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Abstract. Trust-region methods are among the most popular schemes for determining a local
minimum of a nonlinear function in several variables. These methods approximate the nonlinear
function by a quadratic polynomial and a trust-region radius determines the size of the sphere in
which the quadratic approximation of the nonlinear function is deemed to be accurate. The trust-
region radius has to be computed repeatedly during the minimization process. Each trust-region
radius is computed by determining a zero of a nonlinear function ψ(x). This is often done with
Newton’s method or a variation thereof. These methods give quadratic convergence of the computed
approximations of the trust-region radius. This paper describes a cubically convergent zero-finder
that is based on the observation that the second derivative ψ′′(x) can be evaluated inexpensively
when the first derivative ψ′(x) is known. Computed examples illustrate the performance of the
zero-finder proposed.

1. Introduction. Let the function f(x) : Rn → R be twice continuously differ-
entiable and bounded below. We are interested in determining a local minimizer x∗

of f(x), i.e., we would like to find a solution of

min
x∈Ω(x∗)

f(x),(1.1)

where Ω(x∗) is an open set that contains x∗. Many methods have been developed
for the solution of minimization problems of this kind including coordinate descent,
nonlinear conjugate gradient, and trust-region methods; see, e.g., [4, 5, 10]. We will
focus on the latter methods. Most of our discussion is concerned with the situation
when n is small enough so that factorization of matrices of order n is feasible. However,
we also will comment on how the methods described can be applied to the computation
of a local minimum of large-scale problems. For notational simplicity, we will in our
discussion assume that x∗ is the unique minimizer of f(x) in Ω(x∗) and we will refer
to x∗ as the minimizer of f(x). However, the method described also is applicable
when f(x) has several local minima and is then guaranteed to determine one of them.

Trust-region methods approximate the function f(x) in a neighborhood of the
currently best available approximation xc of the desired minimum x∗ by a quadratic
model of the form

mc(s) := f(xc) + (∇f(xc))
T s+

1

2
sTHcs,(1.2)

where ∇f(xc) denotes the gradient of f at xc, Hc ∈ R
n×n is an available approxima-

tion of the Hessian of f at xc, and the superscript T denotes transposition; see, e.g.,
[4, 5, 10]. We assume that the matrix Hc is symmetric and positive definite. This
requirement is satisfied by the Hessian of f when xc is sufficiently close to x∗. The
quadratic function mc(s) has a unique minimum, which is achieved at

s+ := −H−1
c ∇f(xc).(1.3)
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It yields the new approximation

x+ := xc + s+(1.4)

of the minimum x∗ of f .
The correction (1.3) may be too large, in particular when xc is not close to x∗,

because in this situation Hc may be a poor approximation of the Hessian of f at x∗.
Trust-region methods remedy this difficulty by constraining the minimization of mc

to a sphere of radius δc with a suitably chosen δc > 0. Thus, we seek to determine
the solution of

min
‖s‖≤δc

mc(s).(1.5)

This minimization problem is known as the trust-region subproblem, the sphere {x :
‖x− xc‖ ≤ δc} as the trust-region, and δc > 0 as the trust-region radius. To keep our
presentation simple, we will use the Euclidean vector norm ‖ · ‖. However, software
for the trust-region method often use a weighted Euclidean norm ‖s‖D := (sTDs)1/2,
s ∈ R

n, where D is a positive definite diagonal matrix that is determined during the
computations. The zero-finders discussed in this paper can easily be applied with a
weighted Euclidean norm.

Assume first that the vector s+ given by (1.3) satisfies ‖s+‖ ≤ δc. Then s+ solves
(1.5) and x+ defined by (1.4) furnishes a new approximation of x∗. We turn to the
situation when ‖s+‖ > δc. The following result can be shown with the aid of Lagrange
multipliers. Proofs can be found in, e.g., [5, 9, 10].

