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ORTHOGONAL PROJECTIONS ONTO EVERY SUBSPACE ARE
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DMITRY RYABOGIN

Abstract. Let K and L be two convex bodies in Rn such that their projections
onto every (n − 1)-dimensional subspace are translates of (homothetic to) each
other. Then K and L are translates of (homothetic to) each orther. We give a very
simple proof of these facts.

1. Introduction

The main purpose of writing this note is to help students to get acquainted with
the notion of the support function of a convex body, which is a very important tool
in convex geometry and functional analysis. This notion is related to a very intuitive
fact that a ”convex shape is an envelope of its tangent planes“.

To demonstrate how the support function could help to answer non-trivial geomet-
ric questions about projections of convex shapes, we suggest a very simple proof of
the result below, which was independently obtained by Nakajima [N] and Süss [S]
in 1932. They proved this result in the three-dimensional case and we suggest the
reader assumes that n = 3 during the first reading of this note.

At first we introduce some terminology.
Let n ≥ 2. We say that: two compact sets K,L in Rn are translates of each other,

if there exists a ∈ Rn such that K = L + a; K,L are dilates of each other, if there
exists r > 0 such that K = rL; K,L are homothetic to each other, if there exists
r > 0 and a ∈ Rn such that K = rL+ a. Here as usual

K = rL+ a = {x ∈ Rn : x = ry + a, y ∈ L}.
A compact convex set K in Rn with a non-empty interior is called a convex body.

Theorem 1. Let K and L be two convex bodies in Rn, n ≥ 3. Then K and L are
translates of (homothetic to) each other, provided the orthogonal projections of the
bodies onto every (n−1)-dimensional subspace are translates of (homothetic to) each
other.

Nowadays, several non-trivial geometric proofs of this result are known, (see, for
example, [Ga], page 101 and notes on pages 126 - 127); in particular, we recommend
the student to read the very elegant ”high-school“ proof, obtained by I. Lieberman
in the case when the projections are translates of each other ([A], Lemma I).
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In the proof of Theorem 1 we will use only the definition of the support function
hK of a compact convex set K ⊂ Rn (see Figure 1)

(1) hK(x) := sup
y∈K

x · y, x ∈ Rn, x · y = x1y1 + · · ·+ xnyn,

and the following well-known fact from linear algebra: if f is a linear function in Rn,
i.e.,

(2) ∀x, y ∈ Rn, ∀α, β ∈ R, f(αx+ βy) = αf(x) + βf(y),

then there exists a ∈ Rn such that ∀x ∈ Rn, f(x) = a · x.

Figure 1. Support function hK

2. The properties of the support function

Let ξ be a unit vector in Rn. We denote by ξ⊥ the (n − 1)-dimensional subspace
of Rn orthogonal to ξ,

ξ⊥ = {y ∈ Rn : y · ξ = 0}, |ξ| =
√
ξ21 + · · ·+ ξ2n = 1,

and by K|ξ⊥ the orthogonal projection of K onto ξ⊥,

K|ξ⊥ := {x ∈ ξ⊥ : x+ λξ ∈ K for some λ ∈ R}.
One of the reasons why the support function is useful in convex geometry is that

it ”respects” addition (cf. (3)) and scalar multiplication (cf. (5)). It is also a very
convenient tool when one deals with projections (cf. (6)).

Using (1) we suggest the reader to check that: given convex sets M,N ⊂ Rn, we
have

(3) hM+N(x) = hM(x) + hN(x) ∀x ∈ Rn,
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in particular, for an arbitrary vector b ∈ Rn,

(4) hM+b(x) = hM(x) + b · x ∀x ∈ Rn;

given a positive number r > 0, we have

(5) hrM(x) = rhM(x) = hM(rx) ∀x ∈ Rn;

given a subspace ξ⊥ of Rn, we have (see Figure 2)

(6) hK|ξ⊥(x) = hK(x) ∀x ∈ ξ⊥.
We observe also that for any two convex compact sets K and L in Rn we have

K = L, provided hK = hL.

