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1. Formulation of the problem and the main result

The following notion was introduced in [1].

Definition 1.1. Let K be a bounded domain in R™. Then K is called polynomially integrable if the Radon
transform of its characteristic function

A (.1) = Rk (6.t) = / de, €€ 5"V, L ER,

Kn{z-£=t}
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is a polynomial in ¢:

N

Ar(&t) =) a;(F

=0

for ¢ such that the hyperplane x - £ =t intersects K.

Polynomially integrable domains with C'* boundary were fully characterized in [1], [7]. First, there are
no such domains in R” with even n. Secondly, if n is odd then ellipsoidal domains exhaust the class of such
domains:

Theorem 1.2 ([7]). Let K be a bounded domain in R™ with an infinitely smooth boundary OK. If K is
polynomially integrable then n is odd and K is an ellipsoid.

Remark 1.3. Theorem 1.2 was formulated in [7] for convex bodies K. However, it was proved in [1] that
polynomially integrable domains in R?**1 with smooth boundary, are necessarily convex and thus the
convexity assumption in Theorem 1.2 is superfluous. Also, when K is a convex body, the function Ag(§,t)
is continuous with respect to &, which implies that the coefficients a;(£) are a priori continuous functions
on the unit sphere.

In this article, we introduce an analogue of polynomial integrability in even dimensions. First of all, there
are no polynomially integrable convex domains with smooth boundary in even-dimensional spaces. This
was proved in [1] and [7] using different arguments. The proof in [1] relies on the behavior of the sectional
volume function Ak (€,t) near the tangent plane T,(0K) = {x - £ = to} to the boundary at a point a € 9K
(see Lemma 2.2). The argument is as follows: for almost all normal vectors ¢ € S™~! near the tangent plane
we have A (£,t) = const (t —to)"z (1+ o(1)), t — to. If n is even then 21 is half-integer and therefore
Ak (&,t) cannot be a polynomial in ¢.

In order to formulate the main result of the article we need some notations. The support functions of a

compact convex body K C R" are defined by

HEE) = hae(€) = maca )
h (&) :;ré%xf, (2)

where ¢ belongs to the unit sphere S"~1 in R™. Clearly, hj (&) = —hj(—¢) and a hyperplane {x - ¢ = t}
meets the interior of K if and only if t € I¢ := (h(£), hj(€)).
Denote by H the Hilbert transform
_ 1 f(s)
Hf(t) = —p-v. t—sds (3)
R
of a continuous function f with sufficiently fast decay at infinity.
The main result of this article is as follows.

Theorem 1.4. Let n be an even positive integer. Let K be a bounded conver domain in R™ with C°° boundary
OK. The following are equivalent:

(1) The sectional volume function A (§,t) has fort € I¢ the form

Ak (§:t) = Vq(&, 1) P&, 1),
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where P(€,t), q(&,t) are continuous in & and polynomials in t with degq(&,-) =2; q(&,t) > 0,t € I¢.
(i) The sectional volume function A(,t) has fort € I¢ the form

Al = S0

Vaét)

where P(&,t), q(&,t) are as in (7).
(iii) The Hilbert transform HAk (€,t) is a polynomial with respect to t € I¢ for each & € S"71, i.e.,

N
HAR(E,t) = ij ¥,

j=0

where N is an integer and b; are some (a priori continuous) functions on the unit sphere.
(iv) K is an ellipsoid.

2. Proof of Theorem 1.4. Equivalence of conditions (%), (i), (4i%)
We start with some preliminary facts.
2.1. Boundary behavior of the sectional volume function
In the case where K is an ellipsoid, the support function hx (§) is the restriction to the unit sphere || = 1

of the square root of a quadratic polynomial. In fact, for the ellipsoid E written in suitable coordinates in
the standard form

we have

Also one can check that

Ap(€,1) = Cu Vol (B) hi" () (Wh(e) — )72, (4)

for a certain constant C,,, and all £ and t such that = - £ = t intersects E. It follows that if n is odd
then A (§,t) is a polynomial in ¢ and if n is even then Ag (&, t) has the form (44) in Theorem 1.4 with
q(&:t) = h (&) — 2.

