HARDY SPACES AND PARTIAL DERIVATIVES OF CONJUGATE
HARMONIC FUNCTIONS

ANATOLI RIABOGUINE AND DMITRY RYABOGIN

ABSTRACT. In this paper we give necessary and sufficient conditions for a harmonic
vector and all its partial derivatives to belong to H p(RT'l) for all p > 0. We
also obtain the Hardy-Littlewood-Sobolev imbedding-type result, formulated on
the language of the conjugate harmonic functions.

1. INTRODUCTION AND STATEMENTS OF MAIN RESULTS

Let f(z) be an analytic function in the unit disc D = {z : |z| < 1} and let

1/p
, p >0, 0<r<l.

O A R C AL RIK D)

It is well-known (see, for example, [17], [8], and references therein) that f € H?(D),
p > 0, if My(r,f) < C < oo. It is also well-known that f € HP(D) if and only
if a subharmonic function |f(z)[” has a harmonic majorant. Using the Riemann
conformal mapping theorem one can define the Hardy space on any domain U having
more than one point in its boundary. An analytic function in a domain U belongs
to H?(U), p > 0, if and only if a subharmonic function |f(z)|? has a harmonic
majorant in U. In particular, this is true in the case of the upper half-plane domain
U =R? ={z: Imz > 0}. On the other hand, if we want to define H?(R?) in terms
of the integral everages of type (1), one has to take into account a weight appearing
after a change of variables in the integral. This is one of the reasons for an appearence
of another natural class of functions, h?(R2), [6].
An analytic function f € h?(R2), p > 0, if

My(y, f) = ( 7 |f(x +iy)!pdx)1/p < C < .

It is clear that not every bounded analytic function in the upper half-plane belongs
to h?(R2). Moreover, the above condition is only sufficient for the existence of
a harmonic majorant for |f(z + iy)|?, and analytic functions from h?(R%) loose
several important properties that analytic functions from H?(D) have. For example,
if f € H?(D), then f € HYD) for all 0 < ¢ < p. For f € h?(R?), the statement
f e Hq(RfL), 0 < g < p, is no longer true without additional assumptions on f.
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The reason for this is very simple, f is bounded in |z] < 7o, 0 < 79 < 1, and
f e Hi(|z| <), for all ¢ > 0, since M,(r, f) < C(rg), 0 < r < ry. This is why the
class S?(R3), p > 0, comes into play, [7], [1].

An analytic function f € SP(R2), p > 0, if for any yo > 0 there exists a constant
C(yo, f), such that M,(y, f) < C(yo) Yy > yo. In particular, if C' is independent of
Yo, then f(z +iy) € h?(R2). Now, if f € SP(R%), p > 0, and y — oo, then f(z +iy)
converges to zero uniformly with respect to z, and f € S?(R2) Vg > p. But again,
the condition f € SP(R2) does not imply f € S"(R%), 0 < r < p. Consider, for
example, f(x +iy) = u(z,y) + iv(z,y), where

£ Y
x2+y27 /U(x7y>_x2+y2‘

We have f € SP(R%), p>1,but f ¢ SYR2),0< ¢ <1

Thus, in the case of the upper half-plane, one can consider different problems con-
cerning classes H?(R%), h*(R%), SP(R%). In particular, we have h?(R3) C SP(R2),
and h?(R%) C HP(R3).

In the case of the half-space, R"™ = R" x (0,00), classes h?(R"), SP(RH),
(all definitions are given in Section 2), were considered by Solomentsev [11], and by
Stein and Weiss, [13], [15]. One of the results, proved in [13] reads as follows: if
F = (U(z,y),Vi(z,y), Va(z,9), ..., Vu(z,y)) is a harmonic vector, (z,y) € R, then
|F'|P is subharmonic, provided p > (n — 1)/n. This leads to additional technical
difficulties for p < (n — 1) /n.

Finally, Fefferman and Stein [4], introduced the classes of gradients H?(R'}™"), p >
0, of V¥F | and showed that |[V*F|P is subharmonic provided p > (n—1)/(n+k — 1),
k € N. They also proved that HP(R'I*') = h?(R/!) for p > (n—1)/n. Nevertheless,
Wolff [16] showed that H?(RT") S h?(RT™) for p < (n — 1)/n.

In this article we find new relations between the conjugate harmonic functions in
R’}fl and their partial derivatives. We study the following problem: what can we
say about conjugate harmonic functions, provided we are given certain restrictions,
imposed on partial derivatives of a harmonic vector F' = (U, Vi, Va, ..., V,,). We give
necessary and sufficient conditions for a harmonic vector and all its partial derivatives
up to the order k£ to belong to HP(R’}FH), p > 0. Our first results are

Theorem 1. Let k € N, p > 0. The harmonic vector F = (U, Vi, ..., V,,) and all its
partial derivatives of the order < k belong to H? if and only if

p
2) DML 0 2) [ (sup|DhUte)) de < C
nzy
Rn

u(:c,y) =

Theorem 2. Let 0 < p < q. The harmonic vector F = (U, Vi,...,V,,) and all its
partial derivatives of the order < k belong to H", p < r < g, if and only if

q
(3) DML <C 2 [ (D Ule)) dr <
nzy
Rn

Conditions (2) allow to obtain the Hardy-Littlewood-Sobolev imbedding-type re-
sult, formulated on the language of the conjugate harmonic functions. Results of
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this type were obtained by Fefferman-Stein, [4], Flett [5], and others (see [12] and
references therein). For us the case of small p > 0 is of special interest.

