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ABSTRACT. Let K and L be two convex bodies in R® with countably
many diameters, such that their projections onto all 4 dimensional sub-
spaces containing one fixed diameter are directly congruent. We show
that if these projections have no rotational symmetries, and the projec-
tions of K, L on certain 3 dimensional subspaces have no symmetries,
then K = =L up to a translation. We also prove the corresponding
result for sections of star bodies.

1. INTRODUCTION

In this paper we address the following problems (see [Ga, Problem 3.2,
page 125 and Problem 7.3, page 289)).

Problem 1. Suppose that 2 < k <n—1 and that K and L are convex bodies
in R™ such that the projection K|H is congruent to L|H for all H € G(n, k).
Is K a translate of £L?¢

Problem 2. Suppose that 2 < k <n —1 and that K and L are star bodies
in R™ such that the section KN H is congruent to LNH for all H € G(n, k).
Is K a translate of £L ¢

Here we say that K|H, the projection of K onto H, is congruent to L|H
if there exists an orthogonal transformation ¢ € O(k, H) in H such that
©(K|H) is a translate of L|H; G(n, k) stands for the Grassmann manifold
of all k dimensional subspaces in R".

Several partial results are known for Problems 1 and 2. For symmetric
bodies, the answer is affirmative due to theorems of Aleksandrov (for Prob-
lem 1, see [A] and [Ga, Theorem 3.3.1, page 111]) and Funk (for Problem 2,
see [Ga, Theorem 7.2.6, page 281]). In the class of polytopes, the answer to
both problems is also affirmative [MyR]. If the projections are translates of
each other, or if the bodies are convex and the corresponding sections are
translates of each other, again a positive result is obtained (see [Ga, Theo-
rems 3.1.3 and 7.1.1] and [R1]). For history and additional partial results,
we refer the reader to [ACR], [My], [R], [R2].

Key words and phrases. Projections and sections of convex bodies.
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DMS-1600753.
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Hadwiger established that, for n > 4 and k = n — 1, if the orthogonal
transformations between the projections are all translations, it is not neces-
sary to consider the projections onto all subspaces, but only all subspaces
containing a fixed line (see [Hal, and [Ga, pages 126-127]).

In this paper, we obtain several Hadwiger-type results for both Problems
when k£ = 4 in the case of direct congruence; the fixed line will be given by
the direction of one of the diameters of the body K. We follow the ideas
from [Go], [R] and [ACR], where similar results were obtained in the cases
k = 2,3. The case k = 4 is harder, due to the fact that four dimensional
rotations are more difficult to handle than two or three dimensional ones.
Nevertheless, here we obtain the expected conclusion of Problems 1 and
2 that K = £L up to a translation, while in [ACR] the conclusion was
that K = L or K = OL up to a translation, for a certain orthogonal
transformation O of R™.

We observe that the assumption about countability of the sets of the
diameters of K and L can be weakened (for example, the set of diameters
may be taken to be contained in a countable union of great circles containing
¢). Also, the set of bodies with countably many diameters contains the set
of all polytopes whose four dimensional projections have no rigid motion
symmetries, which is everywhere dense set in the class of convex bodies
with respect to the Hausdorff metric ( [Pal, see also [ACR, Proposition 2]).

1.1. Results about directly congruent projections. Let n > 4 and
S"~1 be the unit sphere in R". Given w € S"~!, let w' be the (n — 1)
dimensional subspace of R™ that is orthogonal to w. We denote by dx (¢) a
diameter of the body K which is parallel to the direction ¢ € S*~ 1.

Let D and B are two subsets of H € G(n, k), 3 <k <n—1. We say that
D and B are directly congruent if (D) = B + a for some vector a € H and
some rotation ¢ € SO(k, H). We also say that D has an SO(k) symmetry
(respectively, O(k) symmetry) if p(D) = D + a for some vector a € H and
some non-identical rotation ¢ € SO(k, H) (respectively, in O(k, H)).

We prove the following 5 dimensional result.

Theorem 1. Let K and L be two convex bodies in R® having countably
many diameters. Assume that there exists a diameter di(C), such that the
side projections K|w™, Llw" onto all subspaces w containing ¢ are directly
congruent, see Figure 1. Assume also that these projections have no SO(4)
symmetries, and that the three dimensional projections K|(w N¢*), L|(w*N
¢t) have no O(3) symmetries. Then K = L +b or K = —L + b for some
be RS

We state a generalization of Theorem 1 to n dimensions as a Corollary.

Corollary 1. Let K and L be two convex bodies in R™ having countably
many diameters. Assume that there exists a diameter di(C), such that the
projections K|H, L|H onto all four dimensional subspaces H containing ¢
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Side Projection K |w*

FIGURE 1. Diameter dg (¢) and side projection K|w™.

are directly congruent. Assume also that these projections have no SO(4)
symmetries, and that the three dimensional projections K|(H N ¢Y) and
L|(H N ¢Y) have no O(3) symmetries. Then K = L+b or K = —L +b for
some b € R".