A hyperplane {z - ¢ = t} meets the domain K if and only if t € I = [h(€), h};(£)] and the end points
t= hf((g) of the segment I¢ correspond to the tangent hyperplanes

To+ (OK) = {z - € = h(€)}

at the points a* € K such that the exterior unit normal vectors vyx (a®) are correspondingly vpr (at) =
L€,
The behavior of the sectional volume function Ag(&,t) near the tangent planes is given by the following

Lemma (see [3, Ch. 1, Section 1.7], [1, Section 3, p. 7], [2, Lemma 2.2]).
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Lemma 2.1. There is a dense subset ¥ C S"~ 1, such that the following asymptotic relation with respect to
t holds with some nonzero coefficients c* (&), non-vanishing for & € £%, correspondingly:

Ap(€8) = HO () — )T (L4 o), t = h(6) —0, €€ X, (5)
Ag(&,0) = ¢ ()t — hgl©)"T (L4 o(1)), ¢ hg(€) +0, € € ~3. (6)

Proof. We will use the notation I' = K. Then I' is an infinitely differentiable closed hypersurface. Let
kr(a), a € T be the Gaussian curvature of I' at the point a.
Denote by v the Gauss mapping

v:T3a—vp(a) € "1,

which maps a point a € T' to the exterior unit normal vector y(a) = vr(a) to I' at the point a. The mapping
«y is differentiable and the Gaussian curvature xr(a) is equal to the Jacobian determinant xr(a) = J,(a) of
7 at the point a. Therefore, the points a with . (a) # 0 (non-degenerate points) constitute the set Reg,
of regular points of the mapping -, while the set of points a of zero Gaussian curvature coincides with the
critical set Crit,.

By Sard’s theorem (see e.g., [8, Sections 2 and 3]), the set y(Crit,) has the Lebesgue measure zero on
Sn=1 while the set

¥ = 8"\ (Crit,)

of regular values is a dense subset of S" 1. It consists of the unit vectors & such that any point a € I' with
vr(a) = £ is non-degenerate.

Let ¢ € ¥ and let a € T be such that a - & = hf;(£). The hyperplane z - & = hj.(a) is tangent to I
and hence the external normal unit vector v(a) = vr(a) = €. Since £ is a regular value of v, the point a
is non-degenerate, i.e., kp(a) # 0. Applying a suitable translation and an orthogonal transformation, we
can make a = 0 and £ = (0,...,0,1). Then the tangent plane T,(I") is the coordinate plane z,, = 0 and
the domain K is contained in the half-space z,, < 0. In this case h}({) = 0. Moreover, after performing a
suitable non-degenerate linear transformation we can make the equation of I', near a = 0, to be:

1
T =3 (levf 4t cn_lxi_l) +o0 (|x'|2) , (w1, o) =2 — 0. (7)

The new axes xj, 7 = 1,...,n—1, are the directions of the vectors of principal curvatures and the coefficients
c; are the values of the principal curvatures at the point @ = 0 € I'. The Gaussian curvature at a = 0 is
kr(0) = ¢1 -+ cp—1. All the applied transformations preserve regular points, hence kr(0) # 0. Therefore,
none of ¢;’s are equal to zero, and, since ¢; > 0 due to the convexity of I', we have c¢; > 0 for all j.

After the above transformations we have £ = (0,...,0, 1), so the hyperplane z - £ =t is now given by the
equation x,, = t, with ¢ < 0. The main term of Vol,,_1 (K N{x, = t}) near t = 0 is determined by the main
term of the expansion (7), i.e., by the volume of the ellipsoid —2t = ¢12%3 + - -+ + ¢,_122_;, which is equal
to ¢(—t)"z", where ¢ = %

Thus, for the specific choice a =0 and £ = (0,...,0,1), we have the following asymptotic formula:

A (€,8) = Voly_1 (K N {zn =t}) = ¢ (—t)"T" +o(|t|"T),t = —0,

near (£,t9) with & = (0,0,...,0,1) and ty = hj(£) = 0. Performing the inverse affine transformation, we
obtain the first asymptotic formula in Lemma 2.1, with some new nonzero constant ¢ depending, of course,
on €.



M. Agranovsky et al. / J. Math. Anal. Appl. 529 (2024) 127071 5

The second asymptotic relation follows from the first one and from the relations hj.(—¢) = —h(€),

Ag(=¢—t) = Ax(§1). O

Lemma 2.1 implies an explicit form of the quadratic polynomial ¢ in conditions (¢), (ii) of Theorem 1.4,
as follows:

Lemma 2.2. Let n > 2 be an even integer, and let K be a bounded convexr body in R™ with C*° boundary
OK. Let q(&,t) be a quadratic polynomial of t in condition (i) or in condition (ii) of Theorem 1./. Then

q(&,t) = qo(&) (g (&) —t) (t — h (€)).

