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Abstract. This paper is concerned with the computation of accurate approximate solutions of
linear systems of equations and linear least-squares problems with a very ill-conditioned matrix and
error-contaminated data. The solution of this kind of problems requires regularization. Common
regularization methods include the truncated singular value decomposition and truncated iteration
with a Krylov subspace method. It can be difficult to determine when to truncate. Recently, it has
been demonstrated that extrapolation of approximate solutions determined by truncated singular
value decomposition gives a new sequence of approximate solutions that is less sensitive to the error
in the data than the original approximate solutions. The present paper describes a novel approach
to determine a suitable truncation index by comparing the original and extrapolated approximate
solutions. Applications to truncated singular value decomposition and the LSQR iterative method
are presented.
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1. Introduction. We are concerned with the computation of an approximate
solution of linear least-squares problems

min
x∈Rn

‖Ax − b‖ (1.1)

with a matrix A ∈ R
m×n of ill-determined rank, i.e., A has many singular values of

different orders of magnitude close to zero. In particular, A is severely ill-conditioned
and possibly singular. The vector b ∈ R

m represents available data, which is assumed
to be contaminated by an error e. Throughout this paper ‖ · ‖ denotes the Euclidean
vector norm or the spectral matrix norm. For ease of notation, we will assume that
m ≥ n; however, the methods discussed also are applicable when m < n.

Linear least-squares problems (1.1) with a matrix of ill-determined rank often are
referred to as discrete ill-posed problems. They arise in science and engineering when
one seeks to determine the cause of an observed effect, e.g., by remote sensing. The
error in the data vector b is assumed to stem from measurement inaccuracies. Let
b̂ ∈ R

m denote the unknown error-free vector associated with b, i.e.,

b = b̂ + e. (1.2)
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We are interested in determining an accurate approximation of the solution x̂ of
minimal Euclidean norm of the unavailable least-squares problem

min
x∈Rn

‖Ax − b̂‖

with error-free data vector. Thus, x̂ = A†b̂, where A† denotes the Moore-Penrose
pseudoinverse of A. Note that due to the error e in b and the ill-conditioning of the
matrix A, the vector

A†b = A†(b̂ + e) = x̂ + A†e

generally does not furnish a meaningful approximation of x̂ due to a large propagated
error A†e.

A popular method for computing an approximation of x̂ when A is of small to
moderate size is to use the truncated singular value decomposition (TSVD). This
method replaces A and A† by low-rank approximations and thereby reduces the size
of the propagated error; see, e.g., [1, 2] for discussions. A brief review of this method is
provided in Section 2. A difficulty when applying the TSVD method is to determine
a suitable rank of the approximation of A. The rank, which generally is equal to
the truncation index, can be considered a regularization parameter. This parameter
determines how much the problem actually solved differs from the given problem (1.1)
and how sensitive the computed solution is to the error e in b and to round-off errors
introduced during the computation.

Vector extrapolation can be applied to the approximate solutions determined by
TSVD. Computed examples reported in [3, 4] show the extrapolated approximate so-
lutions to be less sensitive to the error e in the data b than the approximate solutions
determined by standard TSVD when the truncation index is larger than the value
that gives the best approximation of x̂. This paper proposes to determine the trunca-
tion index for TSVD based on the difference between the standard and extrapolated
approximate solutions. This way of determining a suitable truncation index does not
require an estimate of the norm of the error e.

Rules for determining a suitable truncation index without explicitly using an es-
timate of ‖e‖ are often referred to as “heuristic”; see, e.g., [1, 5]. Commonly used
heuristic rules include the L-curve criterion, the quasi-optimality criterion, and gen-
eralized cross validation. All heuristic rules are known to sometimes fail to determine
a suitable truncation index; see, e.g., Kindermann [5] for a recent discussion. Never-
theless, the development of heuristic rules is important, because in many applications
where linear discrete ill-posed problems arise no useful estimate of ‖e‖ is known; see,
e.g., [5, 6, 7] and references therein for recent discussions on heuristic methods.

The application of extrapolation methods to the solution of linear discrete ill-
posed problems was first proposed by Brezinski et al. [8]; see also [9, 10, 11] for more
recent discussions. A nice survey of extrapolation methods is provided by Brezinski
and Redivo Zaglia [12]. Discussion on vector extrapolation and applications can be
found in [13, 14].