1.2. Results about directly congruent sections. We also obtain results
related to Problem 2.

Theorem 2. Let K and L be two star bodies in R having countably many
diameters. Assume that there exists a diameter dg (C), containing the origin,
such that the side sections K Nw*, L Nw™ by all subspaces wr containing
¢ are directly congruent. Assume also that these sections have no SO(4)
symmetries, and that the three dimensional sections K N (w™ N ¢*), LN
(wt N ¢t) have no O(3) symmetries. Then K = L+b or K = —L +b for
some b € R® parallel to .

The n dimensional generalization of Theorem 2 is stated as a Corollary.

Corollary 2. Let K and L be two star bodies in R™ having countably many
diameters. Assume that there exists a diameter di (C), containing the origin,
such that the sections K N H, L N H by all four dimensional subspaces H
containing C are directly congruent. Assume also that these sections have
no SO(4) symmetries, and that the three dimensional sections K N H N ¢t
LN HNCE have no O(3) symmetries. Then K = L +b or K = —L+b for
some b € R™ parallel to (.

The paper is organized as follows. In Section 2, we introduce the needed
definitions and notation. In Section 3, we prove the main auxiliary result
of the paper, a functional equation similar to Proposition 1 in [ACR]. In
Section 4 we prove Theorem 1 and Corollary 1, and in Section 5 we prove
Theorem 2 and Corollary 2.
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2. NOTATION AND AUXILIARY DEFINITIONS

We will use the following standard notation. The unit sphere in R",
n > 2,is 8”71 Given w € S™!, the hyperplane orthogonal to w and
passing through the origin will be denoted by w' = {z € R* : z-w = 0},
where - w = zywy + -+ + Tpw, is the usual inner product in R™. The
Grassmann manifold of all k& dimensional subspaces in R™ will be denoted
by G(n, k). The notation O(k) and SO(k), 2 < k < n, for the subgroups of
the orthogonal group O(n) and the special orthogonal group SO(n) in R™
is standard. If 4 € O(n) is an orthogonal matrix, we will write U* for its
transpose.

We refer to [Ga, Chapter 1] for the next definitions involving convex and
star bodies. A body in R™ is a compact set which is equal to the closure of
its non-empty interior. A convex body is a body K such that for every pair
of points in K, the segment joining them is contained in K. For z € R", the
support function of a convex body K is defined as hi(x) = max{z-y: y €
K} (see page 16 in [Ga]). The width function wgi(x) of K in the direction
x € S ! is defined as wi(z) = hx(x) + hx(—x). A segment [z,y] C K

is called a diameter of the convex body K if |z — y| = {erréaxl}wK(H). We
esn=

say that a convex body K C R"™ has countably many diameters if the width
function wg reaches its maximum on a countable subset of S?~ 1.

Observe that a convex body K has at most one diameter parallel to a
given direction ¢ € S"~! (for, if K had two parallel diameters dy, do, then
K would contain a parallelogram with sides d; and ds, one of whose diagonals
is longer than dy). For this reason, if K has a diameter parallel to ¢ € S"~!,
we will denote it by dg ().

A set S C R™ is said to be star-shaped with respect to a point p if the line
segment from p to any point in S is contained in S. For x € R™ \ {0}, and
K C R" a nonempty, compact, star-shaped set with respect to the origin,
the radial function of K is defined as pg(z) = max{c: cx € K}. Here, the
line through = and the origin is assumed to meet K ([Ga, page 18]). We say
that a body K is a star body if it K is star-shaped with respect to the origin
and its radial function pg is continuous.

Given a star body K, a segment [z,y] C K is called a diameter of K

if |z —y| = max |a—bl. If a non-convex star body K has a diameter
{la,p]CK}

containing the origin that is parallel to ¢ € S~ !, we will also denote it by

dr (C)-

Given ¢ € S"7!, the great (n —2) dimensional sub-sphere of S"~! that is
perpendicular to ¢ will be denoted by S"~2(¢) = {# € "' : §-¢ = 0}. For
t € [~1,1], the parallel to S*2(¢) at height ¢ will be denoted by S*~2(¢) =
SPIn{z € R": x-( = t}. Observe that when t = 0, S7~2(¢) = S*2(¢).
Figure 2 shows the case n = 5.
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0=v1—tz+1t

FIGURE 2. The great subsphere S3(¢) and the parallel S7(¢).

For w € S*, we will denote by O(4, S3(w)), SO(4, S3(w)), the orthogonal
transformations in the 4 dimensional subspace spanned by the great sub-
sphere S3(w) of S%. The restriction of a transformation ¢ € O(n) onto the
subspace of smallest dimension containing W C S”~! will be denoted by
lw. I stands for the identity transformation.

Finally, we define the notion of symmetry for functions, as it will be used
throughout the paper.