Proof. Let n = 2m. Let us start with the case (ii):

V(& 1) Ak (§,1) = P(§,1), (8)

where P is a polynomial in ¢.
By Lemma 2.1, there is a dense set 3 € S"~! such that the function t — A% (£,t) vanishes at the points
hli((f) (when & € %, respectively) to the order exactly 2% = 2m — 1. Therefore, for any £ € . we have

P2(€’t> = Q(gvt)AQ(fvt) = Q(§>t) (h}(f) - t)zm_1P0(§at)7

where Py(¢,t) is another polynomial with respect to t and Py (&, hjz(€)) # 0. Then P?({,t) has zero at
t = h}(f), of even multiplicity. Comparing the multiplicities at both sides of the equality, we obtain
q(&,h(€)) = 0. Since X is a dense subset of S"~! and ¢(&, ), h}(€) are continuous with respect to &, this
is true for all £ € S7~1.

A similar argument using the expansion from Lemma 2.1 at the point hy (£) implies that ¢(&, h(€)) =
0, € S"~1. Since ¢(&,t) is a quadratic polynomial in ¢, the needed presentation for ¢(¢,t) follows.

The case (i) easily reduces to (i7). Indeed, if Ax(&,t) = +/q(&,t)P(£,t) then /q(&,t)Ak(&,t) =
q(&,t)P(&,t) and this is the case (i¢) because in the right hand side we have a polynomial in ¢. The lemma
is proved. O

2.2. Functions with polynomial Hilbert transform on a finite interval

We will need some facts about the Hilbert transform (3). This transform is originally defined on continuous
functions with sufficiently fast decay at infinity, but can be extended to less decaying functions and also to
distributions. The Hilbert transform # is self-invertible; more precisely H(HF') = —F. We have the following
intertwining relation between the transform H and the operator of multiplication by the independent variable
(see [5, Section 4.7]):

Hlsp(s)(®) = tHiolt) ~ - [ (o) ds. Q

R

Let X[q,5)(s) be the characteristic function of the interval [a,b]. The Hilbert transform of the function
X[=1,11(8)V/ (1 — 5)(1 + s) is well-known (see [5, formula 11.343]):

H (VI =T +9) ()=t tel-11]

By a linear change of variables one obtains the Hilbert transform of x4, (s)/(b— 8)(s — a):
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H (eI E— 96— @) ()=t~ "2 telai] (10)

We will also make use of the inversion formula for the Hilbert transform on a finite interval (finite Hilbert
transform). Namely, if a continuous function F'(¢) is supported on an interval [a, b], then F' can be recovered
from the knowledge of the values of its Hilbert transform only on [a, b]. The corresponding inversion formula
looks as follows (see, e.g., [9]):

b
b—-t)(t—a)F(t)=—H <X[a’b](s)7-lF(s) (b—s)(s— a)) (t) + % /F(s) ds, t € [a,b]. (11)

Lemma 2.3. Let [a,b] be a segment on the real line and let F' be a continuous function on the real line,
supported in the segment [a,b]. Then the following properties are equivalent:

(a) The function /(b —t)(t — a)F(t) is a polynomial on the interval t € (a,b).
(b) The function W is a polynomml on the interval t € (a,b).

(¢) The Hilbert transform HF(t) is a polynomial on the interval t € (a,b).

Proof. (a) < (b)

If (a) holds then /(b —)(t —a)F(t) = Q(t), t € (a,b), where @ is a polynomial. Since F'(t) is continuous
at t = aand t = b we have Qa) = Q(b) = 0 and by Bezout s theorem Q(t) = (b —t)(t — a)Q1(2),
where Q1 is another polynomlal Thus, /(b—1t)(t —a)F(t (b—t)(t —a)@Q1(t), t € (a,b) and hence

=/ (b—=1t)(t—a)Q:i(t ) which is exactly condltlon (b).
Conversely, if (b) holds then F =/ (b—=1t)(t—a)Q(t) a,b), @ is a polynomial. Multiplying both

sides by /(b —t)(t — a) leads to —t)(t— a)F( )= (b— t)( t)Q(t), t € (a,b), and therefore (a) holds.
(0) = (a)
Suppose that HF(t) = P(t), t € (a,b), where P is a polynomial.
Then inversion formula (11) reads as

b
b—t)(t—a)F(t)=—H <X[a,b](s)P(s) (b—s)(s— a)> (t) + % /F(s) ds, t € la, ], (12)

a

and therefore, to prove (a), it suffices to prove that the right hand side is a polynomial on the interval (a, b).
In turn, it suffices to check this only for monomials P(s) = s*.

