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SUMMARY

Large linear discrete ill-posed problems with contaminated data are often solved with the aid of Tikhonov
regularization. Commonly used regularization matrices are finite difference approximations of a suitable
derivative and are rectangular. This paper discusses the design of square regularization matrices that can be
used in iterative methods based on the Arnoldi process for large-scale Tikhonov regularization problems.
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1. INTRODUCTION

This paper is concerned with the computation of approximate solutions of largelinear systems of
equations

Ax = b (1)

with a matrixA ∈ R
n×n whose singular values “cluster” at the origin. In particular,A is severely

ill-conditioned and may be singular. Linear systems of equations (1) with a matrixof this kind are
commonly referred to as linear discrete ill-posed problems. They arise fromthe discretization of
linear ill-posed problems, but also may originate in discrete form, for instance, in image restoration
problems. The right-hand sideb ∈ R

n represents available data and is assumed to be contaminated
by an errore ∈ R

n caused by measurement inaccuracies, i.e.,

b = b̂ + e, (2)

whereb̂ denotes the unavailable error-free vector associated withb. We will sometimes refer to the
errore as “noise.” The unknown error-free system

Ax = b̂ (3)

is assumed to be consistent; we denote its solution of minimal Euclidean norm byx̂. Our task is to
determine an approximation of̂x by computing an approximate solution of (1). Due to the severe
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2 M. DONATELLI, A. NEUMAN, L. REICHEL

ill-conditioning of A and the presence of the errore in b, straightforward solution of (1) typically
does not furnish a meaningful approximation ofx̂.

The Tikhonov regularization method is one of the most popular approachesto determine an
approximation of̂x. This method replaces the linear system of equations (1) by a penalized least-
squares problem of the form

min
x∈Rn

{‖Ax − b‖2 + µ‖Lx‖2}. (4)

Here and throughout this paper‖ · ‖ denotes the Euclidean vector norm or the associated induced
matrix norm. The matrixL ∈ R

k×n, 1 ≤ k ≤ n, is referred to as the regularization matrix and the
scalarµ > 0 as the regularization parameter; see, e.g., Engl et al. [1] or Hansen [2]for discussions
on Tikhonov regularization. We assume that

N (A) ∩N (L) = {0}, (5)

whereN (M) denotes the null space of the matrixM . Then (4) has the unique solution

xµ = (AT A + µLT L)−1AT b (6)

for anyµ > 0, where the superscriptT denotes transposition.
We are interested in the construction of square regularization matricesL ∈ R

n×n that are
convenient to use in iterative methods based on the Arnoldi process for the solution of large-
scale minimization problems (4). The regularization matrices described also canbe applied when
A ∈ R

m×n with m 6= n. Whenm > n, equation (1) should be considered a least-squares problem.
The value of the regularization parameterµ determines how sensitivexµ is to the errore in b and

how closexµ is to x̂. A suitable value ofµ generally is not known a priori, but has to be computed
during the solution process. We assume a bound

‖e‖ ≤ ε

to be available. Thenµ = µ(ε) can be calculated with the help of the discrepancy principle, i.e., we
determineµ(ε) > 0 so that

‖Axµ(ε) − b‖ = ηε, (7)

whereη > 1 is a user-supplied constant that is independent ofε. One can show that

lim
εց0

xµ(ε) = x̂;

see [1] for a proof in a Hilbert space setting. Thus, our computational task is to determine both a
valueµ = µ(ε), such thatxµ(ε) given by (6) satisfies (7), and an approximation of the vectorxµ(ε).

Common choices of regularization matrices are the identity matrix and scaled rectangular finite
difference matrices, such as

L =
1

2




1 −1 0
1 −1

1 −1
...

...
0 1 −1



∈ R

(n−1)×n (8)

and

L =
1

4




−1 2 −1 0
−1 2 −1

...
...

...
0 −1 2 −1


 ∈ R

(n−2)×n. (9)

The regularization matrices (8) and (9) are associated with finite difference approximations of the
first and second derivatives in one space-dimension, respectively.Many illustrations of iterative

Copyright c© 0000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl.(0000)
Prepared usingnlaauth.cls DOI: 10.1002/nla



SQUARE REGULARIZATION MATRICES 3

methods applied to Tikhonov regularization withL = I can be found in, e.g., [3, 4, 5, 6]. A
suitable choice of regularization matrix may enhance the quality of the computed approximation
of x̂ significantly; see [7, 8, 9, 10, 11] for examples and discussions, as well as Section 4.

The null space of regularization matrices is important, because vectors in thenull space are not
damped in (4). The regularization matrices (8) and (9) have the null spaces

N (L) = span{[1, 1, . . . , 1]T }

and
N (L) = span{[1, 1, . . . , 1]T , [1, 2, . . . , n]T },

respectively. Generally, one seeks to use regularization matrices with a null space that avoids
damping of known important features of the desired solutionx̂.

Tikhonov regularization problems (4) withL = I are said to be instandard form, while problems
with L 6= I are said to be ingeneral form. Large-scale problems in standard form have the
advantage over large-scale problems in general form that they can be reduced to smaller size by
application of a few steps of a Krylov subspace method, such as the Arnoldi process or Lanczos
bidiagonalization, independently of the value ofµ. Tikhonov regularization problems in general
form can be transformed into standard form. However, the regularizationmatrix L has to be of
particular simple structure to make it feasible to evaluate the matrix-vector products required when
applying Krylov subspace methods to the transformed problem.

