RATIONAL GAUSS QUADRATURE RULES
FOR THE APPROXIMATION OF MATRIX FUNCTIONALS
INVOLVING STIELTJES FUNCTIONS

J. ALAHMADI*, M. PRANICT, AND L. REICHEL?

Abstract. This paper is concerned with computing approximations of matrix functionals of the form
F(A) := vT f(A)v, where A is a large symmetric positive definite matrix, v is a vector, and f is a Stieltjes
function. We approximate F(A) with the aid of rational Gauss quadrature rules. Associated rational
Gauss—Radau and rational anti-Gauss rules are developed. Pairs of rational Gauss and rational Gauss—Radau
quadrature rules, or pairs of rational Gauss and rational anti-Gauss quadrature rules, can be used to determine
upper and lower bounds, or approximate upper and lower bounds, for F(A). The application of rational
Gauss rules, instead of standard Gauss rules, is beneficial when the function f has singularities close to the
spectrum of A.
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1. Introduction. We are interested in computing approximations of matrix functionals
of the form

F(A) = v f(A)v (1.1)

by quadrature rules, where A € RV*V is a large symmetric positive definite matrix, the
vector v € RV\{0} is of unit Euclidean norm, the superscript 7 denotes transposition, and
f is a Stieltjes function, i.e., f has the representation

t+ =z

0= [ dut). zeC\ (0] (12)

where the nonnegative measure dyu is such f(z) is well defined; see, e.g., [4, 6, 11, 12, 16, 20, 22]
for discussions and illustrations of Stieltjes functions. Examples include

f(z):z—azsm(‘”r) /OOO L gut), with du(t) = tdt, ac(0,1),  (13)

s t+z
log(1 + 2) /DQ 1 . 0, 0<t<1,
1) 2 , t+z2 u(t),  with du(t) e t> 1.

Let the matrix A have the spectral factorization
A=UANUT, A =diag[hi, A2, .., \n], (1.4)

where the matrix U € RV*V is orthogonal and the eigenvalues \; of A are ordered according
to 0 < A1 < --- < An. The spectral factorization is used in the derivation of the quadrature
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rules of this paper, but application of these rules does not require the computation of this
factorization.

Define the vector [v1,va,...,vn] :=vTU. Using the factorization (1.4), the expression
(1.1) with f defined by (1.2) can be written as

oT (Ao = oTU f(A)UTw = /OO WTU + AU du(t)
0

o N
:/ Z(t+)\i)_1yi2dp(t)
0 =1
[T [ awine
0 0
- / F@)dv(y) = Z(f), (1.5)

where the nonnegative measure dv(y) has support at the eigenvalues A; of A. The associated
distribution function v(y) can be chosen to be a nondecreasing piece-wise constant function
with jumps of height 12 at the eigenvalues \; of A. We discuss the use of rational Gauss-type
quadrature rules to approximate the integral (1.5). This is useful when the matrix A is large
and the distribution function v(y) has many points of increase.

The approximation of expressions f(A)v when f is a Stieltjes function, as well as the
computation of error bounds or estimates, has received considerable attention; see, e.g.,
[4, 11, 12, 22] and references therein. Frommer and Schweitzer [11, 12] approximate f(A)
by a polynomial, while Massei and Robol [22] use a rational function. A difficulty with
polynomial approximants is that their degree may have to be large to yield the desired
accuracy of the computed approximation of (1.1). This is illustrated in Section 5.

Our contribution differs from the works [11, 12, 22] in that we use rational Gauss
quadrature rules for the approximation of (1.1). These rules were introduced in [25] and
are based on orthogonal rational functions that satisfy short recurrence relations and have
prescribed poles. Rational Gauss quadrature rules associated with the measure dv in (1.5)
can be computed by applying a few steps of a rational Lanczos process to the matrix A
with initial vector v. These rules are exact for certain rational functions with prescribed
poles. This paper defines rational Gauss—Radau quadrature rules, and shows how pairs of
rational Gauss and Gauss—Radau rules can be applied to determine upper and lower bounds
for the functional (1.1). These bounds are analogues of bounds provided by pairs of standard
Gauss and Gauss-Radau rules that have been described by Golub and Meurant [14]. The
evaluation of these bounds requires that bounds for extreme eigenvalues of A be available.

We also define rational anti-Gauss quadrature rules and simplified rational anti-Gauss
rules. Pairs of rational Gauss and rational anti-Gauss rules or pairs of rational Gauss and
simplified rational anti-Gauss rules also provide upper and lower bounds for the functional
(1.1) under suitable conditions, and do not require knowledge of extreme eigenvalues of
A. Rational anti-Gauss rules provide an extension to rational Gauss quadrature of the
anti-Gauss rules associated with (standard) Gauss quadrature rules that were introduced by
Laurie [21]. Other modifications and extensions of the anti-Gauss rules by Laurie [21] are
discussed in [1, 2, 7, 10, 23].

This paper is organized as follows. Section 2 reviews how (standard) Gauss quadrature
rules for the approximation of (1.5) can be determined by carrying out a few steps of the
Lanczos process applied to the symmetric matrix A with initial vector v. Section 3 discusses
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available results on recursion formulas for orthonormal bases for rational Krylov subspaces
associated with orthogonal rational functions with several fixed poles. The recursion formulas
are determined by the vector v, the symmetric matrix A, and by shifted matrices (A —a;I)~ 1.
In our computations, the «; are negative numbers, which are poles of the rational functions
that determine the rational Gauss, rational Gauss—Radau, rational anti-Gauss, and simplified
rational anti-Gauss quadrature rules used to approximate (1.1). It also is possible to let some
poles appear in complex conjugate pairs. Recursion relations for rational orthogonal functions
with poles «; are reviewed in Section 3, and their application to rational Gauss, rational
Gauss—Radau, rational anti-Gauss, and simplified rational anti-Gauss quadrature rules is
discussed in Section 4. A nice introduction to rational Gauss rules and their properties is
provided by Gautschi [13, Section 3.1.4]. Section 5 presents a few computed examples, and
concluding remarks can be found in Section 6.

2. Gauss quadrature rules. This section reviews the application of the symmetric
Lanczos process to the symmetric positive definite matrix A € R¥*¥Y to evaluate Gauss
quadrature rules for the approximation of the functional (1.1); see, e.g., Golub and Meurant
[14] for further details. The application of 1 < m < N steps of the symmetric Lanczos
process to A with initial unit vector v gives the Lanczos decomposition

AVm =VuTn + tm—l,mvmez;m (21)

where the matrix V,,, = [vg,v1,...,Vm_1] € RYX™ with vg := v, has orthonormal columns
that form a basis for the Krylov subspace

K, (A, v) = span{v, Av,..., A" tv}.

Moreover, the unit vector v,, € RY satisfies V,Zv,, = 0, and T;,, = [tij}?fj;lo € R™M*X™ ig g,
symmetric positive definite tridiagonal matrix; the scalar ¢,,—1 , is nonnegative. Here and
below e; = [0,...,0,1,0,... ,0]T denotes the jth axis vector. We assume that 1 <m < N
is chosen small enough so that the decomposition (2.1) with the stated properties exists.
This is the generic situation.

It follows from the recursion relation (2.1) for the columns of V,,, that the jth column
can be expressed as

vj_1=pj—1(A)v, j=12,...,m,
where p;_1 is a polynomial of degree j — 1. Golub and Meurant [14] show that the expression
Gin(f) = el f(Tin)er (2.2)
is the m-point Gauss quadrature rule for the approximation of (1.1), i.e.,
G (f) =v" f(A)v,  ¥f € Pop,

where P5,,, denotes the space of all polynomials of degree at most 2m — 1, i.e., a space of
dimension 2m. This Gauss rule is associated with the bilinear form

(f.9) = (f(A)v)" (g(A)v), (2.3)

which is an inner product for polynomials f and g of sufficiently low degree. This can be
seen by substituting the spectral factorization (1.4) into (2.3). Substituting the spectral

3



factorization of the matrix T, into the right-hand side of (2.2) shows that G,,(f) indeed is a
quadrature rule with m nodes.

