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ZEROS OF SYSTEMS OF EXPONENTIAL SUMS AND
TRIGONOMETRIC POLYNOMIALS

EVGENIA SOPRUNOVA

Abstract.  Gelfond and Khovanskii found a formula for the sum of the valu es of
a Laurent polynomial at the zeros of a system of n Laurent polynomials in ( C )"
whose Newton polyhedra have generic mutual positions. An exponential change
of variables gives a similar formula for exponential sums with rational frequencies.
We conjecture that this formula holds for exponential sums w ith real frequencies.
We give an integral formula which proves the existence-part of the conjectured
formula not only in the complex situation but also in a very ge neral real setting.
We also prove the conjectured formula when it gives answer zeo, which happens
in most cases.

1. Motivation and Summary

Algebraic georgetry is concerned with the study of zero sets foalgebraic poly-
nomials f (x) = c X , where = 15000 n) 2 ZM, x = (X1t Xn). If
we allow the exponents to be real vectors, f becomes a multi-valued function.
This can be remedied by an exponential change of variables; P exp2zi, af-
ter which we obtain a single-valued exponential sum of the fom c exp2z ,
where = ( 1;:::; n) 2 R" is the vector of frequencies,z = (z1;:::;z,) is the
vector of variables, and z is the standard scalar product.

Some results from algebraic geometry can be generalized tdis wider class of
functions. For example, Bernstein's theorem states that tre number of zeros of a
generic system ofn algebraic equations in C )" with a xed collection of Newton
polyhedra is equal to n! times the mixed volume of the Newton polyhedra of the
system. A system ofn exponential equations in n variables usually has in nitely
many isolated zeros, thus one has to study the distribution 6 these zeros in order
to obtain nite invariants. O. Gelfond proved that the mean n umber of complex
zeros of a system ofn exponential sums inn variables with real frequencies whose
Newton polyhedra have su ciently general mutual positions (so-called developed
collection of Newton polyhedra), is equal to n! times the mixed volume of the
Newton polyhedra of the system [[8].

O. Gelfond and A. Khovanskii found a formula for the sum of the values of a

Laurent polynomial at the zeros of a system ofn Laurent polynomials in C" with

2000 Mathematics Subject Classi cation. 14P15, 33B10.
Key words and phrases. Exponential sums, trigonometric polynomials, quasiperio dic functions,
mean value.

1



2 EVGENIA SOPRUNOVA

a developed collection of Newton polyhedral]5,16]. This formla splits into two com-
ponents. One of them is geometrical and re ects the mutual pgitions of the Newton
polyhedra of the system, while the other component is expresed explicitly in terms
of the coe cients of the polynomial and the system.

An exponential change of variables gives a similar formuladr exponential sums
with rational frequencies. We conjecture that this formula also holds for exponential
sums with real frequencies. Here is some evidence for thig.the exponential sum that
we are summing up is identically equal to one, the formula fdbws from combining
two results: Gelfond's generalization of Bernstein's theoem [8] and the new formula
for the mixed volume [11]. In [I3] the conjectured formula isproved in dimension
one.

The conjectured formula, rst of all, implies that the mean v alue exists. We prove
the existence not only in the complex situation but also in a \ery general real setting
by providing an integral formula for the mean value.

If the frequencies of the exponential sum that we are summingip are not com-
mensurate with the frequencies of the system the conjectuk formula states that
the mean value is equal to zero. We show that this is actually tue and therefore
prove the conjectured formula in most cases. For example, ithe exponential sum
that we are summing up is a single exponent exp2Z , z2 C"; 2 R", then the
formula is proved for all values of except for a countable set inR".

Our arguments represent a combination of real analytic georatry and ergodic
theory. They are based on two theorems from completely di eent parts of mathe-
matics: the cell-decomposition theorem for subanalytic sis (Appendix B) and Weyl's
equidistribution law for multidimensional trajectories i n the real torus (Appendix
A). Weyl's equidistribution law for one-dimensional traje ctories is a classical the-
orem which was published in 1916 (se€T16]). The proof of theocresponding law
for multidimensional trajectories in [[Z] is a direct genealization of Weyl's original
argument.