LSQR [15] is a popular iterative Krylov subspace method for the approximate
solution of linear discrete ill-posed problems (1.1) when the matrix A is too large
for fast evaluation of its SVD; see Engl et al. [1, Chapter 7] for a discussion of this
application. LSQR determines a sequence of approximate solutions. Similarly as
for the TSVD, the determination of a suitable truncation index is important for the
quality of the computed approximate solutions. We propose to compare standard and
extrapolated LSQR iterates to determine when to terminate the iterations.
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This paper is organized as follows. Section 2 reviews TSVD and reduced rank
extrapolation (RRE), and discusses the application of the latter to the sequence of
approximate solutions determined by the former. Section 3 outlines the LSQR itera-
tive method and describes the application of RRE to the iterates computed by LSQR.
A few computed examples are presented in Section 4 and concluding remarks can be
found in Section 5.

2. TSVD and RRE. This section reviews the TSVD method, RRE, and the
application of RRE to the sequence of approximate solutions determined by TSVD.

2.1. The TSVD method. Introduce the singular value decomposition

A =

n∑

j=1

σjujv
T
j ,

with the singular values σj ordered so that

σ1 ≥ σ2 ≥ . . . ≥ σr > σr+1 = . . . = σn = 0,

where r is the rank of A. Then

Avj = σjuj , AT uj = σjvj , 1 ≤ j ≤ n,

and the matrices U = [u1, u2, . . . , un] ∈ R
m×n and V = [v1, v2, . . . , vn] ∈ R

n×n have
orthonormal columns, see, e.g., [2, 16] for details on the singular value decomposition.
Typically, many of the smallest nonvanishing singular values of the matrix of discrete
ill-posed problems (1.1) are tiny.

Let 1 ≤ k ≤ r. The best rank-k approximation of A in the spectral norm is given
by

Ak =
k∑

j=1

σjujv
T
j .

It is well known that, for 1 ≤ k < n,

‖Ak − A‖ = σk+1. (2.1)

Thus, the larger k, the better Ak approximates A. The Moore-Penrose pseudoinverse
of Ak for 1 ≤ k ≤ r can be written as

A†
k =

k∑

j=1

σ−1
j vju

T
j .

The solution xk of minimal Euclidean norm of the least-squares problem

min
x∈Rn

‖Akx − b‖ (2.2)

can be conveniently expressed with the aid of A†
k. We have, for 1 ≤ k ≤ r,

xk := A†
kb =

k∑

j=1

uT
j b

σj
vj . (2.3)
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The propagated error in xk is given by
∑k

j=1

uT
j e

σj
vj . The norm of the propagated

error increases with k. It is therefore prudent not to choose the truncation index k
too large. However, for a small value of k the truncation error (2.1) may be large
and the problem solved (2.2) may differ significantly from the given discrete ill-posed
problem (1.1). Therefore, it is important to choose the truncation index k to be
neither too large nor too small.

We would like to determine an index k, such that xk defined by (2.3) is an accurate
approximation of x̂. This will be done with the aid of vector extrapolation, which is
reviewed in the following subsection. For future reference, we define kopt ≥ 1 to be
the smallest integer such that

‖xkopt
− x̂‖ = min

k≥1
‖xk − x̂‖. (2.4)

2.2. RRE. The convergence of a sequence of slowly converging vectors often
can be accelerated by extrapolation methods. Reduced rank extrapolation (RRE) by
Eddy [17] and Mesina [18] is a popular vector extrapolation method. Let

s0, s1, s2, . . . (2.5)

be a sequence of vectors in R
n, and introduce the first and second forward differences

∆sj := sj+1 − sj and ∆2sj := ∆sj+1 − ∆sj .

The RRE method applied to the sequence (2.5) produces approximations tk of the
limit or antilimit of the sj as j → ∞ of the form

tk =

k∑

j=0

γ
(k)
j sj ,

where

k∑

j=0

γ
(k)
j = 1 and

k∑

j=0

ηijγ
(k)
j = 0, 0 ≤ i < k,

with ηij := (yi+1,∆sj) and

yi+1 := ∆2si. (2.6)

Define the matrices

Yk := [y1, y2, . . . , yk], ∆iSk := [∆is0,∆
is1, . . . ,∆

isk−1], i = 1, 2.

