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Abstract. Tikhonov regularization of linear discrete ill-posed problems often is applied with
a finite difference regularization operator that approximates a low-order derivative. These opera-
tors generally are represented by banded rectangular matrices with fewer rows than columns. They
therefore cannot be applied in iterative methods that are based on the Arnoldi process, which re-
quires the regularization operator to be represented by a square matrix. This paper discusses two
approaches to circumvent this difficulty: zero-padding of the rectangular matrices to make them
square and extending the rectangular matrix to a square circulant. We also describe how to combine
these operators by weighted averaging and with orthogonal projection. Applications to Arnoldi and
Lanczos bidiagonalization-based Tikhonov regularization, as well as to truncated iteration with a
range restricted minimal residual method, are presented.
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1. Introduction. This paper is concerned with the computation of an approxi-
mate solution of linear systems of equations of the form

(1.1) Ax = b, AeR™™, x,beR",

with a matrix A of ill-determined rank. In particular, A is severely ill-conditioned
and may be singular. This kind of linear systems of equations often are referred to as
linear discrete ill-posed problems. They stem, e.g., from the discretization of ill-posed
problems, such as Fredholm integral equations of the first kind with a smooth kernel.
The system (1.1) is not required to be consistent.

Linear discrete ill-posed problems arise when one seeks to determine the cause
of an observed effect. The latter is represented by the right-hand side b, which in
applications often is contaminated by an unknown measurement error e € R"”, i.e.,

(1.2) b=b+e,

where b denotes the unknown error-free right-hand side vector associated with b. We
will refer to the error e as “noise.”

The present paper discusses methods for the solution of (1.1) that are applicable
when the norm of the noise,

(1.3) e:=|ell,

or an accurate approximation thereof, is available. However, the regularization op-
erators considered in this paper also can be applied in methods that do not require
knowledge of the error norm (1.3). Throughout this paper || - || denotes the Euclidean
vector norm.

Introduce the linear system of equations

(1.4) Ax =b
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associated with (1.1) with the unknown error-free right-hand side. The system (1.4) is
assumed to be consistent and its solution of minimal Euclidean norm is denoted by .
We would like to determine an approximation of & and seek to achieve this by com-
puting an approximate solution of the available linear discrete ill-posed problem (1.1).
Note that due to the severe ill-conditioning of A and the error e in the right-hand
side b, the least-squares solution of minimal Euclidean norm of (1.1) typically is not
a meaningful approximation of . In order to be able to obtain an accurate approxi-
mation of &, the system (1.1) has to be replaced by a nearby system, whose solution
is less sensitive to perturbations in b. This replacement is known as regularization.

One of the most popular regularization methods, known as Tikhonov regulariza-
tion, replaces the linear system (1.1) by the minimization problem

(1.5) min {[| Az — b]* + p| L[|},

where the matrix L € R¥*" k < n, is referred to as the regularization operator and
the scalar ;1 > 0 as the regularization parameter; see, e.g., Engl et al. [14] and Hansen
[19] for discussions on Tikhonov regularization.

Let V(M) and R(M) denote the null space and range of the matrix M, respec-
tively. We assume throughout this paper that the matrices A and L satisfy

(1.6) N(A)NN(L) = {0}.

Then the Tikhonov minimization problem (1.5) has the unique solution
(1.7) x, = (ATA+ul"L)" AT

for any p > 0.

Our computational task is to determine a suitable positive value of the regular-
ization parameter p and the associated solution x,, of (1.5). We will determine p with
the aid of the discrepancy principle, which requires that the norm of the noise (1.3),
or a fairly accurate estimate thereof, be available. This approach of determining p
generally calls for the evaluation of the norm of the residual error

(1.8) r,:=b— Az,

for several values of u; see Section 3 for details.

Common choices of regularization operators for problems in one space-dimension
are the identity matrix, as well as scaled finite difference approximations of a deriva-
tive, such as

1 -1 0

(1.9) L= o e R(m—Uxn

>—~
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-1 2 -1 0
1 2 -1

(110) Ly := c R(n—2)><n7

B~ =



and

-1 3 -3 1 0
1 -1 3 -3 1
(1.11) Ly =g S e R(M=3)xn,

0 -1 3 -3 1

When the matrices A and L are of small to moderate size, the solution of (1.5)
and the norm of the residual error (1.8) conveniently can be determined for several
values of the regularization parameter with the aid of the generalized singular value
decomposition (GSVD) of the matrix pair {A, L}. However, for large-scale prob-
lems, the computation of the GSVD is too expensive to be attractive. This paper
is concerned with iterative solution methods that can be applied to the solution of
large-scale problems.

Large-scale problems typically are transformed to standard form before solution.
Let LT € R"** denote the Moore-Penrose pseudoinverse of the regularization operator
L in (1.5). The A-weighted pseudoinverse of L is defined by

(1.12) LYy = (I — (A — LTL)TA) LT € R™¥F;

see, e.g., Eldén [13] or Hansen [19, Section 2.3]. Introduce the matrix

(1.13) A= AL,

and the vectors

(1.14) 2 = (A(I - LtL)"b,

(1.15) b:=b— Az,

Let & := La. Then the Tikhonov minimization problem (1.5) can be expressed in

standard form,

(1.16) min {[| Az — b]|* + ul|z|*}.
ZERF

The solution @, of (1.5), given by (1.7), can be recovered from the solution &, of
(1.16) according to

(1.17) x, = Lz, +z©,

see, e.g., [13] or [19, Section 2.3] for details. We note for future reference that if Z is
any vector in R¥ and x := LZ@—I—:]B(O), then the associated residual vectors 7 := b— Az
and r := b — Ax satisfy

(1.18) 7] = [l=[]-

If L is a square nonsingular matrix, then x(®) = 0, and the above transformation
amounts to & := Lz and A := AL™L.

When the regularization operator L approximates a derivative, its pseudoinverse
approximates an integral operator and therefore is a low-pass filter. This filter is
applied to the computed solution &, of (1.16) when evaluating the associated solution
x, of (1.5); cf. (1.17). The smoothing achieved by filtering is beneficial when the
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desired solution & is smooth. Regularization operators of the form (1.9)-(1.11) often
are referred to as smoothing operators.

