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A negative answer to Ulam’s Problem 19
from the Scottish Book

By DMITRY RYABOGIN

To my family

Abstract

We give a negative answer to Ulam’s Problem 19 from the Scottish Book
asking is a solid of uniform density which will float in water in every posi-
tion a sphere? Assuming that the density of water is 1, we show that there
exists a strictly convex body of revolution K C R* of uniform density %,
which is not a Euclidean ball, yet floats in equilibrium in every orientation.
We prove an analogous result in all dimensions d > 3.

1. Introduction

The following intriguing problem was proposed by Ulam [Ula60, Prob.
19]: If a convex body K C R3 made of material of uniform density D € (0,1)
floats in equilibrium in any orientation (in water, of density 1), must K be a
Euclidean ball?

Schneider [Sch71] and Falconer [Fal83] showed that this is true, provided
K is centrally symmetric and D = % No results are known for other densities
D € (0,1) and no counterexamples have been found so far.

The “two-dimensional version” of the problem is also very interesting. In
this case, we consider floating logs of uniform cross-section, and seek the ones
that will float in every orientation with the axis horizontal. If D = %, Auer-
bach [Aue38| has exhibited logs with non-circular cross-section, both convex
and non-convex, whose boundaries are so-called Zindler curves [Zin21]. More
recently, Bracho, Montejano and Oliveros [BMO04] showed that for densities D

corresponding to perimetral densities %, i, % and %, the answer is affirmative,
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while Wegner proved that for some other values of D # % the answer is neg-

ative [Weg03], [Weg07]; see also related results of Varkonyi [Varl3], [Var09].

Overall, the case of general D € (0, 1) is notably involved and widely open.
In this paper we prove the following result.

THEOREM 1. Let d > 3. There exists a strictly convex non-centrally-
symmetric body of revolution K C R¢ that floats in equilibrium in every orien-

tation at the level %(K).

This gives

THEOREM 2. The answer to Ulam’s Problem 19 is negative; i.e., there
exists a convex body K C R? of density D = % that is not a Euclidean ball, yet
floats in equilibrium in every orientation.

Our bodies will be small perturbations of the Euclidean ball. We combine
our recent results from [Rya20] together with work of Olovjanischnikoff [Olo41]
and then use the machinery developed together with Nazarov and Zvavitch in
[NRZ14]. The proofs of Theorem 1 for even and odd d are different. For even d,
we solve a finite moment problem to obtain our body as a local perturbation
of the Euclidean ball. The case of odd d is more involved. To control the
perturbation, we use the properties of the spherical Radon transform [Gar06,
pp. 427-436], [Hel99, Ch. III, pp. 93-99].

We refer the reader to [CFG91, pp. 19-20], [Gar06, pp. 376-377], [Gil91],
[Maul5, pp. 90-93] and [Ula60] for an exposition of known results related to
the problem.

This paper is structured as follows. In Section 2, we recall all the necessary
notions and statements needed to prove the main result. In Section 3, we
reduce the problem to finding a non-trivial solution to a system of two integral
equations. In Section 4, we prove Theorem 1 for even d. In Section 5, we give
the proof of Theorem 1 for odd d and prove Theorem 2. In Appendix A, we
present the proof of Theorem 3 given in [Olo41]. We prove the converse part
of Theorem 4 in Appendix B.

2. Notation and auxiliary results

Let N = {1,2,...,} be the set of natural numbers. A convex body
K C R? d > 2, is a convex compact set with non-empty interior int K. The
boundary of K is denoted by 0K. We say that K is strictly convex if 0K does
not contain a segment. We say that K is origin symmetric if K = —K and
centrally symmetric if there exists p € R? such that K —p={¢—p:q€ K}
is origin symmetric. Let S = {¢ € R¢ : Z;-lzl 5]2- = 1} be the unit sphere
in R? centered at the origin, and let B = {p € R? : Z;l:l p? < 1} be the
Euclidean unit ball centered at the origin. We let eq,...,e4 be the standard
basis in RY. Given ¢ € S9!, we denote by ¢+ = {p € R? : p- €& = 0} the
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subspace orthogonal to &, where p - & = p1&1 + -+ - + pg€q is the usual inner
product in RY. For p € R? we put [p| = /p? + -+ p3 We also denote
by B(&,p) = {p € S : p-€& > p} the spherical cap centered at & € S9!
of radius p € [~1,1); we tacitly assume that B(¢, —1) = S91. We will use
the notation voly(U) for the d-dimensional Lebesgue measure of a Lebesgue-
measurable set U C RY. We follow [Sch14] by writing kg4 = voly(BY). Let W;
be a j-dimensional plane in R?% 1 < j < d. We say that a plane W; is the
supporting plane of a convex body K if K N W, # ), but int K N W; = (). The
center of mass of a compact convex set K C W, with a non-empty relative
interior will be denoted by C(K) = m J5 pdp, where dp stands for integra-
tion with respect the usual Lebesgue measure. In fact, the notation dp (or dw,
etc.) will always mean d.7;(p), d7;(w), where J%; is j-dimensional Hausdorff
measure in R7 or S971, for the appropriate j = 1,...,d. Given two sets A and
B in R, we denote by AAB = (A\ B) U (B \ A) their symmetric difference,
and by A+ B={a+bcR?:ac Abc B} their Minkowski sum. We will
use the notation S(K) for the surface area of a convex body K C RY, which
is defined via the Minkowski content S(K) = lim,_,q+ VOld(KJFEBf)*VOId(K). Let
k € N. We say that a function A : R — R supported on a closed interval
[a,b] C R, a < b, is in C¥ (in C™) if it has continuous derivatives up to order
k (of all orders). We define its norm as ||h||cx = anzo MaX{e(q,b]} |R(™)(s)],
where h("™) is the mth derivative of h. We say that a convex body K C R% is
of class C* if K has a C*-smooth boundary, i.e., for every point z € 9K, there
exists a neighborhood U, of z in R? such that K N U, can be written as a
graph of a function having continuous partial derivatives up to the kth order.

Let d > 3, let K C R? be a convex body, and let 6 € (0, voly(K)) be fixed.
Given a direction ¢ € S9! and t = t(£) € R, we call a hyperplane

HE={peR":p-£=1t}

the cutting hyperplane of K in the direction £ if it cuts out of K the given
volume ¢, i.e., if

(1) voly(KNH (§) =46,  where H (§)={peR:p £<t({)}

(see Figure 1).
We recall several well-known facts and definitions; see [dLVP25, Ch. XXIV],
[Lew88, Ch. 2], [Tupl3, Ch. 4], [Zhu36, Hydrostatics, Part I].

Definition 1. Let ¢ € S%1 and let Cs(¢) be the center of mass of the
submerged part K N H~ (&) satisfying (1). We say that K floats in equilibrium
in the direction & at the level ¢ if the line £(£) passing through C(K) and Cs(&)
is orthogonal to the “free water surface” H(&); i.e., the line ¢(§) is “vertical”
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Cs(€) KNH(¢)

Figure 1. A body K, its submerged part K N H~(§) and the
line (&) passing through C(K) and Cs(§).

(parallel to & — see Figure 1). We say that K floats in equilibrium in every
orientation at the level § if £(€) is parallel to & for every & € S41.

Definition 2. The geometric locus {Cs(¢) : € € S471} is called the surface
of centers S = Sg or the surface of buoyancy.

It is well known that S encloses a strictly convex body L(S) (see Theo-
rem 5 in Appendix B). We will use the notation C(S) for the center of mass
of L(S).

Now we recall the notion of characteristic points of a family of hyperplanes
(cf. [BGY2, pp. 107-110], [Wea55, pp. 48-50], or [Zal75, pp. 26-54]).

Definition 3. Let d > 2, let & € S9!, and let p € [-1,1). Consider a
family Q of hyperplanes in R? such that for every direction ¢ € B(&, p), there
exists a hyperplane in @ orthogonal to €. Assume also that for any H € Q,
for any (d — 2)-dimensional subspace I' parallel to H and for any sequence
{H}72, of hyperplanes Hj, € Q converging to H as k — oo and parallel to I',
the limit IIp(H) = limg_,oo H N Hy, exists. Given H € Q, we call a point e € H
the characteristic point of Q with respect to H if for any I" and {Hj}72,, as
above, we have e € IIp(H).

We remark that the characteristic point, if it exists, is unique. For, it
must belong to (IIp(H ), where the intersection is taken over all " parallel to
H and the latter set is a singleton or empty.
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We will need the following result from [Olo41]. (See the lemma on pages
114-117 and Remark 1 on p. 117.)