Proposition 1.1. Let the vector s+ defined by (1.3) satisfy ‖s+‖ > δc > 0. As-
sume that the matrix Hc is symmetric and positive definite. Then the unique solution
s = s(µ) of (1.5) is given by

s(µ) := −(Hc + µI)−1∇f(xc)(1.6)

for some 0 < µ < ∞, which depends on δc.
It follows from the above proposition that if the vector (1.3) does not satisfy (1.5),

then we can determine 0 < µ+ < ∞ such that the vector s+ = s(µ+) defined by (1.6)
solves (1.5).

In their quest for a local minimum of a function f(x), trust-region methods require
repeated solution of trust-region subproblems (1.5) for a sequence of matrices Hc,
gradients ∇f(xc), and trust-region radii δc. It is the purpose of the present paper to
introduce new cubically convergent zero-finders for determining the scalar µ+ such
that the vector s(µ+) given by (1.6) satisfies (1.5). These zero-finders are based
on the observation that second derivative information is available essentially for free
when the first derivative of µ → ‖s(µ)‖2 has been computed. The cubically convergent
zero-finders are compared with available and some new quadratically convergent zero-
finders.

We remark that the need to solve minimization problems of the form (1.5) arises in
several applications in addition to trust-region radius computations, including in con-
strained eigenvalue problems [6, 7, 8], spline approximation [11, 12], and the solution
of ill-posed problems by Tikhonov regularization when the regularization parameter
is determined so that the computed solution is of prescribed norm; see [1, 3, 13] and
references therein.

This paper is organized as follows. Section 2 describes available and new zero-
finders, and establishes cubic convergence of the new zero finders proposed. Appli-
cations of the zero-finders in a trust-region method are described in Section 3. Some
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computational examples are presented in Section 4, and concluding remarks can be
found in Section 5.

2. Zero-finders for the trust-region subproblem. This section describes
available and new zero-finders for the determination of the parameter µ+ > 0 such
that the vector s(µ+) defined by (1.6) satisfies the trust-region subproblem (1.5).
Introduce the function

hc(µ) := ‖s(µ)‖2 − δ2c .(2.1)

Proposition 2.1. Let ∇f(xc) 6= 0 and assume that the matrix Hc is symmetric
positive definite. Then the function hc(µ) defined by (2.1) is decreasing and convex.
The trust-region subproblem has a unique solution s(µ+) given by (1.6) with 0 < µ+ <

∞ for any 0 < δ2c < (∇f(xc))
TH−2

c ∇f(xc).
Proof. The stated properties of the function (2.1) follow from the representation

hc(µ) = (∇f(xc))
T (Hc + µI)−2∇f(xc)− δ2c .

Let µ0 ≥ 0 be an initial approximation of µ+. Newton’s method for the compu-
tation of the zero of the function (2.1) is given by

µj+1 := µj −
hc(µj)

h′
c(µj)

, j = 0, 1, 2, . . . .(2.2)

Since hc is decreasing and convex, the iterates µj determined by Newton’s method
converge monotonically and quadratically to µ+ as j increases provided that µ0 is
smaller than µ+.

We turn to the computational effort required for each iteration with Newton’s
method. The evaluation of the function hc(µj) demands the solution of the linear
system of equations

(Hc + µjI)vj = −∇f(xc)(2.3)

for vj = s(µj). Then hc(µj) = vTj vj − δ2c . The computation of vj requires Cholesky

factorization of the matrix Hc +µjI (which demands O(n3) arithmetic floating point
operations (flops)) followed by forward and back substitutions (which only demand
O(n2) flops). The derivative

h′
c(µj) = −2(∇f(xc))

T (Hc + µjI)
−3∇f(xc)

can be computed by solving the linear system of equations

(Hc + µjI)wj = vj(2.4)

for wj and forming h′
c(µj) = −2vTj wj . Since the Cholesky factorization of Hc + µjI

already is available, h′
c(µj) can be computed in only O(n2) flops. We conclude that

the dominating computational effort for each iteration of Newton’s method is one
Cholesky factorization of Hc+µjI and two forward and back substitutions. Thus, the
computational effort is modest when n is not large. However, as will be illustrated by
numerical experiments, unless µ0 is close to µ+, Newton’s method may require many
iterations. Therefore, the application of Newton’s method may be costly. This is the
reason for our interest in investigating alternative zero-finders.
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Reinsch [11] described, in the context of spline approximation, how to apply
Newton’s method to the computation of the zero of a function of the form

h̃c(µ) := ‖s(µ)‖ − δc.(2.5)