When the integrand f has one or several singularities close to the support of the
measure dv in (1.5), Gauss rules (2.2) with a moderate number of nodes, m, may yield poor
approximations of the functional (1.1). This difficulty can be remedied by using rational
Gauss rules. They were first discussed by Gonchar and Lépez Lagomasino [15], and have
subsequently received considerable attention; see, e.g., [5, 13, 17, 19].

We will use the rational Gauss quadrature rules described in [25] and define associated
rational Gauss—Radau rules, as well as rational anti-Gauss and simplified anti-Gauss rules.
The computation of the rational Gauss rules described in [25] is based on the observation in
[24] that a sequence of certain orthogonal rational functions satisfy short recursion relations,
i.e., the number of terms in the recursion relations can be bounded independently of the
number of orthogonal rational functions in the sequence. We note that different sequences of
orthogonal rational functions that satisfy a three-term recursion relation have been developed
by Deckers and Bultheel [8]. These sequences also can be used to construct rational Gauss
rules; see [9]. We use the rational Gauss quadrature rules described in [25], because their
computation requires fewer linear systems of equations with matrices that are determined
from A to be solved than the approach in [9].

3. Recursion relations for rational Krylov subspaces. The first part of this
section reviews results in [24] on recursion relations for certain orthogonal rational functions.
The number of terms in the recursion relations depends on the number of distinct poles of
the rational functions and on the ordering of certain elementary rational basis functions. The
recursion relations are applied in a rational Lanczos process, which is described in Subsection
3.1.

Introduce linear spaces of rational functions with finite poles,

Q;,k;, = span ;,:jzlﬂ,...,k:i , i=1,2,... 4, (3.1)
7 { (y — )’ }

where the «a; are real distinct poles of multiplicity k;,7 = 1,2,...,¢. They are assumed to lie
outside the convex hull of the support of the measure dv. In the application of this paper,
they will lie on the negative real axis.

Now let ayq0i, 1 =1,2,... ,f, denote distinct complex conjugate poles with nonvanishing
imaginary part, and assume that each pole and its complex conjugate are adjacent, i.e.,
Qy2; = Qyi2i—1, where the bar denotes complex conjugation. Since we are interested in
integrating functions f, such that f(y) € R for y > 0, we replace each pair of rational
functions

1 1

=

(y - Oée+21'—1)j

(y — dpr2i-1)’
by a pair
1 Y
W2+ By +7) (g2 + By +7)
where the coefficients 3;,7; € R are defined by y? + Biy + v = (y — apr2i-1)(y — Gus2i-1)-
Analogously to (3.1), we define the spaces

1 Yy
W2+ By + 1) (W2 + By +v)
4

Wi 25, = span {



where s; is the multiplicity of the complex conjugate poles ayi9;—1 and ayyg;.
Let

0 ?

k:Zk“ S:ZSi, (32)
i=1

i=1
and introduce the (m + 1)-dimensional linear space
Smt1 1= Prnp1-k-2s @ Qupy @ @ Qury @ W5, @ O Wy (3.3)

where we assume that the k; and s; are chosen so that 0 < k + 2s < m — 1. Then the space
(3.3) contains linear functions. Let

\I/m—i-l = {112}071;[}17"'71;[}771} (34)

denote an elementary basis for the space S;,+1, i.e., ¥o(y) = 1 and each basis function ¥;(y),
fori=1,2,...,m, is one of the functions

" 1 1 y
(y—o) P+ By+v) W+ By+v)

(3.5)

for some positive integers ¢ and j. The notation ¥, < 1; indicates that the basis function
comes before 1);. We say that the ordering of the basis functions (3.4) is natural if ¥ (y) = 1

and the remaining functions v;, j = 1,2,...,m, satisfy:
1. y? < yP*! for all integers p > 0,
2. L = L+ for all integers p > 0 and every real pole o,

(y—)? ° (y—au)

1 < Y =< 1
(W2 +Biy+7:)? (v +Biy+vy:)? (Y2 +Biy+vi)
pair {8;,7:},

4. it ¥;(y) = Grrayars then ¥i1(y) = Grrgarane-
In particular, if ¢; = y? for some p > 1, then some preceding elementary basis function ;
with i < j equals y?~!. An analogous statement also holds for negative powers (y — a;) P
and (y% + Biy + ;)P for p > 1.

It is shown in [24] that a Stieltjes procedure for orthogonalizing elementary basis functions
with respect to some inner product only requires short recursion relations when the basis
functions are in natural order. The same holds if we orthogonalize the elementary basis
functions with respect to a bilinear form [f, g] = £(fg), where L is a linear functional on
Sm+1, as long as L(qﬁ?) # 0. In this section, we orthogonalize the elementary basis functions
with respect to the bilinear form (2.3); in Section 4 also other bilinear forms will be used.
The bilinear form (2.3) is an inner product for all elementary basis functions of low enough
order.

A recursion relation is said to be short if the number of terms in the relation can be
bounded independently of the number of orthogonal functions generated. A well-known
special case is furnished by the situation when all elementary basis functions are monomials,
ie, ¥;(y) = v/, j = 0,1,2,... . Then ¢o,¢1,¢2,... form a family of orthonormal
polynomials with ¢; of degree j for all j. These polynomials satisfy a three-term recurrence
relation. When the elementary basis functions are allowed to be of the form (3.5), the
number of terms required in the recurrence relation depends on how often powers of the
same function appear in the sequence (3.4). This is explained below.

5
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We mention three types of recursion relations from [24] that are needed in this paper
and start with the recursion relation for y¢,.:

Yo (y Z CrrsiOrai(y), T=0,1,..., (3.6)

Jj=—n1

where r — ny is the largest integer smaller than r such that ,_,, is a monomial if there is
such a monomial (otherwise r —n; = 0), and r + ngy is the smallest integer larger than r
such that 1,4,, is a monomial.

In order to introduce a real pole a; we need the following recursions:

1

i
Yy — o

n4
) C:Zﬂ‘brﬂ(y), r=012,..., (3.7)

Jj=-—ng

where 7 — n3 is the largest integer smaller than » such that ,_,, is a rational function with
a pole at o if there is such a rational function (otherwise r —ng = 0), and r + ny4 is the
smallest integer larger than r such that ¢,4,, is a rational function with a pole at «;.