Definition 1. Let f be a continuous function on S™ ' and let & € S 1.
We say that the restriction of f onto S*1(€) (or just f) has an SO(k)
symmetry if for some non-identical rotation ¢¢ € SO(k, Sk=1(€)), we have
fowe=f on S3). We similarly define the property that f has an O(k)

symmetry.

3. A RESULT ABOUT A FUNCTIONAL EQUATION ON S*

Proposition 1. Let f and g be two continuous functions on S*. Assume
that for some ¢ € S* and for every w € S3({) there exists a rotation p,, €
SO(4, 83(w)), verifying that

(1) fopw(®) =g(6), Vo€ S5 (w).
Assume, in addition, that ,(¢) = ¢ Yw € S3(C), that the restrictions of
f and g to each S3(w) have no SO(4) symmetries, and that the restrictions
of f and g to each S3(w) N S3(¢) have no O(3) symmetries.

Then either f = g on S* or f(0) = g(—0) VO € S*.

3.1. Auxiliary Lemmata. We will divide the proof of Proposition 1 in
several lemmata. The first Lemma describes the structure of the rotations
w that satisfy the the condition ¢,,(¢) = £(.

Lemma 1. Let p € SO(4) and let ¢ € R*, ¢ # 0. If () = +(, then either
p = %I, or  belongs to one of the invariant 2 dimensional subspaces of p,
and the restriction of p onto that subspace is a trivial rotation or a rotation
by .
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Proof. If ¢ = +1, the result is clear. Let ¢ # =4I, and let II and II+ be
the two 2 dimensional invariant subspaces of ¢. We can assume that the
matrix of ¢ is written in the basis of pairwise orthogonal unit vectors e; € II,
j=1,2,and e; € II*, j = 3,4. Then, for some « € [0,2) and 3 € [0,2), our
condition

cos(am) —sin(am) 0 0 ¢ G
sin(ar)  cos(am) 0 0 G| 4 G2
0 0 cos(Br) —sin(Bm)| |(3| (3
0 0 sin(fr)  cos(Bm) | |G Ca
yields
cos(ar) —sin(am)| [G] | [¢]
[sin(om) cos(am) } [C;] ==+ [C; el
and

[Cos(ﬁﬂ) —Sin(ﬁﬂ)} [Cs} 4 {Cs} c Tt
sin(fr)  cos(Bm) | |Ca| T & :

If both vectors (1, (2) and ({3, (4) are non-trivial, then o = 0,1 and 5 = 0, 1,
from which the result follows. On the other hand, if ({1, (2) is trivial, then
« is arbitrary, 8 = 0,1 and ¢ € IT+. Similarly, if ((3,4) is trivial, then 3 is
arbitrary and a = 0,1 and ¢ € II. O

The next Lemma is an observation about the geometry of the sphere.

Lemma 2. Let ¢ and x be in S*, k > 3. Then,

U Sl (w) = Sk

{wesk=HONSk1(2)}

Proof. Let y be any point on S¥. Then S¥=1(¢) N S¥=1(z) N S*~1(y) is
nonempty, since k > 3. Taking any w € S*~1(¢) N §*~!(z) N $*~!(y) C
Sk=L(¢) N SEL(z), it follows that y € S~ 1(w). H

Lemma 3. (¢f. Lemma 1, [R]). Let ¢ € S*, k > 4. If for every w € S¥~1(()
we have either f(0) = g(0) for all & € S*=Y(w) or f(—6) = g() for all
6 € Sk (w), then either f = g on S* or f(—6) = g(0) for all € S*.

Proof. Assume at first that there exists an « € S* such that for all w €
Sk=1(¢)N S*¥=1(z) we have f(#) = g(f) for all # € S*~1(w). Then, using the
previous lemma, we obtain f = g on S*.

Assume now that there exists an z € S* such that for all w € S¥~1(¢) N
Sk=1(z) we have f(—0) = g(0) for all § € S¥~!(w). Then, using the previous
lemma, we obtain f(—6) = g(0) for all § € S*.

Finally, assume that for every = € S* there exist two directions w; and
wy in S*71(¢) N S*1(z) such that f(6) = g(@) for all & € S*'(w;) and
f(=0) = g(0) for all € S¥~!(ws). Then f(—2z) = f(x) = g(x), and since z
was chosen arbitrarily, we obtain f = g on S*. (|
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For the next result, let O € SO(5) be the orthogonal transformation
defined by O(() = ¢ and O|gs(¢) = —I. Observe that O|gs(,,) commutes with

every rotation ¢, € SO(4, S3(w)), such that ¢, (¢) = £, where w € S3().
A function f defined on S can be decomposed in the form

() g0y = O IOD TOZTON _ o (0) + o0, 0est

and we will call fo., fo,, the even and odd parts of f with respect to O.
Since O? = I, we have

f(’),e(e) = f(’),e(oe)v f(’),o(e) = _f(’),o(oe)-

Given y € S*, we have that y € S7(¢) for some t € [~1,1], i.e. we can
write

(3) y:vl—t%*'tcy

for some t € [~1,1] and = € S3(¢) (see Figure 2). For any function f on S4,
we define the function F; on S3(¢),

(4) Fy(z) = Fe(a) = f(V1-tz+1),  z€8%Q),

which is the restriction of f to SP(¢). Observe that the even part of F},
(F})e equals

fWl=tr+tQ) + f(—vVI-tPz+ () _ f(y)+ f(Oy)

(Fi),(2) = ; = LA IEY)

where y is as in (3), i.e.,

() (Fy)e(2) = fo.e(y),  (Fi)o(2) = fo,0(y)-

Note that (F})e(z) = (Fy)e(—2) for every x € S3(¢). We similarly define G,
from the function g.