This function is decreasing for µ ≥ 0, but it might not be convex. Newton’s method
therefore has to be safeguarded. The dominant work for each iteration is the same
as for Newton’s method applied to (2.1), i.e., one Cholesky factorization of Hc + µjI

and two forward and back substitutions.
Computed examples in Section 4 show Newton’s method applied to the function

kc(µ) :=
1

‖s(µ)‖2
−

1

δ2c
,(2.6)

to require fewer iterations than Newton’s method applied to (2.1). The function kc(µ)
is increasing for µ ≥ 0, and so is

k̃c(µ) :=
1

‖s(µ)‖
−

1

δc
.(2.7)

The dominant computational effort required by one step of Newton’s method applied
to determining the zero of (2.6) or (2.7) is the same as for Newton’s method applied
to (2.1). The computation of the zero of a function of the form (2.7) by Newton’s
method is discussed by Reinsch [12] in the context of spline approximation.

Dennis and Schnabel [5, Section 6.4] describe a rational interpolation method for

computing the zero of the function h̃c(µ) defined by (2.5). This method approximates

h̃c(µ) by a rational function

rj(µ) :=
αj

βj + µ
− δc.(2.8)

The parameters αj and βj are determined by the interpolation conditions

rj(µj) = h̃c(µj), r′j(µj) = h̃′
c(µj),

where µj is an available approximation of the desired zero µ+ of h̃c(µ). This gives
the coefficients

αj = −
(h̃c(µj) + δc)

2

h̃′
c(µj)

, βj = −
h̃c(µj) + δc

h̃′
c(µj)

− µj ,

which define rj(µ). We choose the next approximation of µ+ to be the zero of rj(µ),
i.e.,

µj+1 :=
αj

δc
− βj .

Quadratic convergence of this method is shown in [5, Section 6.4]. The dominating
computational effort per step is one Cholesky factorization ofHc+µjI and two forward
and back substitutions.

A zero-finder based on another rational interpolation method is proposed by
Golub and von Matt [8], who in each iteration fit the function

r̂j(µ) :=
α̂j

(µ+ ξ)2
− β̂j(2.9)
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to hc and h′
c at µ = µj . This gives

α̂j := −
1

2
(µj + ξ)3h′

c(µj),

β̂j := −
1

2
(µj + ξ)h′

c(µj)− hc(µj) + δ2c ,

where the constant ξ has to be chosen sufficiently small. The zero of r̂j(µ) is the next
approximation of µ+. It is given by

µj+1 := (µj + ξ)

(
(µj + ξ)h′

c(µj)

(µj + ξ)h′
c(µj) + 2hc(µj)

)1/2

− ξ.

Also this zero-finder is quadratically convergent.
All zero-finders considered so far exhibit quadratic convergence when the initial

approximation µ0 is sufficiently close to the zero µ+. The remainder of this section
describes two zero-finders that yield cubic convergence and only require insignificantly
additional computational work per step than the quadratically convergent zero-finders
described. We will apply the cubically convergent zero-finders to the functions (2.1)
and (2.5). However, we will discuss them in the context of determining a zero of a
fairly general function ϕ(µ) : R → R with two continuous derivatives and (at least)
one zero. Let µ+ denote a desired zero.

