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ABSTRACT

We develop a general theory of multilinear and polynomial mappings on Banach spaces which
have factorization properties similar to those of r-summing linear operators. We illustrate
the theory by giving basic examples and deriving conditions for identifying such mappings
on standard sequence spaces. In addition, we obtain norm estimates which complement
previous results on lower bounds for the usual operator norm of multilinear and polynomial
mappings on sequence spaces.

Introduction

The theory of absolutely summing linear operators between Banach spaces has
developed into an important resource in many areas of analysis, such as the geometry
of Banach spaces, probability and measure theory, harmonic analysis, and analytic
function space theory. In view of this, it is natural to try to develop analogous
multilinear and polynomial concepts, not only for their intrinsic interest, but also
in the hope that they may throw light on unresolved issues in fields such as those
just mentioned. The beginnings of a multilinear theory appeared in Pietsch [15],
and his work was continued by Alencar and Matos [2], Geiss [9], Floret and Matos
[10], Matos [13], and Schneider [16].

To get started, we fix some notation. Unless we specify otherwise, the scalar
field K can be either R or C. Let 1 < p < oo, and let p* be the conjugate index
given by 1/p + 1/p* = 1. The [, norm of a scalar m-tuple A = (A1,...,A\p) is

1/p

m
Xl == | D I[P
j=1

with the usual modification in the case p = co. The weak [, norm of an m-tuple
T = (z;)7L, in the Banach space X is given by

m
12]|p,w == Sup{ Szl Al < 1}.
i=1

If we want multilinear theorems similar to the Pietsch Domination Theorem for
linear mappings (see [7], p.44), the following definition turns out to be appropriate.



Definition. Let 1 < r < o©. Letn € N and let X1,...,X,, and Y be Banach
spaces. An n-linear mapping T : X1 X ... X X,, — Y s r-dominated if there is a
K > 0 such that

m ’IL/
( IT (@10 20 ) /”> <K@l w )l ()
=1

frallchices fmeNandz 1,...,z 5 in X (1< <n).

The collection of all -dominated n-linear maps X1 X...xX,, — Y will be denoted
(X1,...,X, Y). It is easy to check that (X1,..., X, Y) is a linear subspace

of (Xi,..., X, Y), the vector space of all bounded n-linear maps X; x...x X, —
Y. The least K for which (*) holds will be written (T). For r mn, is a
norm on (X1,...,X, Y), whereas for 7 < n it is only a uasinorm. It is easy

to check that if T € (X1,...,X, Y), then
() ) =swp [T, sza) s o | S1TAL <m) .

Notice that in the case n = 1 the r-dominated operators are nothing other than
the familiar r-summing operators. In this case, it is customary to use the simpler
notations and . Notation in the multilinear situation is not yet standard, and
we have chosen our notation to avoid any confusion with other related concepts.

Previous work on r-dominated multilinear mappings and related concepts may
be found in Alencar and Matos [2], Matos [13, 14], and Schneider [16]. Matos [13]
and Floret and Matos [10] also worked with polynomials on Banach spaces. If X and
Y are Banach spaces and n € N, amap :X — Y issaid to be an n-homogeneous
polynomial if there exists a symmetric n-linear map 7' : X x ... x X — Y such
that (z) = T(z,...,x) for every z € X. A polynomial of degree n is simply a
linear combination of -homogeneous polynomials (1 < < n) and a constant map.

Definition. Let 1 < r < oco. Let n € N and let X and Y be Banach spaces. An
n-h m gene us p I n mial :X — Y is r-dominated if there is K > 0 such that

m n/
(. I ()l /”) <K@ )

W
frall ch ices fmeN and z1,...,%, in X.

The collection of all r-dominated n-homogeneous polynomials X — Y will be
denoted ("X,Y) and the least K for which ( ) holds will be written ()
Again, forr n, is a norm on ("X,Y), but for r < n it is only a uasinorm.

e shall see that much, but not all, of the classical theory of r-summing linear
operators extends to these new situations. To begin, however, we provide some
examples.