Every two dimensional great circle of S3(¢) is of the form E,, := S%(w) N
S3(¢) for some w € S3(C). Since ¢y, (¢) = £¢ and @, (93 (w)) = S3(w), we
have

pu(Buw) = pu(S*(w) N $3(¢)) = $*(w) N S°(¢) = Eu.
For ¢, € SO(4,5%(w)) as in Proposition 1, we let ¢g, = @u|E, be the
restriction of ¢, to Ey,. Thus, for every ¢t € [—1, 1], we have
(6) Fioo¢p,(x) = G x) Vo € By,

Lemma 4. Assume that f,g satisfy equation (1) for all w € S3(¢). Then
fo.e(y) = go.e(y) for every y € S*.

Proof. For w € S3(C), we consider the spherical Radon transform

Rf(w)= [ flz)dx

Ey
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(see [Ga, pg. 429]). Since Lebesgue measure is invariant under orthogonal
transformations on E,,, by (6) we have

/w Fy(z)dx = /w Fi(pw(@))de = | Gy(z)dz,

Ey

for each t € [~1,1]. Hence, RFy(w) = RGy(w) for every w € S3(¢) and
t € [-1,1], and it follows from Theorem C.2.4 from [Ga, pg. 430] that the
even parts of F; and G; coincide. By equations (4) and (5), this means that

fO,e(y) = gO,e(y) for every y € ‘94-
O

Note: Because of Lemma 4, from now on we will assume that f,g are
odd with respect to O.

Given w € S3(¢) and ¢, # £I verifying the hypotheses of Proposition 1,
we have by Lemma 1 that w® = II,, ®II;, where ¢ € 11}, ¢, |11}, = £1, and
©w|Il, is a 2 dimensional rotation. On R? we consider a positively oriented
orthonormal basis {u, v, (, z,w}, so that {u,v} is a basis of II,,, and {(, 2}
is a basis of II;. When we consider ¢, we mean that it is the restriction
to the 4 dimensional subspace spanned by S®(w) of a rotation ® € SO(5)
with the following properties: ®(w) = w, ®|IIL = +I, and ®|II, is a 2
dimensional rotation. Given t € II,, NS4, if the angle between the vectors
t and @,(t) € I, N St is am, for a € (0,2), a # 1, and {t, py(t), ¢, 2, w}
forms a positively oriented basis of R?, then we will denote oy, |I1,, by ©®
when we want to specify the angle of rotation.

We define the sets

2. ={we s Q): f(6)=g(0) V0 € S*(w)}.

= ={wesQ): f(6)=g(~0) Vo Sw)},
{we s Q) Sy =g, and f(8) = g(~0) V0 € T }
{wes¥Q): S = glIE, and f£(0) = g(—0) ¥ € 11, },
and, for a € (0,1) U (1,2),
(7) 20 = {w € $%0) : wullly = £, 00T, = ¢

and f o ¢, (0) = g(0), V0 € S*(w)}.
With this notation, the hypothesis of Proposition 1 is that

S () =24 UE U |J Ea,
a€l0,2)

—_
=0

—_
=1

and we want to show that, under the condition on the lack of symmetries,
we have either S3(¢) = =, or S3(¢) = Z_. By Lemma 3, this will imply
that either f = g on S* or f(#) = g(—0) for all § € S*.

Lemma 5. The sets Z=4,2_, =, are closed.
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Proof. Since the empty set is closed, we can assume that the sets =, =_
and =, are not empty. First we prove that =, is closed. Let (w;){°, be a
sequence of elements of =, converging to w € S3(¢) as | — oo, and let
be any point on S3(w). Consider a sequence (6;)%, of points 6; € S3(w;)
converging to 6 as [ — oo. (To see why such a sequence exists, see [ACR,
Lemma 3]). By definition of =4 we have the following,

£(0) =g(0), 6, € S*(wy), 1 €N.

Since f and g are continuous, we may pass to the limit and obtain f(6) =
g(#). Thus w € Z4 since the choice of § € S3(w) was arbitrary, and hence
E4 is closed. A similar proof shows that Z_ is closed, replacing ¢(¢;) with
g(—6;) and g(0) with g(—#@).