Let µj be the available approximation of the zero µ+ of ϕ(µ) and introduce the
rational function

rj(µ) := αj +
βj

µ+ γj
,(2.10)

whose coefficients αj , βj , and γj are determined by the interpolation conditions

rj(µj) = ϕ(µj), r′j(µj) = ϕ′(µj), r′′j (µj) = ϕ′′(µj).(2.11)

We obtain

αj := ϕ(µj)−
βj

µj + γj
,(2.12)

βj := −(µj + γj)
2ϕ′(µj),(2.13)

γj := −µj − 2
ϕ′(µj)

ϕ′′(µj)
.(2.14)

The zero of rj(µ), given by

µj+1 := −γj −
βj

αj
,(2.15)

is our new approximation of the zero µ+ of ϕ(µ).
The evaluation of µj+1 according to (2.15) requires the coefficient αj as well

as µj + γj to be nonvanishing. We discuss these conditions in Section 3 when we
consider the application of this zero-finder to the functions (2.1) and (2.5). We will
now establish cubic convergence of the zero-finder under suitable conditions.

Assume that ϕ(µj) 6= 0, ϕ′′(µj) 6= 0, and ϕ(µj)ϕ
′′(µj)− 2(ϕ′(µj))

2 6= 0. We then
can express the coefficients (2.12) and (2.13) in the form

αj = ϕ(µj)− 2
(ϕ′(µj))

2

ϕ′′(µj)
, βj = −4

(ϕ′(µj))
3

(ϕ′′(µj))2
,(2.16)
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which, when substituted into (2.15), yields

µj+1 = µj +
2ϕ(µj)ϕ

′(µj)

ϕ(µj)ϕ′′(µj)− 2(ϕ′(µj))2
.

Theorem 2.2. Assume that ϕ′(µj) 6= 0 and ϕ′′(µj) 6= 0 for all j. Then the
method is well-defined. Moreover, if ∆ := ϕ(µj)ϕ

′′(µj) − 2(ϕ′(µj))
2 6= 0 and ϕ′′′(µ)

is bounded, then there is a constant M , which depends on ϕ but is independent of j,
such that

|µ+ − µj+1| ≤ M |µ+ − µj |
3.

Proof. We first observe that

µ+ − µj+1 = µ+ + γj +
βj

αj

=
µ+ + γj

αj

(
αj +

βj

µ+ + γj

)

=
µ+ + γj

αj
[rj(µ+)− ϕ(µ+)] (since ϕ(µ+) = 0).

It follows from the interpolation error

rj(µ+)− ϕ(µ+) = −
1

6
[ϕ′′′(η)− r′′′j (η)](µ+ − µj)

3,

for a suitable η ∈ R, that

µ+ − µj+1 = −
µ+ + γj

6αj
[ϕ′′′(η)− r′′′j (η)](µ+ − µj)

3

= −
µ+ − µj − 2

ϕ′(µj)
ϕ′′(µj)

6∆
ϕ′′(µj)[ϕ

′′′(η)− r′′′j (η)](µ+ − µj)
3

=
ϕ′(µj)−

1
2ϕ

′′(µj)(µ+ − µj)

3∆
[ϕ′′′(η)− r′′′j (η)](µ+ − µj)

3,

which shows the theorem.
We also will consider another cubically convergent zero-finder. Let µj be the

available approximation of the zero µ+ of ϕ(µ) and introduce the rational function

rj(µ) := αj +
βj

(µ+ γj)2
,(2.17)

whose coefficients αj , βj , and γj are determined by the interpolation conditions

rj(µj) = ϕ(µj), r′j(µj) = ϕ′(µj), r′′j (µj) = ϕ′′(µj).(2.18)

We obtain

αj := ϕ(µj)−
βj

(µj + γj)2
,(2.19)

βj := −
1

2
(µj + γj)

3ϕ′(µj),(2.20)

γj := −µj − 3
ϕ′(µj)

ϕ′′(µj)
.(2.21)
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The zero of rj(µ) is given by

µj+1 := −γj +

√
−
βj

αj
,(2.22)

and is our new approximation of the zero µ+ of ϕ(µ). It can be shown, similarly as for
the zero-finder based on (2.10), that this zero-finder under suitable conditions yields
cubic convergence. We will comment on the signs of the coefficients αj and βj in the
following section.

3. Application to trust-region radius computation. This section discusses
the application of the zero-finders defined by (2.10)-(2.15) and (2.17)-(2.22) to the
computation of the zero of (2.1) and (2.5).