Using Schur’s formula, the vector tk can be expressed as

tk = s0 − ∆Sk(Y T
k ∆2Sk)−1Y T

k ∆s0, (2.7)

where we remark that tk exists and is unique if and only if det(Y T
k ∆2Sk) 6= 0. Further

manipulations, described in, e.g., [4], show that

tk = s0 +
k−1∑

j=0

α
(k)
j ∆sj (2.8)

for certain coefficients α
(k)
j . Algorithms by Ford and Sidi [19] can be applied to the

computation of the tk, k = 0, 1, 2, . . . . Details of these computations and additional
references can be found in [4].
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2.3. Application of RRE to TSVD. Let the vectors yi be defined by (2.6)
and let the sk be the TSVD solutions (2.3), i.e.,

s0 := 0, sk := xk = A†
kb =

k∑

j=1

uT
j b

σj
vj =

k∑

j=1

δjvj , (2.9)

where δj := uT
j b/σj . This yields

∆sk−1 = sk − sk−1 = δkvk. (2.10)

We may assume that δk 6= 0, because otherwise we delete the corresponding member
from the sequence (2.9) and compute the next one by keeping the same index notation.
The matrix ∆Sk = [∆s0,∆s1, . . . ,∆sk−1] can be factored according to

∆Sk = [δ1v1, δ2v2 . . . , δkvk] = Vk diag[δ1, δ2, . . . , δk], (2.11)

where Vk = [v1, v2, . . . , vk]. Since ∆2sk−1 = δk+1vk+1 − δkvk, we obtain that

∆2Sk = Vk+1




−δ1

δ2 −δ2

. . .
. . .

δk −δk

δk+1




,

and (2.11) yields

∆2ST
k ∆Sk =




−δ1

δ2 −δ2

. . .
. . .

δk −δk

δk+1




T

V T
k+1 [δ1v1, δ2v2 . . . , δkvk].

In view of that

V T
k+1 [δ1v1, δ2v2, . . . , δkvk] = diag[δ1, δ2, . . . , δk] ∈ R

(k+1)×k,

we have

∆2ST
k ∆Sk =




−δ2
1 δ2

2

−δ2
2 δ2

3

. . .
. . .

−δ2
k−1 δ2

k

−δ2
k




,

and application of (2.10) and (2.11) yields

∆2ST
k ∆sk = [0, . . . , 0, δ2

k+1]
T .
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The above relations can be applied to derive an expression for tk in (2.7). In particular,

we obtain that the scalars α
(k)
0 , α

(k)
1 , . . . , α

(k)
k−1 in (2.8) are given by

α
(k)
i =

k∑

j=i+1

1

δ2
j+1

k∑

l=0

1

δ2
l+1

, 0 ≤ i < k. (2.12)

It follows that the vector tk can be written as

tk =

k∑

j=1

α
(k)
j−1

uT
j b

σj
vj , (2.13)

which shows that applying RRE to TSVD solutions corresponds to using the filter

factors α
(k)
j−1.

The computations for the RRE-TSVD method are summarized by the following
algorithm:

Algorithm 1. The RRE-TSVD algorithm

• Compute the SVD of the matrix A: [U,Σ, V ] = svd(A).

Set s0 = 0, s1 =
uT

1 b
σ1

v1, and t1 = s1, with
ui = U(:, i) and vi = V (:, i) for i = 1, . . . , n.

• For k = 2, . . . , n
1. Compute sk from (2.9).

2. Compute the α
(k)
i for i = 0, . . . , k − 1, using (2.12).

3. Form the approximation tk by (2.13).
4. If ‖tk − tk−1‖/‖tk−1‖ < tol, stop.

• End

In the computed examples of Section 4, we let the parameter tol be eps in MAT-
LAB, i.e., about 2.22 × 10−16.