To introduce a pair of complex conjugate poles, we use the following formulas with

pe{0,1}:

yp

S — ¢ ily), r=0,1,2,..., 3.8
y2+ﬁjy+")/j Z rr+z¢ +i ) ( )

7,_—7L5

where r — nj is the largest integer smaller than r such that ¢, (y) = (y> + By + ;) if

there is such a rational function (otherwise r — ns = 0), and r + ng is the smallest integer

larger than r such that v, n,(y) = y(y* + By + ;). Note that the first orthonormal

rational functions ¢; and the first elementary basis functions v; span the same space.
Define the vector of orthonormal rational functions,

D (y) == [P0(¥), D1(Y), - - -, Pm—1(y)]-

If ¢, is a monomial and m — d is the largest integer smaller than m such that ¥,,_4 is a
monomial, then the recursion formulas (3.6) can be written in the matrix form

d
y@m(y) = Hm(I)m(?/) + Z hm*j7m¢M(y)em+1*j' (3'9)
j=1

The matrix H,, has the following block-diagonal structure: it has m — k — 2s — 1 square
blocks along the diagonal such that any two consecutive blocks overlap in one diagonal
element. The jth block of H,, is of dimension r x r, where r — 2 is the number of rational
functions between consecutive monomials y7~! and 37. More precisely, the jth block of
H,, is the submatrix Hp, (r1 : ro,71 : 72) (in MATLAB notation) with the entries h;; for
r1 <i,j < ro, where 9., (y) = v~ and ,,(y) = /. Also, r = 7o — 1 + 1. The non-zero
entries of H,,, = [hijmj_:lo are recursion coefficients for the functions ¢;,i =0,1,...,m — 1.
They satisfy

hij = Wei(y), ¢5(W)) = (Yo (W), ¢i(y)) = hy.i, (3.10)



which shows that the matrix H,, depends only on the first m elementary basis functions v,
7=0,1,...,m —1, and does not depend on ,,. In this paper we will always assume that
U (01 Ypyeq if we deal with H,,11) is a monomial for only one reason: then the zeros of
¢m are eigenvalues of H,,.

The following example illustrates the structure of the matrix H,,.

Example 3.1. Let a4, 8;,7; be defined as described in the beginning of this section and
consider the elementary basis

1 2 1 k—ke+1 1 k 1
{1’ya1’y’ —an?? gy —as? RN -V P+ By
Y k+1 1 Y k+s1 1
Prby+nt U P Byt )t @A B+ P+ Byt
Y k+si+1 1 Y k+s}
P+ Byt WA By ) P+ B+ '

This basis together with the function ,,(y) = y***!, where k and s are defined by (3.2),
and m = 1+ 2k + 3s, satisfy the requirements of natural ordering and make up the space
S;n41. The matrix H,, in this case has k 3 x 3 blocks and s trailing 4 x 4 blocks along the
diagonal:

* % %
* % %
% % ok k%
* % %
¥ % %
Hy, = * ok k%
% % % %
* % % %
% K k ok koK Xk
% % K sk
% % % %
% % % %

Matrix entries that may be nonvanishing are marked by *. If we place one more rational
function between two consecutive monomials 7! and 37 in the elementary basis, then the
size of the jth block of H,, increases by one. Similarly, removing one rational function
between two consecutive monomials decreases the size of the corresponding block by one.
O

3.1. The rational Lanczos process. In the rest of the paper we focus on functionals
7 defined by (1.1) when A is a symmetric positive definite matrix, and v is a normalized
vector. If the functions ¢;, j = 0,1,...,m, are orthonormal with respect to the bilinear form
(2.3), then the vectors

{’UO = ¢0(A)U,...,Uj = ¢](A)U} (311)
form an orthonormal basis for the rational Krylov subspace

Kj+1(A4,v) = span{¢o(A)v, Y1 (A)v, ..., ¥;(A)v}, (3.12)
7



for 7=0,1,...,m. Indeed,
vivi = (6;(A)v)" (¢i(A)v) = (¢5, ¢i)-

The vectors v; satisfy the same recursion relations as rational functions ¢; and can be
constructed by the rational Lanczos process. This process is analogous to the Stieltjes-type
procedure [24, Algorithm 3.1] for computing an orthonormal basis for the space S, 1 which
is based on the recursion relations (3.6), (3.7) and (3.8).

Algorithm 1 The rational Lanczos process.

1: Input: v € RNM\{0}, a sequence of matrix-valued elementary basis functions
Yo, 1, - -, ¥m, and functions for evaluating matrix-vector products with A and for
solving linear systems of equations with matrices of the form A — a,f and A%+ B A+l
Thus, we do not explicitly form the elementary basis functions A7, (A — apl)~7, and
(A% + B A+ ;1) —J. The given sequence of elementary basis functions implicitly defines

the integers j, ¢, and 7 used below.

2: Output: Orthonormal basis {v, }7.
3: Initialization: vy :=v/|v|;r := 1;
4: while r < m do
5: if 1, = A7 for some j € N then
6: u = Av,_q;
7 fort=7:r—1do
8: Cr—1,4 1= ’U,LT’U,; U= U— Cr_1,4V4;
9: end for
10: 0y = |ull; vy = u/dy;
11: r=r+1
12: else if 1, = (A — ayI)~7 for some j,/ € N then
13: w:i=(A—a) tv,_q;
14: fori=7:r—1do
15: Cr—1,i '= ’UlT’U,; U= U — Cr—1,;V5;
16: end for
17: 0y = |ull; vr == uw/dp;
18: r=r+1
19: else if ¢, = (A? + BiA+ v;I)77 for some 4, € N then
20: w = (A% + B A+ 1) topq;
21: w = A(AQ—Fﬁl;A-i-’yt;I)_l’UT_l;
22: fori=7:r—1do
23: Cr—1,i := ’U,LT’U,; U= U — Cr—1,;V5;
24: drflyi = ’U;»Tw; w=w — drflyi’Ui;
25: end for
26: 0y = |ull; vr = u/dy;
27: n = vIw; wi=w —nu,;
28: Oy = [lwll; vry1 = w/dy;
29: r=r+2

30: end if
31: end while

The implementation of the rational Lanczos process requires the solution of linear systems
8



of equations with matrices of the forms A — o;I and A% + ;A + ~;I, where oy, 8;,7; are
suitable real scalars. Throughout this paper the matrix A is assumed to have a structure
that allows fairly efficient computation of (A — a; 1) 'v,_1 and (A% + B;A + 1) v, by
direct or iterative methods. This is the case, for instance, when A is banded with a small
bandwidth or when A is obtained by discretizing an elliptic partial differential equation and
the required vectors can be computed by a multigrid method. The norm | - || in Algorithm 1
denotes the Euclidean vector norm.

We assume in Algorithm 1 that the basis (3.4) satisfies conditions 1-4 of natural ordering.
The value of 7 is such that 17 is a basis function having the same pole(s) as 1, but of smaller
order; otherwise 7 = 0. Performing m steps of Algorithm 1 yields an orthonormal basis
{vo,v1,...,v,} for the rational Krylov subspace K;,+1(A4,v). The matrix

Vi = [00,01, .., V1] € RVX™ with vy = v,
and the symmetric matrix
Hy = [hi ]2 € R™™, hiyy = T(yeig;) = v Avy,
satisfy the decomposition

d
AV =V Hn + Y Bn—jmVm€ i1, (3.13)

Jj=1

where v,, € RY is such that V,Zv,, = 0. The orthonormal basis V,, for the subspace
Kin+1(A, v) is nested, ie., K; C Ky C ..., where K; is spanned by the first ¢ columns of the
matrix V,,,. The orthogonal projection of A onto the rational Krylov subspace (3.12) is given
by

H,, = VYAV,

We tacitly assume that m is small enough so that the decomposition (3.13) with the stated
properties exists. This is the generic situation. Algorithm 1 breaks down before m steps have
been carried out if §, = 0 or §, = 0. Ramification of breakdown is out of scope of this paper.

4. Application to rational Gauss quadrature. This section discusses rational
Gauss quadrature rules for the approximation of functionals (1.1) when f is a Stieltjes
function (1.2) and A is a symmetric positive definite matrix. Then

F(A) =vT f(A)w = /000 ol (I + A) todu(t) = Z(f). (4.1)

It is shown in [25] that the expression

Gon(f) = €] f(Hm)er (4.2)

is a rational Gauss quadrature rule for the approximation of the expression (4.1). It is
characterized by the property

Gn(f) =Z(f), Vf € Som, (4.3)
9



where

]P) m
Som = Popm—ok—4s D Quron, © - D Qpor, Wi g5, -+ P WMS@ = %

denotes a 2m-dimensional linear space of certain rational functions and

i
w(y) = [T =)™ [T "+ Biy + )" (4.4)

=1

is a polynomial of degree k + 2s with k and s defined by (3.2). The scalars oy, 3;,7, are
determined as described in the beginning of Section 3. Thus, the m-point rational Gauss rule
(4.2) is exact for all function in the space Sa,, of dimension 2m. This is analogous to the
situation for standard Gauss rules: the m-point Gauss rule (2.2) is exact for all polynomials
in the space Py, of dimension 2m.