Figure 2. The support functions of the body and its projection coin-
cide in the directions x ∈ ξ⊥

Proof. We will prove the theorem in three steps. At first we will settle the case when
the projections of K and L are translates of each other. Next, we will consider the
case when the projections are dilates of each other. Finally, we will combine the
arguments to obtain the general case of homothetic projections.
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Step 1. Let the projections of K and L be translates of each other. Then, for every
unit vector ξ there exists a vector aξ ∈ ξ⊥ such that

(7) K|ξ⊥ = L|ξ⊥ + aξ.

Using (4) and (7) we see that for every unit vector ξ there exists a vector aξ ∈ ξ⊥
such that

(8) hK|ξ⊥(x) = hL|ξ⊥(x) + aξ · x ∀x ∈ ξ⊥.

Moreover, by (6) and (8),

(9) hK(x) = hL(x) + aξ · x ∀x ∈ ξ⊥.
Our goal is to show that

(10) ∃a ∈ Rn such that hK(x) = hL(x) + a · x ∀x ∈ Rn.

In other words, we need to show that f := hK−hL is a linear function, i.e., f satisfies
(2).

Since the linearity is a two-dimensional property, (10) follows immediately from
(9). Indeed, let x, y ∈ Rn and α, β ∈ R be given. Consider a two-dimensional
subspace Lx,y containing x and y. It is clear that Lx,y ⊂ ξ⊥ for some unit ξ ∈ Rn (in
the three-dimensional case Lx,y = ξ⊥ for ξ being a vector product of x

|x| ,
y
|y| , x, y 6= 0).

Thus, (9) yields

f(αx+ βy) = aξ · (αx+ βy) = αaξ · x+ βaξ · y = αf(x) + βf(y).

Step 2. Let the projections of K and L be dilates of each other, i.e., assume that
for every unit vector ξ there exists r(ξ) > 0 such that

(11) K|ξ⊥ = r(ξ)L|ξ⊥.
Our goal is to show that there exists a constant r > 0 independent of ξ such that

K = rL.
We claim that for any two unit vectors ξ1 and ξ2, ξ1 6= ξ2, we have r(ξ1) = r(ξ2).

Hence, the dilation function r = r(ξ) is identically constant.
Indeed, using (11), (5) and (6), we see that

(12) hK(x) = r(ξ)hL(x) ∀x ∈ ξ⊥.
Hence, for any vector x ∈ ξ⊥1 ∩ ξ⊥2 we have

r(ξ1) = r(ξ2) =
hK(x)

hL(x)
.

Thus, there exists r > 0 such that for any unit vector ξ,

hK(x) = rhL(x) ∀x ∈ ξ⊥,
and we can use (5) to finish the proof of Step 2.

Step 3. Now let the projections of K and L be homothetic, i.e., for every unit
vector ξ we are given r(ξ) > 0 and aξ ∈ ξ⊥ such that

(13) hK|ξ⊥(x) = r(ξ)hL|ξ⊥(x) + aξ · x ∀x ∈ ξ⊥.
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Define the convex bodies K1 = K+(−K), L1 = L+(−L). We claim that for every
unit vector ξ there exists r = r(ξ) such that

(14) hK1|ξ⊥(x) = r(ξ)hL1|ξ⊥(x) ∀x ∈ ξ⊥.

Assume for a moment that the claim is true. By the arguments similar to those in
step 2, this means that K1 = rL1 and, in particular, r(ξ) = r is constant on the unit
sphere. Hence, (13) reads: there exists r > 0, and for every unit vector ξ there exists
aξ such that

(15) hK|ξ⊥(x) = rhL|ξ⊥(x) + aξ · x ∀x ∈ ξ⊥.

It remains to use (5) and (6) to observe that the projections of K and rL are translates
of each other. Then, the result follows by the arguments identical to those in step 1.

To prove the claim we use (13) to see that for every unit vector ξ there exist
r(ξ) > 0 such that

(16) hK|ξ⊥(x) + hK|ξ⊥(−x) = r(ξ)(hL|ξ⊥(x) + hL|ξ⊥(−x)) ∀x ∈ ξ⊥.

By (3),

hK1(x) = hK(x) + hK(−x), hL1(x) = hL(x) + hL(−x), ∀x ∈ ξ⊥.