3. Extrapolated LSQR. LSQR is a popular iterative method for the solution
of large discrete ill-posed problems of the form (1.1). Let the initial iterate be x0 = 0.
Then the kth iterate, xk, determined by LSQR applied to the solution of (1.1) is
computed with the aid of the partial Golub–Kahan bidiagonalization

AṼk = Ũk+1B̃k+1,k, AT Ũk = ṼkB̃T
k ,

where the matrices Ũk+1 ∈ R
m×(k+1) and Ṽk ∈ R

n×k have orthonormal columns,

Ũk ∈ R
m×k consists of the first k columns of Ũk+1, the first column of Ũk+1 is b/‖b‖,

and B̃k+1,k ∈ R
(k+1)×k is lower bidiagonal with leading submatrix B̃k ∈ R

k×k. The
iterate xk is determined by minimizing the residual error over the Krylov subspace

range(Ṽk) = Kk(AT A,AT b) := span{AT b, (AT A)AT b, . . . , (AT A)k−1AT b}.

Thus, xk ∈ Kk(AT A,AT b) satisfies

‖Axk − b‖ = min
y∈Rk

‖AṼky − b‖ = min
y∈Rk

‖Ũk+1B̃k+1,ky − b‖ = min
y∈Rk

‖B̃k+1,ky − ‖b‖e1 ‖,
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where e1 = [1, 0, . . . , 0]T ∈ R
k+1 denotes the first axis vector. Let yk be the solution

of the (small) minimization problem on the right-hand side. Then xk = Vkyk; see [15]

for details. Here we have assumed that k is small enough so that the matrix B̃k+1,k

is of full rank.
The LSQR method updates successive iterates according to

xk = xk−1 + dk,

and the differences dk between successive iterates are available during the execution
of LSQR. We define the sequence

s0 := x0 = 0, sk := xk, k = 1, 2, 3, . . . .

Then

∆sk = sk+1 − sk = dk, ∆2sk = ∆sk+1 − ∆sk = dk+1 − dk.

We can now apply RRE to determine an extrapolated sequence t0, t1, t2, . . . similarly
as in Section 2.

4. Numerical examples. All computations are carried out using MATLAB
version 7.4 with machine epsilon ǫ ≈ 2.22×10−16. The examples stem from the MAT-
LAB package Regularization Tools by Hansen [20]. The matrices A and the desired
solutions x̂ are determined by codes from this package; all matrices are discretizations
of compact integral operators with a smooth kernel. The (assumed unknown) error-

free data vector is given by b̂ := Ax̂ and the associated error-contaminated vector b is
determined by (1.2), where the “error vector” e has normally distributed entries with
zero mean. The vector e is normalized to correspond to a specified noise-level

ν =
‖e‖

‖b̂‖
.

In this section, we denote the sequence of approximate solutions determined by TSVD
or LSQR by x0, x1, x2, . . . and the associated vector sequence computed by RRE by
t0, t1, t2, . . . .
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Fig. 4.1. Example 4.1: Noise-level ν = 1× 10−2. (a) Differences ‖tk −xk‖ for k = 2, 3, 4, . . . .
(b) Relative errors ‖xk − x̂‖/‖x̂‖ for TSVD (blue dashed curve) and relative errors ‖tk − x̂‖/‖x̂‖ for
RRE-TSVD (red solid curve).
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k ‖xk − x̂‖/‖x̂‖ ‖tk − x̂‖/‖x̂‖
3 1.67 × 10−1 1.24 × 100

4 1.42 × 10−1 3.96 × 10−1

5 3.89 × 100 4.75 × 100

Table 4.1

Example 4.1: Noise-level ν = 1 × 10−2. Errors in TSVD solutions xk and in extrapolated
TSVD solutions tk.

Example 4.1. We illustrate the behavior of the sequence x1, x2, x3, . . . of ap-
proximate solutions of (1.1) determined by TSVD and of the sequence t1, t2, t3, . . .
obtained by reduced rank extrapolation of the former sequence. The discrete ill-posed
problem solved is obtained by discretizing the integral equation

∫ π/2

0

κ(s, t)x(t)dt = g(s), 0 ≤ s ≤ π, (4.1)

where

κ(s, t) = exp(s cos(t)) and g(s) = 2 sin(s)/s.