Now we prove that Z, is closed, where o € [0,2). As above, let (w;)i2,
be a sequence of elements of =, converging to w € S3(¢) as | — oo, and let
6 be any point on S3(w). Consider a sequence (6;)7°, of points 6; € S3(w;)
converging to 6 as [ — oo. From the hypothesis of the proposition, for
each w; there exists the rotation ¢,,. Let ®,, be the rotation in R5 whose
restriction to wj" is ¢,. By compactness, the sequence {®,,} C SO(5) has
a convergent subsequence.

Suppose that (®,,)7°; has two subsequences that converge to two dif-
ferent rotations in SO(5), (<I>w]1_) — ®,1 and ((I)wi) — ®,2, where ®,1 #
®,2. Since w; converges to w, and @, (w;) = w;, we have that ®,1(w) =
w, ®,2(w) = w. Let p,1 be the restriction of ®,1 to the subspace w',
and similarly ¢,2 = ®,2/w-. We know that f o Put (0;) = g(6;) and by
passing to the limit we obtain that f o ¢,1(0) = ¢(#). Similarly, we have
fo@u2(0) = g(#). This implies that f o ¢,1(0) = f o p,2(). Since the
choice of § was arbitrary, this last equation holds for all # € S3(w). Thus,
fopu o Qp;zl(@) = f(0) for all § € S3(w), where @, o 30;21 # I since
Ot # Pu2. Thus, f has a SO(4) symmetry on S3(w), which is a con-
tradiction. Therefore, all convergent subsequences of {®,,;} must have the
same limit, which we will denote by ®,,. It follows that the restrictions ¢,
converge to @, = ®pp|ws.

For each ¢, there is a unique pair of invariant two dimensional planes,
namely IT,, and II;; , with ¢, |1, = I and @y, |, = @7, since w; €
Za. Also, ¢, has a unique pair of invariant subspaces Il, and Hi, and
therefore (II,,) — IL,, and (val) — II5. Thus, there is either a subsequence

Dyl \Hil = I (which would imply ¢,,|TI5 = I), or a subsequence ¢, \Hi}'l =
J j J J
—1 (which implies that ¢,|Il; = —I). Furthermore, since @y, |, are
rotations by the same angle am, for the limit we obtain that ¢,,|II,, is also

a rotation by the same angle, and since
(8) fowu (0) =g0) 0,€lly, €N,

we conclude by continuity that f o ¢, (0) = g(f). This shows that =, is
closed.
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O

The next Lemma shows that rotations by an irrational multiple of 7 do
not occur because of the lack of symmetries of f and g.

Lemma 6. Under the hypotheses of Proposition 1, we have Z, = 0 for

ae (R\Q)N[0,2).

Proof. Let a € (R\ Q) N[0,2), and take w € E,. Following the ideas of
Schneider [Sch1], we claim at first that f2 = g? on S®(w). Indeed, since f
and ¢ are odd with respect to @, f? and g2 are even with respect to O, and
(1) holds with f2, g2 instead of f, g. Thus, by Lemma 4, we obtain that
f? = g% on S3(w).

Squaring (1), we have

f2opw() =g%0) = f2(H) Vo e S3(w).
Iterating, for any k € Z,

9 frodk(0)=ogk () == 2(0) Ve S(w).

Let {¢, 2} be an orthonormal basis for IT;;, and consider the three dimen-
sional subspace generated by II,, and z, and its unit sphere S3(w)N.S3(¢). If
0wl = I, then ¢,|S3(w) N S3(¢) is a rotation of angle am around the vec-
tor z. For each § € S3(w)NS3(¢), equation (9) holds for any k € Z, and since
the orbit of (¥ (0))rez is dense, we conclude that f? and g2 are constant
on each parallel of S3(w) N S3(¢) perpendicular to z. By continuity, f and g
must also be constant on each parallel, and thus f o ¢, (6) = f(6) for every
0 € S3(w) N S3(¢). But then f has an SO(3) symmetry on S3(w) N S3(¢),
contradicting the hypothesis of Proposition 1.

On the other hand, if ,,(¢) = —¢, then ©2,|S3(w) N S3(¢) is a rotation
around z by the angle 2am, and similarly to the previous case, f must
be constant on every parallel of S3(w) N S3(¢), and thus has a rotational
symmetry on S3(w) N S3(¢). This is a contradiction, and thus we have
proven that =, = () for irrational «. O

Proof of Proposition 1. By Lemma 6, the sphere S3(¢) is equal to a
countable union of closed sets,

(10) S =240 U |J Ea
@€[0,2)NQ

We observe that the sets on the right hand side of (10) are disjoint. Indeed,
assume that there exists z € Z, N Eg, where a and 3 are either 4, — or
a rational number in [0,2), and o # /. Then, there are two rotations
Pz Pz,8 € 50(47 83(2)) such that fOSDz,a(e) = 9(9) and fOSDz,,B(e) = 9(0)
for all 0 € S3(2). But then fow, 5(0) 0 (p2a) 1 () = f(0) for all 0 € S3(2),
where ¢, 5(0)0(¢2.a) ! is not the identity since v # 8. Thus, if 2,NZ5 # 0,
f has a symmetry on S3(z), contradicting the hypothesis of Proposition 1.
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Thus, in (10) we have written S3(¢) as a countable union of disjoint closed
sets. By a well-known result of Sierpinski’s [Si], S3(¢) must equal just one
of the sets. We will now assume that S3() = Z, for some o € [0,2) N Q,
and derive a contradiction. This will leave us only with the possibilities
S3(¢) =2 or 83(¢) = Z_, and Proposition 1 will be proven.

