◦, 90◦]]. (35)

Note that the sets AM and AB are almost the same, and the308

value P a
M (AB ) = 4.909 is close to the minimum of the function309

P a
M (AM ), while P r

b (AM ) = 3.906 is close to the minimum of310

the function P r
b (AB ). Thus, the set of “optimized” control311

parameters is almost independent on the weighting coefficient312

w in the weighted function (26) and we can choose either set313

of the control parameters AM or AB . We select A = AB as the314

“optimal” set of control parameters.315

To compare different sets of control parameters, we rep-316

resent their values Ai = [αi1,αi2] by the Jones vector j3 =317

J3J2 jin of the light entering the sample. A linear polar-318

izer P (0◦) and two liquid crystal plates, LCA(α1,45◦) and319

LCA(α2,0◦), see Fig. 1, form the universal compensator [10],320

because the variable retardance values α1 := αi1, α2 := αi2321

provide the transformation of the unpolarized illumination322

light beam into any polarization state with the Jones vector:323

j3 = [
cos

(
αi1
2

)
e−i

αi2
2 sin

(
αi1
2

)
ei( αi2

2 − π
2 )

]T
. (36)

Figure 2 shows the control parameters Ai = [αi1,αi2] and324

the corresponding polarization state (36) using standard repre-325

sentations with the Stokes parameters, S0 = 1, S1, S2, S3, and326

the Poincaré sphere [12]:327

S1 = cos αi1 = cos χ cos ψ,

S2 = sin αi1 sin αi2 = cos χ sin ψ, (37)

S3 = − sin αi1 cos αi2 = sin χ.

On the Poincaré sphere, right and left circular polarizations328

correspond to the north and south poles, respectively, and the329

linear polarizations lie on the equator. In the four-frame algo-330

rithm, for the samples with full range of possible retardance331

values, the following set of control parameters was used:332

A90 = [[90◦, 180◦][90◦ − X, 180◦][90◦ + X, 180◦]

× [90◦, 180◦ − X]],

X = 90◦. (38)

FIG. 2. Representation of the control parameters of measurement
Ai = [αi1,αi2] through the Jones vector (36) on the Poincaré sphere
in the space of the Stokes parameters, S1, S2, S3. χ is the ellipticity
angle andψ defines the orientation of the major axis of the polarization
ellipse.

To study biological samples, e.g., living cells, when re- 333

tardance values of the sample have mostly small values, 334

Shribak and Oldenbourg [3] proposed using the set of control 335

parameters: 336

A11 = [[90◦, 180◦][90◦ − X, 180◦][90◦ + X, 180◦]

× [90◦, 180◦ − X]],

X = 10.8◦. (39)

We also examine a configuration on the Poincaré sphere 337

that is interesting from a symmetry point of view—the right 338

tetrahedron set: 339

AT = [[90◦,180◦][30◦,0◦][115.66◦,56.3◦]

× [115.66◦,−56.3◦]]. (40)

FIG. 3. Sets of control parameters AB , A90, A11, AT shown on
the Poincaré sphere.
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FIG. 4. Normalized standard deviations σ (δ�M )/σα and σ (δφM )/σα vs � for different values of φ and the set A = AB .

The polarization states of the four illumination beam set-340

tings (35), (38), (39), and (40) are shown on the Poincaré sphere341

in Fig. 3.342

To compare the effect of the selected control parameter sets343

on the measurement accuracy, we calculate the errors of phase344

retardance δ� and azimuth of the slow optic axis δφ using345

Eq. (7). The errors δ� and δφ split into the control parameter346

errors, δ�M , δφM (8), and the measuring errors, δ�B , δφB347

(9). Considering the control parameter errors δ A = {δαij },348

i = 1, . . . ,4, j = 1,2, to be uniformly distributed, δαij ∼349

unif[−√
3σα,

√
3σα] with standard deviation σα , we obtain350

from (12) the standard deviations of the propagated errors δ�M351

and δφM ,352

σ (δ�M ) = σα

√√√√ 4∑
i=1

2∑
j=1

(
∂�M

∂αij

)2

,

σ (δφM ) = σα

√√√√ 4∑
i=1

2∑
j=1

(
∂φM

∂αij

)2

. (41)