Nece r condition nd u cient condition or
utiine ro er tor onl/,to er do in ted

First, we give a simple su cient condition for a multilinear operator on /1 to be
1-dominated.

eore . Let n € N and let Y be a Banach space. e me an n-linear map
T:li x...xl1—Yb

T( ,..., )=

f Z I | <oo then T is 1-d minated and

1/
11(T)s2"/<2 [ ll) :

’ )

00 . First notice that if z ' ,...,z ™ are in Iy, then
1
7@, am)| < X |« z"
1/ 1/ 1/
1
But, if le ,...,:cj" are in /1 (1 < < m), an application of a general form of

Holder s ine uality yields

) v g 1\ Un
Bl o210 0] T E(Ea0) )

Finally, we can invoke an ine uality of Littlewood [11], but with S arek s con-
stant [17], to conclude that

m 1/n " Y "
(;HT(%l,...,mjn))(/) <o ( o ||) li, ],

’

’

There are many operators in 1 1(l1,...,/1 Y) which fail the condition in The-
orem 1.



eore . Let Y be a Banach space and let n € N.
a LetT :ly x...x1ly — Y be a diag nal n-linear map de ned b

( if 1=...= ,=

T e ) ={

L 0  otherwise.

hen T is 1-d minated if and nl if it is b unded.
b hen-h m gene uspln mial :ly — Y ass ciated ithT gi en b

SRS Y
is 1-d minated if and nl if it is b unded.

00 . e only prove (b) since this is notationally much less complex than (a),
but contains all the ingredients for the proof of (a).
It is clear that every 1-dominated polynomial is bounded. Assume, then, that

is bounded. It is elementary that this is e uivalent to sup || || being finite, and
from this we shall deduce that is 1-dominated. Choose m € N and z1,...,Z in
{1. Then
m L m 1/n
I @l =303 )"
m 1/n
1
< supl| 17730 Bl "
i=1
. m 1/
< supll 17732 Dy, |
j=1
1/ 1/n \m
<2/ swp|l 1" @i, -
It follows that if T is bounded, then ;1(T) <2" sup | |. M

Theorem 1 cannot be straightforwardly modified to give su cient conditions for
multilinear operators on I, (p > 1) to be r-dominated.The following example shows
that conditions of the sort used in Theorem 1 cannot work when n > max(p*,r).

e.Letl <p<ooandletn € N.Foreach € N,letT :[,x...x[, — C
be a diagonal n-linear map defined by
{1/(log) if 1=...= ,= 1< <

bl

L 0 otherwise.



The n-homogeneous polynomial : lp — C corresponding to T' and given by

Z’\ _Z log

satisfies | || < co. Note that

1 /n

/n _
]2' ( | Z| J| (log )

(a) For r p*, take | ;| =1 for each . Then

1/
(ST — (z y ﬂ)

*

1 m\"
) (Z (log ) ) ’

j=1

Conse uently,

and this goes to infinity with  if r < n.
Y

(b) For r < p*, take | ;| = oz )

/Z

log ,where1l/ =1/r—1/p*.

Then again

1/
(T — (2 y ﬂ)

and so

B 1 ;om\" 1"
e ) [ 2 gy

= (log
and this goes to infinity with  if r/ +r/n <1, that is if p* < n.

Therefore, for n > max (p*, r), we find that () goes to infinity with , even
though R | is uniformly bounded. Trivially, (T ) (),
and so it also goes to infinity with .

e now turn to necessary conditions. Our main results are valid for p 2.
Notice, however, that some necessary conditions for scalar-valued n-homogeneous
polynomials on i, (p > 1) (resp. ) to be r-dominated for r p* (resp. r 1)
follow trivially from the definition. Under these hypotheses, |[( ;)7[| » = 1 and

n/
therefore (Z | ()] /") < ().

j=1



eore cLet2<p<oocandl <r<p fT:l,x...xl, — Cisan
r-d minated n-linear map then there is a ¢ nstant K, > 0 such that