Let S3(¢) = Z4. Choose w € S3(¢) and ¢ € S3(w) N $3(¢). By Lemma
1, the subspace &1 is equal to Il ® Hé, with ¢ € Hé. Let z¢ € Hé‘ be such
that {(, z¢} is an orthonormal basis of Hgl.

We will write the set S3(w) N S3(¢) as the union of two closed sets, © yp0a
and Opqq, where

Ogood = {§ € S*(w) N $%(¢) + e = £ Nw™ N¢H},

Opad = {€ € S3(w) N S3(¢) : dim(lg NwrN¢t) = dim(Hfl NwtN¢t) =1},
Observe that © 4004 and Opeq are closed (this can be shown by an argument
similar to the one in the proof of Lemma 5). They are also disjoint sets whose
union equals S3(w) N S3(¢). It follows that either S3(w) N S3(¢) = O yooa OF
S%(w) N S*(¢) = Opag-

Assume that S3(w) N S3(¢) = Opag. We claim that, in this case, the map

€= (&) =T nw-n¢t

defines a non-vanishing continuous tangent line field on the two dimensional
sphere S3(w) N S3(¢). If this map were not continuous, then there would
exist two subsequences {531} and {{12.}, both with limit &y, such that

lim £(¢}) # lim £(&2).
j—o0 j—o0

Denote by z} a unit vector in the direction of the line lim;_,o (¢ ]1) and by 23

a unit vector in the direction of the line lim;_, E({?). We have z} # 422.

Let @i = lim ¢, for i = 1,2, and let I} @ (II})* the corresponding
£o Jj—o0 &

decompositions of §0L. Since all the rotations Pei ’H@ are by the angle am,
the limiting rotations cp%o |H§5 and 4,0?0 |H§(2] are by the angle am as well (this
can be shown by a reasoning similar to the one in the proof of Lemma
5). But given that z} # +22, the subspaces (ngl_)L and (ngz_)L must be
different. This means that 90%0 and gpgo are two different rotations on (Sol.
From equation (1), it follows that f o ¢ o (¢z )" = f on S%(&), where
go%o o (gpgo)_l # I. Therefore, we conclude that f has a rotational symmetry

on fOL. Thus, the line field spanned by y¢ must be continuous on the two
dimensional sphere S3(w)N.S3(¢). This is impossible by a well known result
of Hopf (see [Mi]).

We now consider the case in which S3(w) N S3(¢) = ©ypoa, i.e. the two
dimensional space Il¢ is equal to - Nwt N ¢t and the restriction of e to
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this subspace, which we will denote by 1)¢, is a rotation by the angle a.
We have that the restrictions of f and g to S(w) N S3(¢) satisfy

(11) foe(0) =g(0), V0 € Il,

for every ¢ € S3(w) N S3(¢). But every one dimensional great circle on the
two dimensional sphere S3(w) N S3(¢) is of the form S3(¢) N S3(w) N S3(¢)
for some ¢ € S3(w) N S3(¢). We are thus under the hypothesis of the
continuous Rubik’s cube [R], and therefore we can conclude that either f = g
on S3(w) N S3(C), or f(0) = g(—0) for every 0 € S3(w) N S3(¢).

Therefore, we have

fopu(9) = g(8) and £(0) = g(8) V0 € S°(w) NS°(¢),

fopu(9) =g(8) and f(0) = g(—0) Vb € 5°(w) N S*(Q).
This implies that either
fopu(0) = f(6) V0 S*(w)nS*(C)
or
fopu(0) = f(=0) V0 € S(w)nS(C),

where the restriction of ¢, to S3(w) N S3(¢) is not the identity, since we
are assuming that w € S3(¢) = Z,. Thus, the restriction of f to the 3
dimensional subspace spanned by S3(w) N SS(C) has an O(3) symmetry,
contradicting the hypothesis of Proposition 1.