Theorem 3. Let k € N, p >0, and let F' be as in Theorem 1.

a) If0 < kp <n, then F € H Nr: p<r <np/(n—kp). Ifkp >n, then F € H"
Vr > p.

b) Let k > 1,1 <m < k-1, me N. If0 < (k—m)p < mn, then all partial
derivatives of F' of the order m belong to H" ¥r : p < r < np/(n — (k —m)p). If
(k —m)p > n, then all partial derivatives of F' of the order m belong to H" ¥r > p.

One of the methods of the proof of Theorems 1 and 2 is the application of classes
SP(RTI) together with the Lagrange mean-value Theorem. We note that the first
condition in (2) is natural not only because of the decomposition of the function into
two parts, “SP(R!)” and “HP(R’)” (see Section 5). In fact, it (together with
the second condition) implies M,(y + yo, F)) < C(yo) Vyo > 0. Moreover, the next
result shows that it is necessary.

Theorem 4. Let p > 0, and let F' be a harmonic vector such that
1) F =7 07 2) Mp(yaDn—I—lU) < C? 3) ’Dn+1U($,y)’ < C.

Yy—00
Then

a) F € H ,r >np/(n—p), provided 0 < p < n.

b) If p > n, then there exist conjugate harmonic functions such that F' ¢ H",
r > 0.

The paper is organized as follows. In section 2 we give all necessary definitions
and auxiliary results used in the sequel. Section 3 is devoted to results needed for
the proof of Theorem 1, and in section 4 we prove Theorem 1. In sections 5, 6 we
prove Theorem 2. This result is used as a tool for the proof of Theorem 3. Auxiliary
results for the proof of Theorem 3 are given in section 7. We prove Theorem 3 in
section 8. The last section is devoted to the proof of Theorem 4. For convenience of
the reader we split our proofs into elementary Lemmata.

2. AUXILIARY RESULTS

We begin with the definition of A?(R’™).

Let U(z,y) be a harmonic function in R} = R™ x (0,00). We say that the
vector-function V(z,y) = (Vi(z,y),..., Va(x,y)) is the conjugate of U(z,y) in the
sense of M. Riesz [12], [14], if Vi(z,y), k = 1, ..., n are harmonic functions, satisfying
the generahzed Cauchy-Riemann conditions:

Z&Vk ov;,  0Vi ou 9V,
k=1

Oxy, 0 Ox,  Ox;’ ox; Oy’ i7k, e T

If U(x,y) and V(z,y) are conjugate in R’ in the above sense, then the vector-
function

Fa,y) = U(z,y), V(z,y)) = U, y), Vi(z,9), -, Valz, 1))

is called a harmonic vector.
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Define
1
My(y) = My(y, F) = { / Fe,y)Pd}”,  p>o.
R»

Definition 1 ([1], [7]). We say that F(z,y) € SP(RY), p > 0 if for any yo > 0
there exists a constant C(yo, F'), such that Yy > yo, My(y, F') < C(yo). In particular,
if C is independent of yo, then F(x,y) € hP(RH).

Now we define the space HP(R"). We follow the work of Fefferman and Stein[4].
Let U(x,y) be a harmonic function in R, and let Uj,;,j5. ;. denote a component
of a symmetric tensor of rank k, 0 < j; < n, ¢ =1,...,n. Suppose also that the trace
of our tensor is zero, meaning

> Uiisge(@y) =0, Vs, ooy i

=0
The tensor of rank k£ 41 can be obtained from the above tensor of rank £ by passing
to its gradient:

0

T(Ujljzjs---jk(xay»? 0=y, 0< jrr1 < 1.
Lt

Ujle---jkjk+1 (:L', y) =

Definition 2 ([4]). We say that U(z,y) € HP(R/Y), p > 0, if there exists a tensor
of rank k of the above type with the properties:

o ala) = Uleas) sup [ (S0 e <o G) = (o)

>0 -
Y R 4)

/2
It is well-known that the function <ZU(2j) (x,y))p is subharmonic for p > p;, =
©)

(n—k)/(n+k—1), see [3],[4],[14].
We will use the “radial” and nontangential maximal functions:

F+(x)=iglglF(x,y)!, No(F)(@®) = sup  |F(z,y)|.

(z,y)€Ta(29)
Here
Lo(2?) = {(z,y) e R : |z — 2% < ay}, a >0,
is an infinite cone with the vertex at . It is well-known [4] that
F(z,y) € HY(R™) < No(F)(z) € I’ < F'(z)e L", p>0.
We also define the weak mazimal function

WE(z,y) =sw|F(z,Ol,  y>0.
The above expression is understood as folows: we fix x, and for fixed y we find the
supremum over all ¢ > y.
We will repeatedly use the following results.
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Lemma 1. ([4], p.173). Suppose u(x,y) is harmonic in R, and for some p, 0 <
p < 00,

sup [ fule. s < o
y>0

Rn
then

(4) sup [u(z,y)| < Ay™P, 0 <y < oo
zeR?

