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Abstract The need to compute inexpensive estimates of upper and lower bounds
for matrix functions of the form wT f(A)v with A ∈ R

n×n a large matrix, f a
function, and v, w ∈ R

n arises in many applications such as network analysis and
the solution of ill-posed problems. When A is symmetric, u = v, and derivatives
of f do not change sign in the convex hull of the spectrum of A, a technique
described by Golub and Meurant allows the computation of fairly inexpensive
upper and lower bounds. This technique is based on approximating vT f(A)v by a
pair of Gauss and Gauss-Radau quadrature rules. However, this approach is not
guaranteed to provide upper and lower bounds when derivatives of the integrand
f change sign, when the matrix A is nonsymmetric, or when the vectors v and
w are replaced by “block vectors” with several columns. In the latter situations
estimates of upper and lower bounds can be computed quite inexpensively by
evaluating pairs of Gauss and anti-Gauss quadrature rules. When the matrix A

is large, the dominating computational effort for evaluating these estimates is
the evaluation of matrix-vector products with A and possibly also with AT . The
calculation of anti-Gauss rules requires one more matrix-vector product evaluation
with A and maybe also with AT than the computation of the corresponding Gauss
rule. The present paper describes a simplification of anti-Gauss quadrature rules
that requires the evaluation of the same number of matrix-vector products as the
corresponding Gauss rule. This simplification makes the computational effort for
evaluating the simplified anti-Gauss rule negligible when the corresponding Gauss
rule already has been computed.
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1 Introduction

We consider matrix functions of the form

F (A) := wT f(A)v, (1)

where A ∈ R
n×n is a large matrix, v, w ∈ R

n are vectors, f is a function such that
f(A) is defined, and the superscript T denotes transposition. Also expressions of
the form

F (A) := WT f(A)V, (2)

where V,W ∈ R
n×k are skinny “block vectors” with 2 ≤ k ≪ n columns will

be discussed. The need to evaluate matrix functions of the forms (1) and (2)
arises in a variety of applications; see [3,5,6,10,11,13,14,20,21,25,29,32] for many
illustrations. Functions f of interest include

f1(t) := (t+ µ)−1, f2(t) := exp(µt), f3(t) := cosh(
√
t),

where µ is a positive parameter. For instance, expressions of the form f1(A
TA)

arise in Tikhonov regularization of linear discrete ill-posed problems; see, e.g.,
[13,14]. Then µ ≥ 0 is a regularization parameter and, typically, computations
have to be carried out for several values of this parameter. Applications with
the function f2 include the solution of systems of constant-coefficient ordinary
differential equations. Here the parameter µ represents time [22] and the functions
(1) and (2) furnish linear combinations of several solution components. Further,
expressions µf1(µ

2A) and f2(A) arise in network analysis with A an adjacency
matrix for the graph that represents the network, and so do the functions f3(A

TA)
and f3(AAT ); see [1,7,18] for illustrations.

The computational effort required to evaluate (1) or (2) for one or several val-
ues of µ by first calculating f(A) and then computing (1) or (2) may be prohibitive
when the matrix A is large; see Higham [27] for descriptions and analyses of many
algorithms for the evaluation of matrix functions. Moreover, the matrix f(A) gen-
erally is dense also when A is sparse, in which case the storage requirement for
f(A) can be problematic. It is therefore important to be able to approximate ex-
pressions of the forms (1) and (2) without explicitly computing f(A) when A is a
large matrix.

Golub and Meurant [24,25] describe a technique for determining upper and
lower bounds for expressions of the form (1) when the matrix A is symmetric,
upper or lower bounds for the spectrum of A are known, and the derivatives of f
do not change sign on the convex hull of the spectrum. This technique exploits the
connection between matrix functions (1) with w = v, Stieltjes integrals, Gauss-
type quadrature rules, and the symmetric Lanczos process. We will outline this
technique. Introduce the spectral factorization

A = SΛS−1, Λ = diag[λ1, λ2, . . . , λn], (3)

with the eigenvalues ordered according to λ1 ≤ λ2 ≤ . . . ≤ λn and S ∈ R
n×n an

orthogonal matrix. Thus, S−1 = ST . Then

f(A) = Sf(Λ)S−1. (4)
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Let v ∈ R
n be a unit vector and let w = v. Define the vector [ν1, ν2, . . . , νn] := vTS.

Then the function (1) can be written as

F (A) = vTSf(Λ)S−1v =
n∑

j=1

f(λj)ν
2
j .

The right-hand side can be expressed as a Stieltjes integral

If :=

∫ ∞

−∞

f(t)dν(t), (5)

where the distribution function ν(t) is a nondecreasing step function defined on R

with a jump of height ν2j at t = λj for 1 ≤ j ≤ n. It follows from ‖v‖ = 1 that the
measure dν(t) is of total mass one. Here and throughout this paper ‖ · ‖ denotes
the Euclidean vector norm or the spectral matrix norm.

The m-point Gauss quadrature rule associated with the measure dν(t) is of the
form

Gmf :=
m∑

j=1

f(θj)γ
2
j , (6)

and is characterized by the property that

If = Gmf ∀f ∈ P
2m−1, (7)

where P
2m−1 denotes the set of polynomials of degree at most 2m− 1. The nodes

θj of the quadrature rule are distinct and known to be the zeros of an mth degree
orthogonal polynomial with respect to the inner product

(f, g) := I(fg). (8)

When the integrand f is 2m times continuously differentiable in the interval
[λ1, λn], the error in the quadrature rule can be expressed as

Emf := (I − Gm)f =
f (2m)(θG)

(2m)!
·
∫ ∞

−∞

m∏

j=1

(t− θj)
2dν(t) (9)

for some θG ∈ [λ1, λn], where f
(2m)(t) denotes the 2mth derivative; see, e.g., [23,25]

for proofs. It follows that when f (2m)(t) is of known constant sign in the interval
[λ1, λn], the sign of the error Emf also is known. For instance, when f (2m)(t) > 0
for λ1 ≤ t ≤ λn, we have Emf > 0 and, therefore, Gmf < If . If in addition
f (2m+1)(t) < 0 for λ1 ≤ t ≤ λn, then an upper bound for If can be determined
analogously by the application of an (m+ 1)-point Gauss-Radau quadrature rule
with a fixed node at t ≤ λ1; see [24,25] for details.

If f (2m)(t) or f (2m+1)(t) change sign in [λ1, λn], then the values of pairs of
Gauss and Gauss-Radau rules are not guaranteed to bracket If . This also is the
case when we consider expressions of the form (2) with k ≥ 2. Of course, pairs
of Gauss and Gauss-Radau rules can be applied to estimate the quadrature error
also in these situations, but there is no theoretical foundation that sheds light
on how accurate the error estimates obtained in this manner may be. Moreover,
the allocation of the fixed node of a Gauss-Radau rule requires an upper or lower
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bound for the eigenvalues of A. The methods proposed in the present paper do
not require knowledge about the spectrum of A.

A seemingly natural approach to estimate the error in the Gauss rule (6) is
to evaluate the rule Gm+1f and use the difference Gm+1f − Gmf as an estimate
for the error in Gmf . However, computed examples reported in [17] show that this
difference may be a poor approximation of the integration error (9). Moreover, the
evaluation of Gm+1f requires the computation of one more step of the Lanczos
process than the calculation of Gmf and the methods of this paper.

We note that when the technique described by Golub and Meurant [24,25] can
be applied to determine upper and lower bounds for the expression vT f(A)v, it
also can be used to compute upper and lower bounds for (1) with w 6= v by using
the decomposition

wT f(A)v =
1

4

(
(v + w)T f(A)(v + w)− (v − w)T f(A)(v − w)

)

and bounding each term in the right-hand side separately.
Laurie [30] introduced the following quadrature rules, which he referred to as

anti-Gauss rules. The (m + 1)-point anti-Gauss rule associated with the measure
dν(t),

G̃m+1f =
m+1∑

j=1

f(θ̃j)γ̃
2
j , (10)

is characterized by the property that

(I − G̃m+1)f = −Emf ∀f ∈ P
2m+1, (11)

where Em denotes the quadrature error (9). Pairs of Gauss and anti-Gauss rules,
Gmf and G̃m+1f , can be applied to determine inexpensively computable estimates
of upper and lower bounds for the function (1) in situations when there is no
theoretical justification for using pairs of Gauss and Gauss-Radau rules to estimate
the error in the former, for example when

(i) the matrix A ∈ R
n×n is symmetric and derivatives of the integrand f change

sign in the convex hull of the spectrum of A,
(ii) the matrix A ∈ R

n×n is symmetric and a required upper or lower bound for
the largest or smallest eigenvalues of A is not available, and

(iii) the matrix A ∈ R
n×n is nonsymmetric.