In view of (1.5), the rational Gauss rule (4.2) can be written as

gAm(f) - /OOO e{(tl + Hm)ileldlu(t) = eff(Hm)el, (4.5)

where we recall that the measure du defines the function f; the rational Gauss rule is with
respect to the measure dv in (1.5).

The orthonormal rational function ¢,, has m distinct zeros {y;}7, that lie in the convex
hull of the support of the measure dv, and they are the eigenvalues of H,, in (3.9); see [25,
Theorem 2.5]. Recall that we assume v, to be a monomial. Thus the rational function ¢,
in (3.9) can be represented as

H;i1(y - Yi)

w(y) € Simt1, (46)

¢77L(y) =Cm

where ¢, is a constant.

The remainder term for rational Gauss rules (4.5) can be derived by considering rational
Hermite interpolation. The following result is shown similarly as [19, Theorem 5.4]. The
Lagrange fundamental functions associated with the function (4.6) are defined by

DY)

lw) = ’m(yz‘)(y - %‘)7

i1=1,2,...,m,
and satisfy
1 if j=i,
lils) = { 0 if j#d.
Introduce the rational Hermite interpolation function

L) =3 (L)) + LW W) (4.7)
where

Li(y) =1 =2y — vl (W), Lly) = (y— y)lF(y).

Then the function L(y) satisfies the interpolation conditions
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Theorem 1. Let L be the rational Hermite function (4.7) determined by the interpolation
nodes y1 < Yo < ... < Ym, which are the m zeros of ¢pp, € Sp1. Assume that f is 2m times
continuously differentiable in the interval between the nodes y1 and y,,. Then for some scalar
¢ = c(y) depending on y in this interval, we have

. 2m 2
) = 20) + gz (w02 F0)_, 0 (45)

Proof. If y =y, for some ¢ = 1,2,...,m, then
fly) = L(y),

n (4.8). Thus, the error vanishes. The result holds for an arbitrary constant c. Now, assume
that y # y; for all ¢. In this case, we consider
t — yz

g(t) = w () (f(t) = L(1)) = w’(y)(f H

z:l

where wz(a:)ﬁ(x) is a polynomial of degree 2m — 1. The function g is 2m times continuously
differentiable and has 2m + 1 zeros. By Rolle’s theorem, there exists a scalar ¢ = ¢(y)
depending on y in the interval between the nodes y; and y,,, for which
d2m
0= W(Q(t))t:c

d2m

2 2 - d2m ML (t —y;
= Jpm (w(t)*f(t),_. — w’(y)(f(y) — L(y dt?m (H Yi) )t

i=1
d2m

_ 2 2 7 (2m)!
= gpm (w®)?f() . —w* W) (f(y) - L(y))m

Rearranging terms, and dividing by w? yields (4.8). O

Theorem 1 can be used to construct an error term for the m-point rational Gauss
quadrature rule G,,. The following results can be shown similarly as [19, Corollary 5.5].

Corollary 2. Assume that f is 2m times continuously differentiable in the convex hull of the

spectrum of A. Then the remainder term for the rational Gauss rule (4.5) can be expressed
as

N d2m

El) = 1) = Gl ) = G (00D s | 1L ly yﬂ) dvly)  (49)

for some scalar ¢ in an interval that contains the spectrum of A.

Proof. Theorem 1 shows that the rational Hermite interpolation function L lies in Som. It
now follows from (4.3) that

G (L) = Z(L),
and we obtain

(Z-Gm)(f) =T(f - L) = fme (w(t)f(1)),_, I((b(’;fff)),)

This shows (4.9). O
11



Assume that f satisfies the conditions of Corollary 2, and that

d2m

R (w*()f(y) =0, (4.10)

in some open interval containing the spectrum of A. Then Corollary 2 gives a lower bound
for Z(f). We have

G (f) <Z(f).

4.1. Rational Gauss—Radau quadrature rules. This subsection discusses the com-
putation of rational Gauss-Radau rules and error bounds that can be determined with these
rules. This approach of bracketing (1.1) is a rational analogue of the technique advocated by
Golub and Meurant [14] for computing upper and lower bounds for (1.1) by evaluating pairs
of (standard) Gauss and Gauss-Radau quadrature rules.

The (m + 1)-point rational Gauss—Radau quadrature rule with a prescribed node 6 can
be expressed as

Ria($) = [ el (e + H ) erdut) = e f(Hf e (1.11)
0
for a suitable matrix HY,  , € R(mTDx(m+1) This quadrature rule is characterized by the
property

RO A () =T(f), Vf € Samsr,

where

Pom
Som+1 1= Pomy1-2k—15s © Qu o6, & D Qron, ®Wi g, & D W2,4sé = 2w2+1 :

The standard (m + 1)-point Gauss—Radau rule for the approximation of (1.1) can be
determined by modifying the tridiagonal matrix 7,41 in (2.1). Analogously, we will show
that the rational Gauss—Radau rule (4.11) can be determined by modifying the last diagonal
entry of the matrix Hy,41.

Note that in our definition of the rational (m + 1)-point Gauss—Radau rule we assume
exactness on the space %"72“ with the same w as in definition of ém. In other words, we do
not introduce a new finite pole. Thus, we can introduce the finite poles in the same order as
in the construction of G,,: take 1, to be a monomial, and determine the matrix H,,+; such

that

y‘I’m+1(:y) = Hm+1¢’m+1(y) + Omi1(Y)em1, (4.12)
and

P
el f(Hm)er =I(f), Vfe =I5
We will show that the rational Gauss-Radau rule (4.11) with a fixed node 6 < A; can be

determined by replacing the last diagonal entry Ay, », of Hp,1 by h?n,m so that the resulting
matrix

Hy  wp m m m
Hpy = [ w1 }GR( D g, = (0,200, Anm—ds - - Bann—1] € R™,

m m,m
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has an eigenvalue at # < A;. Only d trailing entries of the vector w,, might be nonvanishing,
where d is the same as in (3.9). We use ©4+1 = Am,m+1Pm+1 instead of ¢,,41 for simplicity.
The last equation in (4.12) can be written in the form

m—1

Spm-i-l(y) = (y - hm m ¢m Z hm z¢z

i=m—d
First we show that

P2m+1

e F(Hl)er = T(F), VS € =L, (413)

for any hfmm. Replacing hy, », in the matrix Hy,41 by Ay, m + ¢, we obtain the recursion
coefficients for the rational functions ¢q, ¢1,. .., Om, Pmy1, where

Qam-‘rl = Pm+1 — C(Z)m-

We see that ¢,,+1 is orthogonal to the space PT’" = span{dy, ..., dm-1} with respect to
the bilinear form defined by the integral Z. Then we can construct the new functional
7 on the space Pi;”i“ such that Z(f) = Z(f) for f € M and Z(@my16m) = 0. Thus,

@0, D1y - -+ P, Pm+1 1S the sequence of orthogonal ratlonal functions with respect to Z, and

f( m+1)el j-(f)v er 21;7—’_2

The formula (4.13) follows from the fact that Z(f) = Z(f) for f € %"72“.
We finish the construction of the rational Gauss—Radau quadrature by choosing ¢ so
that @m+1(0) = 0. Thus, we get

_ ‘pm+1(9)
bm (0)
The rational function @,,+1 can be written in the form
} (y — 0)am(y)
Pm+1\Y) =a0——F—~—,
HW =)

where a is a constant and ¢, is a polynomial of degree m. Since @,,4+1 is orthogonal to
the space P—m, we see that = is orthogonal to the space H%” with respect to the integral
I(f) = ((y 0)f) with nonnegative measure (y — 6)dv(y). Thus, we conclude that the
rational Gauss—Radau quadrature §m+1 has a node at 6 and m distinct nodes in the open
interval that contains the spectrum of A.