00 . Fix €eN.For1< < | let acjl ,...,acj" be in [,. Assume that the first

coordinates of each of these vectors are independent random variables taking the
values 1 with probability 1/2, and that the subse uent coordinates are all e ual
to 0. Then

/n
1 n /n 1 n
> Tlay seenm) =30 > z, T
J=1 =1 5,
/n /n
1
< @/ z; xjn .
VA =]
For every 1 < < n, we have
7O R DB I I DIRYE ]
J »W * 1 j:l * ] =1 J5
p )

Denote mathematical expectation by . It follows from Mantero and Tonge [12]
that

Zj

IA

=1

where is a constant independent of
On the other hand, thanks to Khinchin s ine uality, there is > 0 such that

/n\

fn

= 7=t



1/ 1/

J j=1 w

IA

S
~

S
~
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which finishes the proof. B

e can also obtain results which, when speciali ed to the situation of polynomi-
als, provide an estimate on the leading coe cients. These should be compared with
the work of Aron-Globevnick [3] on polynomials on  and alduendo [1 | on poly-
nomials on [,. Aron and Globevnik showed that every continuous n-homogeneous
polynomial : — Csatisfies _;| ( )| <| |- alduendo continued this
work to show that when n < p a continuous n-linear mapping 7" : [, x ... x [, — C

satisfies
p n/p

SIT( . P <7l
=1

See also Aron-Beau amy-En o [4] and Aron-Lacru -Ryan-Tonge [5] for related re-
sults when the scalar field is real.

eore . Letl1 <r<ooandletp 2. fT:[l,x...x1l, — Cisan
r-d minated n-linear map then

I ISK (1),
=1

here the K is the c nstant in  hinchin s ine ualit f r generali ed ademacher
functi ns (see Aron-Lacru -Ryan-Tonge [4]).

eore . Letl <r<ooandletp 2. f :1l, — Cisan r-d minated
n-h m gene us p I n mial then

I ()sk ()
=1

here the K is the ¢ nstant in  hinchin s ine ualit f r generali ed ademacher
functi ns.

e defer the proofs of the last two results until later. In fact, both estimates
also hold for the case of real scalars, though with di erent constants. This can be
deduced from the complex case thanks to [4].

ic ro ertie

In what follows, we shall mostly concentrate on polynomials rather than multi-
linear maps. This helps to keep the notation under control. Also, most of the results



we prove can easily be reworked in the multilinear situation. Moreover, under some
circumstances this is automatic.

eore . Let X andY be Banach spaces. Let n € N and let 1 < r < oo.

a LetT: X x...x X —Y be a s mmetric n-linear map. Let :X —Y
be the ¢ rresp nding n-h m gene us p I n mial gi en b () =T(x,...,z). fT
is r-d minated then  is r-d minated and ()<  (T).

(b) Let :X — Y be an n-h m gene us p I n mial. Let T be the ¢ rresp nd-

ing s mmetric n-linear map such that (z) = T(x,...,z). [ is r-d minated
then T is r-d minated. re er
n
ifrron (@M< ()
"
i frr<mn, (T)<—2"/ ™ ().
n
00 . (a) is trivial. Let us prove (b). For 1 < <mnandme N, let z; ,...,zn

. . m
in X satisfy || T | w=1.

i) For v mn, if ri(),...,rs( ) are the first n Rademacher functions, a standard
polari ation formula (see [4]) yields

m n/
(;w%am@nw>

1 m 1 /n n/
sn—(z | Oz + Oz )

=1

m n/
s%(Z | omOst + HrOa)] )
j=1
1 1 m n/
< o () ri()z; + 4 ral )xjn i1
<™ ()

ii) For r < n, polari ation in a slightly di erent form gives

m n/
(zw%amﬁmw>
j=1

1

- n/
S om (Z_: Z1H (1:1;j1 + + nxj")H /n)

)n/

1 n ™

J j=1

IN

1L

1
n 2" ()<—Z1



=;2"/ () .