THEOREM 3. Let d > 3, let K C R? be a convexr body, and let § €
(0,voly(K)). The characteristic points of the family of cutting hyperplanes
{H(&) : € € S} for which (1) holds are the centers of mass of the sections
{KNH(E): e 5d1)

Conwversely, if the characteristic points of the family of hyperplanes {H (§) :
¢ € S} dintersecting the interior of K and corresponding to the sections
{KNH®E) : &€ S¥1Y coincide with the centers of mass of these sections,
then the function & ~ volg(K N H~(€)) is constant on S=' and the constant
is equal to some ¢ € (0, voly(K)).

Since the reference [Olo41] is not readily available, for the reader’s conve-
nience we present the proof of Theorem 3 in Appendix A.

To define the moments of inertia (see [Zhu36, p. 553]), consider a convex
body K and a hyperplane H (&) for which (1) holds. Choose any (d — 2)-
dimensional plane II C H(§) passing through the center of mass C(K N H(§))
and let 7y,...,74_2,74_1 be an orthonormal basis of ¢+ = {p € R : p- £ = 0}
such that

(2) M =C(KNHE)+span(ni,...,1na-2), H(E)=CKNH(E)+E

Definition 4. The moment of inertia Ixng ) (I1) of K N H (&) with respect
to IT is calculated by summing dist(II, p)? for every “particle” p in the set
KN H(E) (see Figure 2), i.e.,

(3)  Ixnme () = / dist(I1, p)? dp = / (¢ na_)” da,
KNH (&) KNH(¢)—-C(KNH(§))

where dist(II, p) = minggery Ip —q.

We will use the converse part of the following theorem; see [Rya20, Th. 1]
or [FSWZ20, Th. 1.1].1

THEOREM 4. Let d > 3, let K C R? be a convex body and let § €
(0, voly(K)).

If K floats in equilibrium at the level § in every orientation, then for all
¢ € 81 and for all (d — 2)-dimensional planes IL C H (&) passing through the
center of mass C(KNH(E)), the cutting sections KN H (&) have equal moments
of inertia independent of & and 11.

Tt is assumed in [FSWZ20] that in the case § = %(K) the set of characteristic points of

the cutting hyperplanes is a single point.
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KNH()

Figure 2. Two-dimensional body K N H(§) with center of mass
at the origin, and a line II parallel to 7;; we have dist(II, ¢)? =

’CI\Z —(q- 771)2 =(q- ?72)2-

Conversely, let S be the surface of centers (see Definition 2), and let
C(S) = C(K). If for all cutting hyperplanes H(¢), &€ € S4', and for all (d—2)-
dimensional planes I1 C H (&) passing through the center of mass C(KNH(£)),
the cutting sections K N H(E) have equal moments of inertia independent of &
and 11, then K floats in equilibrium in every orientation at the level §.

For the reader’s convenience, we prove the converse part of this theorem
in Appendix B2.

Remark 1. Let § = %(K). Since for any ¢ € S9!, C(K) is the arithmetic
average of C(K N H*(£)) and C(K N H~(£)), the condition C(S) = C(K) is
satisfied and S is symmetric with respect to C(K).

3. Reduction to a system of integral equations

Let d > 3. We follow the notation from [NRZ14]. We will be dealing with
bodies of revolution

Ki={zeR":2d+ 23+ - +22 < f(x1)%}

obtained by the rotation of a smooth concave function supported on [— R, Ro]
about the xj-axis. Let L(s,t) = Lg(t) = st + h(s) be a linear function with
slope s € R, and let

H(Ls) = {x e R?: 24 = Ly(21)}

2Tt is assumed in [Rya20] that K is of class C'. We give a slightly different proof that
does not use this assumption.
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be the corresponding hyperplane. The function h will be chosen later. For
now it is enough to assume that it is infinitely smooth, not identically zero,
supported on [1—27,1—7] for some small 7 > 0, and h and sufficiently many of
its derivatives are small. Let —x = —z(s) and y = y(s) be the first coordinates
of the points of intersection of +f and L (see Figure 3).

Tq

A

';Q_____
oy
[\
8
S

—f

Figure 3. Sections of Ky and H(L) by the (1, zq)-plane.

To construct a system of two integral equations we will prove four lemmas.
Consider the family of hyperplanes

(4) F={H(Ls):s€[0,00)}.
LEMMA 1. Let E be the set of characteristic points of F. Then,
(5) E = {(~h(s),0,...,0,L(s,—h(s))) € R%: s € [0,00)}.

Proof. Let G be the family of lines G = {{; : s € [0,00)}, where each line
{5 is the intersection of H(Ls) and the xix4-plane. It is enough to show that

E N {x124-plane} = {(—=1'(s), —sh'(s) + h(s)) € R? : s € [0,00)}.

We will use Definition 3. Let s € (1 — 27,1 — 7), and let ¢, € G. Choose
any sequence {y, }32,, s, € G, converging to ¢s as k — oo, and let {u,, }7° 4,
{us, } = €sNL,, be the corresponding sequence of points of intersection. Solv-
ing the system of two linear equations we see that
h(s) — h(sp h(s) — h(sg
s, = (5) = hls)  ls) = A )+h(5k)>.

S — S S — S
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Hence, limg, 5 us, exists, and the point limg, s us, = (—h/(s), —sh(s) + h(s))
is the characteristic point of G with respect to ;.

Next, we observe that (0,0) is the characteristic point of G with respect
to £1_2,. Indeed, it is enough to choose two sequences of lines in G, {{s, }732,
{Esk}i‘;l, both converging to ¢1_a-, such that sy € (1 — 27,1 —7) and s €
(0,1 —27), and to use the fact that £y N {157 = {(0,0)} for any line £y with
s € (0,1 — 27). Similarly, to show that (0,0) is the characteristic point of
G with respect to £1_,, it is enough to choose the corresponding sequences
{€s }7l1, {€sy 2y, both converging to £1—-, where s € (1 — 27,1 —7) and
sp e (1—7,00).

To finish the proof, it remains to observe that since h is supported by
[1 —27,1— 7], any two lines 4,5, £y, 5,8 € [0,1 —27) U (1 — 7,00), intersect at
(0,0). Hence, (0,0) is the characteristic point of G with respect to any line ¢,
for s € (0,1 —27]U[1l — T, 00). O

LEMMA 2. Let s > 0. The condition

(6) C(KyNH(Ly)) = (—h'(s),0,...,0,L(s, —h/(s)))
reads as
(s)
(7) (t+H/(s))(f(8)? = L(s,1))F dt =0.
—x(s)
Let
I, ={x € H(Ls) : x1 = —h'(s)}, Il; = {z € H(Ly) : z; = 0},
j=2,...,d—1. The moments of inertia conditions

I; = IKme(LS)(Hj) =const, j=1,...,d—1,

read as
y(s)
(8)  Ni=raa(l+s7)2 [ (t+H(9)2(f(1)? — L(s,)?) T dt = const,

) I =v42V1+s | (f(t)2—L(s,t)%)% dt = const,
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Proof. Fix s > 0. Observe that the slice Ky N H(Ls) N H; of the cutting
section K¢ N H(Ls) by the hyperplane Hy = {z € R? : 21 = t}, —x(s) < t <
y(s), is the (d — 2)-dimensional Euclidean ball
BY72((t,0,...,0,L(s,t)),r)={(t,x2, ..., xq_1, L(s,t)) : 25 + - - + 25 <17}

of radius r = /f2(t) — L%(s,t) centered at (t,0,...,0,L(s,t)). Hence, for the
first coordinate of the center of mass in (6), we have

y(s)
/ (t+ h'(s))dt / dp
(10) —z(s) B&72((1,0,...,0,L(s,t)),r)

y(s)
/ 2 2y 4=2
= ka2 [ (E+N(s)(f(t)" = L(s,t)") = dt = 0.
—x(s)
This gives (7).
Similarly, since the distance in Ky N H(L,) between the points
(t,IL‘Q,...,SL‘d) S KfﬂH(Ls) N H;
and
(—h/(s), To,. .. ,:cd) S Kf N H(LS) N H—h’(s)

is V1 + s2[t + h/(s)|, we have

y(s)
=V1+s? V14 s2(t+ 1 (s))%dt / dp
—a(s) BI72((1,0,...,0,L(s,t)),r)
y(s)
2 ' 2 24 4=2
= kaa(L+s7)F [ (1 (s)2(f(1)? — L(s,8)) 7 dt,

—x(s)
proving (8). Finally, the expression in the left-hand side of (9) for the other
moments can be obtained as
y(s)
I =+1+s? / dt / p?dp
—2(s)  BT2((£,0,...,0,L(s,t)),r)
y(s)
1+ 52 749 / (F(£)% = L(s,)%)? dt. O
—x(s)
LEMMA 3. Let s, > 0, let Ky be as above, and let F be the family of

hyperplanes defined as in (4) for s > sg, so that (6) holds for s > s,. Then for
all s > s, and for all (d — 2)-dimensional planes 11 C H(Ls) passing through
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the center of mass C(KyNH(Ly)), the cutting sections Ky N H(Ls) have equal
moments of inertia IKme(LS)(H) independent of s and I, provided (8) and
(9) hold with the same constant on the right-hand side, which is independent
ofsand j=1,...,d—1.

