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ABSTRACT. For 0 < o < 1 we construct examples of even integrable functions {2
on the unit sphere S4~! with mean value zero satisfying

1
es sup / 1Q(8)|log"™™ —— df < +o0,
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such that the L?-bounded singular integral operator Ty, given by convolution with

the distribution p.v. Q(x/|z|)|z|~? is not bounded on L?(R?) when |3 — %‘ > -

In particular, we construct operators T that are bounded on L? exactly when
p=2.

1. INTRODUCTION

Let © be an even complex-valued integrable function on the sphere S?!, with
mean value zero with respect to the surface measure. We discuss the L? boundedness
properties of the Calderén-Zygmund singular integral operator

: Qy/ly Qy/ly
W e =ty [ gy [ PO g0y,
E—> R
ly[>e
initially defined for functions f in the Schwartz class S(RY). The singular integral
operator Tg is given by convolution with the distribution p.v.Q(z/|z|)|x|~¢ whose
Fourier transform is the homogeneous of degree zero function

(2) m(Q)(€) = (p-v. Qx/|z])|2| )7 (€) = /Sd1 (6) log

The L? boundedness of Ty, is equivalent to the condition that
(3) m(2) € L¥(R7),

i.e. m(Q) is an essentially bounded function. Calderén and Zygmund [1], [2] have
developed the theory of such singular integrals and have established their L” bound-
edness in the range 1 < p < oo for  in Llog L(S?!). The more difficult issue of the
weak type (1,1) boundedness of such singular integrals with Q in Llog L(S9!) was
settled by Christ and Rubio de Francia [5] and Seeger [14].
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The Q € Llog L condition is the sharpest possible, in some sense, that implies
LP boundedness for Ty in the whole range of p € (1,00), as indicated by Weiss and
Zygmund [16]. A fundamental question in the subject is whether there exist other
conditions on €) that are LP “sensitive”, i.e. they imply that Tq is bounded on L”
for some p but not on LY for some other index ¢. This question is motivated by the
well-known p-independence boundedness property of Calderén-Zygmund operators
with sufficiently smooth kernels, i.e. the fact that boundedness on one LP° implies
boundedness on all I” with 1 < p < oo. It has been an open question whether
p-independence is still valid for all homogeneous singular integrals and if it fails,
what condition is sensitive enough to differentiate boundedness between different LP
spaces.

A starting point for investigating this question is to ask whether (3) or even the
slightly stronger condition

1
€ - 0]

(4) essup / |2(0)|log df < oo,
Sd—1

£esd-1

suffices to imply that Tg is bounded on LP(R?) for some p # 2. In this work we
prove that this is not the case. In fact, we construct examples of functions €2 that
satisfy (4) such that Tq is bounded on LP(R?) exactly when p = 2. This answers
the above question in the negative: The p-independence boundedness property of
Calderon-Zygmund theory fails for insufficiently smooth homogeneous kernels.

Next, for a > 0 we denote by

mal(©) = [ 1000)/ 108" b

a function defined for ¢ € S?! that measures the integrability of () against a power
of the logarithm that appears in (4) and we introduce the following conditions on 2:

(5) essup mq(2)(€) < +o0.
ge8d-1

These conditions become stronger as « increases and are known to imply boundedness
for T when 1/p lies in some nontrivial open interval centered at 1/2, see [10], [8].

We sharpen the aforementioned result by showing the existence of functions 2 that
satisfy (5) for some a > 0 such that the corresponding operators T, are unbounded
on LP(R?) for p away from 2. Precisely, we have the following:

Theorem 1. For every a satisfying 0 < a < 1 there is an even integrable function )

on ST with mean value zero that satisfies (5) such that the singular integral operator
T is unbounded on LP(RY) whenever

Q
1+a

(6)

11>
2 p

In particular, there is a function Q0 such that Tq is LP bounded exactly when p = 2.
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2. THE COUNTEREXAMPLE OF THEOREM 1

We only discuss the proof when d = 2 as this example can be embedded in higher
dimensional spaces. We fix an 0 < o < 1. We construct a sequence of even functions
2, with mean value zero such that m(€2,) fails to be an LP multiplier for any p
satisfying (6) while ,, satisfies condition (5) uniformly in 7.