Theorem 5. ([5], p. 268).Let 0 < p < 1, k € N, and let u : R — R be a
harmonic function such that

u(z,t) =, . 0, Ky, = / "1 DEu(x, t)|Pdrdt < C.
R

Then u(z,0) = tliror}r u(z,t) exists for almost all x € R", and for all t > 0,
/ lu(z, t)|Pde < AC(k,n,p)Ky.p.
R”

Theorem 6. ([5], p. 269). Letm € N, p> (n—1)/(m+n—1) (if n =1 we suppose
p>0), and let u : R’fl — R be harmonic. Then, for all t > 0,

3t/2
/|Vmu(:c,t)]pdx§A(m,n,p)t_mp_l / ds/|u(x,t)]pdx.
R" t/2  Rr

Corollary 1. ([5], p. 270). Let p,m be as in Theorem 6, let b > 0, and let u :
R’}fl — R be a harmonic function such that for all t >0

/ lu(x, t)|Pde < Ct™°.
Rn
Then
/ (V™ u(z, t)|Pdx < A(b, m,n,p)Ct "™, (t>0).
Rn

In fact, the choice of p in Theorem 5 and Corollary 1 may be independent of m
(see Lemma 2).

Theorem 7. [10]. Let p > 0 and let F(x,y) = (U, V4, ..., Vi) be a harmonic vector
satisfying

(5) DVi(z,y) =, 0, i=1,...,m, 2) M,(y,U) < C, 3)|U|I <C.
Then F'€ H", r > p.
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Notation. We denote by D¥ f(x,) the partial derivative of the function f of the
order k with respect to x;, i = 1,2,...n+ 1. M(f)(z) denotes the usual Hardy-
Littlewood maximal function of f(z). The notation f(z,y) = 0 means that

y—>oo
f(z,y) converges to 0 uniformly with respect to x, provided y — oo, V¥f(x) =

(ka(a:) ok f(x)
gzk 7 Oxk

parameters pointed in parentheses, and may be different from time to time.

). Everywhere below the constants A(k,n),C, K depend only on the

3. AUXILIARY LEMMATA FOR THE PROOF OF THEOREM 1.

The next result shows that in Theorem 6 and Corollary 1 the choice of p > 0 may
be independent on m € N. We include it here for convenience of the reader.

Lemma 2. Letp > 0 and let F' = (U, Vi, ..., Vy,) be such that V; = 0,i=1,...n
M,(y,U) < C. Then

M,(y,V*F) < ACy™* ~ keN.

Proof. By induction on k. Let k = 1. Fix p > 0 and let [ = inf{j € N : p >
(n—1)/(j +n —1)}. Let ¢ij(z,y) be a coordinate of VVi(z,y), 7 = 1,...,n+ 1,
Tpt1 =y, 1 =20,...,n, Vy = U. Since VV;(z,y) = 0, we may use the followmg
relation (see [5] or [4])

Z/—’OO

1 o
o) = gy [ =0 DE oy (. s)ds =

o0

1
=) / A2DN (s + y)ds.
0

We have |¢i;(z,y)| < hij(z,y), where

o0

[ AP bt + )P
0

Theorem 3 of5] implies (take w = V!D!Y ¢y, a =21 — 1, A = A(l,n, p)),

1

hij(z,y) = =)

o0

/ . 9) P < / i) < 4 [ sC-0ids / VDI 0 a5 + ) P
0

Since D! +1¢w (x,y) is the [—th derivative of V;, we use Theorem 6 to get
(6) / DIy, )P < / V2 (2, y)Pde < Cy?

This gives

o0

[ 1656 )Pds < A pC [ S35 4 y)20ds = AL p)Cy,
0
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and the first induction step is proved.

Assume that the statement is true for k — 1. Then M,(y, VF"1F) < ACy~ (1.
To prove it for k we define [ as above and apply Corollary 1 with b=k —1, m =1,
u=VFIF. O

Lemma 3. Let D;U =2

Y—0o0

0,72=1,...,n, and let
(7) My(y, DnnU) < Cy™!
for some p > 0. Then
p
® [ (swlDeiey+w])de <AC o >0, A= Aln.pa)
B y>0
Proof. Let p > 1. Then (see [12])
H SUIg |Dn+1U('7 Y+ y0>|Hp < CMp(y + Yo, Dn—l—lU) < AO7 A= A(napa yO)
y>

Now let 0 < p < 1. Assume that

(9) 7 / PV (2, 5 + yo) Pduds = /1 / +7 / < Cly) < oo

0 Rn 0 Rn 1 R»

Applying Lemma 2, Theorem 5 (with D,,1U instead of u and k = 1) and the tensor
representation of D, 11U from [4] we have D, 1U(x,y + yo) € HP. Thus, we prove
(9). By Theorem 6 , (7) yields

(10) My(y, V2U) < ACy ™.

This gives (9). Indeed, the first integral in the right-hand side of (9) is finite, since
M, (y + yo, VU) < AC(y + o) 2 < AC(y0),  Vyo > 0.

On the other hand,

/sp_lds / IV2U (s + yo)[Pdx < AC’/sp_l(s +90) " *Pds < AC(yp) < o0.
R”

1 1

OJ

Lemma 4. Let 0 < p, and let F = (U, V4, ..., V,,) be a harmonic vector in R, If
My(y+1,F) < C, then Vi (and all its partial derivatives) =5 0,1 =0,...,n, Vi =
U.

Proof. Denote H = V;, and let By(x,t+ 1) be a ball of radius ¢, centered at (x,t+1).
Then Lemma 1 gives

|H(z,t +1)P < A(p)t " / |H(z,s)[Pdzds <

B¢(z—2z,5—(t+1))
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2641
A(p)t— 1 / ds / |H(z,s)[Pdz < 2A(p sup/|H z,8 ]pdz
1 |z—x|gn <t =t

2A(p)t~ ” sup/|H z t—i—l)]pdz) < ACt™.