Proof. Let s, > 0 and let s > s, be fixed. If Il C H(Ls) is any (d — 2)-
dimensional plane passing through the center of mass C; = C(K; N H(L,)),
then by (3) we have

Tie iy (1) = / ((u—Cs) - )2 du,
KyNH(Ls)

where 17 = n4_1 is a unit vector in the hyperplane H(L;)—Cs that is orthogonal
to II.

Let t1,...tq9—1 be the orthonormal basis in H(Lg) — Cs such that ¢; €
span{ei, eq} and tj = ej for j = 2,...,d — 1. Decomposing 7 in this basis as

d—1
Zj:1 n()tj, we have

IKme(L )1 277(] / ((u—0Cs)- Lj)zdu

KfNH(Ls)

d—1
+ > ngyma / ((w—Cs) 1) ((u—Cs) - ) du = Jy + Ja.
Jﬁl;ll KpNH(Ls)
Using the fact that 7 is a unit vector, together with (8) and (9), we have that
J1 is constant.
We claim that Jo = 0. Indeed, if j is equal to 1, then arguing as in the
previous lemma, and using the fact that [ pdp=0forl=2,...,d—1, we

Bd=2
see that
[ (w-c) a)@-c e
KyNH(Ly)
y(s)
=1+ 2 (t+ h(s / prdp = 0.
—x(s) BE2((1,0,...,0,L(s,t)),7)

The case when [ = 1 is similar.
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If j # 1, 1 # 1, then we use the fact that [ p;jpdp = 0 for j,1 =
Bi=2
2,...,d—1, 7 #1, to obtain

y(s)
/ (u="Cs) - tj)((u—="Cs) - ) du = dt / pipdp = 0.

KynH(Ls) —x(s)  BIT2((1,0,...,0,L(s,t)),)

Therefore, Iy FNH( ,)(I) is a constant independent of s and of the arbitrarily
chosen II. The lemma is proved. O

LEMMA 4. Let s, > 0. Assume that (7) is valid for all s > s,. Then (9)
holds for all s > s, with the constant independent of s if and only if (8) holds
for all s > s, with the constant independent of s.

Proof. We recall that

(11)  L(s,t) = st+ h(s), f(y(s)) = L(s,y(s)), f(=z(s)) = L(s, —x(s))

for s € R. Let s, > 0, and we let s > s,. We rewrite (9) as

y(s)
t
2 — L(s,t)2)s dt = — 0
[ wr - Liso®) N e

—z(s)
and differentiate both sides with respect to s using (11). We have
y(s)

/ (5,4)2) 5 (st + h(s))(t + B (s)) dt =
—x(s)

const s

dyg—o (1+ 82)% ‘

Adding and subtracting sh’(s) in the middle parentheses under the integral
and using (7), the last equality yields

y(s)
/ st)) (t+h’( )2 dt =

—xz(s)

const s

dyg—o (1 + 32)%

Canceling s and passing to polar coordinates,
Sdf?))
d - 7 a5 2 - d 2+d-3 d = (7 — _
Ya—2 = d2/p|p d2/°"/ g = -2
Bd 2 -3

where w(S5973) is the surface area of S9~3, we have (8).
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Now we prove the converse statement. Fix any j = 2,...,d — 1. We
rewrite the first equality in (9) as
I(s) y(s)
S A / F(1)? = L(s,)2)% dt
e U
—X(Ss

and differentiate both sides with respect to s. Using (7) and (8), we see that
Ii(s) \' Ii(s)(1+ s%) — sI;(s) _ consts

(m> B (1—'—82)% __(1—}-52)%’

where the second equality above is obtained follows. Using (11) we differentiate

the first equality in (9) to obtain

(12)

(s)
Ii(s)(1 4 8%) = yg—2 sV 1 + 2 / (f(t)* - L(s,t)Q)% dt
—2z(s)
y(s)
/ (FO2 — L(s,8)2) T (st + h(s))(t + H'(s)) dt.
—z(s)
Adding and subtracting sh/(s) in the middle parentheses under the second

integral and using (7), the fact that dvys_2 = k4_2 and the second equality
in (8), we have

Ii(s)(1 + s%) — sI;(s) = sI;(s) — sI; — sIj(s) = —sI; = — const s.

N|w

— dyg—o(1+ 5%

This gives the second equality in (12), i.e.,
%Ij(s) +const —— =0

I'(s) —
i(5) 1+s 14 s2
Solving this linear ODE with an integrating factor ﬁ, we have

t
Ii(s) =V1+ 82(% —1—01) = const +c; /1 + 52
s

with some constant ¢;. Since I; is bounded on [s,, 00), ¢1 = 0, and we obtain
the converse part of the lemma. O

Let
1
-/ 2 _ _ _

(13) fo(t) - 1 t ) LO(S’t) - Sta l’o(s) - yo(s) - ma
where f, describes the boundary of the unit Euclidean ball, L, corresponds
to the linear subspace passing through the origin with A = 0, and z,, ¥y, are
the first coordinates of the points of intersection of +f and L,. Our goal is to
prove the following proposition.
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PROPOSITION 1. Let n = £.

A body Ky floats in equilibrium in every
orientation at the level %(K), provided for all s > 0,
y(s) Yo(s)
1) [ G0 L= [ (50F ~ Lol ) dt =
—2(s) —(s)

(s)
(15) / (f(t)2 — L(s, t)2)”_laLéZ’t) dt = 0.

—(s)
We remark that (14) and (15) are similar to equations (4) and (5) from
[NRZ14)].

Proof. Observe that H(Lg) divides Ky into two parts of equal volume.
Also, (15) is the same as (7) of Lemma 2. Thus, by Lemmas 1 and 2 the
characteristic points of the family of hyperplanes {H(Ls), s € [0,00)}, are
exactly the centers of mass of the sections K N H(Ls). Hence, we can apply the

const

V1+ 82

converse part of Theorem 3 to conclude that they are the cutting hyperplanes
at the level %(K).

On the other hand, observing that conditions (14), (15) are the same as
(9) and (7), by Lemma 4, condition (8) also holds. Therefore, by Lemma 3,
the cutting sections have equal moments of inertia for all (d — 2)-dimensional
planes passing through the centers of mass of these sections. By Remark 1, all
conditions of the converse part of Theorem 4 are satisfied, and the proposition

follows. O

In order to construct a counterexample, we will choose the perturbation
function h with the properties described at the beginning of this section. The
convex body corresponding to any such function will automatically be asym-
metric since not all its sections dividing the volume in half will pass through
a single point.

4. The case of even d > 4

Note that in this case n = % € N. Our argument is very similar to the
one in Section 3 of [NRZ14]. Our body Ky will be a local perturbation of the
Euclidean ball; i.e., the resulting function f(¢) will be equal to /1 — t? every-

where on [—1, 1] except [— \/1+(1_27)2’_\/1+(11—T)2} bl

1 1
V/1+(1-7)2’ \/1+(1—2T)2]
for some small 7 > 0.

Equations (11) show that to define f, it is enough to define two decreasing
functions x(s), y(s) on [0, +00). Our functions z(s) and y(s) will coincide with
xo and y, for all s ¢ [1 — 27,1 — 7], where z,, y, are defined by (13). Since the
curvature of the semicircle is strictly positive, the resulting function f will be
strictly concave if « and y are close to x, and y, in C?.
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We will make our construction in several steps. First, we define x = x,,
Yy = Yo on [1,00). Second, we will express equations (14), (15) purely in terms
of x and y (see (18) and (19) below). Then we will use these new equations to
extend the functions x and y to [1—37,1]. We will be able to do it if 7 and h are
sufficiently small. Moreover, the extensions will coincide with x, and y, on [1—
7, 1] and will be close to z, and y, up to two derivatives on [1 —37,1—7]. Then,
we will show that our extensions automatically coincide with z, and y, on
[1—37,1—27] as well. This will allow us to put x = z,, y = y, on the remaining
interval [0,1 — 37] and get a nice smooth function. Finally, we will show that
equations (14), (15) will be satisfied up to s = 0, thus finishing the proof.

Step 1. We put z = x,, y = y, on [1,00).

Step 2. To construct x, y on [1 — 37,1], we will make some technical
preparations. First, we will differentiate equations (14), (15) a few times to
obtain a system of four integral equations with four unknown functions x, y,
2', 3. Next, we will apply Lemma 8 and Remark 2 from [NRZ14, pp. 63—
66] to show that there exists a solution x, y, 2/, ¢’ of the constructed system

of integral equations on [1 — 37, 1], which coincides with x,, Yo, dj;, dd%" on

[1 — 7,1]. Finally, we will prove that the x and y components of that solution
give a solution of (14), (15) with f defined by (11).