The solution is given by x(t) = sin(t). This integral equation is discussed by Baart
[21]. We used the MATLAB code baart from [20] to discretize (4.1) by a Galerkin
method with 1000 orthonormal box functions as test and trial functions. This yields
the nonsymmetric matrix A ∈ R

1000×1000 and the vector x̂ ∈ R
1000, which is a scaled

discretization of x(t). The condition number of A, defined by κ(A) := ‖A‖‖A−1‖, is
computed with the MATLAB function cond and found to be about 2×1019. Thus, the
matrix is numerically singular. It has many nonvanishing singular values close to zero.
The error-contaminated vector b ∈ R

1000 corresponds to the noise-level ν = 1× 10−2.
Figure 4.1(a) displays the norm of the differences ‖tk − xk‖, k = 2, 3, . . .. Note

the logarithmic scale. Our selection criterion for the truncation index is to choose the
index for which ‖tk−xk‖ is the smallest. In case of nonunicity, we choose the smallest
index k with this property. We refer to this approach to choosing the truncation index
as the extrapolation criterion and denote the index so determined by kextrapol. Thus,
kextrapol = 4 for the present example.

Table 4.1 shows that x4, indeed, provides the most accurate approximation of
x̂. Figure 4.1(b) depicts the relative errors ‖xk − x̂‖/‖x̂‖ in the TSVD solutions as a
function of k (blue dashed curve) and in the extrapolated TSVD solutions ‖tk−x̂‖/‖x̂‖
(red solid curve). The latter relative errors are seen not to grow when k increases.
This implies that it is less crucial to determine the best truncation index when the
approximate solutions tk of (1.1) are used. However, Figure 4.1(b) as well as Table
4.1 show the error in x4 to be smaller than the error in t4. It is clear from Figure
4.1(b) that kopt defined by (2.4) has the value 4. 2

Example 4.2. We generate the nonsymmetric matrix A ∈ R
1000×1000 and the

desired solution x̂ ∈ R
1000 with the code wing from [20]; see [22] for a description of this

problem. The matrix A is numerically singular and has many “tiny” singular values.
The vector b is generated similarly as in Example 4.1 with noise-level ν = 1 × 10−2.

Figure 4.2(a) shows the norm of the differences between the approximate solutions
xk determined by TSVD and the corresponding extrapolated approximate solutions
tk. The smallest difference is achieved for k = 4. Thus, our extrapolation criterion
determines the truncation index kextrapol = 4 and we choose the approximate solution
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Fig. 4.2. Example 4.2: Noise-level ν = 1× 10−2. (a) Differences ‖tk −xk‖ for k = 2, 3, 4, . . . .
(b) Relative errors ‖xk − x̂‖/‖x̂‖ for TSVD (blue dashed curve) and relative errors ‖tk − x̂‖/‖x̂‖ for
RRE-TSVD (red solid curve).

k ‖xk − x̂‖/‖x̂‖ ‖tk − x̂‖/‖x̂‖
3 6.07 × 10−1 6.02 × 10−1

4 6.02 × 10−1 6.02 × 10−1

5 1.70 × 10+2 6.02 × 10−1

Table 4.2

Example 4.2: Noise-level ν = 1 × 10−2. Errors in TSVD solutions xk and in extrapolated
TSVD solutions tk.

x4 of (1.1). Figure 4.2(b) displays the relative errors ‖xk − x̂‖/‖x̂‖ and ‖tk − x̂‖/‖x̂‖.
They are small for k = 4. Moreover, note that the errors ‖tk − x̂‖/‖x̂‖ do not grow
as k increases, while the errors ‖xk − x̂‖/‖x̂‖ grow quickly with k for k > 4. Table
4.2 shows x4 to be the most accurate approximation of x̂, i.e., kopt = 4. In this
example x4 is very close to t4 and the latter vector also could have been chosen as an
approximation of x̂. 2
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Fig. 4.3. Example 4.3: Noise-level ν = 1× 10−2. (a) Differences ‖tk −xk‖ for k = 2, 3, 4, . . . .
(b) Relative errors ‖xk − x̂‖/‖x̂‖ for TSVD (blue dashed curve) and relative errors ‖tk − x̂‖/‖x̂‖ for
RRE-TSVD (red solid curve).