Moreover, there is no theoretical foundation for using pairs of block Gauss and
block Gauss-Radau rules for estimating the error in block Gauss rules when the
latter are used to approximate expressions of the form (2) with block vectors V

and W that have k ≥ 2 columns.
Assume for the moment that the matrix A ∈ R

n×n is symmetric and very
large. The m-node Gauss rule Gm associated with the expression (1) is computed
by carrying out m steps of the symmetric Lanczos process; see [24,25] or below.
The evaluation of matrix-vector products with A is the dominating computational
work for calculating Gmf and may be expensive.

The evaluation of the (m+1)-node anti-Gauss quadrature rule, G̃m+1f , which
is used in conjunction with the m-node Gauss rule Gmf to determine estimates of
upper and lower bounds for (1), requires the computation of one more step of the
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Lanczos process than the evaluation of Gmf and, therefore, demands the evaluation
of one more matrix-vector product with the matrix A. To reduce the computational
burden, it would be desirable to be able to pair Gmf with a quadrature rule that
uses the same Lanczos decomposition. It is the purpose of this paper to describe
such a quadrature rule. We will refer to these new type of rules as simplified anti-

Gauss rules.
This paper is organized as follows. Section 2 reviews the computation of Gauss

and anti-Gauss rules when applied to matrix functions of the form (1) with a
symmetric matrix A and v = w, and introduces simplified anti-Gauss rules for
determining estimates of upper and lower bounds. The computation of Gauss
and simplified anti-Gauss rules for expressions (1) with a nonsymmetric matrix
A ∈ R

n×n is discussed in Section 3, and matrix functions of the form (2) are
considered in Section 4 for A symmetric and V = W ∈ R

n×k, 2 ≤ k ≪ n, and in
Section 5 for A nonsymmetric and V 6= W , V,W ∈ R

n×k. Numerical examples are
presented in Section 6, and concluding remarks can be found in Section 7.

2 Simplified anti-Gauss rules for symmetric matrix functionals

We first review some properties of Gauss quadrature rules determined by the
measure dν in (5). Further details can be found in [25]. Assume that A ∈ R

n×n is
symmetric and let v = w in (1) be of unit norm. Gauss quadrature rules with re-
spect to the measure dν can be conveniently determined by applying the symmetric
Lanczos process to the matrix A with initial vector u1 := v; see, e.g., [24,25] for a
detailed discussion of the Lanczos process for symmetric matrices. Application of
m steps of the Lanczos process gives the Lanczos decomposition

AUm = UmTm + βmum+1e
T
m, (12)

where Um = [u1, u2, . . . , um] ∈ R
n×m and um+1 ∈ R

n satisfy UT
mUm = Im,

‖um+1‖ = 1, UT
mum+1 = 0, and βm ∈ R+. Moreover, the matrix

Tm :=




α1 β1 0
β1 α2 β2

β2 α3

. . .

. . .
. . . βm−2

βm−2 αm−1 βm−1

0 βm−1 αm




∈ R
m×m (13)

is symmetric and tridiagonal. Throughout this paper Im denotes the m×m identity
matrix and ej = [0, . . . , 0, 1, 0, . . . , 0]T the jth axis vector of appropriate dimension.
We tacitly assume that m is small enough so that the decomposition (12) with the
stated properties exists. This is the generic situation.

The relation (12) between the columns uj of Um shows that for certain poly-
nomials pj−1 of degree j − 1,

uj = pj−1(A)v, 1 ≤ j ≤ m+ 1. (14)
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It follows from the orthonormality of the vectors uj that

(pj−1, pk−1) =

∫ ∞

−∞

pj−1(t)pk−1(t)dν(t) = vTSpj−1(Λ)pk−1(Λ)S
T v

= vT pj−1(A)pk−1(A)v = uTj uk =

{
0, j 6= k,

1, j = k.

Thus, the polynomials pj are orthogonal with respect to the inner product (8).
The relation (12) for the columns uj of Um yields, in view of (14), the recurrence
relation

β1p1(t) = (t− α1)p0(t), p0(t) = 1,
βjpj(t) = (t− αj)pj−1(t)− βj−1pj−2(t), 2 ≤ j ≤ m,

(15)

where
αj = (pj−1, tpj−1) (16)

and the βj > 0 are determined by the requirement that (pj , pj) = 1.
The recurrence relation (15) can be written in the form

[p0(t), p1(t), . . . , pm−1(t)]Tm = t[p0(t), p1(t), . . . , pm−1(t)]

−βm[0, . . . , 0, pm(t)],

which shows that the zeros of pm are the eigenvalues of Tm.
Introduce the spectral factorization

Tm = QmDmQT
m,

whereDm = diag[θ1, θ2, . . . , θm] and QT
mQm = Im. It is well known that the weights

of the Gauss rule (6) are given by γ2
j = (eT1 Qmej)

2, 1 ≤ j ≤ m. It follows that the
Gauss rule (6) can be written in the form

Gmf = eT1 Qmf(Dm)QT
me1 = eT1 f(Tm)e1; (17)

see, e.g., [25] for details. Thus, the value Gmf can be determined by first computing
the Lanczos decomposition (12) and then evaluating one of the expressions in (17).
Since the matrix Tm required in applications generally is quite small, the right-
hand side of (17) can be conveniently computed by methods described in, e.g.,
[27].

We turn to the anti-Gauss rules proposed by Laurie [30] associated with the
measure dν in (5). These rules can be applied to help determine estimates of the
error in Gauss rules, similarly as Gauss-Kronrod rules. Anti-Gauss rules have the
advantage of existing also when Gauss-Kronrod rules do not; see Notaris [33] for
a nice recent survey about error estimation methods for Gauss rules.

It follows from (9) and (11) that

G̃m+1f = (2I − Gm)f ∀f ∈ P
2m+1, (18)

i.e., G̃m+1 is an (m+ 1)-point Gauss rule for the functional

J f := (2I − Gm)f. (19)

Introduce the bilinear form
〈f, g〉 := J (fg),
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and let {p̃j}m+1
j=0 be the first m + 2 orthogonal polynomials with respect to 〈·, ·〉

normalized so that 〈p̃j , p̃j〉 = 1 for all j. These polynomials satisfy a recurrence
relations of the form

β̃1p̃1(t) = (t− α̃1)p̃0(t), p̃0(t) = 1,

β̃j p̃j(t) = (t− α̃j)p̃j−1(t)− β̃j−1p̃j−2(t), 2 ≤ j ≤ m+ 1, (20)

where

α̃j = 〈p̃j−1, tp̃j−1〉 (21)

and β̃j > 0 is defined by the requirement that 〈p̃j , p̃j〉 = 1. It follows from (18) and
(7) that for polynomials f and g such that fg ∈ P

2m−1, we have

〈f, g〉 = (f, g) = I(fg).

Application of this equality to (15), (16), (20), and (21) yields

α̃j = αj , 1 ≤ j ≤ m,

β̃j = βj , 1 ≤ j < m.

Therefore, p̃j = pj for 0 ≤ j < m.
Consider the polynomial

p̆m(t) := (t− α̃m)p̃m−1(t)− β̃m−1p̃m−2(t), (22)

which also can be expressed as

p̆m(t) = (t− αm)pm−1(t)− βm−1pm−2(t). (23)

This polynomial is a multiple of pm and, therefore, Gmp̆2m = 0. It follows from
(16), (21), (22), and (23) that

β̃2
m = 〈p̆m, p̆m〉 = 2I(p̆2m)− Gm(p̆2m) = 2I(p̆2m) = 2(p̆m, p̆m) = 2β2

m.