Differentiating equation (14) n + 1 times and equation (15) n times with
respect to s and using (11), we obtain

(G S -CRN(C
(16) y(s)

G (e s ) a= (5) ()
~a(s)

)%
(s.9(s)/ ds

(5)]

and
a7 (=2 (n - 1)![<<L§)§)n_lgi) (s,—x(s))z(s)
+ ((Laai)"_lgb (Syy(s))f;;(s)} + 85(5,t)> dt = 0.

When s < 1, the integral term I in (16) can be split as
y(s)

1= [ (5)" (Gar - Leopr)

x(s)
_730(1) y(S)

- ( / n / )(;S)"“((f(t)tL(s,t)Q)”) dt + E1(s),

—a(s) Yo(1)



ON BODIES FLOATING IN EQUILIBRIUM IN EVERY ORIENTATION 1125

where

2= [ (5)" (67 - Lis.0?7) at

—xo(1)

Making the change of variables t = —z(0) in the integral f:f(‘;()l) and t = y(o)
in the integral fi((sl)) and using (11), we obtain

1

[ _/ (aas)"“ (Lio.~(0))? ~ L(s. ~a(e))?)" Z—i(a) do

s
1

[ (5)" (Lo - Lisvl0)?) " oy do + Zi(9).

S

Similarly, we have

y(s)

| () (er - Lsopr S n) a
—a(s)

1
__ /(SS)"((L(J, — (o)) — L(s, —x(a))2)n_lg§(s, —x(a))) %(U) do

1
-/ () (2090017 ~ B, 9(0)?) " = ts,(0))) o) do + Za(s),

where
Yo(1)
== [ (5) (Ualt? = Lis. 02 520 .
—zo(1)
To reduce the resulting system of integro-differential equations to a pure system

of integral equations we add two independent unknown functions z’, ¥/ and two
new relations:

1 1
2(s) = - / (o) do+zo(1),  y(s) = — / (o) do + yo(L).
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We rewrite our equations (16), (17) as follows:

(55 i) 76+ (85 i) V)

1

_ / (%)"*1 (L(o,~2(0))? = L(s, ~2(0))*) " &/ (0) do

(18) 1
[ (5)" (£e4@) - L6s.3(0)?) " o) do + Eas)
-3 ()
and
(19)

(=2)" 7 (n - 1)! [(( (Zé)” I(ZJ)‘(S,_:C(S))QE/(S)

(e ?ﬁ)” 13@’)\< ())y’@ﬂ

/ os ~0(0)* = L5, ~(0))*) 5. (5, () /(o) do

1
/ P L (0)?)" 2 (5,0(0))) o'(0) do
=+ EQ(S) = 0.

Now we rewrite our system in the form

1

(20) G(s,Z(s)) = /@(S,U,Z(U))da—l—E(s).

Here

N
Il
7 N
<L R e 8
~



ON BODIES FLOATING IN EQUILIBRIUM IN EVERY ORIENTATION 1127

T
Y

N I (TP ¢

" !
(&y)> y}

|
oo ((18) )]+ ((E8) %), 0]

where
0, — —(é‘?s)"+1 (Lo, ~2) ~ L(s,~2)?) "
()" (stow? — psw?) "
0y = —(%)n«L(a )2 — (s, —m)2)"_1%’;(s )
() (26097 ~ L) ) o
and

Note that G, ©, E are well defined and infinitely smooth for all s,o € (0, 1]
and Z € R, Observe also that
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The function
xo(s)
90(5)
Zy(8) = "
*) T (5)

e (5
solves the system (20) with G, ®, E corresponding to h = 0 (we will denote
them by G,, ©,, E,) on [3,1].

We claim that

(21)  det (DZGO

(s,ZO(s))) = det(Ao(s, o(5),50(s))) #0 Vs € (0,1].

Indeed, since the matrix A, (s, z,(s), yo(s)) is of the form

( (—2)"n)(s2(5))" (=2)"nl (s (5))" )
(=2)" (= Dl(szo(5))" (=20(5))  (=2)"H(n = Dlsyo(s))" " yo(s) )’

its sign pattern is

T when n is even and - when n is odd.
+ - - +

Thus, (21) follows. In particular,

det <DZGO

(l,ZD(l))) ?é 0

Lemma 8 from [NRZ14, p. 63] then implies that we can choose some small
7 > 0 and, for any fixed k € N, construct a solution Z(s) of (20) that is C*-close
to Zy(s) on [1 — 37, 1], whenever G, ©, E are sufficiently close to G,, ©,, E,
in C* on certain compact sets. Since G, ©®, = and their derivatives are some
explicit (integrals of) polynomials in Z, s, o, h(s), and the derivatives of h(s),
this closeness condition will hold if h and sufficiently many of its derivatives are
close enough to zero. Moreover, since h vanishes on [1 — 7, 1], the assumptions
of Remark 2 from [NRZ14, p. 66] are satisfied and we have Z(s) = Z,(s) on
[1—7,1].

To prove that the z and y components of the solution we found give a
solution of (14), (15) with f defined by (11), we consider the functions

y(s)
n const
F(S) = <f(8, t)2 — L(S7t)2) dt — ﬁ7
—x(s)
y(s)

H(s) = [ (f(s.)? - L(s,t)2)"_lg§(s,t) dt.
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Since equations (18) and (19) of our system (20) were obtained by the differ-
entiation of equations (14), (15), we have

(&) r -0 (L) -

n [1 — 37,1]. Hence, F' and H are polynomials on [1 — 37,1]. Since h(s) =0,
x(s) = xo(8), y(s) = yo(s) on [1 —7,1], F and H vanish on [1 — 7,1] and,
therefore, identically. Thus, we conclude that the z and y components of the
solutions of (18), (19) solve (14), (15) on (1 — 37,1]. Step 2 is completed.

Step 3. We claim that z = x,, y = y, on [1 —37,1—27]; i.e., the perturbed
solution returns to the semicircle. Since h is supported on [1 — 27,1 — 7], we
have L = L, = st and £ L(s,t) =t for s € [1 — 37,1 — 27]. It follows that
every time we differentiate equation (14) (with respect to s) we can divide the
result by s to obtain

y(s) Yo(s)

(22) / (f(t)2 = Lo(s, t)2)" kt2kat = / (fo(t)? = Lo(s,t)H)"*t2kdt
—(s) —Zo(s)
for k < n. If we take k = n in (22), we get

y(s) Yo(s)

(23) / 2 dt = / 2" dt.

—z(s) —Zo(s)

Similarly, for k£ <n — 1, equation (15) implies that

y(s)

/ 8 t) )n—l—thk-‘rl dt

—z(s)
24
( ) Yo(s)

- £ s,1))n IR g —
(fo(t)? = Lo(s,1)?)
—Zo(8)

Putting k =n — 1 in (24), we get

y(s) Yo(s)
(25) / tnldt =0 = / =1 gt
—x(s) —xo(s)

Equation (25) yields z(s) = y(s), and the symmetry (with respect to 0) of the

intervals (—z,($),Yo($)), (—2(s),y(s)), together with (23), yield (—x,(s), yo(s))
= (—x(s),y(s)) for all s € [1 — 37,1 — 27]. Step 3 is completed.
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Step 4. We put & = x,, y = y, on [0, 1—37], which will result in a function
f defined on [—1, 1] and coinciding with f,(t) = v/'1 — ¢2 outside small intervals
around j:%. It remains to check that (14), (15) are valid for s € [0,1 — 37].