Example 4.3. The MATLAB code foxgood from [20] is used to determine a
linear discrete ill-posed problems (1.1) with a symmetric matrix A ∈ R

1000×1000 and
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k ‖xk − x̂‖/‖x̂‖ ‖tk − x̂‖/‖x̂‖
2 3.11 × 10−2 3.18 × 10−2

3 1.48 × 10−2 3.07 × 10−2

4 2.91 × 10−2 3.10 × 10−2

Table 4.3

Example 4.3: Noise-level ν = 1 × 10−2. Errors in TSVD solutions xk and in extrapolated
TSVD solutions tk.

the solution x̂ ∈ R
1000. The vectors b̂ ∈ R

1000 and b ∈ R
1000 are generated similarly

as in Example 4.1. The noise-level is ν = 1 × 10−2. The problem is described in [23,
p. 665].

Figure 4.3(a) shows the norm of the differences between the TSVD approximate
solutions xk and the corresponding extrapolated approximate solutions tk. The differ-
ence is smallest for k = 3, i.e., our extrapolation criterion yields the truncation index
kextrapol = 3. Figure 4.3(b) shows the relative errors ‖xk − x̂‖/‖x̂‖ and ‖tk − x̂‖/‖x̂‖.
The smallest error is achieved by x3.

Similarly as in the above examples, the errors ‖tk − x̂‖/‖x̂‖ do not grow as k
increases, while the errors ‖xk − x̂‖/‖x̂‖ grow rapidly with k for k > 3. This is
an attractive feature of the extrapolated approximate solutions tk. However, Table
4.3 shows x3 to be a more accurate approximation of x̂ than t3. We have for many
discrete ill-posed problems observed that ‖xkextrapol

− x̂‖ < ‖tkextrapol
− x̂‖. Therefore,

we typically will select xkextrapol
as our approximation of x̂ and not tkextrapol

. Figure
4.3(b) and Table 4.3 show that kopt = 3. 2

In the remaining examples we illustrate the performance of the extrapolation-
based stopping criterion when the approximate solutions x1, x2, x3, . . . are iter-
ates determined by LSQR. The corresponding extrapolated vectors are denoted by
t1, t2, t3, . . . . While the index k = kextrapol for which ‖tk −xk‖ achieves its minimum
is straightforward to determine when TSVD is applied, it is more difficult when we
use LSQR iterates and the associated extrapolated vectors. The reason for this is
that we would like to avoid to carry out many more than kextrapol steps with LSQR.
We have found it to be sufficient to carry out 5 iterations after the last computed
local minimum of k → ‖tk −xk‖. If no new local minimum is detected during these 5
steps, then we terminate the iterations; otherwise we carry out 5 iterations after the
last detected local minimum. In all our experiments this has resulted in the correct
identification of the global minimum and thereby of kextrapol.

k ‖xk − x̂‖/‖x̂‖ ‖tk − x̂‖/‖x̂‖
9 5.18 × 10−2 5.36 × 10−2

10 5.16 × 10−2 5.34 × 10−2

11 5.19 × 10−2 5.36 × 10−2

Table 4.4

Example 4.4: Noise-level ν = 1×10−2. Errors in LSQR solutions xk and in extrapolated LSQR
solutions tk.

Example 4.4. The present example determines the linear discrete ill-posed prob-
lems and the desired solution x̂ with the code shaw from [20]. The symmetric matrix
A ∈ R

1000×1000 obtained is of ill-determined rank. A description of the integral oper-
ator of which A is a discretization is provided by Shaw [24]. The vector b ∈ R

1000 is
generated analogously as in the previous example.
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Fig. 4.4. Example 4.4: Noise-level ν = 1× 10−2. (a) Differences ‖tk −xk‖ for k = 2, 3, 4, . . . .
(b) Relative errors ‖xk − x̂‖/‖x̂‖ for LSQR (blue dashed curve) and relative errors ‖tk − x̂‖/‖x̂‖ for
RRE-LSQR (red solid curve).
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Fig. 4.5. Example 4.4: Noise-level ν = 1× 10−4. (a) Differences ‖tk −xk‖ for k = 2, 3, 4, . . . .
(b) Relative errors ‖xk − x̂‖/‖x̂‖ for LSQR (blue dashed curve) and relative errors ‖tk − x̂‖/‖x̂‖ for
RRE-LSQR (red solid curve).