To prove that the norm of a Fourier multiplier on R? is large, we are going to use
a deLeeuw type transference argument (see [7]) in a way similar to that used in the
article of Lebedev and Olevskii [11].

Lemma 1. Let {z;},_, be an arithmetic progression in R?. (This means that there
is a vector v such that xp +v = 1441 fork=1,...,1—1.) Let m be a function on R?
which is continuous at the points xy,. We define a Fourier multiplier sequence b on Z
by the formula b(k) = m(xg) for 1 < k <1 and b(k) = 0 otherwise. Then for some
¢p > 0, dependent only on 1 < p < oo, the LP(R?) multiplier norm ||m||y,®2) of m
is at least c, times the LP(T) multiplier norm ||[{b(k)}rez||m,(z) of the sequence b.

Proof. To prove the lemma, by applying a translation, a dilation and a rotation, we
may assume that the points {z; }}_, are the points {(k,0)}\_,. Let R be the rectangle
11

[—4. 04 3] x [=1, 7). The continuity of m at the points {(k,0)},_; allows us to use

a classical transference theorem (see for instance [9] Theorem 3.6.7) to deduce that
¢, Hmlla,@me) = Imxellm,me) = 1{0(k) Yeezllm, ) -
U

If p # 2, the Riesz basis {e*™**}> _ of LP(T) is not unconditional. That means
that for every n = 1,2,... there are two sequences a} and |e}'| < 1 supported on the
set {1,...,n} such that

n
(7) H Z €ZQZ€27rikx
k=1

where K (n) — oo as n — oo. Using properties of the Rademacher functions we see
that we can take K (n) = ¢, n!"/27'/Pl where ¢/, depends only on p.
Moreover, we can choose (¢})7_, such that

Lr[0,1] rjo,)

> K(”)H Z aze%rikx
k=1

||(...,0, ...,0,6?,63,...,82,0, ---)HMP(Z) =
sup{||(...,0,...,0,67,05,....,05,0, .. )| mr(z) = |05] <1, k=1,...,n}.

We fix n > 1000. Denote by I the angular sector from 7/2 to 37/4. Fix sg large
enough. For k € {1,2,...,2n}, we introduce points zy = (t, so) € Z>NI and disjoint
open cones I* centered at the origin whose bisector passes through of the points z;,
so that (a) the arc I* N'S! has length roughly (20n)~! and (b) the distance between
the points xy/|zy| and zgy1/|zre1| is about n=t.

For x € R? let

vt ={yeR?: v-y=0}
Now let Zj be the single element of z; N S' which lies in the first quadrant (its
argument lies in (0,7/4)) and let A", k =1, ..., 2n, be pairwise disjoint arcs of small
length €, (to be chosen later) contained in S' and centered at Zy.
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3
(8) wir = Clnyen) D (=1) X pen yaz

J=0

where A;* + % are the translations of the arcs A" along S' by the amounts %r
Finally we introduce the function

2n

Q, = Z(_l)kgﬁk—&-l)/ﬂwlin ;

k=1

where [ | denotes the integer part. The normalization constant C'(n, €,) is chosen so
that

M (wi") (2n/|2x]) = 1/2.
Set
D(n, en) = m(wy") (k) = m(wy") (e /| xk])
and note that in view of rotational invariance the constants C'(n,€,) and D(n,€,) do
not depend on k. Also notice that

sup g (W) (x) = ma () (/o) and

sup [m(wi)(@)] = [m{wy") (we)] = |mlwi") (2e/ [k )]

We will make use of the following auxiliary estimates.
Lemma 2. We have
C(n,en) = €' |log e,
and
D(n,e€,) =~ |loge,|™,
for all x ¢ U3_o(I* + &) n St
(9) ma (W) () S (logn) ™| log e, |~
and for x ¢ (U_o(I* + Z0)) U (U_o(I* ' + ) NSt and 1 <k <n

(10 cm()) — o) (@) < LBl
k 2k k 2k—1 ~ n|x - $2k|
Proof. These estimates are straightforward. To prove (10) we use the mean value
|u—v]

theorem for integrals and we estimate | log u—logv| by ¢ "7 when |lu—vl|issmall. O

Recall the fixed constants €} in (7). We examine properties of the function €2,,.
Observe that