We remark that despite the complexity of the A-weighted pseudoinverse (1.12),
matrix-vector products with the matrices LL and ALTA can be evaluated quite in-
expensively when L is a banded matrix with small bandwidth, a circulant, or an
orthogonal projection; see Section 2 or [13], [19, Section 2.3], and [24] for further
details. Commonly used iterative methods for the solution of Tikhonov minimization
problems in standard form (1.16) are based on partial Lanczos bidiagonalization of
the matrix (1.13); see, e.g., [3, 4, 7, 8, 15, 17, 22]. However, recent numerical re-
sults reported in [23] show that Tikhonov regularization based on the range restricted
Arnoldi (RR-Arnoldi) process can be competitive with Tikhonov regularization based
on Lanczos bidiagonalization. The RR-Arnoldi process is used to reduce A to a small
upper Hessenberg matrix; see Section 3. Advantages of RR-Arnoldi-based Tikhonov
regularization, compared with Lanczos bidiagonalization-based Tikhonov regulariza-
tion, include:

i) Many problems require a smaller number of matrix-vector product evaluations.
When the matrix A is large, these evaluations constitute the dominant compu-
tational work; see [23] for a comparison.

ii) The methods do not require the evaluation of matrix-vector products with AT.
They therefore are attractive to use for problems for which matrix-vector prod-
ucts with A7 are difficult to evaluate. This situation arises, e.g., when solving
large nonlinear problems by Krylov subspace methods; see [11] for a discussion.
It also arises when matrix-vector products are evaluated by multi-pole methods.

iii) The methods deliver more accurate approximations of the desired solution & for
some problems; see [23] for a few illustrations.

A difficulty with solution methods based on the RR-Arnoldi process is that they
require the regularization operator L to be represented by a square matrix. In partic-
ular, the operators (1.9)-(1.11) cannot be applied. Several approaches to circumvent
this difficulty have been discussed in the literature. Calvetti et al. [8, 9] propose to
append or prepend rows to the regularization operators L; to yield square and nonsin-
gular regularization operators L; the nonsingularity simplifies the computations. For
suitable extensions of the operators (1.9)-(1.11) this approach yields high accuracy.
However, to achieve the most accurate approximations of &, the choice of extension
often should depend on the behavior of the solution near the boundary. If this be-
havior is not known a priori, one can first solve the problem with L := I to determine
the boundary behavior of the solution, and then again with a suitably chosen square
regularization operator L to achieve higher accuracy.

An alternative to solving the transformed Tikhonov minimization problem (1.16)
is to apply an iterative method to the linear system of equations

(1.19) Az =b.

Regularization is achieved by terminating the iteration process sufficiently early. De-
note the kth iterate generated by the iterative method by &y, with &y = 0, and define
the associated residual vector

(1.20) 71, = b — Azy,.

The iteration number, k, can be thought of as a regularization parameter. Application
of the discrepancy principle to determine when to terminate the iterations requires



that the norm of the residual vector 7y be available; see Section 3. In this paper, we
discuss application of the range restricted GMRES (RR-GMRES) iterative method
to the solution of (1.19). RR-GMRES is based on the RR-Arnoldi process; its use
and comparison with standard GMRES are illustrated in [5]. RR-GMRES is better
suited than standard GMRES for the computation of an approximate solution of
linear discrete ill-posed problems, whose desired solution & is smooth.

Hansen and Jensen [20] recently described how nonsquare regularization operators
can be used in conjunction with RR-GMRES by augmenting the linear system (1.1)
and multiplying the augmented system from the left-hand side by a matrix, which
contains (LTA)T as a submatrix. This approach is interesting, but it is not well suited
for use with the discrepancy principle, because the norm of residual vector (1.20) is
not explicitly available.

Morigi et al. [24] proposed to use orthogonal projections as regularization oper-
ators. These operators perform well for many linear discrete ill-problems, but they
are not smoothing. They are well suited for problems, for which the desired solution
& is not smooth. The application of regularization operators without any particular
structure is considered by Kilmer et al. [21].

The present paper discusses several approaches to determining square regulariza-
tion operators from regularization operators of the form (1.9)-(1.11). We consider
appending zero rows to obtain square regularization operators. Numerical examples
illustrate the feasibility of this approach. Problems with a periodic solution may ben-
efit from the use of circulant regularization operators obtained by augmenting suitable
rows to regularization operators of the form (1.9)-(1.11). The spectral decomposition
of circulant matrices is easily computable, and numerical examples illustrate that it
may be beneficial to set certain eigenvalues to zero. The latter observation is believed
to be new. Finally, we discuss how these regularization operators can be combined
by weighted averaging or with an orthogonal projection to deal with problems with
non-periodic solutions.

This paper is organized as follows. Section 2 discusses some properties of square
zero-padded and circulant regularization operators obtained by modifying operators
of the form (1.9)-(1.11). A weighted average of the two is proposed in order to
circumvent the restrictions of each approach. We also describe how orthogonal pro-
jection regularization operators can be combined with other regularization operators.
The RR-Arnoldi process, the discrepancy principle, and RR-GMRES are reviewed in
Section 3. Computed examples are presented in Section 4, and Section 5 contains
concluding remarks.

2. Regularization operators. We first discuss general properties of regular-
ization operators L € R¥*™ k < n, with a nontrivial null space and then consider
square regularization operators related to operators of the form (1.9)-(1.11). This is
followed by a discussion on orthogonal projection regularization operators and how
they can be combined with square smoothing regularization operators.

Many regularization operators of interest have a nontrivial null space. Let

ny = [1,1,...,1,1]7,
(2.1) ny:=[1,2,...,n—1,n|7,

nsg:=[1,2%,...,(n - 1)%,n?T.

N (L) = span{n, },



(2.2) N (L3) = span{ni,ns},
N(L3) = span{ny,na, ns}.