We first consider the case when the noise-level is ν = 1 × 10−2. Figure 4.4(a)
displays the norm of the differences ‖xk − tk‖. The graph shows that kextrapol = 10,
and Figure 4.4(b), which displays the relative errors ‖xk − x̂‖/‖x̂‖ and ‖tk − x̂‖/‖x̂‖,
confirms that x10 is an accurate approximation of x̂. Table 4.4 shows the difference
xk − x̂ to be nearly minimal for k = 10. In this example both the errors vectors xk − x̂
and tk − x̂ increase as k ≥ 10 increases.

We now reduce the noise-level to ν = 1 × 10−4. Figure 4.5 and Table 4.5 are
analogous to Figure 4.4 and Table 4.4, respectively, for this smaller noise-level. Figure
4.5(a) shows the extrapolation criterion to yield the truncation index kextrapol = 16
and Figure 4.5(b) shows both the relative errors ‖x16 − x̂‖/‖x̂‖ and ‖t16 − x̂‖/‖x̂‖ to
be small. Table 4.5 confirms that the truncation index k = 16 is a good choice both
for the iterates xk and the extrapolated iterates tk. 2

Example 4.5. This example is generated in the same way as Example 4.1, i.e., we
apply the code baart from [20] to determine the nonsymmetric matrix A ∈ R

1000×1000

and solution x̂ ∈ R
1000. The vector b ∈ R

1000 is evaluated similarly as in Example
4.1. The noise-level is ν = 1 × 10−2.

Figure 4.6(a) displays the difference between the LSQR iterates xk and the cor-
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k ‖xk − x̂‖/‖x̂‖ ‖tk − x̂‖/‖x̂‖
15 3.32 × 10−2 3.32 × 10−2

16 3.31 × 10−2 3.32 × 10−2

17 3.32 × 10−2 3.32 × 10−2

18 4.84 × 10−2 3.32 × 10−2

19 4.90 × 10−2 3.32 × 10−2

Table 4.5

Example 4.4: Noise-level ν = 1×10−4. Errors in LSQR solutions xk and in extrapolated LSQR
solutions tk.
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Fig. 4.6. Example 4.5: Noise-level ν = 1× 10−2. (a) Differences ‖tk −xk‖ for k = 2, 3, 4, . . . .
(b) Relative errors ‖xk − x̂‖/‖x̂‖ for LSQR (blue dashed curve) and relative errors ‖tk − x̂‖/‖x̂‖ for
RRE-LSQR (red solid curve).

responding extrapolated vectors tk. This difference is minimal for k = 5. We there-
fore choose the truncation index kextrapol = 5. Figure 4.6(b) and Table 4.6 show
kextrapol = 5 to be a suitable truncation index. In this example both ‖xk − x̂‖ and
‖tk − x̂‖ grow with k for k ≥ 5. 2
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Fig. 4.7. Example 4.6: Noise-level ν = 1× 10−2. (a) Differences ‖tk −xk‖ for k = 2, 3, 4, . . . .
(b) Relative errors ‖xk − x̂‖/‖x̂‖ for LSQR (blue dashed curve) and relative errors ‖tk − x̂‖/‖x̂‖ for
RRE-LSQR (red solid curve).

Example 4.6. The matrix A ∈ R
1000×1000 and solution x̂ ∈ R

1000 are gener-
ated with the code deriv2 from [20] with the linear solution. The underlying integral
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k ‖xk − x̂‖/‖x̂‖ ‖tk − x̂‖/‖x̂‖
4 1.39 × 10−1 1.39 × 10−1

5 1.38 × 10−1 1.38 × 10−1

6 7.33 × 10−1 7.33 × 10−1

Table 4.6

Example 4.5: Noise-level ν = 1×10−2. Errors in LSQR solutions xk and in extrapolated LSQR
solutions tk.

k ‖xk − x̂‖/‖x̂‖ ‖tk − x̂‖/‖x̂‖
10 1.99 × 10−1 1.99 × 10−1

11 1.99 × 10−1 1.99 × 10−1

12 1.98 × 10−1 1.98 × 10−1

13 2.08 × 10−1 2.08 × 10−1

Table 4.7

Example 4.6: Noise-level ν = 1×10−2. Errors in LSQR solutions xk and in extrapolated LSQR
solutions tk.