We may choose β̃m =
√
2βm. Then the symmetric tridiagonal matrix associated

with the anti-Gauss rule G̃m+1 is given by

T̃m+1 :=




α1 β1 0
β1 α2 β2

β2 α3

. . .

. . .
. . . βm−1

βm−1 αm

√
2βm

0
√
2βm αm+1




∈ R
(m+1)×(m+1). (24)

The entries of T̃m+1 can be computed by carrying out m + 1 steps of the
symmetric Lanczos process (12). Analogously to the formula (17), the anti-Gauss
rule (10) can be evaluated according to

G̃m+1f = eT1 f(T̃m+1)e1. (25)
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We remark that the pair of quadrature rules Gmf and G̃m+1f may yield tighter
error bounds than pairs of Gmf and an associated (m+1)-point Gauss-Radau rule.
This is illustrated in [14, Examples 1 and 2].

The computation of G̃m+1f requires one more step of the symmetric Lanczos
process and, hence, one more matrix-vector product evaluation with the matrix
A, than the computation of Gmf . When the matrix A is large, the computational
effort required for evaluating each matrix-vector product may be significant. We
therefore would like to modify the anti-Gauss rule G̃m+1f so that its computation
does not require more matrix-vector product evaluations than the computation
of Gmf . Note that the last subdiagonal entry of the matrix (24) is available after
m steps of the symmetric Lanczos process; the (m + 1)st step is only required
to determine the last diagonal element of the matrix. We propose to replace the
last diagonal entry of the matrix (24) by an available scalar α̂m+1 and denote the
matrix so obtained by T̂m+1. The associated quadrature rule is given by

Ĝm+1f = eT1 f(T̂m+1)e1. (26)

We refer to this quadrature rule as a simplified anti-Gauss rule. The results devel-
oped in this section hold for an arbitrary last diagonal entry α̂m+1 ∈ R of T̂m+1

and Section 6 reports computed results for several choices of α̂m+1. We found the
choice α̂m+1 := αm to perform well.

The evaluation of the simplified anti-Gauss rule (26) is inexpensive when the
Gauss rule Gmf already has been computed. In particular, no matrix-vector prod-
uct evaluations, in addition to those required to determine Gmf , are required. The
remainder of this section explores some properties of the quadrature rule (26).

Assume for the moment that we can carry out n steps of the Lanczos pro-
cess without breakdown. This yields an orthonormal basis {uj}nj=1 for Rn and an

associated sequence of orthonormal polynomials {pj}n−1
j=0 defined by (14). We have

f(t) =
n−1∑

j=0

ηjpj(t), t ∈ λ(A), (27)

where λ(A) denotes the spectrum of A. Since Ip0 = 1 and Ipj = 0 for j > 0,
application of the operator I to (27) gives If = η0. Therefore, applying the Gauss
rule Gm to (27), using the property (7), yields

Gmf = If +
n−1∑

j=2m

ηjGmpj . (28)

Theorem 1 The quadrature rule (26) satisfies

Ĝm+1f = If ∀f ∈ P
2m−1, (29)

Ĝm+1f = (2I − Gm)f ∀f ∈ P
2m. (30)

Assume that the coefficients ηj in (27) satisfy

|η2mGmp2m| ≥ max





∣∣∣∣∣∣

n−1∑

j=2m+1

ηjGmpj

∣∣∣∣∣∣
,

∣∣∣∣∣∣

n−1∑

j=2m+1

ηj Ĝm+1pj

∣∣∣∣∣∣



 . (31)

Then the quadrature rules Gmf and Ĝm+1f bracket If .
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Proof Property (29) follows from the fact that the matrix T̂m+1 has the leading
principal submatrix (13). Turning to (30), we observe that the entries of the ma-
trix (24) can be determined by the Chebyshev algorithm applied to the functional
2I − Gm in the order α1, β1, α2, . . . ,

√
2βm, αm+1. A description of the modified

Chebyshev algorithm is provided by Gautschi [23, Section 2.1.7]; the (standard)
Chebyshev algorithm is a special case. Each coefficient increases the degree of pre-
cision of the quadrature rule defined by (25) by one. In particular, the coefficients
α1 through

√
2βm define the quadrature rule (26) for (19) that is exact at least

for all f ∈ P
2m.

To show (31), we apply the simplified anti-Gauss rule (26) to the expansion
(27). Using (30), we obtain

Ĝm+1f =
n−1∑

j=0

ηj Ĝm+1pj =
2m∑

j=0

ηj(2I − Gm)pj +
n−1∑

j=2m+1

ηj Ĝm+1pj

= If − η2mGmp2m +
n−1∑

j=2m+1

ηj Ĝm+1pj . (32)

Property (31) now follows by combining (28) and (32).

Theorem 1 shows that when the coefficients ηj in the expansion (27) converge
to zero sufficiently quickly with increasing index j, the Gauss rule Gmf and the
associated simplified anti-Gauss rule Ĝm+1f yield quadrature errors of opposite
sign. It is therefore natural to consider the average quadrature rule

A2m+1f :=
1

2
(Gm + Ĝm+1)f. (33)

It follows from (27) and (32) that

A2m+1f = If +
n−1∑

j=2m+1

ηjA2m+1pj ,

which shows that the quadrature rule (33) is exact for all f ∈ P
2m. Laurie [30]

introduced an analogous average rule defined with the aid of the anti-Gauss rule
(10).

3 Simplified anti-Gauss rules for nonsymmetric matrix functionals

We extend the discussion of the previous section to matrix functionals of the
form (1) with a large, possibly nonsymmetric, matrix A ∈ R

n×n, and vectors
v, w ∈ R

n such that vTw = 1. Assume that A is diagonalizable, i.e., that A can
be factored according to (3). The computation and application of the quadrature
rules to be discussed in this section do not require A to be diagonalizable, but this
assumption simplifies the presentation. When A is nonsymmetric, the eigenvector
matrix S ∈ C

n×n generally is not orthogonal.
Let f(A) be defined by (4). Note that some eigenvalues may be complex-valued

and the eigenvector matrix S in (3) may have complex-valued entries. Introduce
the vectors

[ν1, ν2, . . . , νn] := wTS, [ν′1, ν
′
2, . . . , ν

′
n] := (S−1v)T .
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Then (1) can be expressed as

F (A) = wTSf(Λ)S−1v =
n∑

j=1

f(λj)νjν
′
j . (34)

We can represent the right-hand side of (34) by an integral with a measure dω(z)
with support in the complex plane, i.e.,

If :=

∫
f(z)dω(z).

It follows from vTw = 1 that
∫
dω(z) = 1.

The m-point Gauss quadrature rule associated with the measure dω, if it exists,
is of the form

Gmf :=
m∑

j=1

f(ζj)γjγ
′
j , γj , γ

′
j ∈ C, (35)

and is characterized by

If = Gmf ∀f ∈ P
2m−1.

The nodes ζj of the quadrature rule (35) are known to be the zeros of an mth
degree orthogonal polynomial with respect to the bilinear form

[f, g] := I(fg); (36)

see [16,20,26] for discussions. The weights γjγ
′
j are defined below.

Introduce the (m+ 1)-point anti-Gauss rule

G̃m+1f :=
m+1∑

j=1

f(ζ̃j)γ̃j γ̃
′
j , γ̃j , γ̃

′
j ∈ C, (37)

associated with the measure dω(z). It is determined by the requirement that

(I − G̃m+1)f = −(I − Gm)f ∀f ∈ P
2m+1. (38)

Gauss and anti-Gauss quadrature rules with respect to the measure dω(z) can
be computed conveniently by the nonsymmetric Lanczos process applied to the
matrix A with initial vectors v and w; see, e.g., Fenu et al. [20]. It is well known
that the nonsymmetric Lanczos process may break down, however, in the present
section we assume that m is small enough for this not to take place within m+ 1
steps; see Bai et al. [2] for an implementation of the nonsymmetric Lanczos method.