Since the case S3(¢) = =, leads to a contradiction, we conclude that

either S3(¢) = Z4, or S3(¢) = =_. Proposition 1 is proven.
O

4. PROOF OF THEOREMS 1 AND 2

As in [ACR], the key ingredient in the proof of Theorem 1 is the existence
of a diameter d({) such that the side projections of K and L are directly
congruent. We will first show that this implies that L must also have a
diameter in the ¢ direction, which necessarily has the same length as dx (().
We can thus translate the bodies K and L so that their diameters dg(()
and dr,(¢) coincide and are centered around the origin. Since the translated
bodies, K and L, have countably many diameters, almost all side projections
contain only this particular diameter, which must be fixed by the rotation.
Therefore, we have reduced Theorem 1 to Proposition 1 with f = hz and
g = h i

4.1. Theorem 1 and Corollary 1. Let ¢ € S* be the direction of the
diameter dg (¢) given in Theorem 1. By hypothesis, for every w € S3(¢),
the projections K|w’ and L|w' are directly congruent. Hence, for every
w € S3(C) there exists x, € SO(4, S(w)) and a,, € w such that

(12) Xo(K|wh) = Liwh 4 ay.
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Let Ax C 8% be the set of directions parallel to the diameters of K, and
A; C S* be the set of directions parallel to the diameters of L. We define

(13) Q={wes*(): (AxUAL) NS> (w)={£(}}.

The following two Lemmata are proven by the same arguments used in
[ACR]. Lemma 7 shows that for most of the directions w € S3({) the
projections K|w® and L|w® have exactly one diameter, dx(¢) and dr(¢),
respectively. We can thus translate the bodies K and L by vectors ag,

ar, € R%, to obtain K = K + ag and L=L+ ay, such that their diameters
d;(¢) and d; (¢) coincide and are centered at the origin.

Lemma 7. (¢f. [ACR, Lemma 13].) Let K and L be as in Theorem 1, and
let ¢ € Ag. Then ¢ € Ar, and 2 is everywhere dense in S3((). Moreover,
for every w € Q we have x(¢) = ¢ and wi () = wr(C).

Lemma 8. (¢f. [ACR, Lemma 14].) Let x,, be the rotation given by (12),
and let w € Q. Then the rotation . = (xw)' satisfies ©u(¢) = +¢ and

(14) hioww(®) =h;(0) VO € S (w).

Proof of Theorem 1. Consider the closed sets = = {w € S3(() :
(14) holds with ¢, (¢) = ¢} and ¥ = {w € S3(() : (14) holds with ¢, (¢) =
—(}. Since the set Q C (2 U W) is everywhere dense in S*(¢) by Lemma
7, we have that ZU ¥ = S3(¢). We have thus reduced matters to Propo-
sition 1 with f = hy and g = hj. Therefore, either hy = h; on 5S4 or
hz(0) = hz(—0) for every § € S*. This means that either K +ax = L+ar,
or K+axg =—-—L —ay,. O

Proof of Corollary 1. First, we translate K and L by vectors ax,ar, € R™,
obtaining the bodies K =K +ag and L = L + az, so that the diameters
d;(¢) and dj(C) are centered at the origin. Next, we observe that for any
five dimensional subspace J of R™, containing ¢, the bodies K |J and fJ|J
verify the hypotheses of Theorem 1. Therefore, K|J = +L|J.

Assume that there exist two five dimensional subspaces J; and Jo, such
that K|J; = L|.J; and K|Jo = —L|.J,. If J; N Jo has dimension four, then

LI(Jy N Jo) = (LI)|(Jy N J2) = (K|J)|(J1 N o) = (K| J2)|(J1 N Jo)

(15) = (—i’Jg)’(Jl N JQ) = —i‘(Jl N JQ).

Since —I € SO(4), equation (15) implies that the projection L|(J; N Js) has
an SO(4) symmetry, contradicting the assumptions of the corollary. The
same argument shows that if J; N Jo is three dimensional, the projection
L|(J1 N J3) has an O(3) symmetry (since —I € O(3)). Next, assume that
J1 N Jy is two dimensional, and let {¢, v1,v2,v3,v4} and {¢, vy, v, v5, v} } be
orthonormal bases for J; and Ja, respectively. Consider the subspace Jy
spanned by {(,v1,v2,v5}. Then, both Ji N Jy and J2 N Jp have dimension
three, and the above argument can be used again. The case where J; N Jy
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is one dimensional can be dealt with in a similar way. We conclude that
either K|J = L|.J for every five dimensional subspace J containing ¢, or
K|J = —L|J for all such J. By Theorem 3.1.1 from [Ga, page 99], it follows
that K = Lor K = —L. Thus, K = L+ar—agor K=—L—ar—ag. 0O

5. PROOFS OF THEOREM 2 AND COROLLARY 2.

We are now considering star-shaped bodies with respect to the origin. Let
¢ € §* be the direction given in Theorem 2. The hypotheses imply that for
every w € S3(() there exists y., € SO(4,5%(w)) and a,, € w* such that

(16) Xo(K Nwh) = (LNOwh) + ay.

Let 1({) denote the one dimensional subspace containing . As in Section
3, we let A C S* be the set of directions that are parallel to the diameters
of K (similarly for L). Note that it is possible for star-shaped bodies to
contain several parallel diameters. We consider the set 2, defined as in (13),
and the set 2", defined by

(17) Q" ={weQ: KNw" and L Nw' have only one diameter}.