Let the columns of the matrix U € R™* form an orthonormal basis of N(L).
Generally, the dimension, ¢, of the null space of regularization operators of interest
is fairly small; for the operators (1.9)-(1.11), we have dimN'(L;) = j. Introduce the
QR-factorization

(2.3) AU = QR,

where Q € R™** satisfies QTQ = I and R € R**? is upper triangular.

PROPOSITION 2.1. Let the columns of U € R™** form an orthonormal basis of
the null space of the reqularization operator L € RF*™ k < mn. Thus, £ > n —k. Let
the matrices Q and R be determined by (2.3). Then

(2.4) Ly = (I -UR'QTA)LT,
(2.5) ALY = (I - QQM)ALT,
(2.6) b=(I-QQ")b.

Proof. The relation (2.4) follows by substituting I — LTL = UU” and the QR-
factorization (2.3) into (1.12). Multiplication of (2.4) by A yields (2.5). Finally,
relation (2.6) is a consequence of A(A(I — LTL))T = QQT. For further details; see
[13] or [19, Section 2.3]. O

It is clear from (1.5) that the component of the solution «,, in N(L) is not affected
by the value of the regularization parameter . The following result is a consequence
of this observation.

PROPOSITION 2.2. ([24]) Let the orthonormal columns of the matriz U € R™**
span the null space of the regularization operator L € RF*™ and assume that (1.6)
holds. Let > 0 and let ,, be the unique solution (1.7) of the Tikhonov minimization
problem (1.5). Consider the discrete ill-posed problem with modified right-hand side

Az =V, b :=b+ AUy,

for some y € RY. Then the unique solution of the associated Tikhonov minimization
problem

min { || Az — b'||* + pl| Lz ||*}
xeR™

is given by x, ==z, + Uy.

The above proposition suggests that the regularization operator L should be cho-
sen so that known features of the desired solution & can be represented by vectors in
N(L). For instance, when & is known to be monotonically increasing and smooth,
L := Ly or L := L3 may be suitable regularization operators since their null spaces
contain discretizations of linearly and quadratically increasing function; cf. (2.2).

2.1. Square regularization operators by zero-padding. We discuss the use
of square regularization operators obtained by zero-padding matrices that represent
scaled finite difference operators, such as (1.9)-(1.11). Let L; ¢ denote the n xn matrix
obtained by appending a zero row-vector to the operator L; defined by (1.9). Then

(2.7) L}, =L}, 0] e R™*".
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Substituting L := Ly g and LT := LLO into (1.12) yields a square A-weighted pseudoin-
verse LZ. The matrix ALT4 also is square and can be reduced to an upper Hessenberg
matrix by the RR-Arnoldi process. Note that for any vector v € R”, LI)OU can be
evaluated efficiently by first computing the QR-factorization of LlT)O with the aid of
Givens rotations, and then solving a least-squares problem. The least-squares solution
of minimal-norm easily can be determined, because N'(L1 o) is explicitly known; see
[13], [19, Section 2.3] for details.

The RR-Arnoldi process may break down when applied to a singular matrix.
The matrix (2.5) with LT defined by (2.7) is singular because Lgen = 0; here and
elsewhere in this paper e; = [0,...,0,1,0,. ..,0]7 denotes the jth axis vector of
appropriate dimension. Moreover, the matrix (2.5) also can be singular because A
may be singular. A variant of the Arnoldi process that avoids breakdown when applied
to a singular matrix is described in [27] and should be used in black-box software.
However, in our experience, it is rare to encounter breakdown or near-breakdown of
the RR-Arnoldi process before the computations are terminated by the discrepancy
principle. Indeed, we have not encountered near-breakdown in any of our numerical
experiments.

The regularization operators (1.10) and (1.11) can be extended to square regu-
larization operators in a similar manner as L;; the square operator L; o is defined by
appending j zero row-vectors to L.

2.2. Square regularization operators by circulant extension. Circulant
regularization operators are well suited for use in problems with a periodic solution.
We consider the following circulant extensions of the matrices (1.9) and (1.10),

1 -1 0

) 1 -1
Cl 125 E]Rnxn
1 -1
-1 1
and
2 -1 -1
-1 2 -1
1 . .
(2.8) Cri= g -1 € R,
. -1
-1 -1 2

Circulants have advantages of being normal matrices with a known spectral de-
composition. Introduce the unitary “FFT-matrix” with the columns ordered accord-
ing to increasing frequency,

W = [wo,’UJh’UJ_l,'lUQ, .. '7w(71)"Ln/2J] € (Cn><n7

1
Wg ‘= —=

NG

where i := +/—1 and |« denotes the integer part of & > 0. The columns satisfy
wy = w_y, where the bar denotes complex conjugation. Each column wy, represents

[1, e—ZTrik/n, e—47ri}’c/n7 e—67rik/n, s e—27ri(n—1)k/n]T c (Cn,



rotations, with the frequency increasing with |k|. The wy are eigenvectors for all
circulants; see, e.g., [12]. In particular, the circulants C; have the spectral decompo-
sitions

(2.9 Ci=WAW*, Ay =diag\ AP AN, AT

where the superscript * denotes transposition and complex conjugation. The eigen-
values satisfy

A AT AR AN )T = VAW Gl

and therefore can be computed efficiently by the fast Fourier transform method.
PROPOSITION 2.3. The spectral decomposition (2.9) expresses a circulant as the
sum of n Hermitian rank-one circulants,

(2.10) C; =Y 2wy,

k
where summation is over the index set {0,1,—1,2,...,(=1)"|n/2]} with n compo-
nents.

Proof. Straightforward computations show that the rank-one matrices wywj are
circulants. O

The eigenvalues of C are distributed equidistantly on a circle of radius and center
1/2, with )\(()1) = 0. All, or all but one, depending on the parity of n, of the remaining
eigenvalues appear in complex conjugate pairs; we have )\,(cl) = 5\(71,)6 The magnitude

of the eigenvalues increases with increasing magnitude of their index. The null space
is given by N (C1) = span{n;}, where n; is defined by (2.1).
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FiG. 2.1. (a) Magnitude of the eigenvalues of the circulant Cp € R100X100 (red «) and eigen-
values of the circulant Co € R100X100 (plack o). The eigenvalues are ordered according to increasing

index magnitude. (b) Logarithmic scale with the eigenvalues )\(()j) =0, 7 =1,2, omitted.