We will prove the validity of (15). The proof for equation (14) is similar and
can be found in [NRZ14, p. 53].
Since h = 0 away from (1—27,1—7), we have L(s,t) = st for s € [0,1—37],
so we need to check that
y(s) y(s
(f(t)? = (st)®)" Ledt = 2" edt Vs e[0,1-37].
—x(s) —x(s)
Recall that + = z, and y = y, everywhere on this interval, so we can write x
and y instead of x, and ¥, on the right-hand side.
Using the binomial formula, we see that it suffices to check that
y(s) y(s)
(26) / f(t)Zj 752(n717j)+1 dt — / fo(t)zj tQ(nflfj)Jrl dt
—z(s) —z(s)
forall j=1,...,n— 1 and s€[0,1 — 37]. Since f = f, outside [—z(1 — 37),
y(1 — 37)], splitting the integrals in (26) into three parts with ranges

[—2(s), —x(1 =37)], [-2(1 =37),y(1 =37)], [y(1 - 37),y(s)l],
it is enough to check (26) on the middle interval [—z(1 — 37),y(1 — 37)].
To this end, we first take s =1 — 37, k =n — 2 in (24) and conclude that

y(1-37) y(1-37)
(27) / f)2 23 dt = / folt)? 23 dt,
z(1-37) —z(1-37)

which is (26) for j =1 and s = 1 — 37. Now we go “one step up,” by taking
s=1—-37, k=n—3in (24), to get

y(1-37) y(1-37)
/ (F(0)% — (st)2)225 dt = / (Folt)? — (st)?)26273 dt.
—z(1-37) —z(1-37)
The last equality together with (27) yield
y(1-37) y(1—37)
/ fFOH 0 dt = / Fo(t) 22 dt,
x(1-37) —x(1-37)

which is (26) for j = 2 and s = 1 — 37. Proceeding in a similar way we get
(26) for j =1,...,n—1 and s = 1 — 37. This finishes the proof of Theorem 1
in even dimensions. O
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5. The case of odd d > 3
Note that n = ¢+ 3, ¢ € N. Then (14), (15) take the form

y(s) Yo(s) ¢

t ‘H%dt—/ , 1)2) 1o =

{ Lis.t)?) (e =By
y(s)

(29) [ w2 = L S sy i =0,

—x(s)

where f,, Lo, Yo, and x, are defined by (13).

Our argument is similar to the one in [NRZ14, §4]. Our body of revo-
lution Ky will be constructed as a perturbation of the Euclidean ball. We
remark that in the case of odd dimensions, the perturbation will not be lo-
cal, meaning that the resulting function f(¢) will be equal to v/1—t? on

for some small 7 > 0.

1 1

[_ VIH(1-72 \/1+(1-7)2

We will make our construction in several steps corresponding to the slope
ranges s € [1,00), s € [1 —37,1], and s € (0,1 —37]. We will use different ways
to describe the boundary of K within those ranges. We will define f(t) = fo(¢)
for t € [—%, %} We will differentiate (28), (29) and rewrite the resulting
equations in terms of = and y, to extend x and y to [1 — 37, 1] like we did in the
even case. As before, f is related to x and y by (11). Finally, we will change
the point of view and define the remaining part of f in terms of the functions

R(a) and r(«), related to f by
(30)  f(R(a)cosa) = R(a)sina, f(—r(a)cosa)=r(a)sina, o€ [0, 3]

Note that the radial function pg(w) = sup{t > 0: tw € K} of the resulting
body K satisfies

) R() if w; >0,
(81 pr(w) = {r(a) it wy <0,

where w = (w1, ...,wg) € S% " and a € [0, ], cosa = |wy].

Step 1. We put z = z,, y =y, on [1,00), which is equivalent to putting

ft)=v1—1t2 forte[ﬁ, .

&\
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Step 2. Differentiating equation (28) ¢ + 1 times, we obtain

y(s)

(o)™ [ Gr = psea
—a(s)

—0(1) y(s)
e =( [+ )" (0P L) i+ Bis)
_dx(st)1+1 ycoo(;)st
=) e
where
vl 0 \qt+1 1
B = [ (5)" (00— L) a
—zo(1)

Note that, unlike the function Z; in the even-dimensional case, F7 is well
defined only for s < 1 and only if ||||c1 is much smaller than 1. Also, even
with these assumptions, F1(s) is C* on [0, 1) but not at 1, where it is merely
continuous.

Observe that

9\t g1\ _ _Jils,t, f(D))
(52)" (P2 = L(s %3 = ;z(t)_p@v

where Jp(s,t, f) is some polynomial expression in s, ¢, f, h(s), and the deriva-

tives of h at s.

Making the change of variables ¢ = —xz(c) in the integral [~ , and

x(s
t = y(o) in the integral fyy((sl)) and using (11), we can rewrite the sum of the
first two integrals in (32) as

_/1{ Ji(s,—z(0), L(o, —z(0))) dj(a’)
VIL(o,—2(0))? = L(s, —x(0))? ds
J1(s,y(0), L(0,y(0))) dy
\/L (0,9(0))% — L(s,y(0))2 ds

—(0)| do

Now write
L(o, t)2 — L(s,t)2 = (L(o,t) — L(s,t))(L(0o,t) + L(s,t))
and

L(o,t) — L(s,t) = ot + h(o) — st — h(s) = (o0 — s)(t + H(s,0)),
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where

is an infinitely smooth function of s and o. Let

J1(s,t, L(o,1))

32
Kl(s,U,t) - \/(t—i-H(SaU))(L( )+L(8,t)).

The function K is well defined and infinitely smooth for all s, o, t satisfying
(t+ H(s,0))(L(o,t) 4+ L(s,t)) > 0. If ||h||c1 is small enough, this condition is
fulfilled whenever s, o€ [, 1] and [¢| > 1.

Now we can rewrite equation (32) in the form

1
_/<K1(S,a,—x( ) Zﬁ( ) + Ki(s,0,y(0)) dy( )) do

(33) ds Vo —s
d \ ¢+l const
=—F — )
1(s) + (ds) V1 s2

Similarly, we can differentiate (29) ¢ times and transform the resulting
equation into

1

dx dy( )> do — _By(s),

(30 = [ (Kaloo.=o(0) G (0) + Kals, . 4(0))

s

where Ky is well defined and infinitely smooth in the same range as K.
The function Fs on the right-hand side of (34) is given by

o) = [ (5) " ((n02 — Bsut?) 2 s,

—z0(1)

and everything that we said about E; applies to Fy as well.
Equations (33) and (34) together can be written in the form

(35) /1 Ks, U\’/Zg(ai

Q..‘&
3N

(9))

do = Q(s),
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/
where, for z = v , 2= :E, € R?,
Yy Yy

no_ Kl(S,O', —ﬂ?) z' + Kl(S,O’,y) y/
Kooz 2) = ( Ka(s,0.~2)a’ + Ka(s.0,y)y )’

d\? const
o = [ BT (#)"
—Es(s)
By Lemma 8 in [NRZ14, p. 63] with b = 1, equation (35) is equivalent to

dz ~

1
(36) — Ga(s,s,2,2') + / iGQ(S,O’, z(o), d—s(a)) do = Q(s),

where

Note that

1
G2(8787272/) =C - K(S,S,Z,Z/), C:/dT
NG

To reduce the resulting system of integro-differential equations to a pure system
of integral equations we add two independent unknown functions z’, v/, let

/
o = ( :lj/ )7 20(8) = ( 9;052 ), and add two new relations

1

z(s) = —/z’(a) do + z,(1).

s

Together with (36), they lead to the system

1
(37) G(s,Z(s)) :/(—)(S,U,Z(U))da-i-E(s),

N
I
N
8w
~_
I
S

v
SRS

Here

z 2
G(s,Z2) = ( —Go(s, 5,2, ) ), O(s,0,7) = — ( 2.Gy(s,0,2,7) ),
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In what follows, we will choose h so that ||h||c1 is much smaller than 1. In

this case, G, © are well defined and infinitely smooth whenever s, o € [%, 1],

2|, ly|> 3, 2/ € R% and E is well defined and infinitely smooth on [3,1).

Observe also that
(T 0
(5.2(s)) * A )7

1 0
I:(0 1), A(s,z) =C - E(s, 2),

| Ki(s,s,—x) Ki(s,s,y)
E(s,z) = ( Ks(s,s,—x) Ks(s,s,y) )

DzG

where

and

The function

o w(s) ) Yo(s
2= (g )~ | 0o

ds

solves the system (37) with G, @, E corresponding to h = 0 (we will denote
them by G,, ©,, E,) on [%, 1], say.
We claim that

(38) det (DZGO

<s,Zo(s>>) = det(Ao(s,2(s))) #0 V¥ s € [5,1].

Indeed, since K1 2(s, s,t) have the same signs as Ji 2(s, &, L(s, t)) and since

(st L(s, 1) = g+ DU ( — L(s,t) 22 (s,0)) "

s
Ja(s,t, L(s, 1)) = (20 — )1 - L(s,t)%(s,t))q%(s,t),

we conclude that the matrix A,(s, z,(s)) has the same sign pattern as the

matrix ( (_1)q+1 (_1)q+1 )
(1) (=z0o(s)) (=1)7yo(s) )’

i.e., the signs in the first row are the same, and the signs in the second one are
opposite.
Thus, (38) follows. In particular,

det (DZGO

(1,ZO(1))) 7& 0

Lemma 8 from [NRZ14, p. 63] then implies that we can choose some small
7 > 0 and construct a C*-close to Z,(s) solution Z(s) of (37) on [1 — 37,1]
whenever G, ©®, E are sufficiently close to G,, ©,, E, in C* on certain compact
sets. Since G, ©, E and their derivatives are (integrals of ) explicit elementary
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expressions in Z, s, o, h(s), and the derivatives of h(s), this closeness condition
will hold if A and sufficiently many of its derivatives are close enough to zero.
Moreover, since h vanishes on [1 — 7,1], the assumptions of Remark 2 from
[NRZ14, p. 66] are satisfied and we have Z(s) = Z,(s) on [1 — 7, 1].