Remarks. Similar ideas rst appeared in Weyl's papers [14] and [[15] whkre he
solves the mean motion problem. S. Gusein-Zade and A. Estevowere dealing with
related questions and were using close techniques inl [9,118] to prove the existence
of the mean Euler characteristic and mean Betti numbers of lgel sets and sets of
smaller values of a quasiperiodic function. Their motivation is completely di erent
from ours: it comes from the analysis of some models of chaatibehavior appearing
in quasicrystal structures. See also a recent papef][1] of V. Arnold for a close
discussion.

AcknowledgementsThis paper is a part of the author's Ph.D. thesis [12] defendd
in spring 2002. | would like to thank my thesis advisor Askold Khovanskii for stating
the problem and for his constant attention to this work.
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2. The Gelfond{Khovanskii formula and its conjectured
generalization to the case of exponential sums with real
frequencies

Let 1;:::; n be convex polyhedra inR" and = 1+ + 4 be their
Minkowski sum.
De nition 2.1. A collection of facesf ; : j;J =1:::ng is coordinated if
there exists a nonzero linear function onR" whose maximum on the polyhedron
is attained exactly on the face j forall j =1:::n. A collection of polyhedra

1;::1; n is developedf none of the polyhedra is a vertex, and in any coordinated
collection of faces there is at least one vertex.

Fix a system

P.i(z) = =Pn(z)=0; z2C"

of n Laurent equations with a developed collection of Newton paothedra  1;:::; n.

The Gelfond{Khovanskii formula states that the sum of the values of a Laurent
polynomial Q over the zeros of the sys)t(em inC )" is equal to

()" kC;

where the summation is performed over the vertices of = 1+ + 4,k
is the combinatorial coe cient that corresponds to the vert ex (the combinatorial
coe cients are integers that re ect the mutual position of t he Newton polyhedra

1;:::; n of the system, se€[15,16] for the de nition), andC is an explicit Laurent
polynomial in the coe cients of P = P; P, and Q. This result was announced
in [B], and a proof was given in[[6].

If we allow the exponents of the Laurent polynomials to be rehvectors, we ob-
tain multi-valued functions. After an exponential change of variables they become
single-valued exponential sums with real frequencies. Nowe make some prepara-
tions before we formulate the conjectured generalization bthe Gelfond{Khovanskii
formula to the case of exponential sums.

Let be a nite setin R". An exponential sum with the spectrum is a function
F:C"! C of the form X

F(z) = c exp2 z
2
where the summation is performed over the frequencies 2 , z=(2z1;:::;2,) 2
C", ¢ are nonzero complex numbers, andz is the standard scalar product. The
Newton polyhedronof an exponential sum is the convex hull () of its spectrum
Fix a system of exponential sums

(2.1) Fi(z) = = Fn(z)=0; z2C"
with a developed collection of Newton polyhedra 1;:::;  in R". Due to the

assumption that the collection of the polyhedra is developd, there exists R > 0
such that all the zeros of the system lie in a stripSg  Im C",whereSg  ReC" is
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a ball of radius R centered at the origin. This implies that all the zeros are i®lated
(see Theoremall).

Let G be another exponential sum with real frequencies. The sum ahe values at
the zeros of a system in the exponential case is replaced withe result of averaging
G over the zeros of the system along the imaginary subspace. te Im C" be a
bounded set with nonzero volume. For 2 R, dene S ( ) to be the sum of the
values of G at the zeros of [Z1) (counting multiplicities) that belong to the strip
R" cn.

De nition 2.2. The mean valueM of G over the zeros of the system[{Z]1) is the
limitof S ( )=Vol( ), as approaches in nity.

The Minkowski sum = 1+ + 4 isthe Newton polyhedron of the product
F=F1 Fn.Theexponentexp2z thatcorrespondstoavertex in appears
in F with a nonzero coecient d . Let B = F=(d exp2 z ). The constant term
of the exponential sum E is equal to one. We de ne the exponential series for 3
by the formula

1= =1+1 RB)+1 P>+
Since each exponent appears with a nonzero coe cient in a nte number of terms,
the coe cients of this series are well-de ned. Let C be the constant term in the

formal product of this series and (E=d )exp( 2 z )G det(%; .