The matrix Cy is the symmetric part of C. Its eigenvalues are the real part of

the eigenvalues of Cy. They live in the interval [0, 1] with )\((32) = 0. All, or all but
one, depending on the parity of n, of the remaining eigenvalues appear pairwise; we

have /\Ef) = /\(_2,)C The eigenvalues increase with increasing magnitude of their index.
Moreover, N'(Cs) = N(C7). Figure 2.1(a) displays the magnitude of the eigenvalues
of circulants C; and Cs of order n = 100.
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Since the n x n matrix Cy is real and symmetric, it has a real orthonormal
eigenvector basis, such as

{’wo, %(’wl +w-_1), %(wl —w-_1), %(’wz +w_3),... } :

For n > 2, real linear combinations of these basis-vectors do not yield a real circulant
eigenvector matrix.
The Moore-Penrose pseudoinverse of C; is given by

cl=walw*, Al = diaglOP), AT, AT O e

where

G 1A, A #o,
()‘k )= se ()
0, it A\’ =0.

The smoothing effect of the circulant regularization operators C; stems from
the fact that the seminorm ||C;x|| weighs high-frequency components of the vector «,
when expanded in terms of the eigenvectors wy, more than low-frequency components.
Recall that the frequency as well as the magnitude of the eigenvalues increase with the
magnitude of the eigenvector index. Figure 2.1(a) shows that C; weighs low-frequency
components of & more than Cl.

Figure 2.1(b) differs from Figure 2.1(a) in the scaling of the vertical axis and in
that the zero eigenvalues are not displayed. The figure provides better resolution for
eigenvalues of small magnitude. In particular, Figure 2.1(b) shows that while both
circulants C7 and Cy weigh high frequency components the most, they also provide
some weighting of low frequencies. The latter may not be beneficial in situations
when the desired solution is periodic with low frequency. We may want to modify
the circulants C; by setting one or more of its eigenvalues to zero and thereby avoid
damping of the associated frequencies; cf. Proposition 2.2. The benefit of this is
illustrated in Section 4. Here we show that the modified matrix obtained is a real
circulant.

COROLLARY 2.4. Let the matriz Cy be obtained by setting the p pairs of eigen-
values {/\52), A@}, {)\g2), /\(f% ,e .,{A§)2), /\g))} in the decomposition (2.10) of Ca to
zero, where p < n/2. The matrix C'g so obtained is a real circulant, and so is its
Moore-Penrose pseudoinverse C’;

Proof. Let 1 < k < p. Then )\(_2,1 = /\Ef). Setting )\(_2,)C and /\f) to zero for
1 < k < p yields the matrix

P P
Cy:=Cy — Z (A,@wsz + A?,)cw_kw*_k) =Cy — Z /\](62) (wrwj + wrwy,) .
k=1 k=1

The right-hand side shows that Cy is real. Tt is easy to verify that wiwyj, is a circulant
and so is wpwj,. Therefore C’g is a circulant. It follows that CA’;L also is a real circulant.
d

We have discussed two circulant regularization operators. Other circulants can
be investigated similarly and applied as regularization operators when appropriate.
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2.3. Weighted average of circulant and zero-padded regularization op-
erators. The null space of the regularization operator Lo, defined by (1.10), contains
the discretization of linear functions; however, the circulant extension, C5, does not.
While the circulant C5, and its modification Cs described in Corollary 2.4, are well
suited for the solution of problems with a periodic solution, they damp non-periodic
solution-components, such as linear growth. We are interested in deriving regular-
ization operators that neither damp slowly oscillatory solution components nor linear
growth. Namely, the null space of the regularization operator should contain dis-
cretizations of both linear and slowly oscillatory functions, or at least the complement
of the orthogonal projection of these functions into the null space should be small.
This section describes how regularization operators with this property can be defined.

First consider the regularization operator L := DsCy, where

(2.11) Dy := diag[5,1,...,1,6],

and § > 0 is small. Then L is a weighted average of the the circulant operator
C5 and the zero-padded operator that is obtained by prepending and appending a
zero row to Lo. Discrete linear functions, represented by ani + fnsg for o, 8 € R,
are approximately in the null space of L, in the sense that they are hardly damped
by L in the context of Tikhonov regularization. Unfortunately, this operator L is
computationally difficult to use in large-scale problems as a formula for LT that is
inexpensive to evaluate is not obvious; see also Section 2.4 for further comments.
However, Cg Dgl may be considered a rough approximation of Lt. This leads us to
consider the regularization operator

L= (chgl)T,

which differs from DsC5, but has some similar desirable properties as we shall discuss
below.

More generally, as in Section 2.2, we can set some small eigenvalues of Cy to
zero, and thereby avoid the damping of low frequency solution-components. Re-
call that the matrix Cy is obtained from Cj by setting the p pairs of eigenvalues
{)\52),)\(_2%},{)\52),)\(_2%},...,{A1(72),A£2;} in the decomposition (2.10) to zero, where
0 < p < n/2 (with the convention that Co = Cy if p = 0.) We will use the reg-
ularization operator defined implicitly by

(2.12) L:= (C*;Dgl)T.

Note that only LT = C’g D(;_1 is needed in computations and is readily available; L
itself is not directly used. We show that the operator (2.12) inherits the low-pass
property of C, and hardly damps discrete linear functions an; + fnq, a, 5 € R.