Similarly, we may define rational Gauss—Radau rules with a fixed node 8 > Ay. The
following result is shown in the same manner as [19, Theorem 7.1].
Theorem 3. Assume that f is 2m + 1 times continuously differentiable in the convex hull
of the spectrum of A and 0. Then the remainder term for the rational Gauss—Radau rule
(4.11) can be written as

Emir () =Z(f) = ROy 1 (f) (4.14)

(y — ZUJ) dv(y),

_ d2m+1 ) 1 0o HJ 1
—W(w (y)f(y))y:cm/o (y—10) w2 (y)

where the scalar ¢ lies in an interval that contains the spectrum of A and 6.
13



Proof. Let the function ¢, in Theorem 1 have an additional node 6 and assume that the
rational Hermite interpolation function L? € Sy, .1 also interpolates f at y1,¥s,...,¥ym and
6. Then by modifying the error term (4.8) and applying Corollary 2, we obtain (4.14). O

Assume that f satisfies the conditions of Theorem 3, and that

g2m+1
A2 (w(y)f(y)) =0 (4.15)

in some open interval containing the spectrum of A and 6. Since
(4.16)

the remainder terms for the rational Gauss—Radau rule with a prescribed node 8 < \; or
0 > Ay are of opposite sign. It follows that

R () ST(f) < R (). (4.17)

Analogously to (4.17), when the derivative (w?f)?™) in (4.9) is of constant sign in an
interval that contains the spectrum of A, and the derivative (w?f)?™*1 in (4.14) is of
constant sign in an interval that contains the spectrum of A and 6, and the Radau point
6 < A1 or 6 > Ay is suitably chosen, the values G,,(f) and RY,,,(f) bracket (1.1). We
tacitly assume here that 6 is chosen so that ﬁfn +1(f) can be evaluated.

It is known that for every Stieltjes functions f, we have for all nonnegative integers k
and /,

X dk+1€ P
(-1) e, (z°f(x)) >0, x>0 (4.18)

see, e.g., Sokal [26, Theorem 1| and references therein. Setting ¢ = 0 shows that Stieltjes
functions are completely monotonic. Formula (4.18) demonstrates that for certain simple
polynomials (4.4), such as w(z) = =z, the properties (4.10) and (4.15) hold. Then pairs of
rational Gauss and rational Gauss—Radau rules, or pairs of rational Gauss—Radau rules, can
be used to bracket (1.1); this is a consequence of Corollary 2 and Theorem 3. However, the
bracketing cannot be guaranteed for all polynomials (4.4). Moreover, we recall that the
application of a Gauss—Radau rule to bounding the error requires knowledge of the location
of the largest or smallest eigenvalues of A in order to allocate the Radau point.

4.2. Rational anti-Gauss quadrature rules. When the derivatives (w?f)?™) or
(w?f)m+1) change sign on the convex hull of the spectrum of A, pairs of rational Gauss
and rational Gauss—Radau quadrature rules are not guaranteed to bracket (1.1). In this case,
estimates of upper and lower bounds for (1.1) can be determined by evaluating appropriate
pairs of rational Gauss and anti-Gauss quadrature rules. An advantage of this approach is
that the sign of derivatives of (w?f) are allowed to change in an interval that contains the
spectrum of A. Moreover, knowledge of the location of the largest or smallest eigenvalues of
A is not required.

Laurie [21] introduced the (standard) (m + 1)-point anti-Gauss quadrature rule that
gives an error of the same magnitude and of opposite sign as the (standard) m-point Gauss

14



quadrature rule when applied to polynomials in Ps,,12. The evaluation of the standard
(m + 1)-point anti-Gauss quadrature rule requires the computation of m + 1 steps of the
(standard) Lanczos process; see, e.g., [7] for details. In this subsection, we will show that
rational anti-Gauss rules can be computed in an analogous fashion.

The (m+ 1)-point rational anti-Gauss rule G,, 1 associated with the functional Z defined
by (1.5) is determined by the requirement that

(Z = Gmi1)(f) = —(Z = Gu)(f), Vf € Samra, (4.19)
where
— _ Popa
Som+2 = Pomyo_ok—14s ® Qron, © - ® Qror, ®Wigs, - P WMSg =2
We will show that G,,11(f) can be expressed as
~ ey ~ ~
Gmt1(f) = / ef (tI + Hyy1) 'erdu(t) = ef f(Hmi1)er (4.20)
0

for a suitable matrix H,,,; € R(m+x(m+1),
The relation (4.19) shows that Gp,4+1 is the (m + 1)-point rational Gauss rule for the
functional

T(f) = (2T = Gu)(f)-
Define, analogously to (3.11), the vectors
v;=¢j(Av, j=0,1,...,m+1,
where the qgj are orthonormal rational functions with respect to the bilinear form

{f,9} =T (f9), (4.21)

ie, {5, éj} =0 for 7 # j, and {gzNSj, ¢ZJ} =1 for all j. These orthonormal functions satisfy
recurrence relations of the form

Y@, 11(y) = ﬁm+1ém+1(y) + Pmy1(¥)em1, (4.22)

where ®,,1(y) = [450, b1, .., q@m]T, and the remainder term @, +1(y)€em+1 in (4.22) is of the
form Bm,mﬂqgmﬂ(y)emﬂ since the elementary basis functions ., and 41 are monomials.
Analogously to (3.10), the matrix ﬁ7n+1 = [ﬁij]?szo is determined by the coefficients of the
recursion relation that express the bilinear form (4.21),

hijj = {y$i,6;} = {ydj &} = hys. (4.23)

Introducing the elementary basis functions ¢; in the same way as in construction of the
rational Gauss—Radau rule gives the matrix H,,+; with the same block-diagonal structure
as Hp,y1. It follows from (4.3) and (4.19) that for rational functions f and g such that
fg € So.n, we have

{fag}: <fvg> :I(fg)
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These equalities show that
Bij:hi]‘, i,j:O,l,...,m—l.

) ,

Therefore, &j = ¢; for 0 < j <m, and
- i - - T
Hm+1 = |: g? "wm :| € R(m+1)><(m+1)7 ﬁ)m = |:07 ceey 07 hm—d,ma R hm—l,m e R™.

m hm,m

Further, we get

hm—l,mQZ)m( ) (y [ 1,m—1 Qsm 1 Z m— 1,3@5] —Bm—l,m(gm(y)-

j=m—d

We use the previous equality, (4.23), and the fact that ém(¢mg) = 0 for any function g to
show that ¢,, = V2¢,,. Indeed,

7 it T hnL— m m ,m
hm—l,m = j(y¢m—1¢m) = ~717 ( (bm 1¢m) = il L QI( (bm 1¢7n) =z

hmem m—1,m hmfl,m

,1

The same relation holds for the other not necessarily vanishing entries of w,,:

hm—j,m = j(y&m—j(fgm) = I(y¢m—j¢m) = \/ihm—j,mv j=d,...,2.