Thus, we need to prove that the Hilbert transform of the function x(44(s)s"1/(b — s)(s — a) is a poly-
nomial.

It is true for k = 0 because identity (10) yields

%(x[am <b_s><s_a>>(t>:t+co,te[a,b],

for a certain constant cy. For k£ > 0 formula (11) leads to

H (x5BT =36 = ) (0 = ¢ 1o)== @) ) )+,

where ¢y, is a constant. Thus, by induction, the above two equalities imply that

H (3 (VT 96— @ ) )
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is a polynomial of degree k + 1. Thus, the right hand side in (12) is a polynomial when P(s) is a monomial
of an arbitrary degree and hence this is true for any polynomial P which proves (a).

(b) = ()

If (b) is fulfilled then F(t) = /(b —t)(t —a)Q(t), t € (a,b) for some polynomial Q(¢). Then inversion
formula (11) for the finite Hllbert transform on [a,b] can be written as

(b—t)(t—a)Q(t) = —H (X[a,b] (s)HE(s)V/ (b —s)(s — a)) (t) +c1, t € la,b],

where ¢ is a constant.

Denote for convenience G(s) = X[q,5(s)HF(5)y/(b — 5)(s — a). Then for t € [a,b] we have
G(t) = Ql(t)7

where Q1(t) = —(b — t)(t — a)Q(¢t) + c1. Again, inversion formula (11) yields:

C(VE D —a) = (x[ab] W =505 = @)@ (s ) )+ o

with some constant co. We have just proven that the expression in the right hand side is a polynomial on
t € la,b).
Substituting the expression for G we arrive at

(b—t)(t — a)HF(t) = P(t), t € (a,b),

where P(t) is a polynomial. Since F(t) is bounded on the real line, |F(t)| < C, and supported in [a, b], its
Hilbert transform satisfies [HF(t)] < £ In =L, ¢ € (a,b). Hence the limits, as t — a, t — b, of the left hand
side of the above equality are equal to zero. This implies P(a) = P(b) = 0 and hence P(t) = (b—t)(a—t)P1(t),
where P is a polynomial. Then HF(t) = Pi(t), t € (a,b) and property (c) is proved. Thus, we have proven

that the properties (a), (b), (c¢) are equivalent. The Lemma is proved. O
2.8. Equivalence of conditions (i), (it), (ii4)

The equivalence of conditions (i), (i¢) and (ii¢) of Theorem 1.4 follows immediately from Lemma 2.2
and also from Lemma 2.3 applied to F(t) = Ag(£,t), a = hx(£), b= hj(€). Indeed, Lemma 2.2 gives an
explicit form of the quadratic polynomial ¢(&,¢) in (¢), (i7) and says that conditions (4), (i), (4i%) for Ax (&, 1)
read as conditions (a), (b), (¢), respectively, for the function F(¢) in Lemma 2.3. The latter lemma claims
that conditions (a), (b), (¢) are equivalent and therefore conditions (7), (i%), (#i¢) are equivalent, too.

3. Proof of Theorem 1.4. Equivalence of conditions (7i7) and (iv)

Let us first show that (iv) implies (#i7). Suppose that (iv) holds, i.e., K is an ellipsoid. Applying a
translation, if needed, we may assume that the center of the ellipsoid is at the origin, and therefore its
section function A (€, t) is given by (4). Since n is even, Ak (£,t) satisfies (i) with g(&,t) = h%- (&) — 2. It
suffices to notice that, as we have proven in the previous section, conditions (i¢) and (iii) are equivalent.