THEOREM 2.5. Let L be defined by (2.12) with Ds given by (2.11). Then, for
any v € R™,

ILoll < | DsCav].
In particular, Lwy, = 0 for 0 < |k| < p. Thus, ny € N(L). Moreover,

[Lmaf| _ 0
[nafl — v/n
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Proof. Let w := Lv. Then L'Lv = Liu = C’nglu. Therefore,
CoLtLv = CoCI Dy 'u = Dy 'u — (I — CoC) Dy .
Hence,
DsCy L Lv = w — Ds(I — C2C) D5 L.
Since R(LT) = R( Ag) = span{ Wy, 1, W_(p4+1), Wpt2, W_(pt2),- -}, We have
P
I - L'L = wow}, + Z (wrwj + w_pw* ) .

k=1
It follows from this equation and Cowy, = 0 for 0 < |k| < p that DsCoLTL = DsCs.
Writing ug := Ds(I — C’gé’%)Dglu, we have

U — Uy = DJOQU.

Now, Liug = CI(I - CA'QCA’;L)Dglu =0, ie., ug € N(LT). Therefore, ug L u € R(L),
and it follows that

Jull < lu —wuo = [ DsCov].
This inequality and Cowy, = 0 show that Lwj, = 0 for 0 < |k| < p. Furthermore,

since ||Cy — Cy| < )\1(0321 and Cyong = 2[-1,0,...,0,1]7, we have

Van

| Lnzl| < || DsCona| < || DsCanal| + N7 [Ina]| < =6+ A7 [[ma].

The bound for || Lny||/||nz | now follows from ||ns|| = y/n(n + 1)(2n + 1)/6 > /n3/3.
a

2.4. Orthogonal projection regularization operators. Let the matrix U €
R™** ¢ < n, have orthonormal columns. Then the regularization operator

(2.13) L:=1-UU"

is an orthogonal projector onto R+ (U). Application of orthogonal projection reg-
ularization operators is discussed in [24]. This section describes how to combine
regularization by orthogonal projection and smoothing operators. This kind of reg-
ularization yields the smoothing properties of the latter and allows the choice of a
sufficiently large null space to represent important features of the desired solution &.

While the regularization operator introduced in Section 2.3 has some of these
properties, its null space only approximately contains discretizations of linear func-
tions and it requires n to be large. In addition, there are situations where it might
be desirable to include other solution components, such as a quadratic or exponential
growth functions, in the null space. This can be achieved by combining an orthogonal
projection regularization operator with a circulant smoothing regularization operator.

We first review relevant properties of orthogonal projection regularization op-
erators and discuss the equivalence of these operators to a decomposition method
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described in [2]. The latter provides a convenient way of implementing regularization
with two regularization operators for large-scale problems.

PROPOSITION 2.6. Let the regularization operator L € R™*"™ be defined by (2.13)
and let the matrices @ and R be determined by (2.3). Then

(2.14) LYy =1-UR'Q"A,
(2.15) ALY = (I - QQT)A.

Proof. A proof follows from Proposition 2.1 and straightforward computations.
Details and related results can be found in [24]. O

For small to medium-sized problems, for which the GSVD can be applied, we may
choose regularization operators of the form SL, where S is a smoothing regularization
operator and L is an orthogonal projector (2.13) with a suitably chosen null space.
However, products of regularization operators are difficult to handle in large-scale
problems that are transformed to standard form (1.16). The reason for this is that one
of the factors of LTA is the pseudoinverse of the regularization operator, cf. (2.4), and
for most pairs {9, L} of regularization operators of interest, the pseudoinverse (SL)T
is difficult to evaluate efficiently; see, e.g., [10, Section 1.4] and [16] for discussions on
the pseudoinverse of a product of matrices. We therefore propose to apply pairs of
regularization operators sequentially. This can be carried out in a conceptually simple
manner by partitioning the linear system of equations (1.1) as follows. Introduce the
orthogonal projectors

Py :=UU",  Pyr:=I1-UU", Pu:=QQ", Py:=I1-QQ",

and partition the vector # = Pyx + Pga and the linear system of equations (1.1)
according to

(2.16) PoAPyx + PoAPrx = Pgb,
(2.17) Py APyx + Py APgrx = Pgb.
Application of partitioning to the solution of linear discrete ill-posed problems is
discussed in [2].
THEOREM 2.7. Let L be defined by (2.13) and let Q be given by (2.3). Then

equation (2.16) is equivalent to (1.17), and equation (2.17) is equivalent to (1.19).
Proof. We first establish the equivalence of (2.17) and (1.19). Note that

(2.18) Py APy = 0.
It follows from (2.15) and (2.6) that
A=PyA=PyAP;, Pgb=b.

This shows the equivalence.

We turn to (2.16). Denote the computed approximate solution of (2.17) by .
In view of (2.18), the system of equations (2.16)-(2.17) is block upper triangular and
Pyx satisfies

PoAPyx = Pob — PoAPjz,
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which can be written as
RUTx = Q"b — (QT Az — RUTZ),
ie.
Ul(x —2) = R7'Q™(b — AZ).
We may choose
(2.19) x:=z+UR'Q"(b— Az).

Note that (1.14) can be expressed as (®) = UR~'QTb. Substituting this expression
and (2.14) into « = LL% + (9, which is analogous to (1.17), yields

x=(I-UR'QTA)z +UR Q™.

This expression is equivalent to (2.19), which shows the theorem. O

Theorem 2.7 shows that partitioning is equivalent to the application of an orthog-
onal projection regularization operator, and that the partitioned system (2.16)-(2.17)
is block upper triangular. We propose to apply an initial partitioning in situations
when the null space of an otherwise suitable smoothing regularization operators is
not large enough to be able to represent pertinent features of the desired solution &.
Having chosen a suitable orthogonal projection regularization operator (2.13), and
therefore the matrix U, we solve (2.17) using a smoothing regularization operator.
Note that in view of (2.18) and PéAP[} = PéA, equation (2.17) simplifies to

(2.20) Py Az = Pgb.

For example, if & has a linear growth function component, then the matrix U
that defines the orthogonal projection regularization operator (2.13) should be chosen
so that R(U) = span{ny,ns}. We then may select the circulant

CQ = CQ — )\52) (wlw’{ + 11]111];),

whose null space contains slowly oscillating discrete functions, as smoothing regular-
ization operator. Computations with this combination of regularization operators are
presented in Example 4.5 in Section 4.