Application of m steps of the nonsymmetric Lanczos process to A with initial
vectors v and w yields the decompositions

AUm = UmTm + βmum+1e
T
m,

ATVm = VmTT
m + β′

mvm+1e
T
m,

(39)
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where the matrices Um = [u1, u2, . . . , um] ∈ R
n×m, Vm = [v1, v2, . . . , vm] ∈ R

n×m

and the vectors um+1, vn+1 ∈ R
n satisfy UT

mVm = Im, uTm+1vm+1 = 1, UT
mvm+1 =

0, V T
mum+1 = 0, u1 := v, v1 := w, and βm, β′

m ∈ R+. Moreover,

Tm :=




α1 β′
1 0

β1 α2 β′
2

β2 α3

. . .

. . .
. . . β′

m−2

βm−2 αm−1 β′
m−1

0 βm−1 αm




∈ R
m×m (40)

is a (generally nonsymmetric) tridiagonal matrix. We assume that m is small
enough so that the decompositions (39) exist.

The relations (39) between the columns uj of Um and vj of Vm show that

uj = pj−1(A)v,

vj = qj−1(A
T )w,

1 ≤ j ≤ m+ 1, (41)

for certain polynomials pj−1 and qj−1 of degree j−1. It follows from the biorthonor-
mality of the vectors uj and vk that

[qk−1, pj−1] =

∫
qk−1(z)pj−1(z)dω(z) = wTSqk−1(Λ)pj−1(Λ)S

−1v

= wT qk−1(A)pj−1(A)v = vTk uj =

{
0, j 6= k,

1, j = k.

Thus, the polynomials qk and pj are biorthonormal with respect to the bilinear
form (36). The relations between the columns uj of Um and vk of Vm expressed by
(39) yield recurrence relations for the polynomials pj and qj . They are given by

[p0(z), p1(z), . . . , pm−1(z)]Tm = z [p0(z), p1(z), . . . , pm−1(z)]
−βm [0, . . . , 0, pm(z)] ,

[q0(z), q1(z), . . . , qm−1(z)]T
T
m = z [q0(z), q1(z), . . . , qm−1(z)]

−β′
m [0, . . . , 0, qm(z)] ,

which shows that the eigenvalues of Tm are zeros of pm (and of qm). We will assume
that the matrix Tm has m distinct eigenvalues ζ1, ζ2, . . . , ζm.

Proposition 1 The Gauss rule (35) can be expressed as

Gmf = eT1 f(Tm)e1, (42)

where Tm is defined by (40). Substituting the spectral factorization Tm = ZmDmZ−1
m

into (42) yields

Gmf = eT1 Zmf(Dm)Z−1
m e1, (43)

which shows that the nodes of Gm are the eigenvalues of Tm and the weights are the

products of entries of the first row of the eigenvector matrix, eT1 Zm = [γ1, γ2, . . . , γm]
and the entries of the first column of its inverse Z−1

m e1 = [γ′1, γ
′
2, . . . , γ

′
m]T .
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Proof Proofs can be found in [16,20,26]. Commonly the form of (43) is shown
first, from which the expression (42) easily follows. These proofs assume that the
matrix Tm is diagonalizable. This is the generic situation. The case when Tm is
defective is discussed by Pozza et al. [34].

We turn to anti-Gauss rules (37) associated with the measure dω(z). It follows
from (38) that

G̃m+1f = (2I − Gm)f ∀f ∈ P
2m+1,

i.e., G̃m+1 is the (m+ 1)-point Gauss rule for the functional

J f := (2I − Gm)f.

Introduce the bilinear form
{f, g} := J (fg),

and let p̃0, p̃1, p̃2, . . . and q̃0, q̃1, q̃2, . . . be families of biorthonormal polynomials
with respect to {·, ·}, i.e., {p̃i, q̃j} = 0 for i 6= j, and {p̃i, q̃i} = 1 for all i.

The polynomials p̃i and q̃j satisfy three-term recurrence relations and one can
show that the recursion coefficients are the entries of the tridiagonal matrix

T̃m+1 :=




α1 β′
1 0

β1 α2 β′
2

β2 α3

. . .

. . .
. . . β′

m−1

βm−1 αm

√
2β′

m

0
√
2βm αm+1




∈ R
(m+1)×(m+1).

The derivation of these recurrence coefficients uses the fact that for polynomials
f and g, we have

{f, g} = [f, g] = I(fg) ∀fg ∈ P
2m−1.

The last off-diagonal entries of the matrix T̃m+1 are not uniquely determined; only
their product is required to be 2β′

mβm. Details can be found in [16,20].
The entries of T̃m+1 can be computed by m + 1 steps of the nonsymmetric

Lanczos process, cf. (39). This requires the evaluation of m + 1 matrix-vector
products with both the matrices A and AT . Analogously to formula (42), the
anti-Gauss quadrature rule (37) can be evaluated according to

G̃m+1f = eT1 f(T̃m+1)e1.

A simplified anti-Gauss rule can be defined similarly as in Section 2. Let the
matrix T̂m+1 be determined by replacing the last diagonal entry of T̃m+1 by an
arbitrary real scalar α̂m+1. Then T̂m+1 can be determined by only m steps of the
nonsymmetric Lanczos process and defines the quadrature rule

Ĝm+1f = eT1 f(T̂m+1)e1, (44)

which we refer to as a simplified anti-Gauss rule. The computation of T̂m+1 only
requires the evaluation of m matrix-vector products with each one of the matrices
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A and AT . We will assume that the matrix T̂m+1 has a complete set of linearly
independent eigenvectors. For a discussion of the unusual situation when this is
not the case, we refer to [34].

The following result holds for α̂m+1 being an arbitrary real scalar. We found
in computations the choice α̂m+1 = αm to yield good results. We will comment
on the choice of α̂m+1 further in Section 6.

Theorem 2 The simplified anti-Gauss rule (44) satisfies

Ĝm+1f = If ∀f ∈ P
2m−1, Ĝm+1f = (2I − Gm)f ∀f ∈ P

2m,

where Gm is the Gauss rule (35). Consider the expansion of the integrand

f(t) =
n−1∑

j=0

ηjpj(t), t ∈ λ(A), (45)

in terms of the polynomials pj−1 determined by (41) and assume that the coefficients

ηj in (45) are such that

|η2mGmp2m| ≥ max





∣∣∣∣∣∣

n−1∑

j=2m+1

ηjGmpj

∣∣∣∣∣∣
,

∣∣∣∣∣∣

n−1∑

j=2m+1

ηj Ĝm+1pj

∣∣∣∣∣∣



 .

Then the Gauss rule (35) and the simplified anti-Gauss rule (44) bracket If .

Proof The proof is analogous to that of Theorem 1. A Chebyshev algorithm appli-
cable to the situation when the measure is supported in the complex plane has to
be used. Such an algorithm is described in [12]. Specifically, this reference discusses
a modified Chebyshev algorithm; the Chebyshev algorithm is a special case. The
bracketing follows in the same manner as in the proof of Theorem 1.

Similarly as in Section 2, we define the average quadrature rule

A2m+1 :=
1

2
(Gm + Ĝm+1).

It follows from Theorem 2 that this rule satisfies

A2m+1f = If ∀f ∈ P
2m.

4 Simplified block anti-Gauss rules for functions of a symmetric matrix

This section describes analogues of the quadrature rules of Section 2 that can be
applied to determine element-wise estimates of upper and lower bounds for matrix
functions of the form (2) with a symmetric matrix A ∈ R

n×n and block vectors
W = V ∈ R

n×k with 2 ≤ k ≪ n orthonormal columns. Block Gauss rules of the
kind considered also are discussed in [20,24,25], while block anti-Gauss rules have
been described in [20].

Substituting the spectral factorization (3) into (2) yields

WT f(A)W = W̆f(Λ)W̆T =
n∑

i=1

f(λi)w̆iw̆i =

∫
f(t)dw̆(t) =: If, (46)
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where W̆ = [w̆1, . . . , w̆n] := WTS ∈ R
k×n and w̆ : R → R

k×k is a piece-wise
constant matrix-valued distribution with jumps w̆iw̆

T
i at the eigenvalues λi of A.

There is a sequence of orthonormal polynomials p0, p1, p2, . . . with respect to the
bilinear form defined by dw̆, i.e.,

(pi, pj) := I(pipj) =
{
0, i 6= j,

1, i = j.