1
—2
V2
Finally,

iLm,m = j(yﬁgmg}m) = QI( ?}T?ﬁ

Therefore, the matrix _Hm+1 associated with the rational anti-Gauss rule g~m+1 is given by

) = hm.m-

T Hm, \/§wm m m
Hp1 = V2wl h € Rm+Dx(m+1) (4.24)

Analogously to formula (4.5), the rational anti-Gauss quadrature rule can be evaluated
according to (4.20).

We are now in a position to provide some sufficient conditions for G (f) and §m+1( )
to bracket Z(f). Assume that we can carry out N steps of Algorithm 1 without breakdown.
This yields an orthonormal basis {v J}N__O1 of R, and an associated sequence of orthonormal
rational function {QSJ} ! determined by (3.11).

Theorem 4. Let )\(A) denote the spectrum of A, and consider the expansion of the integrand

N-1

Fy) =Y widily), vy €M), (4.25)

=0

in terms of the rational functions ¢; determined by (3.11), and assume that the coefficients
wj in (4.25) are such that

2m4l N—1 R N-1 B
Z wWjGm (¢J) 2> max Z w;jGm ((b]) ) Z wWiGm+1 (¢J) . (4.26)
j=2m j=2m+2 j=2m+2

Then the quadrature rules G (f) and Guy1(f) bracket Z(f).
16



Proof. Since

Z(f) = woZ(¢o), Z(¢j) =0, Vj>0,

we have, in view of (4.3) and (4.19), that

N-1 2m—1 N-1
H =Y wiGn(@) = D wiGm(®)+ Y wiGm(s))
j=0 Jj=0 Jj=2m
:I(f) + W2mgm(¢2m) + W2m+1gm(¢2m+1) + Z wjgm(@) (427)
j=2m+2
and
~ N—-1 2m+1 R N—-1 ~
Grr1(£) = D wiGni(95) = D wiPT=Gu)(@) + D wiGms1(d;)
=0 j=0 Jj=2m+2
:I(f) - w2mgm(¢2m) - w2m+1gm(¢2m+l) + Z ngm+1(¢j)- (428)
j=2m-+2
Combining (4.27) and (4.28) shows (4.26). O

Theorem 4 shows that if the coefficients w; decay sufficiently rapidly with increasing
index j, then rational Gauss and anti-Gauss rules provide quadrature errors that are of
opposite sign and of roughly the same magnitude. Since it is difficult to verify for a given
expression (1.1) whether the conditions of the theorem hold, we say that pairs of rational
Gauss and rational anti-Gauss quadrature rules provide estimates of upper and lower bounds
for (1.1).

It is natural to consider the average quadrature rule

Aomr(F) = 5 G+ G 1) (F). (429)

It follows from (4.27) and (4.28) that

N-1

Asmir () =Z(H)+ Y wjdamir(ey).

j=2m+2

This shows that

Aom+1(f) =Z(f), f € Samo.

This rule is an extension to the average rule defined by Laurie [21].

The computation of the matrix H,, that determines the rational rule Q\m( f) requires
that m steps of Algorithm 1 be carried out, while the calculation of the matrix ﬁmH that
defines the associated rational anti-Gauss rules Jm( f) demands m + 1 steps of Algorithm 1.
The last step of the algorithm determines the last diagonal entry, Ay, , of (4.24). We can
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reduce the number of steps by replacing this entry by an arbitrary scalar, h. This defines
the matrix H,,,; € RO?+Dx0m+1) W refer to the quadrature rule so obtained,

ém+1(f) = / e{(tl + ﬁvrz+1)7leldﬂ(t) = e?f( vm-i-l)elv (430)
0

as a simplified rational anti-Gauss rule. This rule is an extension to rational Gauss quadrature
of the simplified anti-Gauss rules associated with (standard) Gauss rules discussed in [1]. In
the computed examples of Section 5, we found the choice h= Rm—1,m—1, where hy, 1 m—1 is
the last diagonal element of the matrix H,, to yield good results.

The following result provides sufficient conditions for the quadrature rules ém (f) and
Gm+1(f) to bracket (1.1), and holds for an arbitrary scalar h.
Theorem 5. The simplified rational anti-Gauss rule (4.30) satisfies

Gms1 () = Z(f), Vf € Sam, (4.31)
Gmi1(f) = 2T = Gm)(f),  Vf € Somi1. (4.32)

Consider the expansion (4.25) with the rational function ¢; determined by (3.11), and assume
that the coefficients w; in (4.25) are such that

N-1 N-1
wWamGm (d2m)| = max{ | D" wiGn(d))|.| D wiGms1(d))] ¢ - (4.33)
j=2m+1 j=2m+1

Then the quadrature rules Gy, (f) and Gy (f) bracket (1.1).

Proof. The rational anti-Gauss rule Gy, 1 (f) satisfies Gppq (f) = (22— C?m)(f) for all rational

functions in Sg;;, 2. This rule is determined by the matrix H,, 1, while the simplified rational
anti-Gauss rule, (ij( f), is defined by the matrix FImH. These matrices have the same
entries except for the last diagonal element. In the same way as in Subsection 4.1, we
conclude that the simplified rational anti-Gauss rule satisfies

Gt (f) = G (f) = 2 = Gu)(f),  Vf € S

This shows (4.32). Property (4.31) follows from (4.32) since G,,(f) = Z(f) for f € Som.
Property (4.33) can be shown similarly as Theorem 4. O

Similarly to (4.29), we define the average quadrature rule

o 1 ~ o
Aomy1(f) = i(gm + Gmi1)(f)-
It follows from Theorem 5 that this rule satisfies

Asmi1(f) =Z(f), [ € Sampa.

5. Computed examples. In this section, we illustrate the performance of the rational
Gauss rules when applied to Stieltjes matrix functions of a symmetric matrix. All compu-
tations for this paper were carried out using MATLAB R2017b on a 64-bit MacBook Pro
personal computer with about 15 significant decimal digits.
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The examples of this section compare the performance of standard Gauss and rational
Gauss rules. We also illustrate in Example 5.4 that rational Gauss rules (4.5) with several
distinct poles may give higher accuracy than rational Gauss rules with a single pole at the
origin with the same number of nodes.

In all examples, when m > k + 2s, where k + 2s is the degree of w(y) defined by (4.4),
we observed that the derivative (w?f)(?™) in (4.9) is positive in an interval that contains
the spectrum of A, and the derivative (w?f)?™+1) in (4.14) is negative in an interval that
contains the spectrum A and 6. It follows from (4.16) that pairs of rational Gauss and
rational Gauss-Radau rules with a fixed node at # > Ay do not bracket F'(A), while pairs of
rational Gauss and rational Gauss—Radau rules with a fixed node at § < \; give lower and
upper bounds for F'(A), respectively. We also will illustrate that error bounds for certain
functionals (1.1) can be computed by pairs of rational Gauss—Radau rules, and estimates of
upper and lower bounds can be determined by pairs of rational Gauss and simplified rational
anti-Gauss quadrature rules. To determine the quadrature error we explicitly evaluate
the functionals (1.1). This limits the size of the matrices A considered. To compute the
quadrature rule (4.30), we require the elementary basis function t,,_1 to be a monomial. In
all examples, we let the elementary basis functions ,, and 1,41 be monomials.