The following result shows that in order to determine the residual error norm
associated with (1.1), it suffices to compute the norm of the residual error of the
reduced system (2.20).

COROLLARY 2.8. Let & € R™ and define the residual vector

7:=Pyb— Py Az.

Let x be the associated approzimate solution of (1.1) defined by (2.19) in the proof of
Theorem 2.7, and let

r:=b— Ax.
Then ||r|| = [I7|.

Proof. The result follows from (1.18) by using the equivalence of partitioning
and regularization by an orthogonal projection operator. The corollary also can be
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shown directly by using the partitioning (2.16)-(2.17); see [2] for details on the latter
approach. [0

We remark that instead of partitioning (1.1) and regularizing (2.20), we can carry
out repeated transformations of the Tikhonov minimization problem (1.5) to standard
form. The latter approach is more general. However, since we are not exploiting this
generality, we will not pursue this approach further in the present paper. Note that
the regularization technique of this section also can be used with nonsquare smoothing
regularization operators.

3. Krylov subspace methods and the discrepancy principle. Application
of k < n steps of the range restricted Arnoldi process to the matrix A € R™*" in
(1.16) or (1.19) with initial vector b determines the decomposition

(3.1) AVy, = Viy1 Hi g1 1,

where the orthonormal columns of the matrix Vi € R™*(*+1) form a basis of the
Krylov subspace

(3.2) Kri1(A,b) := span{Ab, A%b,..., AFT1b}

and the matrix ﬁkJrLk e REFDXE jg of upper Hessenberg form. The matrix Vi
consists of the first k columns of Vk+1-

The decomposition (3.1) is the basis for the Arnoldi-Tikhonov method for the
solution of (1.16), as well as for the RR-GMRES iterative method for the solution of
the linear systems of equations (1.19). We first outline the latter scheme.

The kth iterate, &, determined by RR-GMRES when applied to the solution of
(1.19) satisfies

(3.3) |AZy — b= min _|[Az —b|, @i € Ki(A, Ab),
ZEK (A,Ab)

and is computed by first finding the solution ¥, of the minimization problem
;TelliRnk | Hi1,6y — Vi1 Bl
and then setting &), := V,y,. The associated approximate solution of (1.1) is given
by
Ty = L]:@k + z(;
cf. (1.17). The residual error 7, := b — Az, associated with xj can be expressed as
T =b— AZp = Vi (Hepr 10y — Vi b) — (1 = Via Vi),
and it follows that
||7°kH2 = (e£+1Qz+1Vk215)2 + 16— Vk+1‘7k216|‘27

where Q41 € RFEHDX(E+1) ig the orthogonal matrix in a QR-factorization of Hy .
The squared residual error norm ||7||? can be evaluated inexpensively by updating
lracal|2.

Let 1 be a constant strictly larger than one. The iterate x; is said to satisfy the
discrepancy principle if

(3-4) el < me,



15

where ¢ is the norm of the noise (1.3) or an estimate thereof. If the available estimate
is known to be accurate, then we choose 1 close to unity. It follows from (3.3) and

K- 1(A Ab) C Ki(A4, Ab) that ||rg—1]] < |7kl for & = 1,2,3,... , where ry =
b— Az(®). We terminate the iterations as soon as an iterate T has been determined
that satisfies the discrepancy principle. Thus, r; is the first residual vector, such
that (3.4) holds. An analysis of this stopping rule for standard GMRES is provided
in [6]; the analysis there carries over to RR-GMRES. The evaluation of x; requires
k+0¢+1 matrix-vector product evaluations with the matrix A, with £ of which required
to compute the QR~factorization (2.3). For large-scale problems, the matrix-vector
product evaluations dominate the computational work. We therefore tabulate this
number in the computed examples of Section 4.

We turn to Tikhonov regularization. Let k be defined as above. In the numerical
examples of Section 4, we carry out k& Arnoldi steps, where k := =kork:=k+1.
Substituting the decomposition (3.1) into (1.16) yields a minimization problem of
fairly small size, whose solution, &y ,, we compute. Let xj , = Lgﬁck,# + 20, We
choose p so that, analogously to (3.4), the associated residual error ry, , := b— Axy,
satisfies |7y, .|| = ne; see [23] for further details.

4. Computed examples. We illustrate the performance of the regularization
operators discussed with some numerical examples. The “noise-vector” e has in all ex-
amples normally distributed pseudorandom entries with mean zero, and is normalized
to correspond to a chosen noise-level

_ lell

1b]]
Here b denotes the noise-free right-hand side vector in (1.4). We let n := 1.01 in
(3.4) in all examples. The computations are carried out in MATLAB with about 16
significant decimal digits. We reorthogonalize the columns of the matrix V41 in the
decomposition (3.1). Since typically the dimension k+1 of the Krylov subspaces (3.2)
used is fairly small, reorthogonalization is inexpensive. Reorthogonalization may re-
duce the size of the Krylov subspace required for determining an approximate solution

that satisfies the discrepancy principle; see [26, Example 4.1] for an illustration with
a symmetric matrix.

reg. oper. # iterations k # mat.-vec. prod. |axr — &|/||z|
1 3 4 1.6-1073
L1 2 4 2.2-1074
Lg)o 1 4 2.0-107*
Lso 0 3 1.7-10~4
TABLE 4.1

Ezxzample 4.1: Relative error in approximate solutions x, determined by truncated iteration with
RR-GMRES.

Example 4.1. The Fredholm integral equation of the first kind,
/2
(4.1) / k(o,7)z(0)do = b(1), 0<7<m,
0

with k(o,7) := exp(ocos(r)), b(r) := 2sinh(7)/7, and solution z(7) := sin(r) is
discussed by Baart [1]. We use the MATLAB code baart from [18] to discretize (4.1)



Fic. 4.1. Example 4.1: Computed approzimate solutions xy determined by RR-GMRES using
the discrepancy principle. The dashed curves show the vector &; the continuous curves display in
(a) the iterate ®3 determined without regularization operator (L := I), and in (b) the iterate xo
determined with the regularization operator L := L3 .

by a Galerkin method with 200 orthonormal box functions as test and trial functions.
The code produces the matrix A € R290%200 and a scaled discrete approximation of
2(7). Adding 50n; to the latter yields the vector & € R with which we compute
the noise-free right-hand side b:= Az.