Conjecture 2.3. The mean value M of an exponential sumG over the zeros of
the system (Z1) is equal to X
1
(2)n
where the summation is performed over the vertices of the Minkowski sum =
1+ + n, C are the constant terms of the series as de ned above, an#d are
the combinatorial coe cients.

k C ;

As we mentioned in the summary, this formula is proved in the bllowing three
cases:

1. The frequencies are rational (the formula is obtained by an exponential
change of variables from the algebraic case).

2. G = 1 (the formula follows from combining two results: Gelfond's gener-
alization of Bernstein's theorem [8] and the new formula formixed volume
[]).

3. n=1 (see [13)]).

In the exponential case even the existence of the mean values inot obvious.
We give an integral formula for the mean value which proves tle existence not
only in the complex situation (Theorem [B.2) but also in a very general real setting
(Theorem [43).

Assume that the frequencies of the exponential sum that we a& summing up are
not commensurate with the frequencies of the system. Then thre is no constant term
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in the series de ned above, that is, all C are equal to zero, and the conjectured
formula states that the mean value is equal to zero. Using théntegral representation,

we show in Corollary [533 that this is actually true. This proves the conjectured
formula in most cases. For example, if the exponential sum tht we are summing up
is a single exponent exp2z , then we proved the formula for all values of except

for a countable set in R".

3. Averaging over the isolated intersections of a subanalytic set
with a dense orbit on TN

Here we present a construction and formulate a theorem on wigh all our results
are based. Let'® be a subanalytic subset of the real torusTN and O a dense
multidimensional orbit on TN . We prove an integral formula for the mean value of a
bounded subanalytic function on ¥ over the isolated intersections of the set¢ and
the orbit O. This formula, in particular, implies that the mean value al ways exists.

Let x = (Xg;::5;Xn) 2R and ' =(' 1;:::;" ' n) 2 TN = RN=ZN | A linear map

R"1 RN denes an action of R" on TN by

x:" 7' (" + ( x)modZzZN:

Let O be an orbit of this action. We require that the orbits are dense in the torus,
which means that there are no integral vectors orthogonal tothe n-plane ( R")
RN (Appendix A). We will also assume that is injective, that is , the orbits are
n-dimensional.
Let ¥ be a subanalytic subset ofTN and B a bounded subanalytic function on

€.Setv:= 1(¢\0) R", anddene a function T(x) = B(( x)) on V. Let

be a bounded subset of R" with nonzero volume. For > 0,dene S ( ) to be
the sum of the values of T at the isolated points of V that belong to

De nition 3.1. The mean valueM of F over the isolated intersections of¢ and
O (in the topology of O) is the limit:

Let p: RN I L be the orthogonal projection to the linear subspaceL RN
orthogonalto ( R"). Dene My (%) to be the smooth (N n)-dimensional part
of ¥, transversal to the orbit. Here is the precise three step denition (see Figure 1
below where we assume that the direction of the orbit is vertcal):

(1) Let ¥ be the set of all points' 2 ¥ such that the intersection of ¥ with
the n-plane through ' parallel to the orbit is locally just the point ' itself.

(2) Let ¥ be the set of all points' 2 ¥ such that ¥ is a C'-manifold of
dimension N n in a small neighborhood of" .

(3) Let My (%) be the set of all points' 2 ¥, such that the projection p is
regular at each of these points.
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Figure 1. De nition of My (%)

Let Al = ( g ), where g is the j -th vector in the standard basis for R". The
quotient of the standard volume form on RN by the image under of the stan-

orientation on L. Then My (%) is a Cl-manifold, and the projection p de nes
an (N n)-form p! on My n(9).

De nition 3.2.  The O-transversal F-weighted volumeof ¢ is the integral of the
form Bp! over My n(9):

De nition 3.3. We say that the fractal dimension of a set X is less than or equal
to n if there exist constants c and g > 0 such that forany 0< < g, the set
X can be covered by no more thanc " balls of radius . We say that the fractal

dimension is less thann if it is less than or equal to n for some positive

Our main result is the following theorem:

Theorem 3.4. Let O be ann-dimensional dense orbit in the torusTN = RN=zN |
n<N , ¥ a subanalytic subset offN , and ® a bounded subanalytic function on® .
Let be a bounded subset dR" with nonzero volume whose boundary has fractal
dimension less thann.