Example 5.1. Consider the Stieltjes function (1.3) with a = 1/2. We would like to
approximate the functional

F(A) :=vT A2, (5.1)

where A € R1000x1000 ig 5 symmetric Toeplitz matrix with first row [1,1/2,...,1/1000], and
v = [1/4/1000,...,1/4/1000]T € R0 The smallest eigenvalue of A is A; = 0.3863 and the
largest one is A\jppp = 12.1259. The value of F'(A) is approximately 0.2897. Approximations
of (5.1) determined by standard and rational Gauss rules, rational Gauss—Radau rules,
rational anti-Gauss and simplified rational anti-Gauss quadrature rules are presented. The
computations require the solution of linear system of equations with the symmetric positive
definite Toeplitz matrices A — a; I, where the a; are poles. We remark that fast algorithms
for the solution of systems of equations with this kind of matrix are available; see, e.g., [3].
Consider the rational Krylov subspace

K, (A,v) = span{v, Av, (A — o) v, A%, .. (A — o) Frw, AM Ty,
(A —aol) o, A 20, (A = apl) k2w, ARithetly (5.2)

(A— afl)il’v, cee (A= aél)ke'v,AkJrlfv}’

where k is determined by (3.2). The Stieltjes function (1.3) is defined in the complex plane
except for on the interval (—oo, 0]. It therefore is natural to allocate poles on this interval.
We consider rational Krylov subspaces K,, (A, v) with poles allocated on (—o0,0] in three
different ways:

(i) Kg(A,v) is determined by a simple pole, oy = —1/2 of multiplicity two.

(ii)) Kg(A,v) is determined by two distinct poles, a; = —0.4310 of multiplicity two
and as = —0.9024 of multiplicity one. These poles are the zeros of the Chebyshev
polynomial of the first kind of degree two for the interval [—1, —1/3].

(iii) Kyo(A4,v) is determined by four equidistant poles a; € {0,—1/2,—1,-3/2} of
multiplicity one.
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The poles in Kg(A4, v) are the zeros of the polynomial w(y) defined by (4.4). We have

1
w(y) =y* +y+
In the same manner, we can define w(y) associated with Kg(A, v) and Ky(A, v). We evaluate
(5.1) as vT A=/?v, where the vector A~'/?v is calculated by first computing the matrix
square root and then solving a linear system of equations. The square root of the matrix is
computed with the MATLAB function sqrtm. Evaluation of the standard Gauss rule

efT,;l/Qel

requires the computation of m steps of the standard Lanczos process. The rational Gauss
rule is evaluated as

T r7—1/2
e H / e,

where H;zl/ 261 is determined by first computing the matrix square root and then solving a
linear system of equations. Analogously to the rational Gauss rule, the simplified rational
anti-Gauss, and Gauss—Radau rules with a fixed node 6 < A1 or 8 > Ajggo can be computed
by carrying out m steps of the Algorithm 1, while the rational anti-Gauss rule is determined
by m + 1 steps of Algorithm 1.

Columns 2 and 3 of Table 5.1 display the errors in approximations determined by standard
and rational Gauss rules. We observe that rational Gauss rules yield higher accuracy than
the standard Gauss rules. Column 4 of Table 5.1 displays the errors achieved with the
rational Gauss-Radau rules. We chose the Radau point ¢ = 0.3. A comparison with the
errors in column 3 shows that pairs of rational Gauss, G,,,(f), and rational Gauss-Radau
rules, 7%9,‘13( f), provide lower and upper bounds for (5.1), respectively.

Columns 5 and 7 of Table 5.1 display the errors in approximations obtained by rational
anti-Gauss and simplified rational anti-Gauss rules, respectively. It can be seen that the
errors of these quadrature rules are of opposite sign and of about the same magnitude as the
errors in the corresponding rational Gauss rules. In this example, we chose the last diagonal
entry of the matrix Hm+1 that determines the sunphﬁed rational anti-Gauss rules to be
h = hp,_ 1,m—1. We also observe that the choice of h = (hm—1,m=1 + hm—2,m—2)/2 yields
similar results. For instance, we found for m = 8 that

F(A) = Gy (f) = —9.21 - 1071

This illustrates that the results achieved with simplified rational anti-Gauss rules are fairly
insensitive to the choice of h. Therefore, simplified rational anti-Gauss rules can be used to
reduce the computational cost. Table 5.1 also shows that the palrs of rules {gm, QmH} and
{Gum,Gm+1} vield tighter error bounds than the pairs of {G,, m+1}.

Columns 6 and 8 of Table 5.1 show the errors in computed approximations determined
by the average rules associated with rational Gauss and anti-Gauss rules, and rational Gauss
and simplified rational anti-Gauss rules, respectively. These quadrature rules yield more
accurate approximations of (5.1) than the corresponding rational Gauss rules.

Table 5.2 displays the errors in the computed rational Gauss-Radau quadrature rules with
fixed nodes at # = 0.3 and 6 = 13. The table illustrates that pairs of rational Gauss—Radau
rules provide upper and lower bounds for (5.1); we have
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m | F(A) = Gu(f) | F(A) = Gum(f) | F(A) = RO (f) | F(A) = Gunaa () | F(A) = Asmia (f) | F(A) = Gria(F) | F(A) = Asia(f)

6 5.79 1077 2751077 —6.09-1077 —2.86-1077 —5.57-107 1T —2.38-1077 1.85-101©

8 7.28-107% 3.95-107 1 —1.16- 10710 —4.10-107" —7.65-10713 —3.45-1071 24810712

10 9.20-107° 5.46 - 10~ —2.23-10713 —5.71-107™ —1.22-1071 —4.99-1071 23810718
TABLE 5.1

Exzample 5.1: Errors for computed approzimations of F(A) = vT A=1/2y with A a symmetric Toeplitz
matriz. The Radau node is fized at 6 = 0.3

m | F(A) =R, () | F(A) —RE,,(f)

6 —6.09-107° 221-1079

8 —1.16-10"10 3.32.10711

10 —2.23-10713 4.61-10"14
TABLE 5.2

Exzample 5.1: Errors for computed approrimations of F(A) = vT A=1/2y by rational Gauss—Radau
rules with A a symmetric Toeplitz matriz. The Radau nodes are 6 = 0.3 and 0 = 13.

Example 5.2. This example determines an approximation of the functional
F(A) :=v" log(A + ) A ,

where A € R000x1000 i gymmetric Toeplitz matrix with first row [3,3/2,...,3/1000]. The
vector v € R10% and the rational Krylov subspaces Kg(A, v) and Kg(A,v) are defined to be
the same as in Example 5.1. The subspace Kiq(A4, v) is determined by four equidistant poles
a; € {0,—1/4,—-1/2,—1} of multiplicity one. The smallest eigenvalue of A is A; = 1.1589
and the largest one is Ajgoo = 36.3776. Thus, F(A) is defined by the Stieltjes function

Clog(l+y) [ ¢!
f(y)—iy —/1 Hydt-

The value of F'(A) is approximately 0.1009.

Columns 2 and 3 of Table 5.3 show the difference between the exact value and the
approximations determined by the standard and rational Gauss rules. We note that the
quadrature error for the rational Gauss rules is the smallest for all values of m. Column 4
of Table 5.3 displays the errors in approximations obtained by rational Gauss—Radau rules
with a fixed node at § = 1.1. The table illustrates that pairs of rational Gauss rules, Q\m( ),
and associated Gauss-Radau rules, ﬁ,}nﬂ_l( f), bracket the exact value.

Columns 3 and 5 of Table 5.3 show the errors in the rational Gauss rules, ém( f), and in
rational anti-Gauss rules, §m+1 (f), to have opposite sign and be of about the same magnitude.
Similarly, Columns 3 and 7 of Table 5.3 show the errors in rational Gauss rules, Q\m( f), and
in simplified rational anti-Gauss rules, ém+1(f), with h = (hm—1,m—1 + Rm—2m—2)/2 to be
of opposite sign and of about the same magnitude. Columns 6 and 8 of Table 5.3 illustrate
that the average rules yield the best approximations of F'(A).