The normalized standard deviations σ (δ�M )/σα ,353

σ (δφM )/σα are shown in Fig. 4 as functions of � for354

several fixed values of φ for the set A = AB .355

We assume that the diagonal elements �ii that de-356

termine the relative measurement errors δbi = �iibi are357

identically uniformly distributed random variables �ii ∼358

unif[−√
3σ�,

√
3σ�] with standard deviation σ� = σ (δ�ii).359

Then from Eq. (13), we obtain the standard deviations for the360

propagated errors δ�B and δφB , 361

σ (δ�B) = σ�

√√√√ 4∑
i=1

(
∂�B

∂bi

bi

)2

,

σ (δφB) = σ�

√√√√ 4∑
i=1

(
∂φB

∂bi

bi

)2

. (42)

The normalized standard deviations σ (δ�M )/σ� and 362

σ (δφM )/σ� are shown in Fig. 5 as functions of � for several 363

fixed values of φ for the set A =AB . 364

For the other sets A90, A11, and AT , the functions (41) 365

and (42) exhibit similar weak dependence on φ and strong 366

dependence on �. Thus, to compare the sets AB , A90, A11, 367

and AT , we use the averaged functions over the whole interval 368

of possible values of φ, e.g., 369

δ�M = 1

πσα

∫ π

0
σ (δ�M )dφ, (43)

and the averaged functions δφM , δ�B , δφB are defined 370

similarly. Figure 6 demonstrates that the parameter set AB
371

determined by our method provides the smallest values of 372

δ�M , δφM , δ�B , and δφB in almost the entire range of �. 373

Only in the case of small values of retardation �, the functions 374

δ�B and δφB take the smallest values for the set A11, which 375

has been specially designed by Schribak and Oldenbourg to 376

study living cells and other objects with small retardance [4]. 377

Note that the proposed method works well despite the presence 378

of singularities at the points � = 0 and � = π . 379

FIG. 5. Normalized standard deviations σ (δ�B )/σ� and σ (δφB )/σ� vs � for different values of φ, set A = AB .
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FIG. 6. φ-averaged standard deviations δ�M , δφM , δ�B , δφB vs � for sets AB , A90, A11, AT . The inset shows the same plots for small
values of � ∈ [0,π/180].

