Harmonic Analysis and Convex Geometry, Fall 2013,
November 22.

Instructor: Dmitry Ryabogin

Assignment 11.

1. Problem 1.
a) Find the principle curvatures of the paraboloid z = a(z?* 4+ y?) at the point (0,0, 0).
b) Find the lines of curvature of the Helicoid

r=wucosv, Yy=usinv, 2z=cv.

¢) Find the mean and the Gaussian curvature of the paraboloid z = axy at the point
r=1y=0.

2. Problem 2. Let N(p) = asay be a Gauss map N - S — S?% of a regular surface 9,
associated to a point p € S. Prove Rodrigues’s formula: y(t) is a line of curvature if

and only if
d
SN ((0) = A0 (1)
for some differentiable function A(t). Prove further that the principle curvature in this
case is —\(t).

3. Problem 3.

Let «, 3, v be real numbers such that a? + 3% +~% = 1, and let K be a convex body
in R3.

a) Use the fact that hx (Ao, 8,7)) = Mk ((a, B,7)) for any A > 0 to obtain
aH,+ pHg+vH, = H,

and
oy + BHaﬁ + ’VHCW =0,

aHgo + fHgs + vHgy = 0,
oo+ fHys +vHyy =0,

where H = hyi and, for example, H, = aé%, Hus = gi]gé. Here K is such that all the
derivatives make sense.

b) Let (z,y, z) be a point of tangency of the plane az + By + vz = hx((«, 5,7)) with
K, ie.,
r=H, y=Hg z=H

)



and let R be a principle radius of curvature of the convex surface F’ which is a boundary
of K near (x,y, z), i.e., the coordinates (£, 7, ¢) of the corresponding center of curvature
are

§=H,—Ra, n=Hg—RB, (=H,—Ry.

Show that the vector (d¢,dn, d() is parallel to the vector («, 3, 7).

Hint: Move along the corresponding line of curvature of F near (z,y, 2) = Vhg((a, 8,7)).
Use Problem 2 assuming the normal to F' is directed inward.

Conclude that
Hooda + HopdB + Hoydy = Rda + A,

H/BadOé + Hﬁﬁdﬁ + Hﬁ,yd’}/ = Rdﬁ + )\B,
H, doa + HzdB + H,\dy = Rdy + Ny,
for some real number \.

¢) Multiply the above equalities by «, 8 and 7 to observe that A = 0. Then prove that
R satisfies

H,. — R Hap H,,
Hpgq Hgs — R Hg, =0.
Hyq H,p Hy, — R

Hint: Use a).
d) Reduce the above cubic (in R) equation to the quadratic one,
R* — (Ri+ Ry)R+ RiRy = 0.
Prove that
Ry + Ry = Hoo + Hgg + Hyy = Ahg, RiRy = Koo + Kpgg + K.,

where the matrix
Kaoc Kaﬁ Koc’y

Ko Kpp Kgy
Kfva Kvﬁ Kw

is the one of the algebraic complements of the matrix of the second derivatives of H,

Haa Haﬂ How
Hgo Hps Hpg,
Hyo Hyg Hy,

Observe that Ry((«, 8,7))Ra((c, 8,7)) = m is the reciprocal of the Gaussian

curvature K at the point (z,y,2) = Vhg.

. Problem 4*. Prove that on the surface of every C%-regular convex body in R? there
are at least two umbilical points.