>0
Thus, suflta |H(z,t+1)| < ACt™/P, O
zeR?
Lemma 5. F' = (U, V1,...,V,,) € H? if and only if Vi(r,y) =5 . 0,i=1,...,n and
(11) / <sup |U(x,77)])pdx < C.
i n2y

Proof. The part only if is obvious. The part if follows by the reasons which are
similar to those in Theorem 9 of [4] and the Fatou lemma. O

Lemma 6. Let F = (U, Vi,...,V,) be a harmonic vector such that

(12) ) M,(y+1,F)<C,  2) My(y, DonU) < Cy .
Then
p
13 [ (swlFGy+w])dr<AC Vio>0. A= Alp)
y>
R”

Proof. Let H=V,,i=0,1,...,n, Vo = U. By the mean-value theorem,
sup |[H (z,y + yo)| < sup [H (2,9 +yo + 1) +sup [ Dy H(z, y + yo)|.

y>0 y>0

By virtue of Lemma 3 it is enough to show that

p
(14) / <sup |H(x,y + yo + 1)]) dr < AC, Yyo >0, A= A(n,p,vo).

y>0
Rn

Let p > 1. Then (14) follows from 1) and the LP—boundedness of the maximal
function. Let 0 < p < 1. Then (14) is a consequence of Theorem 5 (take t = y+yo+1
and repeat the arguments similar to those in Lemma 3). O

4. PROOF OF THEOREM 1.

The part if is obvious. We show only if by proving subsequently that V¥F € H?,
VF1F e HP, ..., F € HP. First of all, Lemmata 4, 5 give VFF € HP. Let us show
that VF~1F € HP. It is enough to prove that D} U(x,y) € HP. By the mean-value
theorem we have

(15) sup [ Dy U (2, y)| < sup [ Dy iU (z,y + 1) +sup | Dy, Uz, y)],
y>0 y>0 y>0
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and it is enough to show that sup |D¥.{U(z,y + 1)] € LP. In fact, we have some
y>0

more, namely

p
(16) [ (s DUy + ) do < C) Vo0,
B y>0
To prove (16) we apply the mean-value theorem again, and write

sup [Di YU (2, y + yo)| < sup [Di U (@, y + yo + 1)| + sup [Ds U,y + o)
y>0 y>0 y>0
Then VFF € HP implies

p
[ (suw 1080y + w0)l) "t < o)
Bn y>0

On the other hand, we have

p
/ <sup \DEU (2, y + yo + 1)]) dx < C(yo).
Bn y>0
This follows from Theorem 6, the estimate
. p .
(17) /’VJF(:c,y—l—yo—i—l)’ de < AC(y + yo) 77, 0<7<k,
R”
and the reasons which are similar to those in Lemma 3. Thus, we have (16) and
VF1F € HP.
We repeat the argument and get VIF € HP, 0 < i < k. Now let i = 0. Then the
first condition of our theorem, the fact that VF € H? and the estimate

\U(x,y)| < |U(x,y+ 1) + sup | Dy U(z,y)
y>

give F' € h?. Then we may apply Theorem 6 and Lemma 6 to obtain (13). To show
that F' € HP? it remains to use

sup |U(l‘,y)’ < sup |U(l‘,y + 1)’ +sup |Dn+1U(x7y>’
y>0 y>0 y>0
The proof of the theorem is complete.

5. AUXILIARY RESULTS FOR THE PROOF OF THEOREM 2.

Let V; be components of the harmonic vector F' = (U, Vi, ...,V,). By the mean-
value theorem,

(18) Vilx,y) =Vi(x,y+ 1) — D1 Vi(z,y + 6:), 0<0;(x,y) <1

Lemma 7. We have

(19) sup [Vi(z,y)| < sup |Vi(z,y + 1)| + sup [Dn 1 Vi(z, y + 0)],
y>0 y>0 y>0

(20) sup | Dyt Vi, + 00)] < 2F*(2),

y>0
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where 1 =10,....,n, Vo =U.
Lemma 8. Let F = (U,Vi,...,V,,) € H? and let 0; be as in (18), i =0, ...,n. Then

(21) / <sup |D;U(x,y + Qi)|)qu < AC.
y>0
R»
Proof. By (20) of Lemma 7, we have
(22) / <sup | Dpia Vi, y + Qi)|)qu < AC.
Bn y>0

To get the desired result we apply the Cauchy-Riemann equations D;U(z,y) =
D n+1‘/i(x7y>' u

The next result uses the observation that #; > 0 on a set, controlled by estimate
(4).

Lemma 9. Let 0 < p < q and let F(z,y) = (U(z,y), Vi(x,y),..., Valz,y)) be a
harmonic vector in R’}fl. Then conditions

(23) 1) My+LF)<C  2) My DunilU) <Cy™',  3) Fem
imply F € h?.

Proof. Let 0; be as in (18). Due to (8) and condition 1) it is enough to show that
sup | Dp1Vi(s,y + 6:(+,y))| € LP(R™). This will follow from the Cauchy-Riemann
y>0

equations and

p
(24) / (sup | DU (2, y + Qi(x,y))]) dz < .
B y>0
Thus, we prove (24). Condition 3) and Lemma 1 imply
AC
25 sup |D;U(z,y+0;)| < sup —— <
(25) sup [DiU(z,y+0:)] < sup OEN AR

where a;(y) = irg 6i(x,y). Define
zeR"?