We will now prove that (i4i) implies (iv). Before we start, let us outline the plan of the proof. Let K
be a convex body satisfying (i7i). Without loss of generality we may assume that the origin is an interior
point of K. Since HAg(&,t) is a polynomial in ¢ of degree at most N, the derivatives of HAk (£,t) with
respect to t of orders greater than N at ¢ = 0 are equal to zero. In order to find derivatives of HAk (€,t) at
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t = 0, we will compute its fractional derivatives. The reader is referred to [6, Section 2.6] for more details
about such techniques. The next step is to express fractional derivatives of HAk (&, t) at zero in terms of
the Fourier transform of expressions involving powers of the Minkowski functional of K. Recall that the
latter is defined by

|zl x =min{a>0:2z€aK},  z€R"

Since ordinary derivatives are obtained by computing fractional derivatives at positive integers, we will get
the condition that the Fourier transform of || — z|| " T+ 4 (=1)™+1||2|| g™ must be concentrated at

| (1) T must be a

the origin for large enough integers m. This implies that || — |
homogeneous polynomial of x. An algebraic result from [7] then implies that K must be an ellipsoid in even
dimensions.

Now we will provide details of the above plan. Let us write the Hilbert transform of Ag(&,t) as follows

oo

/AKﬁtfz —Ag (&t +2)
z

0

HAK(E,1) dz.

ﬁ|~

Let g be a complex number such that —1 < Rq < 0. Consider the fractional derivative of order ¢ at t =0
of the function HAk (&, 1t).

o0

(HAK)D(€,0) = ﬁ / 1 H A (6, —t) dt.
0

Let us briefly explain why the last integral converges. H Ak (&, t) is a continuous function of ¢ on R except
possibly at the points t = hj;(£) and t = h(£), where in the worst case it behaves as In |k} (§) — t| and
In|hy (&) — t| respectively. Additionally, as t — £oo it behaves as 1/t.

Writing HAk as follows:

HA = lim
K(f t) 610+
0

17AK(§,t— ) Ax(Et+2)

Zl+e

and using the dominated convergence theorem and Fubini’s theorem we get

(HAR) D (£,0) = lim dz dt

ZlJre

g 7 Ag(€,—t —2) — Ag(€,—t + 2)

et [ (—q)

0/ 0
R T A T
= lim e [t (A (§ —t —2) = Ak(§, —t + 2)) didz
z
0 0
0/

1 —1- -
e / ((fzfx~£)+ T (z—z-0)L q)x(HxHK)dxdz.
Rn
Here and below we use the following notation. If #A > —1, then

0, t<0, t}, t<0,
ti = - and A = g
A, t>0, 0, t>0.
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Observe that (HAx)@ (£,0) naturally extends to a homogeneous function of ¢ € R™ of degree —1 — g,
and we will consider its distributional Fourier transform with respect to £. Let ¢ be a Schwarz function.
Then

<(<HAK><Q><~,0>)A 6) = (HAR) D (€,0),4(0))

= lim ——~ WP /Zm/ IIxIIK/ (— zfxf);l*qf(zfx.g);H)&(g)dgdxdz

Rn

= lim ——~ wr /ZHG/ HDU”K/ (u—2)+1 qf(u+z);1*q) / ¢ (&) dé du dadz.

R™ T-&=—u

The Fourier transform of (u — z)ll_q —(u+ z)jrl_q with respect to u equals

ZF(*(]) (62’(71711)71’/253_67%5 . 7,(1+q)7r/2$q efzzs _ ¢t i(—1— q)7r/2 ti zzs + ez(1+q)ﬂ'/28q ezzs)
= 2sin(zs)'(—q) (ei(*lfq)”/gs‘j_ - ei(lﬂ)”msZ);

see [4, Ch. II, Sec. 2.3].
Using the connection between the Radon transform and the Fourier transform, we get

(2m) 1 (HAK) D (6,0)) " 6)

9 T 4 ,
= lir&—/ T /X |:UHK)/sin(zs)(ez(_l_q”msz_—el(1+q)”/28‘1_)¢(—sx) dsdxdz
e—»0t T ) z'7T€
0 R

Il
=
I
=
s
8
2
B
0\8
=.
B
B
S~—
&.
/‘\
,_.
S
3
~
w
»Q
i~
+
g
3
~
N
Q
—
<
—~
w
8
S~—"
U
w
IS
8

The latter use of the Fubini theorem explains why we passed from 1/z to 1/2'*¢ earlier: the integral of