It is the purpose of the present paper to discuss the construction of novel square regularization
matricesL that allow fairly inexpensive computation of the matrix-vector products required for
the approximate solution of the transformed Tikhonov minimization problem in standard form.
Since bothA and L are square, the matrix in the standard-form minimization problem will
be square. This allows application of Arnoldi-type iterative methods, which may require fewer
matrix-vector product evaluations than the commonly used Lanczos bidiagonalization method;
see, e.g., [12] for recent illustrations. WhenA is rectangular, iterative methods based on Lanczos
bidiagonalization can be applied together with the square regularization matrices of the present
paper. Our work is based on results by Björck [13] and Eld́en [14], who discuss iterative solution
of large-scale Tikhonov minimization problem by methods based on Lanczos bidiagonalization
and the transformation of these problems to standard form. More recently, Hansen and Jensen
[9] described a novel approach to apply rectangular regularization matrices L with the Arnoldi
process. Their approach is interesting, but does not allow evaluation ofthe norm of the residual
error associated with each iterate without explicit computation of the residualerror, which requires
an extra matrix-vector product evaluation with the matrixA. Knowledge of the norm of the residual
error is important when the regularization parameterµ is determined by the discrepancy principle or
by the L-curve method. Other constructions of square regularization matrices are presented in [11].

We remark that small to medium-sized minimization problems (4) can be solved conveniently by
first computing the generalized singular value decomposition (GSVD) of the matrix pair {A,L}.
This paper is concerned with the development of solution methods for large-scale minimization
problems, for which the computation of the GSVD of{A,L} is too expensive to be attractive. We
also note that certain large-scale problems benefit from the use of a regularization matrix that has
a structure that does not allow efficient transformation to standard form. Special iterative methods
have been developed for this situation; see, e.g., [15, 16, 17]. The present paper is interested in the
case when the regularization matrix has an exploitable structure.

This paper is organized as follows. Section 2 reviews the approach of Eldén [14] to transform
Tikhonov minimization problems in general form (4) to standard form. This transformation uses the
A-weighted pseudoinverse,L†

A, associated with the matrix pair{A,L}. For general regularization
matricesL, the A-weighted pseudoinverseL†

A is unattractive to use in iterative methods. We
describe new ways to construct square regularization matricesL with useful matricesL†

A. Section
3 discusses how large-scale minimization problems (4) in standard form can be reduced to small
problems by a few steps of the range restricted Arnoldi-type process introduced in [18]. The
implementation discussed in [18, 19] is superior to the one applied in [12]. Computed examples are
presented in Section 4. In these examples both the number of steps of a Krylov subspace method and
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4 M. DONATELLI, A. NEUMAN, L. REICHEL

the value of the regularization parameter are determined with the aid of the discrepancy principle.
We note, however, that the regularization matrices of the present paper also can be applied when
the number of iterations and the value of the regularization parameter are determined by other
techniques, such as by the L-curve or generalized cross validation; see, e.g., [2] for discussions
on these techniques. Concluding remarks are found in Section 5.

2. THE CONSTRUCTION OF SQUARE REGULARIZATION MATRICES

We first summarize the method described by Eldén [14] for transforming the Tikhonov minimization
problem in general form (4) to standard form. Consider the regularization matrixL ∈ R

k×n, with
1 ≤ k ≤ n, and letL† denote its Moore-Penrose pseudoinverse. Then theA-weighted pseudoinverse
of L, introduced by Eld́en [14], is given by

L†
A =

(
I − (A(I − L†L))†A

)
L† ∈ R

n×k. (10)

Define the vectors

x̄ = Lx,

x(0) =
(
A(I − L†L)

)†
b,

b̄ = b − Ax(0).

Eldén [14] showed that the Tikhonov regularization problem (4) is equivalent to the minimization
problem in standard form,

min
x̄∈Rk

{‖AL†
Ax̄ − b̄‖2 + µ‖x̄‖2}. (11)

The solutionxµ of (4), given by (6), can be recovered from the solutionx̄µ of (11) according to

xµ = L†
Ax̄µ + x(0). (12)

We note for future reference that

‖AL†
Ax̄µ − b̄‖ = ‖Axµ − b‖. (13)

In order to be able to solve (11) by an iterative method based on the Arnoldiprocess, the matrix
AL†

A has to be square. This requiresL†
A, and therefore alsoL†, to be square. For this reason, we are

interested in the construction square regularization matricesL.
Let the columns ofW ∈ R

n×ℓ form an orthonormal basis forN (L) and introduce the orthogonal
projectorPN (L) ontoN (L). Then

I − L†L = PN (L) = WWT .

The dimensionℓ of the null space of regularization matricesL of interest to us is fairly small, say,
ℓ ≤ 4. Therefore, it is quite inexpensive to compute the QR factorization

AW = UR, (14)

where U ∈ R
n×ℓ has orthonormal columns andR ∈ R

ℓ×ℓ is upper triangular. It follows from
(5) that R is nonsingular. Therefore the matrixA(I − L†L) = URWT has the Moore-Penrose
pseudoinverse

(A(I − L†L))† = WR−1UT . (15)

This representation can be established, e.g., by observing that the matrix in the right-hand side
satisfies Penrose’s four conditions for a pseudoinverse; see, e.g., [20, Theorem 1.2.11] for details.
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SQUARE REGULARIZATION MATRICES 5

Substituting (15) into (10) yields

L†
A = (I − WR−1UT A)L†,

AL†
A = (I − UUT )AL†. (16)

We conclude that matrix-vector products with the matricesL†
A andAL†

A can be evaluated quite
inexpensively provided that

(i) N (L) is of small dimensionℓ and has an explicitly known basis,

(ii) the restriction ofA to N (L) is not very ill-conditioned, and

(iii) matrix-vector products with the Moore-Penrose pseudoinverseL† are inexpensive to compute.