Moreover, for every unit vector ξ,

K1|ξ⊥ = K|ξ⊥ + (−K)|ξ⊥, L1|ξ⊥ = L|ξ⊥ + (−L)|ξ⊥,

and we can use (16) and (6) to see that convex bodies K1 and L1 satisfy (14).
The claim is proved. This finishes the proof of Step 3 and the Theorem is proved.

�

This result does not hold in the two-dimensional case (consider a disc and a
Reuleaux triangle of the same width, [Ga], page 109). We leave it as an exercise
to the reader.

3. An open problem about congruent projections

It is very natural to ask what happens if the group of homotheties is replaced by
a different group, say, by the group of direct rigid motions (a dilation followed by a
translation is replaced by a rotation followed by a translation).

We say that the sets K and L are directly congruent in Rn, n ≥ 2, if there exist a
rotation ϕ ∈ SO(n) and a vector a ∈ Rn such that K = ϕ(L) + a.

The following problem is still open, even in the three-dimensional case.
Open problem: Let K and L be two convex bodies such that their projections

onto every subspace are directly congruent. Does it follow that there exists a ∈ Rn

such that K = ±L+ a (i.e., the bodies coincide up to translation and reflection)?
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4. Known results related to the problem about congruent
projections

In the case K and L are centrally-symmetric in Rn, n ≥ 2, the result could be
obtained using Alexandrov’s Theorem, staying that the centrally-symmetric bodies
are translates of each other, provided the volumes of their projections onto every
(n− 1)-dimensional subspace are equal, ([Ga], page 115).

Golubyatnikov obtained several interesting results related to this problem ([Go1],
Chapters 1-3). In particular, he proved that in the three-dimensional case the answer
is affirmative, provided the projections do not have SO(2)-symmetries (a set M in
R2 has a SO(2)-symmetry, provided there exists a rotation ϕ ∈ SO(2) and a vector
a ∈ R2 such that ϕ(M) = M + a).

Recently, Mackey [M] proved that the answer is affirmative, provided the projec-
tions are rotations of each other around a fixed point. In this connection see also
[R].

It is interesting to note that a further generalization of these results to similar
projections is not possible (similarity is a composition of a dilation followed by a
rotation followed by a translation). C. M. Petty and J. R. McKinney ([Ga], page
103) constructed a beautiful example of two essentially different origin-symmetric
convex bodies of revolution such that their projections onto every two-dimensional
subspace are similar.

5. Some questions about sections of star bodies

If one wants to deal with questions about sections, the most natural class of bodies
is, probably, the so-called star bodies, which we now define.

A compact set K containing the origin o is star-shaped at the origin if every line
through o that meets K does so in a line segment.

A radial function is a convenient tool to work with when one deals with questions
about sections of star-shaped sets. It is an analogue of the support function and it
is defined as

ρK(x) = max{c > 0 : cx ∈ K}
for x ∈ Rn \ {o} such that the line through x and o meets K.

A star (with respect to the origin) body is a compact star-shaped set with a non-
empty interior containing the origin such that its radial function is continuous.

It is not hard to see that the analogues of (5) and (6) read as follows:

ρK(λx) =
1

λ
ρK(x) ∀λ > 0,

and for any unit vector ξ,

ρK(x) = ρK∩ξ⊥(x) ∀x ∈ ξ⊥,

where K ∩ ξ⊥ stands for the section of K by ξ⊥.
But, unfortunately, the radial function does not behave well under translations

(cf. (4)), and this makes some of the questions about sections of star-shaped bodies
harder to attack analytically than the ones about the projections. For example, it
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is not even known whether the analogue of the Theorem of Nakajima and Süss for
sections of star-shaped bodies is true (in the case of convex bodies it is true, see [Ga],
page 270). In particular, the question about whether the star-shaped bodies coincide
up to translation and reflection, provided their sections by every subspace are directly
congruent, is open (it is open in the convex case as well); the question about whether
two star-shaped bodies coincide up to reflection in the origin, provided their sections
by two-dimensional subspaces are rotations about the origin, was recently answered
affirmatively in [R].

To these and other problems about sections and projections of convex and star
bodies we refer the reader to the book of Gardner, ([Ga], Chapters 3 and 7).
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