Let the entries of the error vector e € R?%° be normally distributed with zero
mean, and be normalized to yield the noise-level ¥ = 5 - 107°. This corresponds to
an absolute error of |le|| = 9.8 - 1072, The right-hand side b in the system (1.1) is
obtained from (1.2).

Table 4.1 displays results obtained with RR-GMRES for several regularization op-
erators and Figure 4.1 shows two computed solutions. The continuous curve in Figure
4.1(a) displays the computed solution obtained without explicit use of a regularization
operator (L := I); the continuous curve in Figure 4.1(b) depicts the corresponding
solution determined with L := L3 . The iterations are terminated by the discrepancy
principle (3.4). The dashed curves in Figures 4.1(a) and (b) show the solution & of
the noise-free problem (1.4).

This example shows RR-GMRES without explicit use of a regularization operator
to perform poorly. The reason for this is that the desired solution is a small relative
perturbation of the vector 50m;. We note that this vector lives in N (Ljg), 1 <
j < 3, and therefore does not affect the Krylov subspaces for A when one of the
regularization operators L;o is applied. When L := L3, the norm of the initial
residual rq := b — Az satisfies the discrepancy principle (3.4) and no iterations are
carried out. O

method # iterations & # mat.-vec. prod. ||z — Z||

Arnoldi-Tikhonov 9 10 1.5-1072

Arnoldi-Tikhonov +1 10 11 1.2-1072

LBD-Tikhonov 11 22 1.2.1072
TABLE 4.2

Ezample 4.2: Errors in approzimate solutions of a modification of (4.2) determined by several
Tikhonov regularization methods with regularization operator L := 1.
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method # iterations & # mat.-vec. prod. |z — Z||

Arnoldi-Tikhonov 6 8 5.7-1073

Arnoldi-Tikhonov +1 7 9 2.9-1073

LBD-Tikhonov 7 15 3.6-1073
TABLE 4.3

Ezample 4.2: Errors in approzimate solutions of a modification of (4.2) determined by several
Tikhonov regularization methods with regularization operator L1 .

L L L L L L L L L L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200

FiG. 4.2. Ezample 4.2: Approzimate solutions xy,,, computed by the Arnoldi- Tikhonov method
with the reqularization parameter p determined by the discrepancy principle. The dashed curves show
the vector &; the continuous curves display in (a) the approzimate solution x10,, determined with
regularization operator L := I and in (b) the approximate solution x7 , determined with L := L1 .

Example 4.2. Consider the Fredholm integral equation of the first kind

6
(4.2) /_6 k(T,0)x(o)do = g(1), —6 <7 <6,

with kernel and solution given by

k(r,0) := x(r — 0),
_f 1+cos(30), if|o| <3,
z(0) := { 0, ’ otherwise.
The right-hand side g(7) is defined by (4.2). This integral equation is discussed
by Phillips [25]. The MATLAB code phillips in [18] determines a discretization by a
Galerkin method with orthonormal box functions. A discretization of a scaled solution
also is provided. Let the matrix A € R2%9%290 determined by phillips represent the
discretized integral operator, and let & be the sum of the scaled discrete solution
provided by phillips and the vector ;. The noise-free right-hand side is given by b=
Az. A “noise-vector” e similar to the one in Example 4.1 and scaled to correspond
to a noise-level of 11073 is added to b to yield the right-hand side b of the linear
system (1.1).

Tables 4.2 and 4.3 report the performance of several Tikhonov regularization
methods with the regularization operators L := I and L := Lj o, respectively. The
latter regularization operator gives more accurate results for the present problem.
For many ill-posed problems the Arnoldi-Tikhonov method yields higher accuracy by
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applying one more step of the Arnoldi process than the k steps necessary to satisfy the
discrepancy principle; see the last paragraph of Section 3. This approach is denoted by
Arnoldi-Tikhonov +1 in the tables. LBD-Tikhonov is the Lanczos bidiagonalization-
based Tikhonov regularization method described in [7]. Lanczos bidiagonalization is
implemented with reorthogonalization. We remark that the operators Lio and L,
are equivalent when applied in LBD-Tikhonov. Figure 4.2 displays the most accurate
computed solutions in the Tables 4.2 and 4.3 for L := I and L := L; .

The tables show the Arnoldi-Tikhonov method to yield about the same accu-
racy as LBD-Tikhonov and to require fewer matrix-vector product evaluations. We
therefore omit graphs for the approximate solutions determined by LBD-Tikhonov.
O

reg. oper. # iterations k # mat.-vec. prod. |xr — Z||/||Z|
1 2 3 1.3-1071
Lo 0 3 5.0-1072
TABLE 4.4

Ezxample 4.3: Relative error in approrimate solutions xy, determined by truncated iteration with
RR-GMRES.

Fic. 4.3. Example 4.3: Computed approrimate solutions xy determined by RR-GMRES using
the discrepancy principle. The dashed curves show the vector &; the continuous curves display in
(a) the iterate xo determined without regularization operator (L := I), and in (b) the iterate xo
determined with the regularization operator L := L3 .

Example 4.3. RR-GMRES would in Example 4.1 be able to determine a quite
accurate approximation of & without the use of the regularization operator L; g, if
before iterative solution 50An; is subtracted from the right-hand side b, and after
iterative solution the vector 50m, is added to the approximate solution determined by
RR-GMRES. However, it is not always obvious how a problem can be modified in order
for RR-GMRES to be able to achieve high accuracy without applying a regularization
operator. This is illustrated by the present example, for which subtracting a multiple
of Any before iterative solution with RR-GMRES, and adding the same multiple of
n, after iterative solution, does not yield an accurate approximation of &.