Then the mean valueM of B over the isolated intersections of¢ and O always
exists and equals theO -transversal F-weighted volume of@ .

We prove this theorem in Section 6.

4. Zeros of systems of trigopnometric polynomials

We apply Theorem[3:4 to prove that the mean value of a quasipédodic trigono-
metric polynomial T over the isolated points of a quasiperiodic semitrigonomeic
set V (a set described by quasiperiodic trigonometric polynomiés, see the precise
de nition below) always exists. We obtain an integral representation for the mean
value from which we conclude that in the case when the frequesies of T are not
commensurate with the frequencies of the quasiperiodic tgonometric polynomials
that describe V , the mean value is equal to zero.
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4.1. De nitions. Let x 2 R". A quasiperiodic trigonometric polynomial is a
trigonometric polynomial of the form

T(x) = CkCOS2 X+ d¢sin2 gx
k=1
with real coe cients c¢;d¢ 2 R and real frequencies ¢ 2 R". Here x is the
standard scalar product.

A subset of R" is called quasiperiodic semitrigonometric if it is descrited by
quasiperiodic trigonometric equations and inequalities.More precisely, we say that
V  R" is quasiperiodic semitrigonometric if it can be represented in the form:

[S \ri
V= Vi ;
i=1j=1
where eachVj is either fx 2 R"jT; (x) =0g or fx 2 R"jT; (x) > Og, for some
quasiperiodic trigonometric polynomials Tj; .

Let T be a quasiperiodic trigonometric polynomial,V a quasiperiodic semitrigono-
metric set in R" described by T;; , and a bounded subset of R" with nonzero
volume. For > 0, dene S () to be the sum of the values of T at the isolated
points of V that belong to . The mean valueM of T over the isolated points
of V is de ned by

. S ()
M =Ilm ————:
i Vol( )
4.2. Averaging a quasiperiodic trigonometric polynomial over t he isolated
points of a quasiperiodic semitrigonometric set. Consider the set of all fre-

quencies of T and Tj; . This set generates a subgroupA of (R"; +), which is a direct
sum of in nite cyclic subgroups:

A =(A1) (An):

Denealinearmap : R"! RN by ( x)=(Ax;:::;AnX). Then R" acts on
TN = RN=zZN py
x:" 7' (" + ( x)modZzZN:
Let O be the orbit of this action through the origin. Since each of he frequencies

to O of some trigonometric polynompials ¥ and ¥ de ngd on TN . For example,
cos(2 x ) is the restriction of cos 2 m;' i, where = m;A; for mj 2 Z.

To apply Theorem [34 here we need the orbit to be dense (LemmB®), the
mapping to be injective (Lemma 4£Z), and the dimension n of the orbit to be
less than N (if is injective then n N ; N = n corresponds to the periodic case
which we treat in Remark £4).
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Lemma 4.1. There are no nonzero integral vectors orthogonal to the plam of the
orbit O. Therefore, O is dense in the torusTN .

Appendix A the orbit O is dense in the torusTN .

Lemma 4.2. If the dimension of the orbit O is less thann, then the setV described
by the T has no isolated points, and the mean valué is equal to zero.

dependent, and the solution space of the system\1x;+ + A"x,, = 0 is nontrivial.
If T (x) =0, then Tj (x+y)=0 for each y in the solution space. This means that
V has no isolated points, and the mean value is equal to zero.

If the orbit is ndimensional and n < N , then R" is mapped bijectively to a
densen-dimensional orbit on the real torus TN and trigonometric polynomials Tij
regarded as functions®; on TN de ne a set €. The intersection of the set ¢ and
the orbit O is the semitrigonometric setV . We are adding up the values of ? over
the isolated (in the topology of the orbit) points of intersection of the set ¥ and
the orbit. Here is the main result of this chapter which now fdlows directly from
Theorem[34.

Theorem 4.3. Let V be a quasiperiodic semitrigonometric subset oR", T a
quasiperiodic trigonometric polynomial. Let ¥, , O be the corresponding set, func-
tion on TN, and orbit, as constructed above. Let be a bounded subset dR" with
nonzero volume, whose boundary has fractal dimension leslsan n.