AC(y + au(y)) "1/,

AC
Li={x € R": sup|D;U(x,y+0;)| <su <1}.
t y>10) | @ ) y>103 (v + ai(y)) /e J

Then Vz € C'L; (the complement of L;) we have sup |D;U(z,y + 6;)| > 1. Then

y>0
p q
20) [ (sup |G y+w)]) do < [ (sup DGy 8, ) o < AC
oL y>0 o y>0

due to condition 3) and Lemma 8.
We estimate the integral in (24) over L;. Observe that for fixed x € L;,

sup [DiU (@, y + 0:(x,y))| < sup | Dill(z,y + caly))],
Yy

y>0
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and o; = ingai( y) > 0. We put v = rgun a; > 0, and take any 0 < yg <. Then
y>

-----

(27) / <sup |D;U(z,y + Qi(x,y))])pd:c < / <sup VU (z,y+ y0)|)pdx < AC.

y>0
L; R»

Indeed, condition 3) and Theorem 6 imply V;(x,y) = 0. The same is true for

y—>oo
all partial derivatives of V;, i = 0,...,n, Vo = U. Now the second inequality in (27)
follows from 2) and Lemma 3. Taking into account (27), (26), we get (24). O

The next result uses the observation that under conditions (23) the supremum
sup | F'(z,y)| is reached at the boundary.

y>0

Theorem 8. Let0 < p < q and let F = (U, V4, ..., V) be a harmonic vector in R
Then F € H"Vr: p <r < q if and only if conditions (23) are valid.

Proof. The part only if follows from Theorem 6. We prove if. It is enough to show
that F' € H?, or (sup|F(-,y)|)? € L'(R"). By the previous lemma F € h?. Hence,
y>0

applying the Fatou lemma we have
(28) / |F(2,0)|Pdr = / <lir% |F(:c,y)])pdx < lir% M,(y, F) <C.
y— y—
Rn

We claim that sup |F(x,y)| = |F(x,0)| and our lemma follows from (28). Since for
y>0

fixed xy € R" the function W F'(zg,y) = sup |F'(xo,n)| is nonincreasing in y, we have
n>y

sup | (w0, )| = supsup [F (o, m)] = limysup |F(z0, )| = |F(z0,0)].

y>0 y>0 n>y n2y

Even if sup |F(xo,y)| = |F(z0,y0)| for some yo > 0, then WF (xo,y) = WF(x¢,yo)

y>0

for all 0 <y < yp, and we may put |F(xo,yo)| = |F (20, 0)|. O

Theorem 9. Let 0 < p < q, k€ N, and let F = (U, V1, ..., V;,) be a harmonic vector
m R’fl. Then F € H"Vr: p <r <gq if and only if

(29) 1) My(y+1,F)<C,  2) My(y,DE\U)<Cy™*  3) FeH.

Proof. By Corollary 1, and the inverse statement, proved in [9], conditions (23), (29)
are equivalent. O

Lemma 10. Letp > 0 and let F = (U, V4, ..., V,,) be a harmonic vector in R\ such
that

Then F'€ H", r > p.

Proof. By Theorem 7 we have F € H", r > p. Let r = p. By Lemma 4 and Theorem
6 we have M,(y,/*U) < Cy~*, and we may use Theorem 9. O
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Lemma 11. Let 0 < p < g and let F = (U, Vi, ..., V,,) be a harmonic vector in R’
such that

B DMErLR<C 2 [ (splDeUn)) e <o
nzy
Rn

Then F' € H1.
Proof. By the mean-value theorem,

sup |U(z,y)| < sup |U(x,y + 1)| +sup |VU(z,y)],
y>0 y>0

y>0

and it is enough to show that (sup |U(-,y + 1)|)? € L'. To prove this, we apply
y>0
Theorem 6, the mean-value theorem again,

Uz, y+ D] < Uz, y +2)[ +sup |Dpa Uz, y + 1+ 0)],
y>0

and observe that conditions of the previous Lemma are satisfied with y + 1 instead
of y. OJ

6. PROOF OF THEOREM 2.
The proof is given in two lemmata presented below.

Lemma 12. Letk € N, 0 < p < q and let F = (U, V4, ..., V,,) be a harmonic vector in
R’fl. Then F' and all its partial derivatives up to order k belong to H™, p < r < q,
if and only if

q
32 DM+ F) < Cl) Vo> 0. ) [ (swlDh U n)) 't <0
nzy
Rn

Proof. The only if part is trivial. We prove if by induction. Let & = 1. We show
at first that I € H", p <r < ¢. By Lemma 11 we have F' € H? and it is enough
to show that F' € HP. To this end, we apply the mean-value theorem and repeate
the proof of Lemma 9 begining with (24). As in Lemma 9 we define L;, and (26)
follows from 2). The last estimate in (27) follows from Theorem 6 and Lemma 10.
Conditions (30) are satisfied with VU instead of F', D, 11U instead of U, and y + ¥
instead of y.

To show that all partial derivatives of the first order belong to H", p < r < q one
has to proceed as above by changing VU by V2U, and D?HIU by D,+1U.

Assume that the statement is true for £ — 1, and we have to prove it for k. By
Theorem 6 we have 1) with DF. U instead of F, and the result follows. O

Lemma 13. Conditions of the theorem are equivalent to conditions of the previous
lemma.