The remainder of this section describes new ways to construct square regularization matrices
with these properties. The null spaces chosen in the numerical examples ofSection 4 are made
up of discretizations of linear or slowly oscillating functions. The restrictionsof the matricesA of
interest to these null spaces are fairly well conditioned.

Let L̃ ∈ R
n×n be a square nonsingular matrix that allows rapid solution of linear systems of

equations with this matrix, e.g.,

L̃ =
1

2




1 −1 0
1 −1

1 −1
...

...
1 −1

0 1




∈ R
n×n (17)

or

L̃ =
1

4




2 −1 0
−1 2 −1

−1 2 −1
...

...
...

−1 2 −1

0 −1 2




∈ R
n×n. (18)

These matrices are obtained by appending and prepending suitable rows tothe rectangular
regularization matrices (8) or (9). Linear systems of equations with the matrix (17) can be solved by
back substitution in onlyO(n) arithmetic floating point operations. Also, linear systems of equations
with the matrix (18) can be solved in onlyO(n) arithmetic floating point operations with the aid of
Cholesky factorization.

However, the matrices (17) and (18) are not very useful as regularization matrices, because they
typically can be applied successfully only if the desired solutionx̂ has suitable boundary behavior;
see [8] for illustrations. For instance, the regularization matrix (18) shouldbe used only when
the first and last components of the desired solutionx̂ are close to zero. We now will describe
modifications of the matrices (17) and (18) that give useful square regularization matrices.

Let W ∈ R
n×ℓ have orthonormal columns and introduce the square regularization matrix

L = L̃(I − WWT ), (19)

whereL̃ is defined by (17) or (18). ThenN (L) = R(W ), whereR(W ) denotes the range ofW .
The regularization matrix (19) can be applied successfully to a much wider class of problems
than the regularization matrices (17) or (18). The following theorem yields an expression for the
pseudoinverse of regularization matrices of the form (19).
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6 M. DONATELLI, A. NEUMAN, L. REICHEL

Theorem 1
Let L̃ ∈ R

n×n be nonsingular and letW ∈ R
n×ℓ have orthonormal columns. Then the matrix (19)

defined byL̃ andW has the Moore-Penrose pseudoinverse

L† = (I − WWT )L̃−1(I − QQT ), (20)

where the columns ofQ ∈ R
n×ℓ form an orthonormal basis forN ((I − WWT )L̃T ). Moreover,

AL†
A = (I − UUT )AL̃−1(I − QQT ), (21)

where the matrixU ∈ R
n×ℓ is given by (14).

Proof
Let d ∈ R

n be arbitrary and consider the least-squares problem

min
x∈Rn

‖Lx − d‖.

The minimal-norm solution is given byL†d. It also can be determined as the minimal-norm solution
of the consistent linear system of equations

L̃(I − WWT )x = PR(eL(I−WW T ))d. (22)

The orthogonal projector in the right-hand side can be conveniently represented by observing that
R(L̃(I − WWT )) is orthogonal toN ((I − WWT )L̃T ). The latter space is of (low) dimensionℓ;
the columns of the matrix̃L−T W form a basis for this space. Let the matrixQ ∈ R

n×ℓ be obtained
by orthogonalizing the columns of̃L−T W . Then

PR(eL(I−WW T )) = I − QQT .

The vector̃L−1(I − QQT )d is a solution of (22). The solution of minimal norm is orthogonal to
N (L); it is given by(I − WWT )L̃−1(I − QQT )d. This shows (20).

The expression (21) follows by substituting (20) into (16) and the observation that (I −
UUT )A(I − WWT ) = (I − UUT )A.

A simple way to obtain a square regularization matrix from a rectangular matrixL ∈ R
k×n,

k < n, such as (8) or (9), is to append or prependn − k rows of zeros. This approach has been
used in [11]. The following corollary yields an expression for the pseudoinverse. A similar result is
discussed by Björck [13, Section 6].

Corollary 1
Let L ∈ R

k×n with 1 ≤ k < n be of full rank. Define the matrix̃L ∈ R
n×n by enlargingL by n − k

rows, so that̃L is nonsingular. We generally will append or prepend the new rows toL. Let the
matrix L̃0 ∈ R

n×n be obtained by setting the entries in the new rows ofL̃ to zero. Then

L̃†
0 = P⊥

N (L)L̃
−1. (23)

Proof
The result can be shown similarly as Theorem 1, with the additional observation that the projector
PR(eL0)

is not required. The latter follows from the fact that components ofPR(eL0)
v in nonvanishing

rows ofL̃0 are the same as those ofv for all v ∈ R
n.

Example 2.1 Let the regularization matrixL be defined by (9) and let̃L be the square extension
(18). We can rapidly evaluate expressions of the formL̃−1x for x ∈ R

n by using the Cholesky
factorization ofL̃. Matrix-vector products with the Moore-Penrose pseudoinverse (23)therefore are
simple to compute when an orthonormal basis forN (L) is available.2
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SQUARE REGULARIZATION MATRICES 7

Example 2.2 The regularization matrix (9) also can be extended to a square matrix by only
appending rows. For instance, we may use the upper triangular matrix

L̃ =
1

4




−1 2 −1 0
−1 2 −1

...
...