Then the mean value M always exists and is equal to theO -transversal
T -weighted volume off , assuming that the dimension of the orbit isn, and n <N .
If the dimension of the orbit is less thann, the mean value is equal to zero.

Remark 4.4. If the orbit has the same dimension as the torus, i.e.N = n, the set
V  R" and the function T have n linearly independent periodsA®;:::; A", which

de ne a torus R"=(ZA! ZA"M). The mean value M in this case is equal to
the sum of the values of T at the isolated points of V in this torus, divided by the

volume of the torus.

Remark 4.5. This theorem holds and our proof works if V is a quasiperiodic
subanalytic subset of R", that is, V is the intersection of a subanalytic subset¢ of
TN with some densen-dimensional orbit, and T is the restriction to this orbit of
some bounded subanalytic function on¥® .
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Corollary 4.6. If all the multiples k , k 2 Znf0g of each frequency of T do
not belong to the subgroupA of (R";+) generated by the frequencies of;; , then
the mean valueM is equal to zero.

Proof. It is enough to check this statement for T with a single frequency |, i.e.,
for T(x) = ccos2x + dsin2 x . The set of all frequencies of the trigopnometric
polynomials Tj; describing the setV generates a groupA®in (R";+), which is the
direct sum of in nite cyclic subgroups:

A= (Ay) (AN 1)

Since no multiple of the frequency of T belongs to A°, the group A obtained
from A° by throwing in , is the direct sum:

A= (A1) (An 1) ()

Therefore, raising the situation to the torus RN=zN 6 we obtain a function
(' n) = ccos' y + dsin' y that depends only on the variable ' , and a set
¥, which is described by the functions™®; that do not depend on ' y .

By Theorem[3, the mean value is equal to theO -transversal F-weighted volume
of ¥. Since the §; do not depend on' v, the manifold My (%) (which is the
smooth N n dimensional, transversal to the orbit O, part of ) is the direct
product €9 S, where €9is a manifold in RN '=zN 1 and S! = R=Z. The form

on ¢°. Thzerefore, the me%n va%ue is equal to

T! = (ccos2' N +dsin2' y)d'n !'1=0:
My n(®) go st

5. Zeros of systems of exponential sums

In this section we apply our main result (Theorem[33) to the mmplex case, that
is, to computing the mean value of an exponential sum over thezeros of a system
of n exponential sums in C". We show that this mean value always exists. From
the integral representation for the mean value that we obtah, we deduce a proof
of Conjecture[2Z3 in the case when the frequencies of the expential sum are not
commensurate with the frequencies of the system.

5.1. De nitions.  Fix a system
(5.1) Fi(z) = = Fn(z)=0; z2C"

of exponential sums with a developed collection of Newton plghedra. Let F be
a family of systems of n exponential sums with the same collection of spectra as
(&), and whose coe cients have the same absolute values athe corresponding
coe cients in (.I). The following theorem is a particular c ase of a result proved by
Gelfond [4,[8].
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Theorem 5.1. There exists R > 0 such that all the zeros of the systems from the
family F belong to the stripSg  Im C", where Sk ReC" is a ball of radius R
centered at the origin. This implies that all the zeros of thesystems from F are
isolated.

Let G be an exponential sum with real frequencies, and a bounded gbset of
Im C" with nonzero volume. For > 0, let S ( ) be the sum of the values ofG at

the zeros of [521) (counting multiplicities) that belong to the strip R" c":
Let S () X be the sum of the values ofG at the zeros (not counting multiplicities)
of the system [&1) of multiplicity at least k that belong to the strip R" cn.
By Theorem51,S ( ) and S () X are well{de ned.
De ne )
. S (). K _ s ().
Mo=im ey M= Sy

Theorem[5.2 below provides an integral formula for computirg the mean values
M , M ¥ similar to the formula in the real case (Theorem[4:B). In particular, The-
orem[5.2 implies that the mean valueM always exists. Another consequence of this
integral formula is that in the case when the frequencies ofc are not commensurate
with the frequencies of the exponential polynomials from tte system, the mean value
M is equal to zero (Corollary[®.3).