The polynomials satisfy a three-term recursion relation of the form

tpj−1(t) = pj(t)Γj + pj−1(t)Ωj + pj−2(t)Γ
T
j−1, j = 1, 2, . . . ,

p0(t) := Ik, p−1(t) := Ok,
(47)

with matrix-valued coefficients Γj , Ωj ∈ R
k×k, where Ωj is symmetric and Γj can

be chosen upper triangular; see, e.g., [20,24,25] for details. Here Ok ∈ R
k×k denotes

the zero matrix. Using the matrix

PN (t) := [p0(t), . . . , pN−1(t)] ∈ R
k×kN ,

the recursion relation (47) can be expressed as

tPN (t) = PN (t)JN + pN (t)ΓNET
N ,

where the matrix

JN :=




Ω1 ΓT
1 0

Γ1 Ω2 ΓT
2

. . .
. . .

. . .

ΓN−2 ΩN−1 ΓT
N−1

0 ΓN−1 ΩN



∈ R

kN×kN (48)

is symmetric, block-tridiagonal, and has bandwidth 2k + 1. This matrix is deter-
mined by N steps of the symmetric block Lanczos process applied to A with initial
block vector V ; see [2,20,24,25] for discussions on the block Lanczos process. Fur-
ther, EN denotes a “block axis vector” with k× k blocks; the Nth block is Ik and
all other blocks vanish.

It is shown in [20,24,25] that

GNf = ET
1 f(JN )E1 (49)

is an N -block Gauss quadrature rule associated with a bilinear form determined
by the matrix measure dw̆, i.e.,

GNf = If ∀f ∈ P
2N−1 (50)

with I defined by (46).
We turn to block anti-Gauss rules. Proceeding similarly as Laurie [30] for the

case of a real-valued positive measure, we define the (N + 1)-block anti-Gauss
quadrature rule G̃N+1 to be an (N + 1)-block quadrature rule such that

(I − G̃N+1)f = −(I − GN )f ∀f ∈ P
2N+1.
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This implies that

G̃N+1f = (2I − GN ) f ∀f ∈ P
2N+1.

Hence, G̃N+1 is the (ordinary) (N + 1)-block Gauss quadrature rule with respect
to the bilinear form determined by the matrix-valued function 2I − GN .

Similarly as above, the block anti-Gauss rule associated with the block Gauss
rule (49) can be expressed as

G̃N+1f = ET
1 f(J̃N+1)E1,

where

J̃N+1 :=




Ω1 ΓT
1 0

Γ1 Ω2 ΓT
2

. . .
. . .

. . .

ΓN−1 ΩN

√
2ΓT

N

0
√
2ΓN Ω̃N+1



∈ R

k(N+1)×k(N+1) (51)

is a symmetric block tridiagonal matrix with one more block row and block column
than the matrix (48); see [20] for details.

The evaluation of the block matrices that make up J̃N+1 requires the applica-
tion of N+1 steps of a symmetric block Lanczos process to the matrix A with initial
block vector V and, therefore, demands the calculation of N+1 matrix-block-vector
products with the matrix A. This is one more matrix-block-vector product than
is required for determining the matrix (48). Analogously as in Section 2, we can
reduce the number of matrix-block-vector products by one by replacing the last
diagonal block, Ω̃N+1, of (51) by an arbitrary symmetric matrix Ω̂N+1 ∈ R

k×k.

We refer to the block tridiagonal k(N +1)×k(N +1) matrix so obtained as ĴN+1.
This matrix defines the simplified block anti-Gauss quadrature rule

ĜN+1f = ET
1 f(ĴN+1)E1. (52)

In calculations reported in Section 6, we let Ω̂N+1 := ΩN , but this choice is not
required for the following results.

Theorem 3 The quadrature rule (52) is exact for all f ∈ P
2N−1. If the last diagonal

block, Ω̂N+1, of the block tridiagonal matrix ĴN+1 agrees with the last diagonal block of

J̃N+1, then the rule (52) is exact for all f ∈ P
2N . This is case, e.g., when the measure

dw̆ is such that all diagonal blocks of J̃N+1 vanish, and we let Ω̂N+1 = Ok.

Proof A proof for the case when Ω̂N+1 equals Ω̃N+1 is provided in [20, Sections

3 and 6]. The proof for the situation when Ω̂N+1 ∈ R
k×k is a general symmet-

ric matrix proceeds analogously as the proof of Theorem 1 with the Chebyshev
algorithm replaced by the symmetric block Chebyshev algorithm. A symmetric
modified block Chebyshev algorithm is described in [15]; the symmetric block
Chebyshev algorithm is a special case.

We conclude this section with a result that shows why pairs of N -block Gauss
rules and simplified (N+1)-block anti-Gauss rules can provide element-wise upper
and lower bounds for (2).
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Theorem 4 Consider the expansion (27) with the pj orthonormal polynomials asso-

ciated with (46) and assume that for some 1 ≤ q, r ≤ k,

|[η2mGNp2m]q,r| ≥ max





∣∣∣∣∣∣




n−1∑

j=2N+1

ηjGNpj



q,r

∣∣∣∣∣∣
,

∣∣∣∣∣∣




n−1∑

j=2N+1

ηj ĜN+1pj



q,r

∣∣∣∣∣∣



 ,

where [M ]q,r denotes the (q, r)-entry of the matrix M ∈ R
k×k. Then [GNf ]q,r and

[ĜN+1f ]q,r bracket [If ]q,r.

Proof It follows from (50) that

GNf = If +
n−1∑

j=2N

ηjGNpj . (53)

Moreover,

ĜN+1f =
n−1∑

j=0

ηj ĜN+1pj =
2N∑

j=0

ηj(2I − GN )pj +
n−1∑

j=2N+1

ηj ĜN+1pj

= If − η2NGNp2N +
n−1∑

j=2N+1

ηj ĜN+1pj , (54)

and the desired result follows.

Corollary 1 The average rule

AN+1 :=
1

2
(GN + ĜN+1) (55)

is exact for all f ∈ P
2N . The rule is exact for all f ∈ P

2N+1 if the last diagonal block

Ω̂N+1 of the block tridiagonal matrix ĴN+1 agrees with the last diagonal block of J̃N+1.

Proof The exactness of the rule (55) follows by adding the expansions (53) and
(54). When the last diagonal block Ω̂N+1 of ĴN+1 agrees with the last diagonal

block of J̃N+1, then the simplified block anti-Gauss rule ĜN+1 is the block anti-

Gauss rule G̃N+1 and the result is shown in [20].

5 Simplified block anti-Gauss rules for functions of a nonsymmetric matrix

We consider functions (2) with a large, possibly nonsymmetric, matrix A ∈ R
n×n

and block vectors V,W ∈ R
n×k, 2 ≤ k ≪ n, such that V TW = Ik. Our derivation

assumes that A is diagonalizable, but this is not necessary for the application of
the block quadrature rules considered; this is similar to the situation of Section 3.
Substituting the spectral factorization (3) with the possibly complex eigenvector
matrix S into (2) and letting

[w1, . . . , wn] := WTS ∈ C
k×n, [w′

1, . . . , w
′
n] := (S−1V )T ∈ C

k×n,
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we obtain

WT f(A)V =
n∑

i=1

f(λi)wiw
′T
i =: If, (56)

Thus, I can be thought of as an integral operator associated with a complex
matrix-valued measure with support in the complex plane. There are two sequences
of polynomials pj and qj , j = 0, 1, . . ., that are biorthonormal with respect to the
bilinear form (f, g) := I(fg) determined by the matrix-valued function I in (56).
Define

PN (λ) := [p0(λ), . . . , pN−1(λ)] ∈ R
k×kN ,

QN (λ) := [q0(λ), . . . , qN−1(λ)] ∈ R
k×kN .

The recursion relations for the polynomials pj and qj can be expressed as

λPN (λ) = PN (λ)JN + pN (λ)ΓNET
N ,

λQN (λ) = QN (λ)JT
N + qN (λ)∆NET

N ,

where

JN :=




Ω1 ∆T
1 0

Γ1 Ω2 ∆T
2

. . .
. . .