Then it follows from the hypothesis of Theorem 2 that if w € 7, then
dx (¢) must be the unique diameter of K Nw'. We will use the notation
v (€) = pr(C) + pr(—C) for the length of the diameter dx({). As in the
previous Section, it can be shown that for most directions w € S3(¢), the
sections K Nw™, L Nw' contain exactly one diameter parallel to ¢ and
passing through the origin.

Lemma 9. (¢f. [ACR, Lemma 15].) Let K and L be as in Theorem 2. Then
L has a diameter dr(C) passing through the origin, and Q" is everywhere
dense in S3(C). Moreover, for every w € Q7 we have xw(() = £ and

vk (¢) = vr(C)-

We now wish to argue as in the proof of Theorem 1 and translate the
body L so that its diameter dr,({), given by Lemma 9 coincides with dx ().
However, the translate of a star-shaped body with respect to the origin may
no longer be a star-shaped body with respect to the origin. The next Lemma,
which is similar to Lemma 16 in [ACR] shows that, under our hypotheses,
the translated body is still star-shaped (this Lemma is not necessary if K
and L are convex). We include the proof here, since the rotation x,, is now
in SO(4, S3(w)), and the argument is slightly different.

Lemma 10. There exists a vector a € RS, parallel to ¢, such that the body
L =L + a is star-shaped with respect to the origin, and di () = d; (().

Proof. Consider the sets

Ry ={weQ": xuw(dx(()) = dr(¢)},
Ry ={w e Q" : xu(dx(¢)) # dx ()},
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where Y., is the rotation in SO(4, S3(w)) as in (16). By Lemma 1, since
Xw(¢) = £(, we have that either y,, = 1, or that y,, has an invariant two
dimensional subspace II*, containing ¢, such that y,,|[IIt = £1. If x, = I
or Xu|II*+ = I, or if dg () is centered at the origin, then w € Ry. The only
case in which w € Ry is if dg(() is not centered at the origin, and either
Xw = —1 or x|t = —1.

Assume, at first, that Q" = R;. Since the diameter dx(() is fixed by
Xw, and dr(¢) contains the origin, it follows that the vector a, in (16) is
independent of w € Q" and a, = a1 = (px(¢) — pr(¢)) . The translated
section (LNw™)+ay coincides with y., (K Nw™), and therefore (LNw")+ay
is star-shaped with respect to the origin for every w € €2". Since 2" is dense
in S3(¢), we conclude that the translated body L = L + a, with a = ay, is
also star-shaped with respect to the origin.

Secondly, assume that )" = Ry. Then, a,, is independent of w € Q" and
aw = az = (pr(—C) — pr(¢)) ¢. We conclude that L = L + a, with a = as,
is star-shaped with respect to the origin.

Finally, we show that the case where R; and Rs are both nonempty does
not occur under the assumptions of Theorem 2. Since R; U Ry = ", we
have S3(¢) = Ry U Ry € R{URy C S3(¢). Hence, there exists wg € R1 N Ra,
i.e., there is a rotation x., such that x,(dx(¢)) = drx(¢) and

(18) Xwo (K Nwy) = LN wy + ay,
and a rotation Y., such that X, (dx(¢)) # dr(¢) and
(19) Xuwo (K Nwi) = LN wg + as.

In particular, since X, does not fix dg (¢), this diameter cannot be centered
at the origin, and it follows that the other rotation x,,, must be the identity,
at least on a two dimensional subspace containing ¢. By (18) and (19) we
have

K nwg = x! (T (K Nwg)) +b,

where b € R5. Observe that the rotation x,! o Xu, is not the identity, since

XE; 0 Xuwo(¢) = —C. Therefore, K Nwg has a rotational symmetry. This
contradicts the hypothesis of Theorem 2. The Lemma is proven. [l

In order to finish the argument, we need one further Lemma.

Lemma 11. (¢f. [ACR, Lemma 17].) For every w € 2" there exists g, =
Xu' € SO(4, 5% (w)), ¢u(¢) = +¢, such that

(20) pc 0 pul) = pp(6) V9 € S (w).

Proof of Theorem 2. Consider the sets
Zr={we S3¢): (20) holds with ¢,(¢) = ¢}

and
U ={weS3¢): (20) holds with ¢, (¢) = —C}.
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By definition, Q" C (E"UW"). Therefore, Lemma 9 implies that 2" UW¥" =
53(¢). Now we can apply Proposition 1 (with f = px, g = pj, and = =",
¥ = U") obtaining that either px = p; on S*, or px(0) = p;(—0) for all
0 € S*. In the first case, K = L, and in the second, K = —L. Thus, either
K =L+ a,or K =—L — a. This finishes the proof of Theorem 2. ([

Proof of Corollary 2

The proof is similar to the one of Corollary 1. One has only to consider
the sections K N.J, LN J, instead of the projections K|J, INL\J, and Theorem
7.1.1 from [Ga, page 270], instead of Theorem 3.1.1 from [Ga, page 99]. O
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