Proof. 1t is enough to prove that M,(y + 1, F) < C' and 2) of (32) imply 1) of (32).
This will follow from F' € H?. Since Vi(z,y) = o, 0, i = 1,...,n, it is enough to
show that U € HY. We will subsequently show that all Dﬁ:&U, DﬁﬁU, ..,U e H1.
In fact, we prove that DﬁﬁU € H49. The proof of Dﬁﬁ U,...,U € H? is similar.
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Observe that D5 1U € HY follows from D2 U € h?. Indeed, let D¥.1U € h9. By
the mean-value theorem we have

sup | Dy 1 U, y)| < sup |DpiU(w, y + 1)] +sup | Dy Uz, ),
y>0 y>0 y>0
and we may apply Lemma 10 to obtain

p
/ <sup |DE AU (z,y + 1)]) dr < 0.
y>0
Rn
Here we use Lemma 10 with p = ¢, DﬁﬁU(:c,y + 1) instead of U(x,y), V¥ IF

instead of F'. The assumption Dﬁ:&U € h? and Lemma 1 are used to satisfy the

third condition of Lemma 10. The above inequality gives Dﬁ:&U € Ha.

Thus, it remains to prove that Dﬁ:&U (x,y) € h?. By the mean-value theorem,

IDEU @, )| < IDEAU (e, y + D] +sup | DU, ),
Y

and it is enough to prove that Dﬁ:&U (x,y + 1) € h?%. Again, by the mean-value
theorem,

DU,y + 1) < [DyU(e,y + 1+1)] + sup D31 Ul y)l,
Yy

but now we may use the assumption M,(y + 1,F) < C to show that M,(y +
2,D7’2:&U ) < C, r > p. To this end, we apply Theorem 6, Lemma 1, and take
y + 1 instead of y. g

7. AUXILIARY RESULTS FOR THE PROOF OF THEOREM 3

Lemma 14. Letp > 0 and let F = (U, V4, ..., V,,) be a harmonic vector in R such
that

(33) DV, =20, 2)My(y.U)<C,  3)My(y, DopslU) < C,

Y—0o0

j=1,..n. Then F € H ¥Yr: p<r <np/(n—p) provided 0 < p <n, and F € H"
Vr > p, provided p > n.

Proof. Let 0 < p < n. By 1) itis enough to show that U € H" Vr: p < r < np/(n—p).
Assume at first that 0 < p < n, np/(n —p) < 1. We have to show (see Theorem 5
and the definition of H? spaces from [4]) that

x 1 00
(34) //5r_1|Dn+1U(3778)!rd:cds = /+/ <C.

0 R» o1
This can be done by using inequalities proved in [14]:

(35> Mr(% Dn—l—lU) < Aoy—n/p—i—n/r’

(36> Mr(y> F) S Acy—n/p—kn/r’ Mr(y, VU) S ACy_l_”/P‘F”/T.
The estimate in (35) follows from 3). The estimates in (36) follow from 2).
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To estimate the first integral in the right-hand side of (34) we write
1 1
/sr_lds / | Dy Uz, s)|"de < AC/sr_ls_%+”ds < AC,
0 R" 0
sincer —1—nr/p+n>—1 <= r <np/(n—p). To estimate the second integral
in the right-hand side of (34) we use (36),
/sr_lds / | D1 U(z, s)|"de < AC’/ST_IS_T_%’L”ds < AC,
1 R" 1
where r — 1 —7r —nr/p+n < —1.

Assume now that 1 < p < n, np/(n —p) > 1. We show that F € H", 1 <r <
np/(n — p). Here we use

(37) U, y)| < U 1] + / DUz, m)ldn.

The first inequality in (36) implies
(38) M, (1, F) < AC.

Since F'(x,1) is bounded, (38) is true Vr > p, and it is enough to show that the
second term in the right-hand side of (37) belongs to H", 1 < r < np/(n — p). By
Minkowsi’s inequality we have

1

: 1/r 1/r
([ [1owvyrasa)” < [ ( [1Dutra) " ay <
R™ 0 R~

0

1
/y‘”/p”L”/rdy < AC, —n/p+n/r > —1.
0
If p <1, np/(n—p) > 1, then one has to split (p, np/(n—p)) into two intervals (p, 1],
(1,np/(n — p)), and to repeat the previous parts of the proof.

Finally, let p > n. We take r > p >n > 1, i.e. r > 1 and we may use Minkowski’s
inequality. 0

Remark. The previous lemma is sharp in the case O < p < 1. There exists a
harmonic vector F satisfying (33) such that F ¢ HP, I ¢ H"™/("=p),

Proof. We take for simplicity n = 1, p = 1/2, ¢ = np/(n — p) = 1. The multidimen-
sional example can be constructed by using the Poisson kernel. Consider a harmonic
vector

T T Y y+1
(z,9) 224+y? 2?2+ (y+1)2 () ?+y? 2+ (y+ 1)
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Then

1 V2
|F(z,y)| = sup |F'(z,y)| = :
Var+ g2/ 4 (y + 1)2 y>0 |z |\/332 |37|(|37|+1)

First of all, FF € H" Vr: 1/2 <r <1,

(sup (. y)|)de < A [ ot <
_/ y>0 o (el(] + 1)
On the other hand, it is obvious that F' ¢ H*,
sup|ny]dw—/ >—/
/ y>0 | |\/l‘2 \/_

—00

and F' ¢ H'/?

i d
/ [sup |F(z,y)|dx = / > 2" 1/4/ ; = +o0.
e VO - \/le 2 + |

It remains to show that M ,(y,U) < C, My s(y, Dpy1U) < C. We have

x(2y +1
M o(y, U /\/ (x,y)] dgc:2/\/ y—i—) dr <

22+ y?) (2 + (y + 1)?)