Noise contamination of the measurement process380

To illustrate how the selected control parameters affect381

the measuring accuracy, we numerically simulate the effect382

of artificially added noise to the typical PolScope file of a383

liquid crystal sample, similar to ones presented in [13]. The file384

contains 2D fields of retardation �∗(x,y), Fig. 7(a), and slow385

optic axis orientation φ∗(x,y), Fig. 8(a), which we consider386

as the error-free 2D field of quantities �∗(x,y), assuming that387

Iin = 1 and Ileak = 0. Then for the selected A we perform the388

following steps for each pixel (x,y):389

(1) We calculate the error-free vector of measured values390

b∗= M(A)V (�∗).391

(2) To simulate the effect of errors in control parameters,392

we contaminate data with artificial noise by adding random,393

uniformly distributed values δ A = {δαkj }, k = 1, . . . ,4, j =394

1,2, δαkj ∼ unif[−3π/180, 3π/180] to the set A.395

(3) We determine the vector V (�) = [v1,v2,v3,v4] from396

the equation M(A + δ A)V (�) = b∗ via LU decomposition397

[8] of the matrix M and calculate the retardation �M =398

cos−1(v2/
√

v2
2 + v2

3 + v2
4) and the orientation of the slow optic399

axis φM = 1
2 cot−1(− v3

v4
) contaminated with noise in the control400

parameters.401

(4) We introduce relative noise of measured values as δb = 402

�b∗, where � is a diagonal matrix with identically distributed 403

random elements �ii ∼ unif[−3/100, 3/100]. 404

(5) We calculate the retardation �B = 405

cos−1(v2/
√

v2
2 + v2

3 + v2
4) and orientation of the slow optic 406

axis φB = 1
2 cot−1(− v3

v4
) from the equation M(A)V (�) = 407

b∗ + δb similarly to step (3). 408

Figure 7 exhibits the effect of control parameter errors on the 409

retardation for the sets AB and A90 after applying steps (1)–(3) 410

for each pixel. One can see that in comparison with the original 411

error-free image �∗(x,y), Fig. 7(a), the measurement process 412

at A = AB has a substantially smaller image degradation 413

�M (x,y), Fig. 7(b), than when A = A90, Fig. 7(c). On the other 414

hand, after steps (4) and (5) images with relative measuring 415

errors �B(x,y) show similar weak degradation for both sets 416

AB and A90, Figs. 7(d) and 7(e), respectively. 417

To explain the observed image degradation, we com- 418

puted sample standard deviations of the errors δ�M,B(x,y) = 419

�M,B (x,y) − �∗(x,y), s
M,B
� =

√
1

N−1

∑
x,y δ�2

M,B(x,y), that 420

equal, respectively, sM
� = 0.09, sB

� = 0.024 for A = A90 and 421

sM
� = 0.042, and sB

� = 0.023 for A = AB . As we can see, sM
� 422

FIG. 7. Effect of noise contamination on retardation: (a) original (noise-free) image �∗(x,y); (b) image with noise in control parameters
�M (x,y) when A = AB ; (c) �M (x,y) when A = A90; (d) image with relative noise in measured values �B (x,y) when A = AB ; (e) �B (x,y)
when A = A90. The gray-scale bar represents values of the optical retardation.
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FIG. 8. Effect of noise contamination on the slow axis orientation: (a) original (noise-free) image φ∗(x,y); (b) image with noise in control
parameters φM (x,y) when A = AB ; (c) φM (x,y) when A = A90; (d) image with relative noise in measured values φB (x,y) when A = AB ; (e)
φB (x,y) when A = A90. The gray-scale bar represents values of the slow axis azimuthal angle.

is significantly smaller for AB than for A90, while sB
� is almost423

the same for both sets.424

The effect of noise contamination on the slow optic axis425

orientation data is shown in Fig. 8. The choice of the set AB
426

leads to smaller image degradation φM (x,y), see Fig. 8(b),427

of the error-free image φ∗(x,y), Fig. 8(a), than the set A90,428

Fig. 8(c). At the same time images with relative noise in the429

measured values φB(x,y) exhibit a similar slight degree of430

degradation for the sets AB and A90, Figs. 8(d) and 8(e),431

respectively. The values of sample standard deviations of the432

slow axis orientation errors, s
M,B
φ =

√
1

N−1

∑
x,y δφ2

M,B(x,y),433

where δφM,B (x,y) = φM,B(x,y) − φ∗(x,y), characterize the434

visual degree of image degradation shown in Fig. 8, sM
φ = 0.11,435

sB
φ = 0.029 for A = A90 and sM

� = 0.051, sB
� = 0.027 for436

A = AB . One can see that the relations between the sample437

standard deviations sM
� , sM

φ , sB
�, sB

φ for both sets AB , A90 match438

well the relations between the averaged standard deviations439

δ�M , δφM , δ�B , δφB , shown in Figs. 6(a)–6(d).440

IV. CONCLUSIONS441

In this paper we study the accuracy of CMPMSs to deter-442

mine several unknown quantities by successively measuring443

a single physical variable under different experimental con-444

ditions, defined by the control parameters. The errors of the445

determined quantities are caused by the measurement errors446

and the errors in the setting of the control parameters. One447

of the main problems in CMPMSs is the determination of a448

suitable set of control parameters that provides the best possible449

accuracy for the entire range of the unknown quantities.450

We propose a mathematical method for determination of451

control parameters for CMPMSs where the measuring function452

has separable form (2). As an error function, we consider the453

mathematical expectation of the length of the dimensionless,454

scaled vector of errors of the unknown quantities (7). The error455

function splits into two independent functions, describing,456

respectively, the effects of the measurement errors and the 457

control parameters errors, (11). Using submultiplicativity of 458

the spectral and Frobenius matrix norms, we represent these 459

two functions as products of factors that are dependent only on 460

control parameters and factors that are dependent on unknown 461

quantities. Substituting the factors that depend only on the 462

unknown quantities with a weighting coefficient, we construct 463

the effective error function (26), which is the upper bound of 464

the true error function (11). We determine an optimal set of 465

control parameters by minimizing (26). 466

To demonstrate the capability of our method, we apply it 467

to the PolScope polarized light microscope. In the PolScope, 468

2D distributions of optical retardation and slow optic axis 469

orientation are determined from four measurements of the light 470

intensity coming through the optical scheme and controlled by 471

variable retarders. We have found that for the PolScope, our 472

method provides almost the same set of control parameters 473

both when minimizing the control parameter error and when 474

minimizing the measuring error, so the optimization of (26) 475

is essentially independent of the weighting coefficient. We 476

compare the computed optimal set of control parameters 477

with other sets including those used in the PolScope and 478

demonstrate that our computed set works very well for the 479

entire range of determined quantities. 480

The proposed method is applicable to any error distributions 481

of the control parameters and of the measured values, and can 482

be used for optimization of various CMPMSs, in particular, for 483

the latest “polarized light microscopy” techniques, Exicor and 484

Polaviz. 485
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