. . .

ΓN−2 ΩN−1 ∆T
N−1

0 ΓN−1 ΩN



∈ R

kN×kN (57)

is a (generally nonsymmetric) block tridiagonal matrix with k× k blocks. The off-
diagonal blocks can be chosen to be triangular; see [20] for details. The matrix (57)
can be computed by application of N steps of the nonsymmetric block Lanczos
process to A with initial block vectors V,W ∈ R

n×k. We define the quadrature
rule

GNf = ET
1 f(JN )E1. (58)

Under the assumption that the matrix (57) has distinct eigenvalues, it is shown in
[20] that

GNf = If ∀f ∈ P
2N−1.

We therefore refer to (58) as an N -block nonsymmetric Gauss quadrature rule
associated with I given by (56). Similarly as in Section 4, we seek to determine
an associated (N + 1)-block quadrature rule ĜN+1 such that

(I − ĜN+1)f = −(I − GN )f ∀f ∈ P
2N . (59)

It can be shown analogously as in Section 4 that the (N +1)-block nonsymmetric
quadrature rule

ĜN+1f := ET
1 f(ĴN+1)E1, (60)

where

ĴN+1 :=




Ω1 ∆T
1 0

Γ1 Ω2 ∆T
2

. . .
. . .

. . .

ΓN−1 ΩN ∆T
N

0 ΓN Ω̂N+1



∈ R

k(N+1)×k(N+1), (61)
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Table 1 Example 1: F (A) = uT (I +A2)−1u, A a symmetric Toeplitz matrix.

Errors m = 10 m = 11 m = 12
Gmf − F (A) −7.6 · 10−11 −3.4 · 10−11 −1.5 · 10−12

Ĝm+1f − F (A) 9.9 · 10−11 4.1 · 10−11 1.8 · 10−12

A2m+1f − F (A) 1.1 · 10−11 3.4 · 10−12 1.1 · 10−13

with the last diagonal block Ω̂N ∈ R
k×k arbitrary, satisfies (59). The computation

of the matrix (61) requires the application of N steps of the nonsymmetric block
Lanczos process to A with initial block vectors V andW , just like the determination
of the matrix (57). Similarly as in Section 4, one can show that under suitable
conditions the block quadrature rules (58) and (60) bracket (56) component-wise.
The average of the quadrature rules (58) and (60) defines an average rule that is
exact for all f ∈ P

2N . The proofs of these statements are analogous to the proofs
of the corresponding results in Section 4 and therefore are omitted. Numerous
computed examples indicate the choice Ω̂N+1 = ΩN to be suitable.

6 Computed examples

This section presents a few computed examples that illustrate the performance of
the simplified anti-Gauss rules. The computations for all examples were carried
out in MATLAB with approximately 15 significant decimal digits. Unless specified
otherwise, the calculations were done on a MacBook Pro laptop computer with a
2.6 GHz Intel Core i5 processor and 8 GB 1600 MHz DDR3 memory.

The matrices in the first few examples are not large. The purpose of these ex-
amples is to illustrate that pairs of Gauss and simplified anti-Gauss rules provide
upper and lower bounds for the expressions (1) and (2) in a variety of situations.
We compare the computed approximations obtained with quadrature rules to val-
ues determined by explicitly evaluating the functions (1) and (2). The last few
examples discuss applications to network analysis and are too large to allow the
evaluation of (1) and (2) on the MacBook Pro laptop computer.

Example 1 We would like to compute approximations of the functional

F (A) := uT (I +A2)−1u,

with a symmetric Toeplitz matrix A ∈ R
200×200 with first row [1, 1/2, 1/3, . . . , 1/200].

The vector u has normally distributed entries with zero mean and is normalized
to be of unit norm. Table 1 displays the errors in approximations obtained by
Gauss, simplified anti-Gauss, and average quadrature rules with the integrand
f(t) := 1/(1 + t2) with α̂m+1 = αm. The exact value is F (A) ≈ 1.358 · 10−2. The
table shows the errors in Ĝm+1f and Gmf to have opposite sign and about the same
magnitude for each value of m. The average rules are seen to be most accurate.

We remark that the results achieved with the rule Ĝm+1 are not very sensitive
to the choice of the last diagonal entry α̂m+1 of the symmetric tridiagonal matrix
T̂m+1 in (26), as long as this entry is roughly of the same size as the unknown
last diagonal entry of the tridiagonal matrix Tm+1, which is defined by (13) with
m replaced by m+ 1. For instance, α̂m+1 = (αm + αm−1)/2 gives essentially the
same results as those shown in Table 1.
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Table 2 Example 2: F (A) = uT (I +A2)−1v, A a nonsymmetric Toeplitz matrix.

Errors m = 14 m = 15 m = 17
Gmf − F (A) −2.4 · 10−3 1.9 · 10−3 6.0 · 10−4

Ĝm+1f − F (A) 2.1 · 10−3 −2.0 · 10−3 −5.3 · 10−4

A2m+1f − F (A) −1.4 · 10−4 −3.9 · 10−5 3.7 · 10−5

It is interesting compare the error of the (standard) anti-Gauss rules G̃m+1f

to the error of the simplified anti-Gauss rules Ĝm+1f . We have

G̃11f −F (A) = 1.2 ·10−10, G̃12f −F (A) = 4.4 ·10−11, G̃13f −F (A) = 1.6 ·10−12.

Thus, the errors in Ĝ11f and G̃12f are slightly smaller than those in the correspnd-
ing anti-Gauss rules, and so are the errors in the corresponding average rules. The
error in G̃13f is seen to be slightly smaller than the error in Ĝ13f . We conclude
that the simplified anti-Gauss rules give about the same errors as the (standard)
anti-Gauss rules.

There are other ways to estimate the error in the computed approximations of
F (A) := uT (I+A2)−1u than using pairs of Gauss and simplified anti-Gauss rules or
pairs of Gauss and anti-Gauss rules. One may, for instance, evaluate pairs of Gauss
and Gauss–Radau rules with the latter having a prescribed node at the origin. All
eigenvalues of A are positive. Therefore such Gauss–Radau rules are well defined.
Let Rm+1f denote this kind of (m + 1)-node Gauss–Radau rule. The evaluation
of Rm+1f requires the calculation of m matrix-vector products with the matrix
A, just like the evaluation of Ĝm+1f . We find for m = 12 that Rm+1f − F (A) =
−3.9 · 10−12. Comparison with results of Table 1 shows that the pair of rules Gmf

and Rm+1f do not bracket F (A), though |Gmf − Rm+1f | = 2.4 · 10−12 provides
the correct order of the error in Gmf . The error of the average 1

2 (Gmf +Rm+1f)
is −2.7 · 10−12, which is larger than the error in A2m+1f ; cf. Table 1.

We turn to the use of the difference of two Gauss rules as an error estimator and
obtain for m = 10 the estimate Gm+1f −Gmf = −4.1 · 10−11 for the error in Gmf .
A comparison with Table 1 shows this estimate to be of too small magnitude. It is
well known that Gm+1f − Gmf may provide a poor estimate of the error in Gmf ;
see [17]. Another reason for not using this error estimator is that its evaluation
requires the same number of matrix-vector product evaluations as the computation
of G11f , Ĝ11f , and A23f . Table 1 shows G11f and Ĝ11f to bracket F (A), and the
rule A23f to yield significantly higher accuracy than G10f and G11f . ✷

Example 2 We determine approximations of the functional

F (A) := uT (I +A2)−1v,

where A is a 200 × 200 real nonsymmetric Toeplitz matrix with first row and
column [1, 1/2, 1/3, . . . , 1/200] and [1, 1, . . . , 1]T , respectively. The vectors u and
v have normally distributed random entries with zero mean; they are scaled so
that uT v = 1. Table 2 shows the errors in approximations determined by Gauss,
simplified anti-Gauss, and average quadrature rules for m = 14, 15, 17. We report
results for α̂m+1 = αm, but found the performance of the rules Ĝm+1f not to be
sensitive to small changes of α̂m+1. The exact value F (A) is very close to zero and



20 Hessah Alqahtani, Lothar Reichel

5 10 15 20 25 30 35 40 45

-15

-10

-5

0

5

10

15

Fig. 1 Example 2: Eigenvalues (marked by ’o’) of the matrix A in the complex plane. The
horizontal and vertical axes mark the real and imaginary parts, respectively.