The x and y components of Z solve the equations obtained by differenti-
ating (28) and (29). The passage to (28), (29) is now exactly the same as in
the even case.

Step 3. From now on, we change the point of view and switch to the
functions R(a) and r(a), a € (0,7), related to f by (30). The functions
x and y, which we have already constructed, implicitly define C'*°-functions
Ry (a) and () for all @ with tana > 1 — 37.

Instead of parametrizing hyperplanes by the slopes s of the corresponding
linear functions, we will parametrize them by the angles 3 they make with the
xr1-axis, where [ is related to s by tan 8 = s.

Our next task will be to derive the equations that will ensure that all
central sections corresponding to angles 5 with tan 8 < 1 — 27 are the cutting
sections with equal moments with respect to any (d — 2)-dimensional subspace
passing through the origin. We will also ensure that the origin is the center of
mass of these sections. Note that the sections are already defined and satisfy
these properties when tan g € (1 — 37,1 — 27).

It will be convenient to rewrite conditions (7), (8) and (9) in terms of the
spherical Radon transform (see [Gar06, pp. 427-436]), defined as

RIO= [ fwde fecsth,  gestt
Sd—lmgl
We will use the following proposition.

PROPOSITION 2. Let K be a convex body of revolution about the x1-axis
containing the origin in its interior, and let £ = (£sina,0,...,0,Fcosa) €
SI=1 be the unit vector corresponding to the angle o € [0, 5). Then the center
of mass of the central section K N&L is at the origin if and only if

(39) (R(wjple(w))(€) =0,  j=1,....,d-1.

Also, the moments of inertia of the central section K N &L with respect to any
(d — 2)-dimensional subspace Il are constant independent of 11 if and only if

(40) (R(wipgd ! (w))(€) = const(d +1)(1 - &),
(41) (R(wjzp;l;rl(w))(f) =const(d+1) Vji=2...,d—1,
and

(42) (R(wjwipl ™ (w))(€) =0,  jl=1,...,d=1, j#L
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Proof. If the center of mass of K N &L is at the origin, we have

1
dx = 0.
volg_1 (K NéL) /a: v=0
Knet

Passing to polar coordinates in £~ and taking into account the fact that for

w € &+ we have wy = w tan a, we obtain the first statement of the lemma.
Let IT be any (d — 2)-dimensional subspace of £+, and let u = ug_; be a

unit vector in £+ orthogonal to II. By (3) the condition on the moments reads

as
(43) Trrer (I1) = / (z - u)? dx = const Vu e S net,
Knet
Denote by ¢1, . .. 41 the orthonormal basis in £+ such that 1, = cosa ey +
sina eq and 1j = e; for j = 2,...,d — 1. Passing to polar coordinates and

d—1

decomposing u in the basis {¢; we see that the moments of inertia of the

=1’
central section K N &L with respect to any (d — 2)-dimensional subspace are

constant if and only if

(44) (R((w - 1)?pgd ™ (w))(€) = const(d + 1),

equation (41) holds, and

(45)  (R((w-1j)(w - w)pi ())() =0, Gl=1....d=1 j#I

see the proof of Theorem 1 in [Rya20]. Since w - ¢; = w; cos @ + wy sin a and
wq = wi tan a, we see that (44) and (45) are equivalent to (40) and (42). This
gives the second statement, and the lemma is proved. O

We remark that for any body of revolution around the z-axis, (39) holds
for j =2,...,d—1. Taking u = ¢; in the integral in (43), by rotation invariance
we obtain that the moments in (41) are equal for j = 2,...,d—1. Also, arguing
as at the end of the proof of Lemma 3 we see that (42) is valid.

By these remarks, Step 2, Lemma 4 with s, = 1 — 37 and Proposition 2
with K = Ky, when K/ is the body of revolution we are constructing, equa-
tions (39), (40), (41) and (42) hold if tan « € (1—37,1—27) with the constants
in (40), (41) independent of £. Also, the left-hand sides of (39), (40) and (41)
are already defined on the cap

U ={¢ e Sl ¢ = +sina, ac [0, g], tana > 1 — 37}

and are smooth even rotation invariant functions there.
Assume for a moment that we have constructed a smooth body K so
that conditions

(46)  (R(wipi (w))(€) = const(d + 1)(1 —&F),  (R(wiple, (w))(€) =0
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hold for all unit vectors ¢ € S% ! with & = +sina, corresponding to the
angles a € [0, 5] such that tana < 1 — 27. Then by the above remarks,
Proposition 2 and the converse part of Lemma 4 with s, = 0, conditions (14),
(15) of Proposition 1 are satisfied for all s > 0 and K floats in equilibrium in
every orientation at the level %(K).

Thus, it remains to construct the part of Ky so that (46) holds for all
unit vectors { corresponding to the angles « € [0,1 — 27]. To this end, denote
by ¢p and v, the left-hand sides of (46) defined on U,.. We put ¢p(§) =
const(d + 1)(1 — &%) and ¢y, (€) = 0 for £ € S9! such that & = +sina and
tana € [0,1 — 27]. This definition agrees with the one we already have when
tana € [1 — 37,1 — 27], so ¢, and vy, are even rotation invariant infinitely
smooth functions on the entire sphere.

Recall that the values of Rg(€) for all € € S9! such that & = 4 sin o and
tana > 1 — 37 are completely determined by the values of the even function
g(w) for all w € S9! satisfying w; = 4 cosa and tana > 1 — 37. Moreover,
for bodies of revolution (but not in general) the converse is also true. (See the
explicit inversion formula in [Gar06, p. 433, formula (C.17)].)

Since the equation Rg = ¢ with even C'* right-hand side g is equivalent

to
g(é.) +2g(_§) — R_lﬁ(ﬁ),
we can rewrite the equations in (46) as
(47) wi(pgd (w) + i (—w)) = 2R n) (w)
and
(48) wi(ph (w) = plc(—w)) = 2(R™ ) (w).

The already constructed part of px satisfies these equations for the vectors
w € S9! such that w; = +cosa and tana > 1 — 37.

Since the spherical Radon transform commutes with rotations and our
initial px was rotation invariant, the even functions 2R "ty (w), 2R ™1y (w)
are rotation invariant as well and can be written as ®;(«) and ¥p(a), where
w € S is such that w; = +cosa and a € [0, 5]. Note that the mappings
h +— ®;, h — ¥, are continuous from C*t4+1 to C* say. Thus, for all h
sufficiently close to zero in C*+4+1 &, and ¥, will be close to ®g = 2w} and
Uy =0in CF.

We will be looking for a rotation invariant solution px of (47) and (48),
which will be described in terms of the two functions R(a) and r(«) related to
it by (31). Equations (47) and (48) translate into
(49) R a) + r™ (@) = i) RY(a) —r%(a) =

cos? o’ cosa
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Equations (49), together with the conditions R(a) > 0 and r(a) > 0, deter-
mine R(«) and r(«) uniquely, and they coincide with the functions Ry and 7,
obtained in Step 2 for all a € [0, §] with tan o > 1—37. Therefore, any solution
R, r of this system will satisfy R(a) = Rp(«), () = () in this range.

If h and several of its derivatives are small enough, the functions ®;, —2w?,
W, and several of their derivatives are uniformly close to zero. Since the map
(R,7) — (RM! 4 pdtl R4 _ pd) is smoothly invertible near the point (1,1)
by the inverse function theorem, the functions R, r exist in this case on the
entire interval [0, %], and are close to 1 in C%. Moreover, R'(0) = 7/(0) = 0,
because ®, (0) = 0, ¥} (0) = 0; otherwise the functions R, R~ "4, would
not be smooth at (1,0,...,0). This is enough to ensure that the body given by
R and r is convex and corresponds to some strictly concave function f defined
on [—7(0), R(0)].

This completes the proof of Theorem 1 in the case of odd dimensions. [

It remains to prove Theorem 2. Assume that a body K C R3 has density
D and volume V. If K is submerged in liquid of density D" and V"’ is the volume
of a submerged part, then, by Archimedes’ law, DV = D'V’; cf. [Arc02, p. 257,
[Zhu36, p. 657]. Taking D’ = 1 and V/=3V, we obtain the result. O

Appendix A. Proof of Theorem 3 taken from [Olo41]
A.1. The “if” part. We begin with several auxiliary lemmas.

LEMMA 5. Let d > 2, let M C R? be a conver body, and let ¢ € (0,1).
Consider the neighborhood of OM, U.=U.(0M)={p € R? : dist(p, 0M) < ¢}.
Then volg(Us) < 3eS(M), provided € is small enough.