Table 5.4 displays the errors in approximations obtained by rational Gauss—Radau
quadrature rules. The table illustrates that

ﬁvlnlJrl(f) > F(A) > ﬁf’,zﬂ(f% Ym.
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m | F(A) = Gu(f) | F(A) = Gum(f) | F(A) = RO (f) | F(A) = Gunaa () | F(A) = Asmia (f) | F(A) = Gria(F) | F(A) — Agia(f)

6 9.65-10~° 1.88-1077 —7.92-1077 —1.91-107° —1.57-107 T —3.13-107° —6.25-10"10

8 5.93-107° 1.32-101 —3.98-107 1 —1.33-107 1 —8.45-1071 —2.01-10"1 —3.44-10712

10 3.56- 10710 1.99-10713 —5.21-10713 —2.01-1071 —1.05-10715 —2.97-10713 —4.87-1071
TABLE 5.3

Example 5.2: Errors for computed approzimations of F(A) := vT log(A + I)A~ v with A a symmetric
Toeplitz matriz. The Radau node is 6 = 1.1.

m | F(A) = REL () | F(A) = R (f)

6 —7.92-107° 1.23-107°

8 —3.98-10~ 11 8.60 10712

10 —5.21-10713 1.31-10713
TABLE 5.4

Ezample 5.2: Errors for computed approzimations of F(A) := vT log(A 4+ I)A~ v by rational Gauss—
Radau rules with A a symmetric Toeplitz matriz. The Radau modes are fixed at 0 = 1.1 and 6 = 37.

Example 5.3. We would like to approximate the functional

F(A) :=v" (log(I + A))"'w,
where the matrix A € R1000x1000 jg the same as in Example 5.2. The vector v € R'%% has
normally distributed random entries with zero mean and is normalized to be of unit norm.
The value of F(A) is approximately 0.9472. We consider the rational Krylov subspace (5.2)
with poles «; in (—o0, 0] allocated in three different ways:

(i) Ks(A,v) is determined by two equidistant poles, c; = 0 of multiplicity two and
ag = —1/2 of multiplicity one.
(ii) Ky0(A4,v) is determined by four equidistant poles «; € {0, —1, —2, —3} of multiplicity
one.
(iii) Ky4(A,v) is determined by three equidistant poles «; € {0,—1/4,—1/2} of multi-
plicity two.

Columns 2 and 3 of Table 5.5 report the errors in approximations determined by the
standard and rational Gauss rules. Columns 4 and 5 of Table 5.5 show the approximations
determined by rational Gauss—Radau and simplified rational anti-Gauss rules. The table
illustrates that pairs of rational Gauss and Gauss—Radau rules with fixed node at § = 1.1, or
pairs of rational Gauss and simplified rational anti-Gauss rules with h= Rm—1,m—1, bracket
the exact value. Column 6 of Table 5.5 illustrates that the average rules can yield much
higher accuracy than rational Gauss and anti-Gauss rules. Table 5.6 shows that the values
determined by rational Gauss-Radau quadrature rules bracket F'(A).

O
m | F(A) = Gum(f) | F(A) = Gm(f) | F(A) = RO (f) | F(A) = Grnir(F) | F(A) = Ao (f)
8 1.10-10°3 1.81-10°8 —1.11-1077 —1.36-1078 2.24-1079
10 1.81-107* 21810712 —4.13-10712 —1.80-10"12 1.93-10713
14 5.84-1076 3.60-10"14 —1.70-10713 —3.91-10~14 —1.55-10715
TABLE 5.5

Example 5.8: Errors for computed approzimations of F(A) := vT (log(I + A))™1v with A a symmetric
Toeplitz matriz. The Radau node is 6 = 1.1.
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m | F(A) = REL(F) | F(A) - R, (/)

8 —1.11-1077 1.14-1078

10 —4.13-10712 1.24 10712

14 —1.70-10"13 2.29.10~14
TABLE 5.6

Ezample 5.3: Errors for computed approzimations of F(A) := vT (log(I + A))~ v with A a symmetric
Toeplitz matrixz. The Radau nodes are 0 = 1.1 and 6 = 37.

Example 5.4. In our last example, we compute an approximation of
F(A) == v (n(I +VA) ), (5.3)

where the matrix A is obtained from the discretization of the self-adjoint differential operator
L(u) = %um +y, in the unit square. Each derivative is approximated by the standard three-
point stencil with 40 equally spaced interior nodes in each space-dimension. Homogeneous
boundary conditions are used. This gives a symmetric positive definite matrix A € R1600x1600,
The vector v is given by v = e; € R6%, The extreme eigenvalues of A are A\; = 0.0646 and

A1600 = 43.9354. Define the Stieltjes function

T >~ 1 Vi

and consider the subspace (5.2) with a single pole, a; = —1/2, of high multiplicity.

We compare the performance of the methods of this paper with rational Gauss rules
that are presented in [19]. The latter rule is exact for Laurent polynomials, which are
rational functions, whose only finite pole is at the origin, and it is known as a Gauss-Laurent
quadrature rule. We will denote these rules by GZ (f); they are described in [19]. Algorithm
1 requires the solution of linear systems of equations with the matrix (A — a;I), where
a1 = —1/2. An algorithm for computing an approximation of (5.3) by Gauss—Laurent rules
is presented in [18]. The computation of this rule requires the solution of linear systems of
equations with the matrix A.

Columns 2 and 3 of Table 5.7 display the difference between the exact value, FI(A) ~
0.5983, and the approximations obtained by rational Gauss rules, ém( f), and Gauss-Laurent

rules, gA,ﬁ( f). We find that rational Gauss rules associated with the rational Krylov subspace
(5.2) give higher accuracy than Gauss—Laurent rules for all values of m. Columns 3, 4, and 5
of Table 5.7 show the pairs {Gp (f), R%%, (f)} and {Gon (f), Gms1(f)} to bracket F(A). The
average rules, which are displayed in column 6 of Table 5.7, are seen to be quite accurate.

Table 5.8 display the errors in approximations obtained by the rational Gauss—Radau
rules. The table illustrates that

ROP(F) = F(A) = Ry (f), Vm.

O

6. Conclusion. This paper discusses the approximation of the expression v7 f(A)v,
where A is a symmetric positive definite matrix and f is a Stieltjes function, by rational
Gauss rules with preselected poles. Associated rational Gauss—Radau and anti-Gauss rules
are introduced. Computed examples show that when the integrand f has singularities close
to the spectrum of A, rational Gauss rules with poles at or close to these singularities give
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m | F(A) = GE(f) | F(A) = Gum(f) | F(A) =R, (f) | F(A) = Gumir(f) | F(A) = Apmia(f)

8 1.70-10~° 3.85-107 —1.99-10°° —3.90-1077 —2.82-107°

10 3.17-1076 2.28.1078 —1.24-1077 —2.33.1078 —2.75-10710

14 9.77-1078 1.09 - 10~10 —4.67-10710 —1.13-.10710 —1.83.1012
TABLE 5.7

Example 5.4: Errors for computed approzimations of F(A) = vT (x(I + VA" v when A is a
discretization of a differential operator. The Radau node is fized at 6 = 0.05

m | F(A) = RyE () | F(A) — Rz, (f)

8 —1.99-10°% 2.51-10~7

10 —1.24-1077 1.51-10-8

14 —4.67-10"10 8.33-10"11
TABLE 5.8

Ezample 5.4: Errors for computed approzimations of F(A) := o™ (x(I +VA)"V)v when A is a
discretization of a differential operator. The Radau nodes are 0 = 0.05 and 0 = 45

higher accuracy than standard Gauss rules and Gauss—Laurent rules with a pole at the
origin with the same number of nodes. The examples also illustrate that pairs of rational
Gauss and Gauss—Radau rules, or pairs of rational Gauss and rational anti-Gauss rules, or
simplified rational anti-Gauss rules, provide error bounds, or estimates of bounds.
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