We first describe the evaluation of the second derivative of the function (2.1) at
µ = µj . Using the vectors vj and wj defined by (2.3) and (2.4), respectively, we have

h′′
c (µj) = 6∇f(xc)

T (Hc + µjI)
−4∇f(xc) = 6wT

j wj .

Thus, having already computed the vectors vj and wj in order to evaluate hc(µj) and
h′
c(µj), the computation of h′′

c (µj) is very simple and fast. The following results show
that the zero-finder determined by (2.10) and the interpolation conditions (2.11) can
be applied to compute the zero of (2.1).

Proposition 3.1. Let the function hc be defined by (2.1) and (1.6), and assume
that the matrix Hc + µjI is symmetric and positive definite and that the gradient
∇f(xc) is nonvanishing. Then

h′
c(µj) < 0, h′′

c (µj) > 0.(3.1)

Let the function ϕ in (2.11) be hc. Then the coefficients βj and γj determined by
(2.13) and (2.14), respectively, satisfy

βj > 0, µj + γj > 0.(3.2)

It follows that the iterate µj+1 can be computed by (2.15) when µj is sufficiently close
to µ+, the zero of hc(µ).

Proof. The inequalities (3.1) follow from the facts that∇f(xc) 6= 0 and the matrix
Hc + µjI is positive definite. We obtain from (2.14) with ϕ(µj) = hc(µj) that

µj + γj = −2
h′
c(µj)

h′′
c (µj)

> 0,

and (2.13) now shows that βj > 0. Finally, let µj be the zero µ+ of hc(µ). The
expression (2.12) with ϕ replaced by hc shows that αj < 0. Since hc and its derivatives
are continuous, this inequality also holds for µj sufficiently close to µ+.

The zero-finder defined by (2.17) and the interpolation conditions (2.18) also can
be applied to the function (2.1). This is a consequence of the following result.

Proposition 3.2. Let the function hc be defined by (2.1) and (1.6), and assume
that the matrix Hc + µI is symmetric and positive definite, and that the gradient
∇f(xc) is nonvanishing. Then the coefficients (2.20) and (2.21) satisfy

βj > 0, µj + γj > 0.
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It follows that the iterate µj+1 can be computed by (2.22) when µj is sufficiently close
to µ+, the zero of hc(µ).

Proof. We have

γj + µj =
(∇f(xc))

T (Hc + µjI)
−3∇f(xc)

(∇f(xc))T (Hc + µjI)−4∇f(xc)
> 0,

βj = (µj + γj)
3(∇f(xc))

T (Hc + µjI)
−3∇f(xc) > 0.

Let ϕ(µj) = hc(µj) and µj = µ+ in (2.19). Then αj < 0. Due to the continuity of
hc(µ) and its derivatives, this inequality also holds for µj sufficiently close to µ+.

We turn to the computation of the zero of the function (2.5). Let µ = µj and let

vj and wj be given by (2.3) and (2.4). Then h̃c and its first two derivatives at µ = µj

can be expressed as

h̃c(µj) = ‖vj‖ − δc,(3.3)

h̃′
c(µj) = −

1

‖vj‖
vTj wj ,(3.4)

h̃′′
c (µj) =

1

‖vj‖

(
3wT

j wj −
(vTj wj)

2

‖vj‖2

)
.(3.5)

Hence, having determined the vectors vj and wj to evaluate (3.3) and (3.4), it is
inexpensive to compute (3.5). We turn to the existence of the iterates (2.15) when
the function ϕ in (2.11) is given by (2.5).