equation is described in [25, p. 310]. Figure 4.7(a) shows the norm of the difference
between the LSQR iterates xk and the corresponding extrapolated approximate solu-
tions tk. This difference is minimal for k = 12. Figure 4.7(b) shows the iterate x12 to
be a fairly accurate approximation of x̂. In fact, Table 4.7 shows x12 to be the best
approximation of x̂. 2
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Fig. 4.8. Example 4.7: Noise-level ν = 1× 10−2. (a) Differences ‖tk −xk‖ for k = 2, 3, 4, . . . .
(b) Relative errors ‖xk − x̂‖/‖x̂‖ for LSQR (blue dashed curve) and relative errors ‖tk − x̂‖/‖x̂‖ for
RRE-LSQR (red solid curve).

Example 4.7. This example determines approximate solutions to the linear
discrete ill-posed problems defined by the MATLAB code heat from [20]. The matrix
A ∈ R

1000×1000 is nonsymmetric. The error in b ∈ R
1000 corresponds to the noise-level

ν = 1 × 10−2. The underlying ill-posed problem is described by Carasso [26].
Figure 4.8(a) displays the norm of the difference between the LSQR iterates xk

and the corresponding extrapolated approximate solutions tk. This difference is min-
imal for k = 17. Thus, we choose the truncation index kextrapol = 17. Figure 4.8(b)
shows the iterate x17 to be a fairly accurate approximation of x̂. The best approxi-
mation is furnished by x18; see Table 4.8. 2

Example 4.8. The previous examples illustrate that extrapolation can determine
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k ‖xk − x̂‖/‖x̂‖ ‖tk − x̂‖/‖x̂‖
17 7.33 × 10−2 7.35 × 10−2

18 7.21 × 10−2 7.23 × 10−2

19 7.58 × 10−2 7.78 × 10−2

20 7.61 × 10−3 7.82 × 10−2

Table 4.8

Example 4.7: Noise-level ν = 1×10−2. Errors in LSQR solutions xk and in extrapolated LSQR
solutions tk.

Problem ν = 1 × 10−2 ν = 1 × 10−3 ν = 1 × 10−4

shaw 0% 0% 0%
baart 0% 0% 0%
wing 0% 0% 0%
foxgood 2% 0% 0%

Table 4.9

Example 4.8: Percentage of “failures” of the extrapolation method for computing the truncation
index for TSVD for three noise-levels and several test problems from [20].

optimal or near-optimal truncation indices for many problems. This and the following
examples shed light on the average performance of this approach to determine the
truncation index when applied to several test problems from [20]. We measure the
average performance similarly as in [7].

We consider the performance of TSVD. The truncation index kextrapol is deter-
mined by extrapolation as described in Example 4.1 and kopt is defined by (2.4).
Column two of Table 4.9 displays how many times (in percent, rounded to one signif-
icant digit) the inequality

‖xkextrapol
− x̂‖ > 10‖xkopt

− x̂‖ (4.2)

holds over 100 runs with matrices A ∈ R
50×50 and random noise with noise-level

ν = 1 × 10−2. We refer to the situation when (4.2) holds as a “failure.” Results
for the noise-levels ν = 1 × 10−3 and ν = 1 × 10−4 are shown in columns three and
four, respectively. The small entries in columns two through four indicate that the
determination of the truncation index by extrapolation is quite reliable. 2

Example 4.9. Our last example provides results equivalent to column three of
Table 4.9 when the approximate solution is determined with LSQR instead of with
TSVD. The inequality (4.2) holds 0% (over 100 runs) for the problems shaw, deriv2

with a linear solution, and heat. For baart, the inequality (4.2) holds in 8% of the runs.
We conclude that our method for choosing the truncation index for LSQR works well
for many problems. 2

5. Conclusion. This paper describes a new criterion based on vector extrapo-
lation for determining a suitable truncation index kextrapol for TSVD and LSQR. The
extrapolation criterion has been applied to the solution of numerous discrete ill-posed
problems for different noise-levels. Some of the computed results are reported in Sec-
tion 4. The good performance of the extrapolation criterion suggests that kextrapol

may be a valuable indicator of when to truncate, which can be applied either by
itself or together with one or several other heuristic truncation criteria. Generally,
xkextrapol

is a more accurate approximation of x̂ than the corresponding extrapolated
approximation tkextrapol

.
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