2\/5/ /de+2/7<0,
J (2% 4 y2)? ) Vevar+1 —

where in the first integral of the above inequality one has to make a substitution
x/y =t. Now,

2zy 22(y + 1)
D, Ul(z,y) = —
R P i R PR VI
and the estimate M /5(y, Dpy1U) < C is similar. O

Lemma 14 can be generalized to the case of partial derivatives of any order.

Lemma 15. Letp > 0 and let F = (U, V4, ..., V,,) be a harmonic vector in Ry such
that

39) DV;=4_.0,j=1,..n  2)M(y,U)<C,  3)M,(y,Di U)<C

for some k € N.

a) If0 < kp <n, then F € H ¥r: p<r <np/(n—kp). If kp >n, then FF € H"
Vr > p.

b) Let k > 1,1 <m < k-1, me N. If0 < (k—m)p < mn, then all partial
derivatives of F' of the order m belong to H" ¥r : p <r < np/(n — (k —m)p). If
(k —m)p > n, then all partial derivatives of F' of the order m belong to H" ¥r > p.
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Proof. The proof is a consequence of Lemma 14 and Theorem 2. For convenience of
the reader we give it here.

We begin with b), 0 < (k —m)p < n. Let m = k — 1. Then 2) and Lemma
2 imply M,(y, VF71U) < Cy~*=1 and we may follow the proof of Lemma 14 with
D} U instead of U. To estimate the integral, similar to (34), we use M, (y, VF71U) <
Cy~(k=1)=n/ptn/7 instead of the second inequality in (36). We conclude that all partial
derivatives of the order k — 1 belong to H", p < r < np/(n — p).

Now let m = k — 2. By the previous step, Dﬁ:& € Hn_n}p_s, where € > 0 is small
enough. We repeat the proof of Lemma 14 with % — € instead of p. We have all

partial derivatives of the order k — 2 in H", & —¢ <1 < %. Letting

€ — 0, we have & < r < - It remains to show that all partial derivatives of

n—2p
the order £ — 2 belong to H", p < r < %. Since all partial derivatives of the order
k — 1 belong to H", p < r < np/(n — p), we may use Theorem 2 with ¢ = % — €,

and k — 1 instead of k. Thus, we get b) for m = k — 2, provided 0 < (k —m)p < n.
The proof of the cases m =k — 3,k —4,...,1, 0 < (k — m)p < n, is similar.

We prove b), the case (k —m)p > n. If m = k — 1, then the result follows from
Lemma 14 (repeat the proof with D[~} U instead of U).

Let m = k—2. We write (37) with DF.3U instead of U, and observe that all partial
derivatives of the order k — 2 belong to H" Vr > p, provided p > n. To get the case
2p > n we apply Theorem 2. Thus, we get b) for m = k — 2, provided (k —m)p > n.
The proof of the cases m =k — 3,k —4,...,1, (k — m)p > n, is similar. The proof of
b) is complete.

We show a) by induction on k. For k = 1, a) is just Lemma 14. Assume that
a) is true for k — 1, 0 < (k — 1)p < n. To prove the statement for k, 0 < kp < n,
it is enough to show that F' € H", % <r< ﬁ. To this end, we observe
that b) and the induction hypothesis force the first derivative of F' to be in H",
p<r< %. Hence, we may apply Lemma 14 (with % — € instead of p)
to get FF € H”, n_{;’il)p <r< ﬁ.

Now, let a) be true for k — 1, (k — 1)p > n. To prove the statement for k, kp > n,
we use Theorem 2. O

8. PROOF OF THEOREM 3

Now we prove Theorem 3. We prove a). By Theorem 1 and Lemma 15, we have
Fe H VYr:p<r<np/(n—kp). We have to prove that F' € H"/("=kP) We prove
this in two steps. At first we assume that

(40) I(a, P

= / Y| F(z, y) " ") drdy < oo, for some —1<a<0,
R
and prove that (40) implies F*(z) € L™/("=*P) Then we prove (40).

Let (40) be true. Define E = {z € R" : F*(x) < 1}, and let CE denote the
complement of E. Since F' € H", p < r < np/(n — kp), we have m(CE) < oo. If
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F ¢ L"/("=k»)(CE), then

1 1

Ha "oy = [yedy [ IF@yP o= [ay [ 1F@ .
R”

"n—kp
0 0 Rn

But the last integral may be arbitrary large, a contradiction.

1 00
It remains to prove (40). We split I(a, nfip) into two parts, <bf—|— if )dy. Since

M. (y,F) < C,p <r < np/(n— kp), we have M,(y, F) < ACy="™/P*/" for r > p.
Let r = np/(n — kp), then —nr/p +n = —nkp/(n — kp) < np/(n — kp). Chosing
a € (—1,0) such that a — np/(n — kp) < —1, we obtain

o0 o0

/ y'dy / |F(x,y)|"/ ) dz < AC / Yy T Ty < oo,
Rn

1 1

1
To estimate [y2dy [ |F(z,y)|"/"*Pdz, we write
0 Rr

1 1

/yady/|F(.Z',y)’np/(n_kp)dx+/yady/ |F(.T,y)’np/(n_kp)dl'
E CE

0 0

The first integral is obviously finite. To get a bound for the second one we fix
a: a— 4= < —1 as above, and choose 7 < - such that —(-"- —7)% +a > —1.

n—kp n—kp n—kp
Then we use Sul:}{) |F(z,y)| < ACy~™" to obtain
zeR"
1 1
/ ydy / Pz, )|/ =)z < AC / o gy / (F*(z)) de <
0 CE 0 R"

Thus, we have a).