...
−1 2 −1

−1 2

0 −1




∈ R
n×n. (24)

The expressioñL−1x, x ∈ R
n, can be evaluated by back substitution.2

Let L and L̃ be the matrices of Corollary 1. The condition number of the matrixL, denoted
by κ(L), is the quotient of the largest and smallest singular values ofL. It follows, e.g. from [21,
Cor. 8.6.3], that

κ(L) ≤ κ(L̃).

The size ofκ(L̃) depends on how̃L is constructed fromL.

Example 2.3 Let L ∈ R
100×98 be defined by (9). Thenκ(L) = 1.8 · 103. The condition number of

the symmetric extension (18) is4.1 · 103, and the condition number of the upper triangular extension
(24) is1.2 · 104. 2

The following theorem shows that rows can be appended or prependedto obtain a square matrix
from a rectangular one so that the condition number does not increase.

Theorem 2
Let the conditions of Corollary 1 hold and let the orthonormal columns of the matrix W ∈ R

n×(n−k)

form a basis forN (L). Denote the largest and smallest singular values ofL by σ1 and σk,
respectively, and lets be a constant such thatσk ≤ s ≤ σ1. Define the matrix̃L by appending or
prepending the matrixsWT to L. Then

κ(L) = κ(L̃).

Proof
Introduce the singular value decompositionL = Ŭ Σ̆V̆ T , where the matrices̆U ∈ R

k×k and V̆ ∈
R

n×n are orthogonal, and̆Σ = [Σ | 0 ] ∈ R
k×n with

Σ = diag[σ1, σ2, . . . , σk] ∈ R
k×k, σ1 ≥ σ2 ≥ . . . ≥ σk > 0.

Then V̆ = [V |W ], whereV ∈ R
n×k, andL = ŬΣV T . The singular value decomposition ofL̃

obtained by appendingsWT to L is given by

L̃ =

[
L

sWT

]
=

[
Ŭ 0
0 In−k

] [
Σ 0
0 sIn−k

]
V̆ T

up to a permutation of the singular values. Similarly, the singular value decomposition of L̃ obtained
by prependingsWT to L is given by

L̃ =

[
sWT

L

]
=

[
In−k 0

0 Ŭ

] [
sIn−k 0

0 Σ

] [
WT

V T

]

up to a permutation of the singular values. The bounds ons secure thatκ(L̃) = σ1/σk. This
completes the proof.

Thus, appending or prepending the matrixWT , suitably scaled, toL produces a square
nonsingular matrix̃L with the same condition number asL. Linear systems of equations with the
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8 M. DONATELLI, A. NEUMAN, L. REICHEL

matrix L̃ can be solved efficiently when a QR factorization ofLT can be determined inexpensively.
This is the case in the important situation whenL has small bandwidth, such as the whenL is given
by (8) or (9). LetLT = Q̂R̂ be a QR factorization, wherêQ ∈ R

n×k has orthonormal columns and
R̂ ∈ R

k×k is upper triangular. Then

L̃T =
[

W Q̂
] [

sIn−k 0

0 R̂

]
. (25)

Linear systems of equations with the matrixL̃ can be solved rapidly by using the factorization (25).
The solution of linear systems of equations with a matrixL̃ obtained by appendingsWT to L can
be solved similarly.

3. THE RANGE RESTRICTED ARNOLDI PROCESS

This section discusses the approximate solution of the Tikhonov minimization problem in standard
form (11). We outline the application of the range restricted Arnoldi process described in [18, 19].
This method, when applied to the matrix

Ā = AL̃†
A (26)

with initial vector b̄, yields afterp steps the decomposition

ĀVp = Wp+2Hp+2,p, (27)

where the columns ofWp+2 ∈ R
n×(p+2) form an orthonormal basis for the Krylov subspace

Kp+2(Ā, b̄) = span{b̄, Āb̄, . . . , Āp+1b̄}

and the columns ofVp ∈ R
n×p form an orthonormal basis for the Krylov subspaceKp(Ā, Āb̄).

Moreover,Wp+2e1 = b̄/‖b̄‖, wheree1 = [1, 0, . . . , 0]T denotes the first axis vector. The matrix
Hp+2,p ∈ R

(p+2)×p vanishes below the sub-subdiagonal. The dominating computational work for
determining the decomposition (27) for large matricesĀ is the evaluation ofp + 1 matrix-vector
products withĀ. Note that the matrix (26) is not explicitly formed; only matrix-vector products
with this matrix are evaluated.

Substituting x̄ = Vpȳ, with Vp defined by (27), into (11) yields the reduced Tikhonov
regularization problem

min
ȳ∈Rp

∥∥∥∥
[

Hp+2,p

µ1/2I

]
ȳ − e1‖b̄‖

∥∥∥∥ .

Its solution,ȳµ,p, can be computed by QR factorization of the matrix. Thenx̄µ,p = Vpȳµ,p satisfies

x̄µ,p = argmin
x̄∈Kp(Ā,Āb̄)

{‖Āx̄ − b̄‖2 + µ‖x̄‖2}, (28)

and the corresponding approximate solution of (4) is given by

xµ,p = L̃†
Ax̄µ,p + x(0); (29)

cf. (12).

Proposition 1
The function

φp(µ) = ‖b̄‖2eT
1 (µ−1Hp+2,pH

T
p+2,p + I)−2e1 (30)

is strictly increasing and satisfies

φp(µ) = ‖Axµ,p − b‖2. (31)

Copyright c© 0000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl.(0000)
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SQUARE REGULARIZATION MATRICES 9

Moreover, the equation
φp(µ) = τ (32)

has a unique solution0 < µ < ∞ for anyτ with

‖PN (HT
p+2,p

)e1‖
2‖b̄‖2 < τ < ‖b̄‖2, (33)

wherePN (HT
p+2,p

) denotes the orthogonal projector onto the null space ofHT
p+2,p.