Sinl(ff ) i absolutely convergent, while the integral of 2222 is not. To compute [ Sml(ff ) dz we can write it
z z

as - f - emzjie " dz and then repeat the calculations from [4, Ch. II, Sec. 2. 3] for the Fourier transform

of z + . As a result we get
oo
/ Sijl(ff) dz = % (ie‘“”e)”/QF(—e) (s¢ +e s —s< — e“”si))
0
= %e‘i(1+€)”/2f‘(—e) (se+ — si) (1 — eie’r)
= —sin(er/2)'(—e¢)|s|sgn(s).
Therefore,

e—0t zlte 2

and hence
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) (HAR) D (€.0)) " 0)
/ ([l x) /sgn Z(flfq)w/QSi - ei(Hq)“/zs‘I_)fb(—sx) ds dx

N
= [ Xelle) [ san(o)et 072 ds o) da
J /
0
—/X(Hx”K)/Sgn(s)ei(lﬂ)w/2|s|qdsgb(—sac)dx
Rn “oo
= [l =l [ 1077250 ds (o) da
Rn 0

+ [ xllal) [ etz ds o(se) da
R~ 0
-0l x o
= ¢ t(IHo)m/2 / / r"71/8q¢(57‘9) dsdrdf
sn-1 0
ol « 0
+ ¢litam/2 / / r”fl/sqd)(srﬁ)dsdrdﬂ
sn-1 0 0
I—0llx o
— —il+a)m/2 / / 7Amgfq/sqd)(se) ds dr df
Sn—1 0 0
l161] o
+ eliFa)m/2 / / r"_2_q/sq¢(39)dsdrd9
0

gn-1 0

o0

1 ) B . B
= S / (e—l(l-‘rq)Tr/QH —9||Kn+1+q+ez(1+q)7r/2||9HK"+1+Q) /s%(s&) ds do
n—1l-—gq
Sn—1 0
m i [ (I O 10) )
n—1—¢q
R~

Thus, we have shown that

-n " 1 —1 ™ -n % g -n
(2m) ((’HAK)(‘”(&O)) e <e HOT/2|| _ g HH 4 e HD™/2) )| +1+Q),

that is

1 —1i ™ —n % T —n A
(HAKWN&mziangfg(e<H“”H7wK*”ﬂ+HHM/NmK*Hﬂ (©),

for all complex ¢ such that —1 < g < 0. Using analytic continuation, we see that the formula is still valid
for all g € C\ {n —1}.
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Since HAx (€,t) is a polynomial of ¢ of degree at most N, we have (HAx )™ (£,0) = 0 for all £ € R™\ {0}
and all natural m > max{N,n — 1}. This means that

(e—i(1+m)7r/2|| _ xH;{n+1+m + ei(1+m)7r/2Hx||;{n+1+m)A (g)
is a linear combination of derivatives of the delta function supported at the origin. Thus,

e—i(1+m)7r/2|| _ xH;{n«H«Hn + ei(1+m)7r/2Hx||;{n+1+m

is a polynomial of x.
When m is odd, we get

—i(l+m)m/2 _ ei(1+m)7r/27

e
and hence

| = 2|+ |
is a polynomial when m is odd.

Similarly, when m is even, we get

efi(1+m)7r/2 _ _ei(1+7’n)7r/27

and thus
1 —n+1
| =2l g =l

is a polynomial when m is even.
Thus for every positive integer £ > (N — n)/2 we have

I =2l = 2% = Pea)

and
| =zl % + |25 = Qu(),

for some homogeneous polynomials P, and @, of degrees 2¢ 4+ 1 and 4¢ 4 2 respectively. Solving the latter

lzl[Z T = Pulx) + 4/ Qe(x), (13)

where Py(z) = —3P(z) and Qulx) = 1 (2Qu(z) — P2(2)).
As was shown in [7, Theorem 3.6], condition (13) for all large ¢ implies that

system of equations we obtain

[zl = P(z) + vV Q(), (14)

for a linear polynomial P and a positive quadratic polynomial Q). From here it is not difficult to see that K
must be an ellipsoid. Indeed, let z € K, then ||z|x = 1 and therefore (14) yields

(1-P(2))” = Qz).
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This means that 0K is a quadric hypersurface. Since K is compact, it must be an ellipsoid.
Finally, let us remark that bodies with polynomial HAk (§,t) do not exist in odd dimensions. This follows
from the fact that the function

=l

is an even function, but at the same time, it has to be a polynomial of an odd degree —n +m + 1, if n and
m are both odd. The only polynomial that is both odd and even is the zero polynomial.