Consider
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where the kernel and the right-hand side are the same as in (4.1). We discretize in a
similar fashion as in Example 4.1 to obtain the matrix A € R599%590 and the noise-free
right-hand side b € R50, Adding a “noise-vector” e to b yields the right-hand side
of (1.1). The vector e is scaled to correspond to the noise-level v = 2 - 1073, We
solve the system (1.1) by RR-GMRES. Table 4.4 reports results for the cases when
no regularization operator is used (L := I) and when the regularization operator
L := L3 is applied. Figure 4.3 displays the computed solutions. The operator L3 g
is seen to improve the quality of the computed solution. O

regularization operator # iterations k # mat.-vec. prod. ||z — &||
- 5 6 5.7-1072
Lg)o 5 8 2.4-1072
Cs 3 ) 5.7-1073
Cs 1 5 2.4-107°
TABLE 4.5

Exzample 4.4: Errors in approzimate solutions of computed by RR-GMRES without and with
several regularization operators. The operator La o is defined by zero-padding the operator (1.10),

Ca by (2.8), and Co by setting the 2 smallest nonvanishing eigenvalues of Ca to zero.

Fic. 4.4. Example 4.4: Computed approrimate solutions ¢y by RR-GMRES using the simplified
discrepancy principle. The dashed curves depict the vector &; the continuous curves display in (a)
the iterate x5 determined with the regularization operator L := Lo, and in (b) the iterate x

computed with the reqularization operator L := Co defined by setting the two smallest nonvanishing
etgenvalues of Ca to zero.

Example 4.4. We modify the integral equation of Example 4.2 in two ways:
the integral equation is discretized with finer resolution to obtain the matrix A €
R1000x1000 " anqd instead of adding a discretization of the function 1 to the scaled
discrete solution determined by the MATLAB code phillips, we add a discretization of
the function 2 cos(m(1+ §)). This defines . The noise-free right-hand side is given by

b:= Axz. A “noise-vector” e with normally distributed entries with mean zero, and
scaled to correspond to the noise-level 11072 is added to b to yield the right-hand
side b of the linear system (1.1).

Table 4.5 reports the performance of RR-GMRES without and with several reg-

ularization operators. The table shows that the regularization operator C, obtained

from (2.8) by setting the 2 smallest nonvanishing eigenvalues, )\§2) and )\(_2;, to zero
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yields the best approximation of the desired solution &. In particular, the regulariza-
tion operator C yields higher accuracy than Lj ¢. Table 4.5 also displays the number
of iterations and the number of matrix-vector product evaluations required. Figure
4.4 shows & (dashed curves) and the computed approximate solutions determined
with the regularization operators Lg o and C'g (continuous curves). The latter curves
differ primarily at their endpoints. O

regularization operator # iterations k  # mat.-vec. prod. ||z — Z||
N 8 9 6.0-102
Lao 5 8 1.8-1072
Co 7 9 1.1-1071
Cy 3 7 1.1-1071
(CIDy 1t 2 6 5.6-1073
OP and C, 3 7 4.3-107°
oP 4 7 1.0-1072
TABLE 4.6

Ezxzample 4.5: Errors in approximate solutions computed by RR-GMRES without and with
several regularization operators. The operator La o is defined by zero-padding the operator (1.10),
Ca by (2.8), and Co by setting the 2 smallest nonvanishing eigenvalues of Ca to zero. The diagonal
matriz Dg has 6 = 1-1078. OP stands for orthogonal projection onto a subspace not containing
discretized linear functions, i.e., R(U) = span{ni,n2} in (2.13).

0 100 200 300 400 500 600 700 800 900 1000

Fic. 4.5. Example 4.5: Approzimate solutions xy computed by RR-GMRES using the simplified
discrepancy principle. The dashed curves depict the vector &; the continuous curves display in (a)
the iterate xs determined with regularization operator L := La o, and in (b) the iterate &3 determined
by initial orthogonal projection onto the complement of the discretized linear functions, and then
solving the projected problem by RR-GMRES with regularization operator Ca.

Example 4.5. The matrix in this example is the same as in Example 4.4, and we
add a discretization of the linear function £(0) := 1+ 0/6 to the vector &. The noise-
free and noise-contaminated right-hand sides are determined similarly as in Example
4.4; the noise-level is 1 - 1072,

Table 4.6 reports the performance of RR-GMRES without and with several reg-
ularization operators. Because of the oscillatory behavior of the desired solution &,
the regularization operator Lo ¢ does not perform well, and due to the linear term
in &, neither do the operators Cy and Cs. The latter operator is the same as in Ex-
ample 4.4. We therefore consider the approaches of Section 2.3 and 2.4, which yield
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clearly better results. For the weighted average regularization operator L in (2.12),
the matrix Dy is given by (2.11) with 6 := 1-1078. In the method of Section 2.4,
we first carry out an orthogonal projection onto the complement of discrete linear
functions. Hence, we let U € R1909%2 in (2.13) be such that R(U) = span{ni,ns}.
This projection is in Table 4.6 referred to as “OP”. RR-GMRES is applied to the
projected equations (2.20) with the regularization operators Co or without further
regularization. Results for the latter approach are displayed in the last line of the ta-
ble. Table 4.6 shows orthogonal projection followed by regularization with Cs to give
the best approximation of &. The computed solution is shown in Figure 4.5(b). Also
the regularization operator (C’; Dgl)Jr is seen to determine an accurate approximation
of . Table 4.6 also illustrates that the smoothing regularization operator L o yields
a better approximation than the orthogonal projection regularization operator (OP)
with the same null space. This depends on that the desired solution & is smooth
and L o is smoothing, but the orthogonal projector is not. Figure 4.5(a) displays the
solution determined with L3 g. This computed solution differs from & the most at the
endpoints. O

5. Conclusion. We have presented several square extensions of some standard
regularization operators based on finite difference discretization of derivatives. The
numerical examples illustrate that the square regularization operators discussed here
can improve the quality of the computed approximate solution determined by Arnoldi-
based Tikhonov regularization and minimal residual methods. Moreover, they are
quite simple to implement.
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