Proposition 3.3. Let the function h̃c be defined by (2.5) and (1.6), and assume
that the matrix Hc + µjI is symmetric and positive definite and that the gradient
∇f(xc) is nonvanishing. Then

h̃′′
c (µj) > 0,(3.6)

h̃′
c(µj) < 0.(3.7)

Let αj, βj, and γj be defined by (2.12)-(2.14) with ϕ = h̃c. Then

µj + γj > 0,(3.8)

βj > 0.(3.9)

Moreover, αj is negative when µj is sufficiently close to the zero µ+ of h̃c(µ).
Proof. Since ∇f(xc) 6= 0 and Hc + µjI is positive definite, the vector vj defined

by (2.3) is nonvanishing. It follows from (3.5) that (3.6) is equivalent to

3 vTj (Hc + µjI)
−2vj ‖vj‖

2 > (vTj (Hc + µjI)
−1vj)

2.(3.10)

The Cauchy inequality yields

(
vTj (Hc + µjI)

−1vj
)2

≤ ‖vj‖
2 vTj (Hc + µjI)

−2vj .(3.11)

The right-hand side of (3.11) is positive, and (3.10) follows. This shows (3.6).
The inequality (3.7) follows from (3.4), the definition (2.4) of wj , and the fact that

the matrixHc+µjI is positive definite. The definition (2.14) of γj , and the inequalities
(3.6) and (3.7) show (3.8). Finally, the inequality (3.9) follows from (2.13) and (3.7).
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We can show, similarly as in the proof of Proposition 3.2, that αj < 0 when µj is
sufficiently close to µ+. The next iterate, µj+1, therefore can be computed.

Proposition 3.4. Let the function h̃c be defined by (2.5) and (1.6), and assume
that the matrix Hc + µjI is symmetric and positive definite and that the gradient

∇f(xc) is nonvanishing. Let αj, βj, and γj be defined by (2.19)-(2.21) with ϕ = h̃c.
Then

µj + γj > 0,(3.12)

βj > 0.(3.13)

Moreover, αj is negative when µj is sufficiently close to the zero µ+ of h̃c(µ). The
next iterate, µj+1, therefore can be computed.

Proof. The properties (3.6) and (3.7) in combination with (2.21) with ϕ replaced

by h̃c show (3.12). The inequalities (3.7) and (3.12) together with (2.20) with ϕ = h̃c

yield (3.13). Analogously as in the proof of Proposition 3.3, we now obtain that αj is
negative for µj sufficiently close to µ+.

In all numerical experiments the cubically convergent zero-finders performed well
and displayed rapid convergence. However, it is worth pointing out that implemen-
tations of these, as well as of many of the quadratically convergent zero-finders, in a
non-experimental code require the incorporation of safeguards and special handling
of the situations when the gradient ∇f(xc) is orthogonal to eigenvector(s) of Hc asso-
ciated with the smallest eigenvalues or when Hc is symmetric indefinite; see [4, 9, 10]
for details.

When Hc is so large that it is unattractive to repeatedly solve linear systems
of equations (2.3) and (2.4) with this matrix, Hc first can be reduced by a Lanczos
subspace method. The methods of the present paper can then be applied to the
reduced trust-region subproblem so obtained; see, e.g., [2, 4] for discussions on the
reduction of large-scale trust-region problems.

4. Computed examples. This section compares the performance of the new
cubically convergent zero-finders to several quadratically convergent ones. We use the
initial approximation µ0 = 4 of the zero in all examples. This value is smaller than
the zero. The parameter ξ in (2.9) is set to 5. All computations are carried out in
MATLAB-R2014a with about 15 significant decimal digits.

Denote the iterates generated by the zero-finders by µ1, µ2, . . . . The iterations
with the zero-finders are terminated as soon as |µj − µj−1| < 10−8 and the function
whose zero we would like for determine is of magnitude less than 10−8 at µj .

Example 1. We consider a small quadratic model (1.2) with

Hc =

(
14 −4
−4 4

)
, ∇f(xc) =

(
1
1

)
,(4.1)

and seek to solve the minimization problem (1.5) with δc = 0.1. The matrix Hc is
symmetric positive definite. We compare the number of iterations demanded by the
methods discussed in Section 2. Table 4.1 shows the number of iterations required
by Newton’s method applied to the functions (2.1) and (2.6), a zero-finder for the
function (2.1) based on interpolation with the rational function (2.8) suggested by
Dennis and Schnabel [5, Section 6.4], a zero-finder for the function (2.1) proposed by
Golub and von Matt [8] based on interpolation with the rational function (2.9), the
cubically convergent zero-finders determined by rational interpolation of (2.1) with the
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function (2.10), and by rational interpolation of (2.1) with the function (2.17). The
table shows the cubically convergent zero-finders based on interpolation of (2.1) by the
rational functions (2.10) and (2.17) to require the fewest iterations, with interpolation
by the function (2.17) needing the smallest number of iterations.