The expected inclusion relations are easy.

eore . Let X and Y be Banach spaces andletn e N. f1<r< <

then ("X,Y) "X,Y). r € ("X,Y) ehae () ()
00 . Take z1,...,zym in X and an n-homogeneous polynomial : X — Y.
Observe that for A; := || (z;)|| /m (1< < m), we have
I Quzpll =X 11 @)l =1 @)l [ @)l =1 (=)l -

Therefore if  is r-dominated,

. 1/ 1/ \"
= )((Z ()] /"> ) ([EN)

Rearrange to obtain
n/
(ZII I/") < () @]

Continuing the analogy with the linear situation, we highlight an injectivity
property.

eore . Let 1 <r <oo. Let X,Y,Y be Banach spaces. f € "XY)
and :Y —Y isan is metr then € "X, Y)and ( )= ().



This is a special case of an ideal property, but generali ations of the linear case
must be approached with caution. More often than not, things do run smoothly.

eore . Letl1 <r<oo andlet X,Y,Y and  be Banach spaces. f €
"X,Y), € (,X)and € (Y,Y) then € (™ ,Y). re er

Coo<in o

e can push a little further.

. Let 1 <r<oo. Let n € N and let X,Y and  be Banach spaces.

eore
f X —Y isac ntinu us n-h m gene us p Il n mial and : — X is an
r-summing linear map then € (™ ,Y) and C )< )
0 . Clearly, for 1,..., ,,in
n
(Zn ()l /"> <l (Z Il ) < Oreop) o -
Jj=1 7j=1 )
The following composition result still runs as expected.
eore . Letl1 <r, < o andlet X,Y and  be Banach spaces. Let
: X — Y be an n-h m gene us r-d minated p Il n mial and let : — X be
an -summing linear map. e nel< <oob t:=min 1,141 . hen 18
-d minated and ()< () ()"
00 . eonly give the details when1 141 sothat 1 =21+4+21 Let 1,..., m

in  satisfy || ( )J 1| w = 1. Thanks to Lemma 2.23 in Diestel- archow-Tonge [7],

there are €/ and z1,...,2, € X such that || || =1, H(at:]);":1
(j)= jzjforalll < < m. Using Holder s ine uality,

(gjln <j>/")n/ (Zn ]x,/“)n/

(i i /">n/ <( ]_zl|j>1/ (ZII /”>1/>n

<" Of@i)’, < O Oy

H LS () and

-~
Il 3

However, generali ations do not always work out so nicely.

10



e. Let : X — Y be a continuous n-homogeneous polynomial and let

: Y —  be an r-summing linear map. Then : X —  need not be

r-dominated. For example, when X =Y = = [, consider the 2-homogeneous
polynomial :! —1[ :(z) — (z )  and the linear map

l—l (x) —( z)

where () €l Ily. Then is 2-summing (see [7], p. 4), but ¢ (1,1)

m m
since H( j);.nzlu C=1,but I () = | sl and this tends to infinity with
’ j=1 j=1
m. l

Domination and factori ation theorems follow the linear scheme. These results
have also been noted by Matos [13] and Schneider [16].

eore . Let X and Y be Banach spaces. An n-h m gene us p I n mial
: X — Y is r-d minated if there are K > 0 and a pr babilit measure n
( « ea™ such that

I @ <K | @ ()

*

fran chice fzxeX. re er the smallest such K is ().

e list only the more attractive factori ation theorems. They are all more or
less immediate conse uences of Theorem 12. Any missing details can be found in
[7], pp-43 4 . They are identical to the linear case.

eore . Let K be a ¢ mpact ausd r space and let Y be a Banach space.

An n-h m gene us p Il n mial : (K)—Y isr-d minated if and nl if there

are a regular B rel pr babilit measure n K and an n-h m gene us p | n mial
() — Y such that the f Il ing diagram ¢ mmutes

ere  is the natural embedding.
re er and ma bech sens that ()= |-

11



eore . Let X and Y be Banach spaces. Let : X — Y be an n-

h m gene us p I n mial. hen is2-d minated if and nl if there e ist a reqular

B rel pr babilit measure n( =, *) and an n-h m gene us p I n mial
( ) — Y such that the f Il ing diagram ¢ mmutes

ere  and are the natural embeddings.
re er and ma bech sens that ( )=]| |-

An extension result of Hahn-Banach type also follows, just as in the linear case.

eore . Let X,Y and be Banach spaces ith X a subspace f . ach 2-
d minated n-h m gene us p l n mial :X —Y admits a 2-d minated e tensi n

—Y ith ()= ().