Proof
The representation (30) shows thatφp is increasing as well as the bounds (33). By [5, Section 2],
we have

φp(µ) = ‖AL̃†
Ax̄µ,p − b̄‖2,

and (31) now is a consequence of (13).

Corollary 2

‖PN (HT
p+3,p+1

)e1‖ ≤ ‖PN (HT
p+2,p

)e1‖. (34)

Proof
It follows from (30) and (33) that

lim
µց0

φp(µ) = ‖PN (HT
p+2,p

)e1‖
2‖b̄‖2.

Moreover, by (28) and (31), we have

φp(0) = ‖Āx̄0,p − b̄‖2 = min
x̄∈Kp(Ā,Āb̄)

‖Āx̄ − b̄‖2.

Now Kp(Ā, Āb̄) ⊂ Kp+1(Ā, Āb̄) yieldsφp+1(0) ≤ φp(0). This shows (34).

We have to choosep large enough in order for the computed approximate solution (29) of (4) to
be able to satisfy the discrepancy principle

‖Axµ,p − b‖ = ηε; (35)

cf. (7). Typically, a fairly small value ofp suffices; see Section 4. We letpmin denote the smallest
integerp such that

lim
µց0

φp(µ) < η2ε2.

It follows from (30) that the functionµ → φp(1/µ) is decreasing and convex for0 < µ < ∞. It
therefore may be beneficial to solve

φp(1/µ) = η2ε2 (36)

instead of (32) withτ = η2ε2. However, for large-scale problems the computational effort required
to determine a value ofµ so that (35) holds is negligible compared with the work needed for
evaluating matrix-vector products. We therefore will not dwell on the computation ofµ further.

We remark that large-scale Tikhonov regularization problems in standard form (11) also
can be reduced to smaller problems by other Krylov subspace methods, such as by Lanczos
bidiagonalization. A comparison of reductions by the range restricted Arnoldi process (though based
on a different implementation than the one outlined above), by Lanczos bidiagonalization, and by
the standard Arnoldi process is reported in [12]. Computed examples in [12] show reduction by the
range restricted Arnoldi process to require fewer matrix-vector product evaluations than reduction
by Lanczos bidiagonalization, and to give higher accuracy than reduction by the standard Arnoldi
process.

Copyright c© 0000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl.(0000)
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4. COMPUTED EXAMPLES

We illustrate the performance of the regularization matrices discussed with somenumerical
examples. The “noise-vector”e has in all examples normally distributed pseudorandom entries with
mean zero, and is normalized to correspond to a chosen noise-level

ν =
‖e‖

‖b̂‖
.

Here b̂ is the noise-free right-hand side vector in (3). We letη = 1.01 in (7) in all examples. The
computations are carried out in MATLAB with about16 significant decimal digits.

We reduce the Tikhonov minimization problem to standard form (11) with the range restricted
Arnoldi process described in Section 3 and report results forp = pmin andp = pmin + 1 steps, where
pmin is the smallest number of steps, such that the discrepancy principle (35) can be satisfied. The
regularization parameterµ is computed by applying Newton’s method to the solution of equation
(36). Details about the implementation of Newton’s method with a function similar toφp(1/µ) can
be found in [12]; see also [17] for a discussion on zero-finders.

This section compares the performance of several square regularization matrices. LetL1 andL2

be the finite difference matrices (8) and (9), respectively. More generally, Lq ∈ R
(n−q)×n denotes

the finite difference matrix associated with a finite difference approximation withequidistant nodes
of theqth derivative in one space-dimension. Then

N (Lq) = span{n0,n1, . . . ,nq−1}, ni = [1i, 2i, . . . , ni]T .

As described in Section 2, the matrixLq can be extended to a square matrixL̃q by appending
or prependingq suitable rows. We will append or prepend rows toLq so thatL̃q is Toeplitz.
The matrices̃Lq so obtained are invertible. In particular,L̃1 and L̃2 are given by (17) and (18),
respectively. The matrices̃Lq,0 are obtained by appendingq zero rows toLq; they are of the type
considered in Corollary 1. We denote the matrix (19) byL(L̃,W ), and the matrix̃L in Theorem 2
by

L̃
(post)
j =

[
Lj

sWT

]
or L̃

(pre)
j =

[
sWT

Lj

]
,

whereR(W ) = N (Lj) ands ≈ σn/2(Lj).
Our comparison also includes the square regularization matrix(Ĉ†

2D−1
δ )† ∈ R

n×n introduced
in [11]. HereĈ†

2 is the pseudoinverse of the circulant matrix associated with the finite difference
approximation of the second derivative, with the three smallest eigenvaluesset to zero. Further,

Dδ = diag[δ, 1, 1, . . . , 1, δ] ∈ R
n×n, δ = 1 · 10−8.

The regularization matrix(Ĉ†
2D−1

δ )† is designed not to damp slow oscillations and linear growth in
the computed approximate solution very much; see [11] for details.

Example 4.1 We consider the Fredholm integral equation of the first kind

∫ 1

0

k(s, t)x(t)dt = exp(s) + (1 − e)s − 1, 0 ≤ s ≤ 1, (37)

where

k(s, t) =

{
s(t − 1), s < t,
t(s − 1), s ≥ t.