Itera- Newton Newton Method Method Method Method
tion for for (2.10) (2.9) (2.17) (2.8)

(2.1) (2.6) for (2.1) for (2.1) for (2.1) for (2.1)
0 4 4 4 4 4 4
1 7.5405 12.3809 10.0599 9.2581 10.5477 8.0246
2 9.5908 10.6290 10.5209 10.4896 10.5210 9.9536
3 10.4256 10.5214 10.5210 10.5210 10.5210 10.4900
4 10.5200 10.5210 10.5210 10.5210 10.5209
5 10.5210 10.5210 10.5210 10.5210
6 10.5210 10.5210
7 10.5210

Table 4.1

Example 1: Number of iterations and approximations of the zero determined by zero-finders
applied to the solution of (1.5) until the stopping criterion is satisfied.

Table 4.2 displays the number of iterations required by Newton’s method applied
to the functions (2.5) and (2.7), a zero-finder for the function (2.5) based on interpo-
lation with the rational function (2.8), a zero-finder for the function (2.5) based on
interpolation with the rational function (2.9), the zero-finders determined by rational
interpolation of (2.5) with the function (2.10) and by rational interpolation of (2.5)
with the function (2.17). The table shows rational interpolation of (2.5) with the
function (2.10) to require the fewest iterations. ✷

Itera- Newton Newton Method Method Method Method
tion for for (2.10) (2.9) (2.17) (2.8)

(2.5) (2.7) for (2.5) for (2.5) for (2.5) for (2.5)
0 4 4 4 4 4 4
1 8.2023 10.4583 10.5303 11.6773 10.8166 10.4583
2 10.1133 10.5210 10.5210 10.5464 10.5210 10.5210
3 10.5084 10.5210 10.5210 10.5210 10.5210 10.5210
4 10.5210 10.5210 10.5210 10.5210 10.5210
5 10.5210 10.5210
6 10.5210

Table 4.2

Example 1: Number of iterations and approximations of the zero determined by zero-finders
applied to the solution of (1.5) until the stopping criterion is satisfied.

Example 2. Consider a quadratic model (1.2) with

Hc =




2 1 0
1 2 1
0 1 2


 and ∇f(xc) =




1
0
0


 .(4.2)

Clearly, the matrix Hc is symmetric positive definite. We seek to solve the minimiza-
tion problem (1.5) with δc = 0.1 and compare the number of iterations required by
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the methods discussed in Section 2. Tables 4.3 and 4.4 are analogous to Tables 4.1
and 4.2, respectively. They show, similarly as in Example 1, the cubically convergent
methods to require the fewest iterations. Specifically, the cubically convergent zero-
finder determined by rational interpolation of (2.1) with the function (2.17) is seen
to give the fastest convergence in Table 4.3 and the cubically convergent zero-finder
defined by rational interpolation of (2.5) with the function (2.10) requires the fewest
steps in Table 4.4. This is analogous to the results in Example 1. ✷

Itera- Newton Newton Method Method Method Method
tion for for (2.10) (2.9) (2.17) (2.8)

(2.1) (2.6) for (2.1) for (2.1) for (2.1) for (2.1)
0 4 4 4 4 4 4
1 6.7736 8.8572 8.0248 7.4488 8.1723 6.9820
2 7.8709 8.1724 8.1493 8.1272 8.1493 7.9753
3 8.1375 8.1494 8.1493 8.1493 8.1493 8.1453
4 8.1493 8.1493 8.1493 8.1493 8.1493
5 8.1493 8.1493 8.1493 8.1493
6 8.1493 8.1493

Table 4.3

Example 2: Number of iterations and approximations of the zero determined by zero-finders
applied to the solution of (1.5) until the stopping criterion is satisfied.