(11) 10|21 sty S [ logen| 7
and note that in view of (9) we have

(12) Ima ()l (st < n (logn)'™* [loge,| 7.
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On the other hand,
m(Q)(wy) = D(n, e+ D (=1)efpanygm(wi™)(@x) = D(n, €)ef, + of,
1<i#k<2n

and (10) implies |o}| < D(n,€,)/4 as long as
1
constant (logn) [log e,| ™17 < Z| loge,|™@

which is equivalent to
(13) n4constant < 6_1

~ n -
The function m(€2,) is continuous at the points xy, since m(w;") is continuous at

xi/|7k| as a circular convolution of L'(S') and L*(S') functions. By Lemma 1
applied to points xy we get that the LP multiplier norm of m(€2,) is comparable to

CpD(n,en)n‘%_%|. Indeed,
[m () lar@2) = &l 0,m(Qn) (1), () (22), ... m(2n)(20), 0, ...) [|are(z)
> ¢D(n,e) (||(...,0,...,0,5’f,6§,. Len 0, )HMp(z)—

100, 07,05 0,0, )/ D, €0) a1n(a))

v

1

—cD(n,e,)n'z »!
2

since the inequality

Y n n

"0, ...)HMP(Z)

0,07, 08, ...,0", 0, ..
H 1’ 2 : H - H ,0,eT, e, ...,
(n,€,) MP(Z)
would contradict the choice of (¢})7_;. This shows that the L operator norm of Tg,

is at least a constant multiple of
(14) D(n, en)n‘%_%| ~ | log en|_°‘n|%_%‘ :

We select ¢, satisfying

n(logn)*) = [loge, ",

and we note that (13) holds for this choice of €,. Also observe that (12) gives
[ma (20|l poosty S 1, (11) yields HQnHLl(S1 < 1, while (14) gives

«

T, |rors > nl2 751755 (logn)

We conclude that || T, ||»—r» goes to infinity with n as long as |3 — 5 > 15
The existence of the function €2 claimed in Theorem 1 is a consequence of the
uniform boundedness principle. Denote by B, the Banach space of all even integrable
functions € on S! with mean value zero with norm
19]5, = [1Q]Lr(s1) + 1m0 ()| L= (s1) < 0.
Consider the family of linear maps from B, — LP(R")

Q — Ta(f)
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indexed by functions in the set U = {f € LP(R") : |[f|lzr = 1}. If no Q as in
Theorem 1 existed, then for all 2 € B, we would have

sup [|Ta(f)[|» < C(Q2) < o0
feu

The uniform boundedness principle implies the existence of a constant K < oo such
that

Tl o rr = sup | Ta(f)llr < K [|€2]]5,
feu

for all Q € B But this clearly contradicts the construction of the €2,,’s whenever
5 — —| > 7. This concludes the proof of Theorem 1.

3. FINAL REMARKS

It is natural to ask whether boundedness holds for T, outside the region ruled out
by Theorem 1. This question was previously addressed and partially answered by
Grafakos and Stefanov [10] who showed that condition (5) implies the boundedness
of Ty on Lp(Rd) for p satisfying |5 — 1] < A sharper version of this theorem

where

2+)

m is replaced by m was obtained by Fan, Guo, and Pan [8].

The issue of the sufficiency of condition (5) for the L? boundedness of Ty, remains
unanswered for ps satisfying 5555 < 3 — 3| < 155 whenever 0 < a < 1. It is
possible that for a > 1, Tq is bounded on L? for all 1 < p < oo whenever (5) is
satisfied, but this is also unknown at present. We note that for zonal functions €2,
condition (4) suffices for the boundedness of Ty, on all L? spaces (1 < p < o0) as
proved by Ryabogin and Rubin [13].

It should be noted that the counterexamples discussed in this paper are related to
those that indicate the sharpness in the Coifman-Rubio de Francia-Semmes condition
[6] in terms of the s-variation of the multipliers. They are also related in spirit to
the work of Carbery, Christ, Vance, Wainger, and Watson (3|, Christ [4], Seeger,
Wainger, Wright, and Ziesler [15], as well as the work of Olevskii [12].

The authors would like to thank to N. Kalton for a hint on the best value of the
constant in (7).
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