This equation is discussed, e.g., by Delves and Mohamed [22]. We discretize the integral equation
by a Galerkin method with orthonormal box functions as test and trial functions using the MATLAB
programderiv2 from Regularization Tools [23]. The program yields a symmetric indefinite matrix
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Table I. Example 4.1: Errors in approximate solutions computed by Tikhonov regularization based on
the range restricted Arnoldi process for the problemderiv2 with exponential solution,ν = 1 · 10−3,

W = orth[n1, n2, n3], andp = pmin.

Regularization matrix p ‖xµ,p − x̂‖ ‖xµ,p+1 − x̂‖

I 8 1.8683 · 10−1 1.9080 · 10−1

eL2,0 1 3.4009 · 10−3 3.3780 · 10−3

eL3,0 1 3.1915 · 10−3 2.6732 · 10−3

(Ĉ†
2D−1

δ )† 2 3.1354 · 10−3 2.9775 · 10−3

L(I, W ) 1 2.4255 · 10−3 7.8445 · 10−3

L(eL2, W ) 1 2.2524 · 10−3 2.6032 · 10−3

L(eL3, W ) 1 7.1758 · 10−4 2.5515 · 10−3

eL(post)
2 1 3.4009 · 10−3 3.3780 · 10−3

eL(post)
3 1 3.1915 · 10−3 2.6732 · 10−3

0 50 100 150 200
1.05

1.1

1.15

1.2

0 50 100 150 200
1.05

1.1

1.15

1.2

(Ĉ†
2D−1

δ )† L(I,W )

0 50 100 150 200
1.05

1.1

1.15

1.2

0 50 100 150 200
1.05

1.1

1.15

1.2

L(L̃2,W ) L(L̃3,W )

Figure 1. Example 4.1: Approximate solutionsxµ,pmin (continuous graphs) computed by Tikhonov
regularization based on the range restricted Arnoldi process for the problemderiv2 with exponential

solution,ν = 1 · 10−3, andW = orth[n1, n2, n3]. The dashed graphs depict the desired solutionx̂.

A ∈ R
200×200 and a scaled discrete approximationx̂ ∈ R

200 of the solutionx(t) = exp(t) of (37).
The error-free right-hand side vector is given byb̂ = Ax̂, and the right-hand side vectorb in (1) is
obtained by (2). The noise-level isν = 1 · 10−3.

Table I reports results determined by Tikhonov regularization based on therange restricted
Arnoldi process for several square regularization matrices. The number of Arnoldi steps,p = pmin,
is the smallest number that allows (36) to be satisfied. The norm of the error inthe computed
Tikhonov solution,xµ,p, is shown in the penultimate column. The last column shows the error in
xµ,p+1 obtained by carrying out one more step of the range restricted Arnoldi process and then
determining a value ofµ that satisfies (36) withp replaced byp + 1. We observe that the quality of
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Table II. Example 4.2: Errors in approximate solutions computed by Tikhonov regularization based on
the range restricted Arnoldi process for the problemderiv2 with exponential solution,ν = 1 · 10−5,

W = orth[n1, n2, n3], andp = pmin.

Regularization matrix p ‖xµ,p − x̂‖ ‖xµ,p+1 − x̂‖

I 22 9.7162 · 10−2 9.7744 · 10−2

eL2,0 10 1.8805 · 10−3 1.9045 · 10−3

eL3,0 4 3.0066 · 10−4 3.0063 · 10−4

(Ĉ†
2D−1

δ )† 2 2.2457 · 10−4 2.2341 · 10−4

L(I, W ) 2 2.9875 · 10−4 3.0685 · 10−4

L(eL2, W ) 3 2.9072 · 10−4 2.9077 · 10−4

L(eL3, W ) 6 2.7453 · 10−4 2.6909 · 10−4

eL(pre)
2 10 1.8071 · 10−3 1.8305 · 10−3

eL(post)
3 4 3.0066 · 10−4 3.0063 · 10−4

0 50 100 150 200
1.05

1.1

1.15

1.2

0 50 100 150 200
1.05

1.1

1.15

1.2

(Ĉ†
2D−1

δ )† L(I,W )

0 50 100 150 200
1.05

1.1

1.15

1.2

0 50 100 150 200
1.05

1.1

1.15

1.2

L(L̃3,W ) L̃
(post)
3

Figure 2. Example 4.2: Approximate solutionsxµ,pmin (continuous graphs) computed by Tikhonov
regularization based on the range restricted Arnoldi process for the problemderiv2 with exponential

solution,ν = 1 · 10−5, andW = orth[n1, n2, n3]. The dashed graphs depict the desired solutionx̂.

the computed approximation of the desired solutionx̂ generally does not improve significantly by
taking more than the minimal number of steps,p = pmin, required to satisfy (36).

Figure 1 displaysx̂ and the most accurate computed approximate solutions. The best
approximation of̂x is obtained withL(L̃3,W ), whereW = orth[n1,n2,n3] denotes a matrix with
orthonormal columns that spanR([n1,n2,n3]). 2

Example 4.2 We consider the test problem of Example 4.1 with less noise inb; the noise-level
is ν = 1 · 10−5. The reduced error has the effect that more steps,p = pmin, of the range restricted
Arnoldi process have to be carried out in order to be able to satisfy (36)than in Example 4.1.
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Table III. Example 4.3: Errors in approximate solutions computed by Tikhonov regularization based on the
range restricted Arnoldi process for the problemphillips with linear and exponential components added to

the solution,ν = 1 · 10−2, W = orth[n1, n2], andp = pmin.