5.2. Averaging an exponential sum over the zeros of a system of exp onen-
tial sums. As in the real case, we deduce an integral formula for the meanalue
from Theorem[3:4. The exponential sumsF;, G are quasiperiodic along the imag-
inary subspace ofC". Since the system[[2]l) has a developed collection of Newton
polyhedra, the real parts of the zeros of this system belongad some ballSy  Re C".
Therefore, we can restrict our attention to this ball, and think of the F; and G as
of functions quasiperiodic along the imaginary subspace ahperiodic along the real
subspace. This allows us to consideC" as an orbit on some real torus and apply
Theorem[32 to this situation.

As before, the set of all frequencies of the exponential sumsF;, G generates a
subgroup A in (R";+), which is a direct sum of in nite cyclic subgroups:

A=( 1) ( N):

In other words, there exist 1;:::; n 2 R" with no integral relations, such that
each of the frequencies 2 A is an integral combination of 1;:::; n.
De ne a linear map

piimCt RY by 4(y)=( 1y nY); y2ImcCh:
According to Theorem [& the real parts of the zeros of the syem (BI) belong
to the open ball S  ReC" centered at the origin. Let o: ReC"! R" be a

composition of a shift and a rescaling that mapsSg inside the unit cube. We now
think of F; and G as of functions periodic along the real subspace.
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Then = ¢ 1mapsC"=ReC" ImC"to R" RN.Themap denes
an action of C" on T"*N py

Y7L+ ( xy)modZzM N 2 TN 2 ReC™; y2 Im C™:

Let O be the orbit of this action through the origin. Since each of he frequencies
is an integral combination of 4;:::; p, the sumsF;, G are the restrictions to O

be non-analytic at the points ' where at least one of the coordinates 1;:::;' , is
equal to zero.

The set of all zeros of the system[2l]1) of multiplicity at lesst k is an analytic set
de ned by exponential equations F;j(z) = 0 and a few more exponential equations
whose frequencies belong to the subgroup of (R";+) (see, for example, [4]).

Let V K be the set of all zeros of the system of multiplicity greater han or
equal to k. Consider the system of exponential sums that de nesV ¥. Regarded
as functions on T"*N | these sums de ne a subse® ¥ of the torus T"*N . We now
state the main result of this section.

Theorem 5.2. Consider a system of exponential sums with real frequencies
(5.2) Fi(z) = = Fn(z)=0; z2C"

with a developed collection of Newton polyhedra. LeG be an exponential sum with

real frequencies, and a bounded subset oR" with nonzero volume whose boundary
has fractal dimension less thann. Let ¥ K, &, O be the corresponding subsets of
Tn*+N - function on T"*N and orbit, as constructed above.

Then if n < N the mean valueM ¥ is equal to the €&-weighted O -transversal

volume of ¢ X. The mean valueM is equal to the sumM Ly +M X for

somek.

Proof. We rst show that the dimension of the orbit O is 2n. It is enough to
show that the dimension of the plane :(Im C") is n. This plane is generated by
the columns of the matrix of the linear map 1. The rows of this matrix are the

Since the collection of the Newton polyhedra of the system[{&) is developed, its
frequencies generateR". We conclude that the dimension of the orbit is n.

Similarly to the real case, it is easy to see that there are noritegral vectors
orthogonal to the orbit O. Therefore, the orbit O is dense in the torusT"*N (see
LemmalZl).

To derive Theorem[5.2 from Theoren 34 we show thatf ¥ is an analytic subset
of T"*N and @ is analytic on ¥ K. Each of ¢ ¥ is de ned by a system of equa-
tions analytic everywhere on T"*N put possibly at the points where at least one
of the coordinates' 1;::::" » is equal to zero. Notice that ¢ K is contained in the
\cylinder"  o(Sg) TN. Indeed, the intersections of ¢ with the orbit through the
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origin belong to this cylinder since the zeros of the initial system lie in the strip
Sk Im C". Restricting the functions I to a shifted orbit we obtain functions
that dier from F; by a shift along the imaginary subspace. By Theoren{:ll the
zeros of this new system belong to the stripSg  Im C", and we conclude that