Table 3 Example 3: F (A) = UT exp(A)U , A symmetric indefinite.

Errors m = 13 m = 14

Gmf − F (A)

[
−0.267 −0.046
−0.046 −0.393

]
· 10−3

[
−0.150 −0.047
−0.047 −0.204

]
· 10−4

Ĝm+1f − F (A)

[
0.272 0.040
0.040 0.390

]
· 10−3

[
0.130 0.036
0.036 0.214

]
· 10−4

Am+1f − F (A)

[
0.270 −0.309

−0.309 −0.167

]
· 10−5

[
−0.966 −0.564
−0.564 0.489

]
· 10−6

lies between the values Gmf and Ĝm+1f for all m. The average rules are the most
accurate quadrature rules.

We note that the errors in Table 2 are much larger than the corresponding
errors in Table 1. This depends on that the matrix A in Example 1 is symmetric
with its eigenvalues in the interval [0.38, 8.94], while the matrix A in the present
example is nonsymmetric with eigenvalues in a large area of the complex plane;
see Figure 1. ✷

The following two examples are concerned with matrix-valued functions of the
form (2), where V and W are block vectors with two columns each. The approach
to bracket matrix functionals described in [24,25] is not guaranteed to yield error-
bounds for these examples.

Example 3 We would like to compute an approximation of the function

F (A) := UT exp(A)U,

where A is a 100× 100 real symmetric matrix with randomly generated uniformly
distributed eigenvalues in the interval [−5, 5] and U ∈ R

100×2 is a block vector with
random orthonormal columns. Table 3 shows the difference between the exact value

F (A) ≈
[
1.491 0.840
0.840 1.575

]
· 104

and the approximations determined by block Gauss, simplified block anti-Gauss,
and average block quadrature rules. We observe that the component-wise errors of
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Table 4 Example 4: F (A) = UT exp(A)V , A nonsymmetric.

Errors m = 2 m = 3

Gmf − F (A)

[
0.039 0.036
0.200 0.186

]
· 10−3

[
0.019 0.019
0.099 0.102

]
· 10−7

Ĝm+1f − F (A)

[
−0.039 −0.036
−0.201 −0.187

]
· 10−3

[
−0.018 −0.019
−0.095 −0.098

]
· 10−7

Am+1f − F (A)

[
−0.077 −0.007
−0.422 −0.050

]
· 10−6

[
0.035 0.037
0.184 0.193

]
· 10−9

Gmf and Ĝm+1f are of opposite sign and of about the same magnitude. The choice
m = 13 yields about 3 correct decimal digits in the block Gauss and simplified block
anti-Gauss rules. Smaller errors are obtained for m = 14. The average block rules
yield the smallest component-wise errors. The exact value of F (A) is evaluated
with the MATLAB function expm.

Table 3 displays results for Ω̂N+1 = ΩN . Also the choices Ω̂N+1 = Ok and

Ω̂N+1 = Ik gives quadrature rules with componentwise errors of the same sign
and of about the same size as the errors shown in the table. ✷

Example 4 Consider the matrix function

F (A) := UT exp(A)V,

where A is a 300× 300 real nonsymmetric matrix with uniformly distributed ran-
dom entries in the interval [0, 1/300]. The matrix is generated with the MAT-
LAB command A=rand(300)/300. The random block vectors U, V ∈ R

300×2 satisfy
UTV = I. We have

F (A) ≈
[
1.010 0.002

0.041 1.018

]
.

Table 4 shows the component-wise errors in computed approximations of F (A)
determined by block Gauss, simplified block anti-Gauss with Ω̂N+1 = ΩN , and
average block quadrature rules. The approximations of F (A) obtained by block
Gauss and simplified block anti-Gauss rules have about 3 and 7 correct decimal
digits form = 2 andm = 3, respectively. The average block rules are more accurate.
✷

The remaining computed examples are concerned with the analysis of large
networks. We first briefly review the application of matrix functions to network
analysis. Further details can be found in, e.g., [6,8,18,20]. A network is identified
by a graph G = {V, E} that is defined by a set of vertices V and a set of edges
E. We assume G to be a large unweighted graph with n nodes without self-loops
and multiple edges. Both undirected graphs, in which travel can occur in both
directions along each edge, and directed graphs, in which some or all edges are “one
way streets” will be considered. The adjacency matrix A = [Aij ]

n
i,j=1 associated

with G has the entry Aij = 1 if there is an edge from node i to node j, and Aij =
0 otherwise. The adjacency matrix is symmetric if and only if G is undirected.
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Table 5 Example 5: Subgraph centrality for the vertices 100, 224, and 1000 of the Yeast
network.

Errors i = 100 i = 224 i = 1000
f(A)ii 3.9 · 100 9.1 · 102 1.0 · 101

Gmf − [f(A)]ii 3.5 · 10−11 4.1 · 10−9 3.5 · 10−10

Ĝm+1f − [f(A)]ii −3.8 · 10−11 −3.6 · 10−9 −3.9 · 10−10

A2m+1f − [f(A)]ii −1.4 · 10−12 2.5 · 10−10 −2.7 · 10−11

Table 6 Example 5: F (A) = uT exp(A)u, A is the symmetric adjacency matrix for the Yeast
network, u = [1, 1, . . . , 1]T .

Errors m = 7 m = 9 m = 12
Gmf − F (A) −5.8 · 10−2 −2.0 · 10−4 −5.1 · 10−9

Ĝm+1f − F (A) 5.5 · 10−2 2.1 · 10−4 5.4 · 10−9

A2m+1f − F (A) −1.7 · 10−3 2.2 · 10−6 1.7 · 10−10

Typically, the number of edges is much smaller than n2. Therefore the adjacency
matrix generally is sparse.

A walk of length k is a sequence of vertices v1, v2, . . . , vk such that there is an
edge from vertex vi to vertex vi+1 for i = 1, 2, . . . , k − 1. Vertices and edges may

be repeated. The entry
[
Aℓ

]
ij

of the matrix Aℓ is equal to the number of walks of

length ℓ starting at node i and ending at node j. Thus, given a function

f(A) =
∞∑

ℓ=0

cℓA
ℓ (62)

with positive coefficients cℓ chosen to guarantee convergence, the entry [f(A)]ij
can be interpreted as a measure of the ease of traveling from node i to node j

within the network. The term c0Im has no specific meaning and is introduced for
convenience. The coefficients cℓ are generally chosen as decreasing functions of ℓ.
This reduces the contribution to f(A) of long walks. A popular choice is cℓ = 1/ℓ!
for all ℓ ≥ 0, which yields f(A) = exp(A) and will be used in the computed
examples below; see, e.g., Estrada and Higham [18] for a discussion of this and
other matrix functions for network analysis. Vertex i is considered important when
the entry [f(A)]ii = eTi f(A)ei is (relatively) large. This entry is referred to as the
subgraph centrality of node i. We will use the quadrature rules discussed in this
paper to approximate the subgraph centrality of several nodes.

It is easy to communicate between the vertices i and j if [f(A)]ij = eTi f(A)ej
is (relatively) large. Let e = [1, 1, . . . , 1]T . The quantity eT f(A)e is referred as
the total communicability of a network. A large value indicates that it is easy to
communicate within the network; see Benzi and Klymko [8] for details. We will
approximate the total communicability of several networks by using quadrature
rules.

Example 5 We consider the network Yeast, which is represented by an undirected
graph with 2114 vertices and 4480 edges. It describes the protein interaction of
yeast. Each edge represents an interaction between two proteins [28,35]. The data
set was originally included in the Notre Dame Networks Database and is now
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Table 7 Example 6: Subgraph centrality for the vertices 50, 250, and 400 of the Air500
network.