We prove b). By Theorem 1 and Lemma 15, all partial derivatives of F' of the
order m belong to H", Vr : p < r < np/(n — (k —m)p). We have to prove that all
partial derivatives of F' of the order m belong to H™/("=(:=m)p) The proof of this is
similar to the proof of a) with obvious changes, one has only take V™F' instead of
F, and np/(n — (k — m)p) instead of np/(n — kp).

The proof of Theorem 3 is complete.
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9. PROOF OF THEOREM 4.

Lemma 16. Let a > 0, 8 > —1, p > 0 and let W(x,y) > 0 in RT™" be such that
WP be subharmonic and

I(a,p, B) = / sCPTPWP (2, 5)ds < oo.

n+1
R+

Then the function Wy (z,y) = s W (x, s + y)ds is subharmonic, and Vy >

1
(@)

Yo > 0 we have

/(Wa(x,y))pdx < Ale,n, p, B,y0)1 (o, p, ).
Rn
In particular W, € SP(RH).

Proof. The proof is based on the arguments, which are similar to those in [5], Lemma
16 and Theorem 3.

We take U = WP(z,t), ¢ = ap+ [+ 1 in Lemma 16, [5]. Since W7 is subharmonic,
and I(«,p,3) is convergent, we may use the proof of Theorem 3, [5], to conclude
that the integral defining W, (z,y) is convergent and W, (x,y) is subharmonic. There
exist f > 0 and a constant A(n,p, 3, «) such that

Iflli < A(n,p, B,0)I(c,p, B), Wz, s+y) < A(n,p, B, a)(s+y) IO/ f/e(g),

and we have
Wa(z,y) < A(n,p, B,a)yy PR (), vy >y

OJ

The proof of the next lemma can be obtained by the reasons which are similar to
those in [10].

Lemma 17. Let p > 0, a > —1, m € N, and F be a harmonic vector such that
F=r 00, I(a,m,p)= [ t*7|D Uz, t)[Pdedt < oo. Then
R
/ tY F (z,t)|Pdedt < A(n,p,a)CI (o, m,p).
R
As a consequence of two previous lemmata we have
Lemma 18. Let p > 0, a > —1, and let F' be a harmonic vector such that
/ tY F (z,t)|Pdzdt < oo.
R
Then all tensor coordinates of the rank k > 1 of Vi, i = 0,....,n, Vo = U, belong to
p
SP. In particular, <sup |F(-,y + Z/o)|) € L' Yy, > 0.
y>0
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Now we prove Theorem 4. We start with a). Let np/(n —p) < r < 1. We claim
that

1 00
@) [y DU ldsdy = ( [+ [ )y dy [ 1Dt <
Ri‘H 0 1 R"”
The first integral in the right-hand side of the above equality is obviously finite for
all r > 0. Since M,(y, D, U) < ACy™™/P*/" r > p. the second integral is also
finite. By Theorem 5 we have M, (y,U) < C, r > np/(n — p). The mean-value
theorem, and condition 3) imply the boundedness of U. By Theorem 7, U € H",
1>r>np/(n—p).

Now, let > 1, and let v > 0 be such that r — 1+ v — nr/p + n < —1, together
with 7 — 1 —nr/p 4+ n < —1. Then the integral

Y DUz, y) [ dady < oo,
R

and Lemma 17 (with m =1, a = v — 1) gives

/ Y Dpa Uz, y)| dedy < oo,
R
Since v — 1 > —1, we apply Lemma 18 to obtain <sup|F(~,y + 1)])r e L', r >
y>0
np/(n — p). By Theorem 7, D,;U € H", and the mean-value theorem implies
UeH".
We prove b). Let n =1 and consider
B 1/2log(x? + (y + 2)?)
1/41og?(22 + (y + 2)?) + arctan®(z/(y + 2))’
arctan(z/(y + 2
Vg ey +2) |
1/41og*(x? + (y + 2)?) + arctan?(z/(y + 2))
It is clear that U,V satisfy all conditions of the Theorem, nevertheless F' ¢ H",
provided r > 0.
The proof of Theorem 4 is complete.

Observe that all conditions of the Theorem are essential and inependent one on
another. Indeed, let n =1, p > 1,

U(z,y)

Uz, y) = log(z* + (y + 1)*), V(z,y) = — arctan 1
)
This functions satisfy all conditions of the theorem, but the first one, and F' ¢ H",
r > 0.

Now, let n =1, p=1/2,

£ )
T Vizy = T
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We have 1) and 2), but not 3), and F' ¢ H", r > 0.
Let n =2, r= /22 + 22 + (y + 1)2,

1 ) y+1
F=UWV), WVi=-  Vh=—"2 — y="Y4T"_
(U, 14, V2) T 2 r(r+ ) r(r+x1)

We have 1) and 3), but not 2), and F' ¢ H", r > 0.
Finally, we note that one can not conclude that F' € H", r = np/(n — p). Indeed,
letn=1,p=1/2, np/(n —p) =1. Then

x y+1

224 (y+ 1) 2?4 (y+ 1)

satisfy all conditions of the Theorem , but F € H", r > 1, r > np/(n — p) and
F¢H
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