Acknowledgment

The work on this paper began at the Banff International Research Station where the authors participated
in the 2022 Research in Teams Program “Algebraically integrable domains”. The final part of this work was
completed while the second, third, and fourth authors were in residence at the Institute for Computational
and Experimental Research in Mathematics in Providence, RI, during the “Harmonic Analysis and Con-
vexity” program. The authors are grateful to BIRS and ICERM for their hospitality and excellent research
conditions.

References

[1] M. Agranovsky, On polynomially integrable domains in Euclidean spaces, in: Trends in Mathematics; Complex Analysis
and Dynamical Systems. New Trends and Open Problems, Birkhéuser, 2018, pp. 1-21.

[2] M. Agranovsky, L. Kunyansky, On exactness of the universal backprojection formula for the spherical means Radon trans-
form, arXiv:2207.08262.

[3] LM. Gelfand, M.I. Graev, N.I. Vilenkin, Generalized Functions. Vol. 5. Integral Geometry and Representation Theory,
Academic Press, New York-London, 1966.

[4] .M. Gelfand, G.E. Shilov, Generalized Functions. Vol. 1. Properties and Operations, translated from the Russian by Eugene
Saletan, Academic Press, New York-London, 1964.

[5] F.W. King, Hilbert Transforms: Volume 1, vol. 2, Cambridge University Press, 2009.

[6] A. Koldobsky, Fourier Analysis in Convex Geometry, American Mathematical Society, Providence RI, 2005.

[7] A. Koldobsky, A.S. Merkurjev, V. Yaskin, On polynomially integrable convex bodies, Adv. Math. 320 (2017) 876-886.

[8] J.W. Milnor, Topology from the Differentiable Viewpoint, Princeton Landmarks in Mathematics and Physics, Princeton
University Press, Princeton, NJ, 1997 (based on notes by David W. Weaver).

[9] J. You, G.L. Zeng, Explicit finite inverse Hilbert transforms, Inverse Probl. 22 (3) (2006) L7-L10.


http://refhub.elsevier.com/S0022-247X(23)00074-4/bibA167B0E41EFA9CB5F76E9851FBC3F5A0s1
http://refhub.elsevier.com/S0022-247X(23)00074-4/bibA167B0E41EFA9CB5F76E9851FBC3F5A0s1
http://refhub.elsevier.com/S0022-247X(23)00074-4/bib90951C07DFE44FD601D76CD797D0D915s1
http://refhub.elsevier.com/S0022-247X(23)00074-4/bib90951C07DFE44FD601D76CD797D0D915s1
http://refhub.elsevier.com/S0022-247X(23)00074-4/bib5454FAFFCB2738DD8C14913D51A9376As1
http://refhub.elsevier.com/S0022-247X(23)00074-4/bib5454FAFFCB2738DD8C14913D51A9376As1
http://refhub.elsevier.com/S0022-247X(23)00074-4/bib71A75A167C33C58BFB561764255C880As1
http://refhub.elsevier.com/S0022-247X(23)00074-4/bib71A75A167C33C58BFB561764255C880As1
http://refhub.elsevier.com/S0022-247X(23)00074-4/bib719EF271D38A388FD7B2BC967F4BD885s1
http://refhub.elsevier.com/S0022-247X(23)00074-4/bibA5F3C6A11B03839D46AF9FB43C97C188s1
http://refhub.elsevier.com/S0022-247X(23)00074-4/bib0C8D454FD627271C7A31D04BC7D152F9s1
http://refhub.elsevier.com/S0022-247X(23)00074-4/bib69691C7BDCC3CE6D5D8A1361F22D04ACs1
http://refhub.elsevier.com/S0022-247X(23)00074-4/bib69691C7BDCC3CE6D5D8A1361F22D04ACs1
http://refhub.elsevier.com/S0022-247X(23)00074-4/bib74550A6E6422D3B7CE0ED6E3482674FDs1

	An analogue of polynomially integrable bodies in even-dimensional spaces
	1 Formulation of the problem and the main result
	2 Proof of Theorem 1.4. Equivalence of conditions (i),(ii),(iii)
	2.1 Boundary behavior of the sectional volume function
	2.2 Functions with polynomial Hilbert transform on a finite interval
	2.3 Equivalence of conditions (i),(ii),(iii)

	3 Proof of Theorem 1.4. Equivalence of conditions (iii) and (iv)
	Acknowledgment
	References