Errors i = 50 i = 250 i = 400
f(A)ii 6.7 · 1033 1.8 · 1033 7.9 · 1033

Gmf − f(A)ii 3.2 · 1022 1.4 · 1023 2.7 · 1023

Ĝm+1f − f(A)ii −7.0 · 1022 −9.8 · 1022 −2.7 · 1022

A2m+1f − f(A)ii 1.9 · 1022 2.3 · 1022 −1.6 · 1021

Table 8 Example 6: F (A) = uT exp(A)u, A is the nonsymmetric adjacency matrix for the
Air500 network, u = [1, 1, . . . , 1]T .

Errors m = 7 m = 9 m = 12
Gmf − F (A) −1.8 · 1032 −9.3 · 1028 −7.3 · 1023

Ĝm+1f − F (A) 2.1 · 1032 9.9 · 1028 7.4 · 1023

A2m+1f − F (A) 1.6 · 1031 2.7 · 1027 5.2 · 1021

available at [4]. We determine the subgraph centrality [f(A)]ii for the vertices
i = 100, i = 224, and i = 1000. Table 5 shows the exact values as well as the
errors in approximations calculated by 12-node Gauss and simplified anti-Gauss
rules. The computation of these rules requires 12 steps of the symmetric Lanczos
process applied to A with initial vector ei. In this manner, we obtain quadrature
rules that yield very accurate approximations of [f(A)]ii that bracket the exact
values for all vertices; vertex 224 has the largest subgraph centrality among the
vertices considered. A preprocessing technique for determining which ones of all
the vertices in the network may have the largest subgraph centrality is described
in [19].

We remark that upper and lower bounds for the subgraph centrality of a vertex
can be determined by evaluating pairs of Gauss and Gauss-Radau rules as proposed
by Golub and Meurant [24,25]. This approach is illustrated by Benzi and Boito
[6]. It requires that a lower bound for the eigenvalues of the adjacency matrix A

be available.
The total communicability F (A) = eT exp(A)e, where e = [1, 1, . . . , 1]T is ap-

proximately 221.35. Table 6 shows the errors in computed approximations of the
total communicability determined by Gauss, simplified anti-Gauss, and average
quadrature rules. Quadrature rules with only a few nodes are required to yield ap-
proximations with higher accuracy than what typically is required in applications.
The approximations determined by Gauss and simplified anti-Gauss rules bracket
the exact value. ✷

Example 6 We consider the Air500 network with 500 vertices and 24009 edges. This
network describes flight connections between the top 500 airports based on total
passenger volume worldwide within one year from July 1, 2007, to June 30, 2008;
see [9,31]. The network is directed, i.e., the adjacency matrix is nonsymmetric.

Table 7 displays the subgraph centrality for the vertices 50, 250, and 400. Gauss
and simplified anti-Gauss quadrature rules with m = 12 nodes are seen to bracket
the subgraph centralities and yield very high relative accuracy.

Table 8 shows the errors of computed approximations of the total communi-
cability by Gauss, simplified anti-Gauss, and average quadrature rules. The exact
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Table 9 Example 7: F (A) = uT exp(A)u, A is the nonsymmetric adjacency matrix for the
Wikivote network, u = [1, 1, . . . , 1]T .

Errors m = 7 m = 10
Gmf − F (A) 4.5 · 1014 2.1 · 1010

Ĝm+1f − F (A) −8.7 · 1014 −1.3 · 109

A2m+1f − F (A) −2.1 · 1014 4.1 · 109

value is F (A) = 3.8328·1035. Thus, the errors shown in Table 8 are of small relative
magnitude. The approximations determined by Gauss and simplified anti-Gauss
rules bracket the exact values. ✷

Example 7 Our last example computes approximations of the total communicabil-
ity for the directed Wikivote network with 8297 vertices and 103689 edges. The
network is for administrator elections and provides vote history data: a directed
edge from vertex i to vertex j indicates that voter i voted for candidate j. The data
set is available at SNAP (Stanford Network Analysis Platform) Network Data Sets
[36]. This network yields a matrix A that is much larger than in the previous ex-
amples. We are able to evaluate the approximations of the total communicability
reported in Table 9 on the MacBook pro laptop computer used for all previous
examples, however, the evaluation of the exact value F (A) ≈ 1.0796 · 1019 by com-
puting the matrix exponential of the adjacency matrix requires a more powerful
computer. Table 9 shows the errors in computed approximations determined by
Gauss, simplified anti-Gauss, and average quadrature rules. ✷

7 Conclusion

We derived new simplified anti-Gauss quadrature rules and discussed their eval-
uation. The advantage of these rules, when compared with the anti-Gauss rules
discussed in [20], is that they are cheaper to evaluate. Their use is attractive when
the computation of the recursion coefficients for orthogonal polynomials is expen-
sive. Computed examples illustrate that pairs of Gauss and simplified anti-Gauss
quadrature rules yield upper and lower bounds for many matrix functions. When
the matrix functions are matrix-valued, the computed upper and lower bounds are
element-wise.

Acknowledgement

The authors would like to thank Gérard Meurant for comments that lead to im-
provements of the presentation.

References

1. J. Baglama, C. Fenu, L. Reichel, and G. Rodriguez, Analysis of directed networks via

partial singular value decomposition and Gauss quadrature, Linear Algebra Appl., 456
(2014), pp. 93–121.



Simplified Anti-Gauss Quadrature Rules with Applications in Linear Algebra 25

2. Z. Bai, D. Day, and Q. Ye, ABLE: An adaptive block Lanczos method for non-Hermitian

eigenvalue problems, SIAM J. Matrix Anal. Appl., 20 (1999), pp. 1060–1082.
3. Z. Bai, M. Fahey, and G. H. Golub, Some large scale matrix computation problems, J.

Comput. Appl. Math., 74 (1996), pp. 71–89.
4. V. Batagelj and A. Mrvar, Pajek data sets, (2006). Available at

http://vlado.fmf.uni-lj.si/pub/networks/data/
5. M. Bellalij, L. Reichel, G. Rodriguez, and H. Sadok, Bounding matrix functionals via

partial global block Lanczos decomposition, Appl. Numer. Math., 94 (2015), pp. 127–139.
6. M. Benzi and P. Boito, Quadrature rule-based bounds for functions of adjacency matrices,

Linear Algebra Appl., 433 (2010), pp. 637–652.
7. M. Benzi, E. Estrada, and C. Klymko, Ranking hubs and authorities using matrix func-

tions, Linear Algebra Appl., 438 (2013), pp. 2447–2474.
8. M. Benzi and C. Klymko, Total communicability as a centrality measure, J. Complex

Networks, 1 (2013), pp. 1–26.
9. Biological Networks Data Sets of Newcastle University. Available at

http://www.biological-networks.org/
10. C. Brezinski, P. Fika, and M. Mitrouli, Moments of a linear operator on a Hilbert space,

with applications to the trace of the inverse of matrices and the solution of equations,
Numer. Linear Algebra Appl., 19 (2012), pp. 937–953.

11. C. Brezinski, P. Fika, and M. Mitrouli, Estimations of the trace of powers of positive

self-adjoint operators by extrapolation of the moments, Electron. Trans. Numer. Anal., 39
(2012), pp. 144–155.

12. D. Calvetti, G. H. Golub, and L. Reichel, An adaptive Chebyshev iterative method for

nonsymmetric linear systems of equations based on modified moments, Numer. Math., 67
(1997), pp. 21–40.

13. D. Calvetti, P. C. Hansen, and L. Reichel, L-curve curvature bounds via Lanczos bidiag-

onalization, Electron. Trans. Numer. Anal., 14 (2002), pp. 20–35.
14. D. Calvetti, S. Morigi, L. Reichel, and F. Sgallari, Computable error bounds and estimates

for the conjugate gradient method, Numer. Algorithms, 25 (2000), pp. 79–88.
15. D. Calvetti and L. Reichel, Application of a block modified Chebyshev algorithm to iterative

solution of symmetric linear systems with multiple right hand side vectors, Numer. Math.,
68 (1994), pp. 3–16.

16. D. Calvetti, L. Reichel, and F. Sgallari, Application of anti-Gauss quadrature rules in

linear algebra, in Applications and Computation of Orthogonal Polynomials, W. Gautschi,
G. H. Golub, and G. Opfer, eds., Birkhäuser, Basel, 1999, pp. 41–56.
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