Regularization matrix p ‖xµ,p − x̂‖ ‖xµ,p+1 − x̂‖

I 7 4.1097 · 10−2 3.0391 · 10−2

eL2,0 3 6.5757 · 10−3 6.6729 · 10−3

(Ĉ†
2D−1

δ )† 3 1.4137 · 10−2 1.5416 · 10−2

L(I, W ) 2 5.6219 · 10−3 5.7454 · 10−3

L(eL1, W ) 5 5.2157 · 10−3 5.7061 · 10−3

L(eL2, W ) 3 6.3756 · 10−3 6.4003 · 10−3

eL(pre)
2 3 6.4576 · 10−3 6.6729 · 10−3

Table II shows the regularization matrix(Ĉ†
2D−1

δ )† to give the best approximation of̂x, though
many of the regularization matrices yield about the same accuracy. Figure 2 displays approximate
solutions computed with several regularization matrices (continuous graphs). These graphs are
hardly distinguishable from those forx̂ (dashed graphs).

We remark that efficient evaluation of a matrix-vector product with the regularization
matrix (Ĉ†

2D−1
δ )† requires the use of the fast Fourier transform and, therefore,O(n log(n))

arithmetic floating point operations, while the evaluation of matrix-vector products with the other
regularization matrices of Tables I and II requires onlyO(n) arithmetic floating point operations.
Among the latter regularization matrices,L(L̃3,W ) with W = orth[n1,n2,n3] yields the best
approximations of̂x in Table II. This regularization matrix performs well for many noise-levels
ν. 2

Example 4.3 Consider the Fredholm integral equation of the first kind
∫ 6

−6

κ(τ, σ)x(σ)dσ = g(τ), −6 ≤ τ ≤ 6, (38)

with kernel and solution given by

κ(τ, σ) = x(τ − σ),

x(σ) =

{
1 + cos(π

3 σ), if |σ| < 3,
0, otherwise.

The right-hand sideg(τ) is defined by (38). This integral equation is discussed by Phillips [24]. The
MATLAB code phillips in [23] determines a discretization by a Galerkin method with orthonormal
box functions. A discretization of a scaled solution,x0, also is provided. The matrixA ∈ R

500×500

determined byphillips represents the discretized integral operator. We add a discretization of
the function1 + exp( 1

12 (t + 6)), t ∈ [−6, 6], to the vectorx0 to obtain a slowly oscillatory and
increasing solution̂x. The noise-free right-hand side is given byb̂ = Ax̂ and the noise level is
ν = 1 · 10−2.

Table III showsL(L̃1,W ) with W = orth[n1,n2] to give the smallest approximation error.
However, also other square regularization matrices, such asL

(pre)
2 , yield quite accurate

approximations of̂x; see Figure III.2

Example 4.4 The Fredholm integral equation of the first kind,

∫ π/2

0

κ(σ, τ)x(σ)dσ = g(τ), 0 ≤ τ ≤ π,

with κ(σ, τ) = exp(σ cos(τ)), g(τ) = 2 sinh(τ)/τ , and solutionx(σ) = sin(σ) is discussed by Baart
[25]. We use the MATLAB codebaart in [23] to determines a discretization by a Galerkin method
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Figure 3. Example 4.3: Approximate solutionsxµ,pmin (continuous graphs) computed by Tikhonov
regularization based on the range restricted Arnoldi process for the problemphillips with linear and
exponential components added to the solution,ν = 1 · 10−2, andW = orth[n1, n2]. The dashed graphs

depict the desired solution̂x.

Table IV. Example 4.4: Errors in approximate solutions computed by Tikhonov regularization based on the
range restricted Arnoldi process for the problembaart with a quadratic component added to the solution,

ν = 3 · 10−6, W = orth[n1, n2], andp = pmin.

Regularization matrix p ‖xµ,p − x̂‖ ‖xµ,p+1 − x̂‖

I 5 6.2541 · 10−3 6.2604 · 10−3

eL1,0 3 5.5382 · 10−3 7.3538 · 10−3

eL2,0 3 8.1223 · 10−3 8.2636 · 10−3

(Ĉ†
2D−1

δ )† 2 5.7755 · 10−3 5.8425 · 10−3

L(I, W ) 3 6.5072 · 10−3 6.5873 · 10−3

L(eL1, W ) 2 1.4750 · 10−3 3.5012 · 10−3

L(eL2, W ) 2 2.3624 · 10−3 5.4850 · 10−3

eL(post)
1 3 5.5382 · 10−3 7.3538 · 10−3

eL(post)
2 3 8.1223 · 10−3 8.2636 · 10−3

with 1000 orthonormal box functions. The code produces the matrixA ∈ R
1000×1000 and a scaled

discrete approximationx0 of x(τ). We add a discretization of the function119 ( 16
π2 (t − π

4 )2 − t
15π t),

t ∈ [0, π/2], to the vectorx0 to obtain a slowly oscillatory solution̂x. The noise-free right-hand side
is given byb̂ = Ax̂ and the noise level isν = 3 · 10−6.

Table IV and Figure 4 showL(L̃1,W ) with W = orth[n1,n2] to yield the best approximation
of x̂. We remark that this regularization matrix also performs well for larger noiselevels. Fewer
iterations are required when the right-hand side vectorb is contaminated by more noise.2
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Figure 4. Example 4.4: Approximate solutionsxµ,pmin (continuous graphs) computed by Tikhonov
regularization based on the range restricted Arnoldi process for the problembaart with a quadratic
component added to the solution,ν = 3 · 10−6, andW = orth[n1, n2]. The dashed graphs depict the desired

solutionx̂.

X̂ B̂

Figure 5. Example 4.5: The desired solutionbX and the right-hand side of the matrix equation (39) obtained
by from the MATLAB function fromderiv2 with exponential solution;ν = 1 · 10−4.