Proof. We fix a small ¢ > 0 (we will choose it precisely later) and claim
first that

(50) volg(M NU.) < volg((R4\ M) N U.).

Assume for a moment that M is a convex polytope, and consider the rectan-
gular prisms T based on facets F' of M of height 2e, Tp = F + [—cvp, cvF],
where vp is the outer unit normal vector to F such that F'+4 (0, cvp] € R4\ M,
F + [—evp,0] € M. The union of these prisms inside M contains M N U,
and the parts of prisms corresponding to the neighboring facets intersect. On
the other hand, the parts outside of M do not intersect, and the inequality for
polytopes follows from

volg(M NU;) < VOld(U(F + [—evp, 0]))
F

< voly(|J(F + [O,EUF])> < vola((RT\ M) N UL).
F
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The general case can be obtained by approximation of M by polytopes and
passing to the limit in the previous inequality. This proves the claim.

By (50) we have volg(U.) < 2volg((R?\ M) N U.), and it is enough to
estimate the latter volume. To do this, we will use the fact that

(RI\M)NU. € (M+eB)\ M
and the definition of the surface area

S(OM) = lim volg(M + eBY) — volg(M)

e—0t 15

Taking £¢ so small that for all € € (0,eq) the above fraction is in (w, W)

we obtain the desired estimate

volg(U.) < 2(volg(M + eBY) — voly(M)) < 3S(M). O

il

To prove the next result we introduce some notation. Let Py be the
orthogonal projection onto a hyperplane H. For € > 0, we let

(51) Ee = Py ({p € 0K : dist(p, H(S)) < €}),

where H () is a hyperplane for which (1) holds. Let D be the length of a
diameter of K, and let

2D
(52) M Vol (KN H - (©)
We put
(53) Sye = {p € H(E) : dist(p, 0K 1 H(€)) < pie}.

LEMMA 6. Let € be the mazimal distance between H(E) and any point in
KNH™(§). Then Z. C ¥, fore € (0,€) and volg—1(X,e) < 3cquD¥ 2 =0
as € — 0.

Proof. Consider a hyperplane G(§) € H~ () that is parallel to H(§) and
such that dist(H(£),G(€)) = € for ¢ € (0,€). Consider also a hyperplane
T containing any two corresponding parallel (d — 2)-dimensional planes that
support K N H(§) and K N G(§). In the half-space H~ (§) containing these
sections choose an angle 7 between T and H(&) that is not obtuse. (See
Figure 4; cf. Figure 1 in [Olo41].)

Then

€ < Dsinn, volg(K N H™(£)) < D41E < Dsin~.

On the other hand, if \ = YUEOH(©) 4pqp
VOld(K)

voly(K NH™(§)) >

A 1
> =
1+ )\VOId(K) = 2)\V01d(K),
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Figure 4. The hyperplanes H (&), G(§), and T.

which yields

Avolg(K) 2D?
opd 0 et < oy T
Since the distance between the corresponding (d — 2)-dimensional support
planes to K N H(§) and Py (K N G(E)) is e[coty| < pe, we see that =,
is a subset of 3.
Identifying H (¢) with R9~! and applying Lemma 5 with d and M replaced
by d — 1 and K N H(£), respectively, we obtain

volg—1(Xpe) <3ueS(KNH(E)) < 3uecgD¥? 50 as e —0;

siny >

here the second inequality uses the estimate S(K N H(€)) < cgD9"2, where
¢q is a constant depending only on d. (See, for example, inequality (7) in
[HCSSGO4, Th. 1].) O

Now consider a family W = Wr of hyperplanes H satisfying (1) that
are parallel to some (d — 2)-dimensional subspace I'. Each such hyperplane is
determined by the angle 6 € [0,27] it makes with some fixed Hy € W. (We
take the orientation into account.) We will denote by H(6) and H (0 + Af) the
hyperplanes in VW making angles 6 and 6 + Af with the chosen Hy = H(0) =
H(2m).

LEMMA 7. For sufficiently small A8, the (d — 2)-dimensional plane H ()
N H(O + A0) passes through the interior of K.

Proof. Without loss of generality we can assume that
volg(K N H™(0)) < volg(K N H"(0))

and
volg(K N H™ (0 + A9)) < volg(K N H™ (6 + A)).

If the lemma is not true, then a priori we have the following three cases:
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(1) one of KN H~(#) and K N H~ (0 + Af) is strictly contained in the other;
(2) K=(KNH-(0)U(KNH(0+ A)) but

volg(KNH™(8))N(KNH (84 A8))) > 0;

(3) KNH(0) and KN H™ (0 4+ Af) have no common point in the interior of
H=(0).

The first two cases are impossible due to the fact that
volg(K N H™(0)) = volg(K N H™ (0 + A0))
and

voly(K N H(6)) < %Vold(K), voly(K A H™ (6 + A8)) < ~voly(K).

N =

It remains to show that (3) is also impossible.

As argued in the first two cases, we can assume that § € (0, %(K)) Let
B be the smallest angle between H (6) and the supporting hyperplanes to K at
points in 0K N H(#). As in the proof of Lemma 6, one can show that

. Avoly(K) 1
6 > Slnﬁ > W = ;,

where 1 is defined by (52) with H (&) replaced by H(6).

Observe that one of the two supporting hyperplanes to K, which are
parallel to H(6 + Af), must also support K Nint H~(#), provided that Af €
(0, i) Denote this hyperplane by H (0 + Af). We will show that

(54) (K Nint B(8) Nint B (0 + 40)) N H (0 + A0) # 0

holds, which contradicts (3). To prove (54), we consider two more cases:

(3a) the part of K between H (6 + Af) and H (6 + Af) strictly contains K N
H™(0);

(3b) KNH™(0+A0) C KN HT(B) for all A9 € (0, ;).

However, the case (3a) is similar to (1), hence it cannot occur. The case (3b)

is also impossible. Otherwise, we would have

la( K
§ = lim volg(K N H™ (0 + Af)) = volg(K N HT(0)) = voly(K) — & > vola ),
A0—0 2
which contradicts our choice of . This shows that (54) holds, and this finishes
the proof of the lemma. O

Now choose a “moving” system of coordinates in which the (d — 2)-
dimensional plane H (6)NH (0+ A0) is the p1p2 - - - pg—2-coordinate plane. Since
in our argument A will tend to zero, we assume that Af is acute and Af < %
Therefore, by the previous lemma, H(0) N H(0 + Af) intersects the interior
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H(6 + Af)

Af H ()
Pd—1

Figure 5. The function (.

of K. We also assume that the axis pj_1 = pg—1(6, A0) is in H(0) and the axis
pa = pa(0, Af) is orthogonal to H(6).
Our next goal is to write a formula for

(55) AV =volg(KNH™(0)) — volg(K N H™ (0 + Af))

in terms of [ pg_1 tan A dp. To do this, we let
KNH(6)

A = (K 1 H(60))APyg)(K N H(0 +A6))

and we estimate the error (; = (4(0,40) of p; = pg_1tan AP in A that is
obtained during the computation of AV using the latter integral (see Figure 5).

More precisely, (g is defined as follows. Let p € A, let [ be the line
parallel to the pg-axis passing through p, and let (T = 1N H(6 +A0). We put
(T =INOKNH (0+A0)NHT (@) or (- =I1NIKNH"(6+A0)NH (),
provided C:[ > 0 or Cj < 0 correspondingly. We have Qj = pg_1tan Af. If
(7 >0, then [(",(T]C K or[p,(7] C K, and we put {4 =¢; or (g = —(;
correspondingly. If ¢ < 0, then [(T,(7] C K or [(7,p] C K, and we define
Ca=CgorCa=¢ —¢;-

The next lemma is a direct consequence of the fact that all hyperplanes
in W satisfy (1).

LEMMA 8. Let AV be defined by (55). Then

(56) AV = / pa—1 tan Af dp — /Cd dp = 0.
KNH(0) A

We are ready to finish the proof of the “if” part of Theorem 3. Let
pa—1(C(K N H(A))) be the (d — 1)-coordinate of C(K N H(H)) with respect to
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the moving coordinate system. By (56), we have

B {1 ol dp [ ¢a dp
n A
pa—1(C(K NH(9))) = voly_1(K N H(0)) ~ voly_1(K NH()) tan A9’

Let Zpgin ag be defined as in (51) with H () replaced by H(6). Since for every
p € A there exists ¢ € K such that Pyg)q = p and dist(q, H(#)) < Dsin0,
we see that A C Epgin ae- Applying Lemma 6, we have Epgin a0 C XD sin A6
and

volg_1(A) < voly—1(Epsin20) < voly—1(E.psina0) < 3cauD*" P A0 — 0

as A8 — 0. Using the estimate |(4| < D tan Af, this gives

pa_r(C(K O H(0)))| < —2tan A0 vola_1(A)

= Soly (KN H(0)) tan 26 "

as A0 — 0. Therefore, as A — 0, the (d — 2)-dimensional plane H(#) N
H (64 Af) tends to the limiting position IIp(#) that passes through the center
of mass of K N H(A) and which is parallel to T'.