¢ K 1(SR) TN. Therefore, ¥ K is locally de ned by a system of analytic
equations, and G is analytic on ¢ X.
To show that M can be computed by the formulaM =M '+ + M X

for some k, we need to prove that the setsV X are empty, starting from some k.
Assume that there exists a sequencey, = Xy + iyk, Xk 2 Sr, such that zx belongs
to V k. Raising this sequence toSg TN, we obtain a sequenceg, in Sg TN
such that B belongsto® ¥. SinceSg TN is compact, there exists a limit point
By 2 Sk TN. This point 2y belongs to each® K. Although this point does not
necessarily belong to the orbitSg ~~ 1(Im CN=zN), it belongs to some shifted orbit.
The restrictions of the functions [§ to this shifted orbit de ne an exponential system
whose zeros are isolated and belong t8g Im C" (Theorem[&1). Therefore, gy is
a zero of the shifted system of in nite multiplicity, which i s impossible since all the
zeros of this system are isolated. We proved that allV K are empty starting from
somek.
Now the theorem follows from Theorem[C3H.

The proof of the following corollary is a repetition of the proof of Corollary 8.

Corollary 5.3. If all the multiples k; k 2 Znf0g of each frequency of F do
not belong to the subgroupA of (R";+) generated by the frequencies of thg; , then
the mean valueM is equal to zero.

6. Proof of Theorem 3.4

Proof. Recall that O = (a+ ( R"))modzN, wherea2 TN, and : R"! RN
is a linear injective map. We send the torusTN to the cube | =[0;1)N RN by

( RM). Let the remaining vectors B;:::;BN " form a basis of the N\ n)-plane L
orthogonal to the orbit, so that the determinant of the change of coordinates matrix
from the standard basis in RN to this new basis is equal to one.

the coordinates in the orthogonal planelL . We choose a cubeQ = Qy Qx whose
edges go along the new coordinate axes and Q. We now regard ¥ as a subset
of |  Q and B(") as a function B(y;x) on ¢ 1|.

The set ¢ is a subset ofQ, subanalytic in RPN, and the graph of the function
P is a subset ofQ R subanalytic in RPN*1 . Therefore, by the cell decomposition
theorem (Theorem 8.3), there exists a decomposition oRN with the xed order of
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coordinates y;x) into nitely many cells such that ¥ is a union of cells and® is
C?! on each of these cells.

Since the cell decomposition respects the standard projeictn, each cell is either a
part of the closure of another cell, or is disjoint from it. Only (iq;:::;in n;0;:::;0)-
cells that do not belong to the closure of a cell of higher dimasion may have isolated
intersections with the orbit. We will show later that cells of dimension less than
N n do not contribute to the mean value. Therefore, we can restrct our attention
to (1;:::;1,0;:::;0)-cells with N n ones andn zeros that do not belong to a
closure of a cell of higher dimension.

Let C be one of such cells. Then

C=1(y;x)jy2D; x = H(y)g;

cell in Qy.

Now we de ne a counting function g on the torus TN . Through each pointa 2 C
we draw an n-plane parallel to the orbit. If * belongs to @+ ( B;))=zN, where
B R" is the ball of radius r centered at the origin, we dene g(' ) = B(a)=v,

where v; is the volume of the ball B, R". (Here r is chosen so small that
the mapping x 7! ( x)=ZN restricted to B, is one-to-one.) Otherwise we de ne
9(") =0.

In (y;x)-coordinates, g is de ned by

(
Fly;H(y)=v; ify2D; x 2B,
' H + X)= .
9y H ) ) 0; otherwise
Figure 2 illustrates the de nition of g in the case when the cellC is one-dimensional.
Through each a 2 C draw a vertical segment of length 2 centered at a. This
segment is the balla+ B, from the general construction. De ne g to be identically

equal to B(a)=2r on that segment.