Example 4.5 We consider a version of the Fredholm integral equation of the first kind (37) in two
space-dimensions. LetA(1) ∈ R

500×500 andx̂
(1) ∈ R

500 be computed with the MATLAB program
deriv2 from Regularization Tools [23] and define the matrixA = A(1) ⊗ A(1) and the error-free
solution x̂ = x̂

(1) ⊗ x̂
(1), where⊗ denotes tensor product. The error-free right-hand side vector

is given byb̂ = Ax̂ and the right-hand side vectorb in (1) is obtained by (2). The noise-level is
ν = 1 · 10−4.
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Table V. Example 4.5: Errors‖xµ,p − x̂‖ in approximate solutionsxµ,p computed by Tikhonov

regularization based on the range restricted Arnoldi process withL =
“
(L(1))† ⊗ I + I ⊗ (L(1))†

”†
for a

problem in two space-dimensions obtained as tensor productof the problemderiv2 in one space-dimension
with exponential solution,ν = 1 · 10−4, W (1) = orth[n1, n2, n3], andp = pmin.

L(1) p ‖xµ,p − x̂‖ ‖xµ,p+1 − x̂‖

eL2,0 10 7.0405 · 10−3 7.0324 · 10−3

eL3,0 1 4.5125 · 10−4 4.6314 · 10−4

(Ĉ†
2D−1

δ )† 25 1.5972 · 10−2 5.8027 · 10−3

L(I, W (1)) 1 3.8113 · 10−4 3.8112 · 10−4

L(eL2, W
(1)) 1 3.7949 · 10−4 3.7949 · 10−4

L(eL3, W
(1)) 2 3.5573 · 10−4 3.5980 · 10−4

eL(post)
2 10 7.0405 · 10−3 7.0324 · 10−3

eL(post)
3 1 4.5125 · 10−4 4.6314 · 10−4

L(1) = L̃3,0 L(1) = L(I,W (1)) L(1) = L(L̃3,W
(1))

Figure 6. Example 4.5: Approximate solutionsXµ,pmin computed by Tikhonov regularization based on the
range restricted Arnoldi process withL defined by (40) for a problem in two space-dimensions obtained
as a tensor product of the problemderiv2 in one space-dimension with exponential solution,ν = 1 · 10−4,

W (1) = orth[n1, n2, n3].

L(1) = L̃3,0 L(1) = L(I,W (1)) (1) = L(L̃3,W
(1))

Figure 7. Example 4.5: Component-wise absolute error,| bX − Xµ,pmin |, with Xµ,pmin computed by
Tikhonov regularization based on the range restricted Arnoldi process withL defined by (40) for a problem
in two space-dimensions obtained as a tensor product of the problemderiv2 in one space-dimension with

exponential solution,ν = 1 · 10−4, W (1) = orth[n1, n2, n3].

The vectorŝx, b̂ ∈ R
5002

can be stored in500 × 500 matrices; in MATLAB notation

X̂ = reshape(x̂, [500, 500]), B̂ = reshape(b̂, [500, 500]).
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Hence, the matrix-vector relation (3) is equivalent to the matrix-matrix relation

A(1)X̂A(1) = B̂.

Similarly, the system (1) can be written as

A(1)XA(1) = B. (39)

The matricesX, X̂,B, B̂ represent discretizations of surfaces. Figure 5 shows the desired solution
X̂ and the observed right-hand sideB of (39). The graphs are scaled so that black is the minimum
value and white the maximum value.

Consider the representation (1) of (39). We would like to choose a regularization matrixL in (4)
such that matrix-vector products withL† can be carried out efficiently. We therefore requireL† to
have a tensor product structure similar to that ofA. Then matrix-vector products with the matrixL†

can be evaluated similarly as in equation (39) for the matrixA. Note that it is not necessary thatL
have a tensor product structure.

Let L(1) be one of the regularization matrices considered in Example 4.1 for the analogous
problem in one space-dimension. We remark that the “natural” regularization matrix L = L(1) ⊗
I + I ⊗ L(1) is unattractive to use, because matrix-vector products withL† are expensive to
evaluate. Instead, we use the regularization matrix

L =
(
(L(1))† ⊗ I + I ⊗ (L(1))†

)†

. (40)

ThenL†x̂ can be evaluated fairly efficiently as(L(1))†X̂ + X̂(L(1))†.
The evaluation of matrix-vector products with the matrix (16) requires that anorthonormal

basis forN (L) be explicitly known. Let the columns ofW (1) form an orthonormal basis for
N (L(1)). Then the columns ofW = W (1) ⊗ W (1) form an orthonormal basis forN (L). Moreover,
the QR factorizationA(1)W (1) = U (1)R(1), cf. (14), yields the QR factorizationAW = (U (1) ⊗
U (1))(R(1) ⊗ R(1)). The other computations are similar to those of Example 4.1.

Table V shows L(1) = L(L̃3,W
(1)) with W (1) = orth[n1,n2,n3] to give the smallest

approximation error. The choiceL(1) = (Ĉ†
2D−1

δ )† does not seem to be robust enough for this
example. Figure 6 shows some of the best restorations and Figure 7 displays the absolute error
of each solution component. The differences in the computed solutions is clearly visible. 2

5. CONCLUSION

The numerical examples of the previous section show square regularization matrices constructed as
described by Theorems 1 and 2, as well as by Corollary 1, to perform well. Their ease of application
and the possibility of choosing the null space makes them attractive to use in a variety of situations.
In particular, they also may be useful for Tikhonov regularization problems (4) with a rectangular
matrixA.
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