Itera- Newton Newton Method Method Method Method
tion for for (2.10) (2.9) (2.17) (2.8)

(2.5) (2.7) for (2.5) for (2.5) for (2.5) for (2.5)
0 4 4 4 4 4 4
1 7.1138 8.1173 8.1646 8.1620 8.2425 8.1173
2 8.0385 8.1493 8.1493 8.1493 8.1493 8.1493
3 8.1481 8.1493 8.1493 8.1493 8.1493 8.1493
4 8.1493 8.1493 8.1493 8.1493 8.1493
5 8.1493
6 8.1493

Table 4.4

Example 2: Number of iterations and approximations of the zero determined by zero-finders
applied to the solution of (1.5) until the stopping criterion is satisfied.

Example 3. This example is from [10, p. 97]. We consider a quadratic model (1.2)
for

f(x) =

m∑

i=1

[(1− x2i−1)
2 + 10(x2i − x2i−1)

2], x = (x1, x2, . . . , x2m)T ,(4.3)

and let m = 10. The gradient ∇f(xc) and Hessian Hc are easy to evaluate. The
minimum of the function (4.3) is achieved at x = (1, 1, . . . , 1)T . We let xc be close
to the minimum, i.e., xc = 0.97(1, 1, . . . , 1)T . Then the Hessian is symmetric positive
definite. We seek to solve the minimization problem (1.5) with δc = 0.9 and compare
the number of iterations required by the zero-finders discussed in this paper. The
cubically convergent zero-finder defined by rational interpolation of (2.1) with the
function (2.17) is seen to give the fastest convergence in Table 4.5, while the cubically
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convergent zero-finder defined by rational interpolation of (2.5) with the function
(2.10) is seen to require the least number of iterations in Table 4.6. ✷

Itera- Newton Newton Method Method Method Method
tion for for (2.10) (2.9) (2.17) (2.8)

(2.1) (2.6) for (2.1) for (2.1) for (2.1) for (2.1)
0 4 4 4 4 4 4
1 0.3990 3.3136 3.0269 2.2165 2.9283 3.0221
2 0.6758 2.9493 2.9291 2.7578 2.9291 2.9298
3 1.0690 2.9291 2.9291 2.9201 2.9291 2.9291
4 1.5909 2.9291 2.9291 2.9291 2.9291
5 2.1880 2.9291 2.9291 2.9291
6 2.6848 2.9291
7 2.9010
8 2.9287
9 2.9291
10 2.9291
11 2.9291

Table 4.5

Example 3: Number of iterations and approximations of the zero determined by zero-finders
applied to the solution of (1.5) until the stopping criterion is satisfied.

Itera- Newton Newton Method Method Method Method
tion for for (2.10) (2.9) (2.17) (2.8)

(2.5) (2.7) for (2.5) for (2.5) for (2.5) for (2.5)
0 4 4 4 4 4 4
1 1.5298 2.8991 2.9327 2.6831 2.8872 2.8991
2 2.2972 2.9291 2.9291 2.9200 2.9291 2.9291
3 2.8000 2.9291 2.9291 2.9291 2.9291 2.9291
4 2.9237 2.9291 2.9291 2.9291 2.9291
5 2.9291 2.9291
6 2.9291
7 2.9291

Table 4.6

Example 3: Number of iterations and approximations of the zero determined by zero-finders
applied to the solution of (1.5) until the stopping criterion is satisfied.

In all examples, the cubically convergent zero-finders defined by interpolating
(2.10) with the rational function (2.5), or by interpolation of (2.17) with the rational
function (2.1), are seen to require the least number of iterations. Since the compu-
tational effort for every iteration is about the same for all methods, the cubically
convergent zero-finders are competitive.
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5. Conclusion. This paper discusses new cubically convergent zero-finders for
nonlinear equations that arise when determining the approximate minimizer in each
step of a trust-region method. These zero-finders require essentially the same effort
per step as available quadratically convergent zero-finders. Numerical examples show
the former to give faster convergence than the latter.
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