To show that C(K N H(#A)) is the characteristic point of the family of
cutting hyperplanes with respect to H(6), we consider any (d — 2)-dimensional
subspace I that is parallel to H(6) and repeat the above considerations for the
family of cutting hyperplanes Wg that are parallel to T. We see that if the
plane H (6 + Af) € Wg tends to H(f) as A9 — 0, then C(K N H(A)) € IIx(0),
where IIx(6) is the corresponding limiting position of H(#) N H(# + Af) as
A — 0. Therefore, C(K N H(A)) € (IIx(6), where the intersection is taken
over all (d — 2)-dimensional subspaces I parallel to H(6). This shows that the
characteristic point of the family of cutting hyperplanes with respect to H(#)
is C(KNH()).

Since the subspace I' and the angle 6 were chosen arbitrarily, we obtain
the proof of the “if” part of the theorem.

A.2. Proof of the converse part of Theorem 3. Let Q be the family of
hyperplanes satisfying the hypotheses of the converse part of the theorem. Let
also I' be an arbitrary (d—2)-dimensional subspace, and let V C Q be the family
of hyperplanes H parallel to I' and such that the centers of mass of K N H,
H €V, coincide with the characteristic points of Q with respect to H. Also,
as above, choose an arbitrary angle 6, the hyperplanes H(6) and H (6 + Af) in
V and a “moving” coordinate system. Since C(K N H(#)) is the characteristic
point of Q with respect to H (), we can assume that pg_1(C(K N H(0))), as a
function of A, tends to zero as A8 — 0.
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Using (56) we have

AV tan A0 Ca
(57) A0 - Ad / Pa—1 dp — A0 dp.

KNH(0) A

Since C(K N H (0 + Af)) - C(KNH(0)) and 0K N H(0 + Af) — 0K N H(0)
as A — 0, the set A defined in Lemma 8 satisfies volg_1(A) — 0 as A — 0.
Using this and the fact that |(4] < Dtan A6, we see that both summands in
the right-hand side of the above identity tend to 0 as A¢ — 0. This gives
hmAg_m % =0.

Consider the function & +— g(&) := volg(K N H~(£)) on S9!, where
H(¢) € Q. We will show that g is identically constant on S9~!. It is enough
to prove that for every ¢ € S¥"!Nel, g is constant on the meridian M (s) =
{¢€ = (singpg,cosp) € S pe (0,7}

To this end, let ¢ € S¥ 1N edL be fixed. Also, fix any & = (sin ¢, cos ) €
M () such that ¢ € (0,7). Since I" and 6 are at our disposal, we make the choice
as follows. We take I' to be the (d — 2)-dimensional subspace orthogonal to
the 2-dimensional subspace I'" containing M (s). Next, as above, we consider
the corresponding family V of hyperplanes H parallel to I', and we choose
9 = 0(¢) € [0,2r) so that H(#) has the outer normal vector £&. Then 24 (¢) =

O
limag_g %, where % is as in (57). We have proved above that the latter
limit is zero, hence, g—g(ﬁ) = 0. Since the point { € M(s) \ {£eq} was chosen

arbitrarily, by the mean value theorem, we see that g is constant on M (<) \
{+e4}. Since g is continuous on S9!, we conclude that it must be constant
on M(s) and on S9!, The proof of the converse part is complete.

This finishes the proof of Theorem 3. ([

Appendix B. Proof of the converse part of Theorem 4

Let T' be any (d — 2)-dimensional subspace of R?. We let the family
W = Wr of hyperplanes H(#), 6 € [0, 27], satisfying (1) and that are parallel
to I' be as in the previous section. We will use the notation C(6) € S for the
centers of mass of the corresponding “submerged” parts K N H~ ().

We remark that by [HSW19, Th. 1.2] the surface of centers S is C''-smooth,
and we will denote by H(6) the tangent hyperplane to S at C(0).

The following auxiliary result is well known (cf. [dLVP25, pp. 275-279]
and [Zhu36, pp. 658-660]). Since these references are not readily available, we
provide the proof for the reader’s convenience.

THEOREM 5. Let d > 2, let K C R? be a convexr body, and let § €
(0,volg(K)). Then for any T' and for any H(6) € Wr, 6 € [0,2x], H(0) is
parallel to H(0). Also, the bounded set L = L(S) with boundary S is a strictly
convex body.
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Proof. Fix T'and 6 € [0,27). Let H*(6) be the corresponding half-spaces.
We claim that S € H*(0).

Rotating and translating if necessary, we can assume that H(6) = ej and
KNH (0 c {peR?:py <0} Let H@B) € Wr, 6 £ 0, 6 € [0,27). To
prove the claim, it is enough to show that C(8) is “above” C(6), i.e., pa(C()) <

pa(C(0)). Since pg > 0 for allp e (KNH(6))\ (KN H () but pg < 0 for
all pe (KNH(A)\ (KN H(0)), we have

pa(C(0)) = %( / padp + / Pd dp)

(KNH=(0))\(KNH~(6)) KNH=(0)NH~(6)
1 ~
<O [ w0 ) = pic@)
(KNH= (0))\(KNH~(0)) KNH=(0)NH~(6)

and the claim is proved. Since SNH(0) = C(6), the hyperplane H(6) is tangent
to S at C(0).

Thus, for any ¢ € S, we have S C HT(€), SNH(E) = C5(¢) and
mingecga-1y [C(K) — Cs(§)| > 0. We conclude that L(S) = (Ngega-13 HT(€) is
a strictly convex body. ([l

To prove the converse part of Theorem 4 it is enough to show that the
orthogonal projection of S onto any 2-dimensional subspace of R? is a disc.
Indeed, by applying [Gar06, Cor. 3.1.6, p. 101] to L(S), we obtain that in
this case S is a sphere. Using Theorem 5, as well as the fact that all normal
lines of the sphere intersect at its center, we see that for every & € S, the
lines ¢(&) passing through C(K) = C(S) and Cs(&) are orthogonal to H (). By
Definition 1 this means that K floats in equilibrium in every orientation.

Let T be as above, let '™ be the 2-dimensional subspace orthogonal to T,
and let P = Pp. be the orthogonal projection onto T't. Let 3 C S be the
shadow boundary of L with respect to I'*, i.e.,

B= |J LnH(®)={Cs0):0¢€][0,2n]}.
{6€]0,2~]}
To show that P(L) is a disc for every I', we will prove the following lemma.

LEMMA 9. Let £(0) € S be the outer normal vector to H(6), and let
Pp ={PCs(0) :0 € [0,2]|} be parametrized as 0 — o(0), 6 € [0,2n]. Then

1

(58) 0'(0) = =5 IknneI) £0) V0 € (0,2,

where 11 is the (d — 2)-dimensional plane passing through C(K N H(0)) and
parallel to T'.
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Assume for a moment that (58) is proved. By conditions of the theorem,
Ixnm@e)(IT) is a constant ¢ independent of II and 6. Integrating both sides
in (58) we have o(0) = —$£(0) + C, where C is a constant vector. Hence,
Pp is a circle. Since I' was chosen arbitrarily, the projection of S onto any
2-dimensional subspace is a disc.

To finish the proof, it remains to prove the lemma.

Proof. We can assume that H(0) = e;, KNH(0) C {p € R : py < 0}
and o(0), £(0), £ (0) are 2-dimensional, i.e., 0(8) = (04-1(0), 04(0)), £(0) =
(0,1), &(#) = (—1,0). Since the tangent vector ¢'(f) is parallel to H(6)
and since H(0) is parallel to H(#) by the previous theorem, we conclude that
0y(0) = 0.

To compute ¢, (#), we will estimate g4_1(0 + Af) — gq—1(0) for A6
small enough. As in the previous appendix, we choose a “moving” system of
coordinates in which the (d — 2)-dimensional plane H(0) N H(6 + Af) is the
p1p2 - - - pg—o-coordinate plane. We have

0a0+80) 020 =5( [ perdo- [ peid)

KNH—(6+A0) KNH=(0)
1 2
KNH(6) A

where the last equality is similar to (56), and A and (4 are as in Lemma 8 (see
Figure 5). Dividing both sides by A#, passing to the limit as A — 0 and
using the “if” part of the theorem proved in the previous appendix, we obtain

1 1
0q1(0) = 3 / Pi_1dp = EIKOH(G)(H)'

KNH ()
This gives (58). O
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