Figure 2. De nition of the counting function ¢
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Since the function P is continuous and bounded onC and the functions de ning
C are continuously di erentiable, g is Riemann integrable on the torus TN . We
apply Weyl's equidistribution law fgr multidimensior%al tr ajectories (Theorem 7.1):
(6.1) lim

M oy AOdx= gt

Let us show rst that the left hand side part of this identity i s exactly the contri-
bution of the cell C to the mean valueM . If a+ B,, a ball centered at the point
a2 R", lies entirely in theg by the de nition of ¢

g(( x))dx = T(a):

at+ By
It remains to take care of the points a such that a+ B, does not lie entirely
in . The dimension of the boundary of is less than or equal to n for

some > 0. Hence the number of balls of radiusr that are required to cover the
r -neighborhood of the boundary of  (i.e. the set of all points whose distance to
the boundary is less thanr) is bounded by ¢ "  for some constantc. The number
of isolated points of V in each of such balls is bounded by the number of cells in
our cell decomposition. Therefore, the result of adding upT over the isolated points
of V, whose distance to the boundary of is less than r, is bounded by ¢y "
for some constant ¢o. When we divide the result by the volume of , which is
proportional to ", the quotient approaches 0 as approaches in nity. Therefore,
we can disregard the points that are close to the boundary of while computing
the mean valueM . We have proved tha%

. 1

M Yoy XX
is the contribution of the cell C to the mean value M

We now work on the rewriting of the right hand side part of (6.1).

Z Z Z Z
) g(' )d' g(y; x)dydx = g(y;x)dx dy
Z° Y @ z
. F(y;H(y))dy = C“P(‘ o d (AL AN = C'F-‘(' )p !
Next we note that cells of dimension less thanN n do not contribute to the

mean value. Indeed, for each of such cells we construct a catimg function g and
repeat the above argument. It foIIov%/s that the contribution of each of such cells is

T

g(* )d;
TN
which is equal to zero sinceg is zero on a set of full measure int" .
The union of all (i1;:::;in n;0;:::;0)-cells that do not belong to the closure

of a cell of higher dimension is the N  n)-dimensional manifold My (%), up
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to possibly a few cells of smaller dimension. Those cells ofraller dimension do
not contribute to the mean value. We conclude that the mean vdue is equal to the
F-weighted O -transversal volume of ¢ .

7. Appendix A: Weyl's equidistribution law for dense
multidimensional orbits on the real torus.

Classical Weyl's equidistribution law [16] states that the time-average of a Rie-
mann integrable function along a one-dimensional dense oibon a real torus coin-
cides with the space average. Here we state a version of Weyllaw for multidimen-
sional orbits.

Let x2R",' 2 TN = RN=zN  Alinearmap : R"! RN de nes an action of
R" on TN by ' 7! (" + ( x))modZzN. Let O be an orbit of this action.

Theorem 7.1. Let f be a Riemann integrable function on the torusTN, O an
orbit on TN through an arbitrary point ' ¢ 2 TN such that there are no nonzero
integral vectors orthogonal to O, and  a subset ofR" with nonzero volume.

Then 7 7

1 f( o+ ( x)dx! f()d;, as Il
TN

vol( )

The proof of this theorem in [12] is a direct generalization & Weyl's original
argument for one-dimensional orbits.

Remark 7.2. This theorem implies that an orbit is dense if and only if there are
no nonzero integral vectors orthogonal to the plane of the dbit.
8. Appendix B: Cell-decomposition theorem

The cell-decomposition theorem for subanalytic sets state that a subanalytic set
can be partitioned into nitely many cells, which are subanalytic subsets of especially
simple form. We will follow the formulation of the cell-decomposition theorem as
presented in [2].

De nition 8.1.  Let (i1;:::;in) be a sequence of zeros and ones of length. An

graphs (f); (g) R"*! are subanalyticin RP"*1  and f <g on X . The
constant functions f (x)= 1 , g(x)=+ 1 are also allowed.
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De nition 8.2. A decomposition of R" is a special kind of partition of R" into
nitely many cells. The de nition is by induction on n:

(i) a decomposition of R is a collection
f(1 jai)i(a;az);iii;(a;+1 ) faugiii;fakgg

where a; < <ayg are points in R.

(i) a decomposition of R"*! is a nite partition into cells such that the set of
projections of these cells to the rst n coordinates forms a decomposition of
R".

Theorem 8.3. (The cell decompaosition theorem) Let X be a subset ofR"
subanalytic in RP". Let f be a function on X whose graph inR"*! is a subanalytic
subset of RP"*1 | Then there exists a ( nite) decomposition D of R" such that X
is a union of cells in D and the restriction fjg : B! R to each cellB 2D is C!.
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