00 .  factors as in Theorem 14. Since : X — () is a 2-summing
linear map, the extension theorem for the linear case (see [7], p. 6) shows it can be
extended to a 2-summing linearmap : — ( )with ( )= ( )=1.
Hence the n-homogeneous polynomial := :  — Y is 2-dominated, by
Theorem 10. Easily | ||= ( )= (). m

Coincidence eore

Our composition results taken together with the factori ation theorems allow us
to show that in a variety of situations it is possible to find identities of the form

("X,Y) = ("X,Y). These results have analogues in the linear situation.
eore . Let 1 <p<2. Letn €N andletY be a Banach space. hen
1 l(nlpay) = ("lp’Y)_

00 . Suppose that € ("l,,Y). By Theorem 14, we have a factori ation

12



where the linear map contains the natural inclusion (K) — () as a factor,
and so is 2-summing. But now must be 1-summing (see [7], Theorem 3.11). By
Theorem 9, is also 1-summing.

eore Let2<p<r*<oo. Letn € N and letY be a Banach space. hen
if1/r+1/r*=1 ehae 11("pY)= (", Y).

00 . Let € ("lp,Y). By Theorem 12, we have a factori ation

N

X

where X is a closed subspace of some () and has a restriction of the natural
inclusion (K) — () as a factor, and so is r-summing (see [7], p.40). But now
must be 1-summing (see [7], Corollary 3.16) and  follows suit.

It should not be thought that everything translates verbatim from the linear
case. For example, a conse uence of Grothendieck s ine uality (see [7], Theorem
3.1) is that every bounded linear map l; — [ is l-summing. This has no nice
generali ation to n-homogeneous polynomials [ — [ when n 2, even if we work
with a one-dimensional . A preliminary result is needed to see what the di culty
is.

eore . Let1<r<oo andletn 2. Let X1,...,X,, be Banach spaces. f
an n-linear mapping T : X1 X...x X, — K is r-d minated then the c rresp nding
(n—1)-linear mapping T : X1 x...x X, 1 — X} satisf ing T(z1,...,2, 1)(zn) =
T(z1,...,%,) is als 7-d minated. re er (T) < (T).

00 . Assume T is r-dominated. Then we can find regular Borel probability

13



measures on ( x, weak*) (1< < n) such that

T (1, zn)]l

*

1/ 1
< (T)( )l 1)) | w(@a)l al a)

for any z; € X1,...,z, € X,. Taking the supremum over all z,, € , we obtain

1/
HT(wl,...,wn 1)” < (T)( *\ 1(z)] 1 1))

1/
( . | n 1(-Tn 1)| n 1( n 1)) .

The result is now immediate. W

Now suppose that every bounded 2-homogeneous polynomial {; — C is 1-
dominated. Then the corresponding symmetric bilinear map I; x [y — C would
also be 1-dominated. This would generate a 1-summing linear map [y — [ . So,
since there are bounded linear maps Iy — [ which are not 1-summing [ ], there
must be bounded 2-homogeneous polynomials [; — C which are not 1-dominated.
In fact, there are bounded linear maps [y — [ which are not r-summing for
any r 1, and this allows us to deduce the existence of bounded 2-homogeneous
polynomials :1l; — [ which are not r-dominated for any » 1.

This example is also useful for showing that the restrictions to each coordinate
of a multilinear mapping may be r-summing linear maps even though the mapping
itself is not r-dominated.

Theorem 1 is deceptively simple: it is tempting to believe that the converse
might be true. Unfortunately, this is not so. There are continuous bilinear mappings
T :1 xlI — C which are not r-dominated for any r 1 even though the
corresponding 7" : I — [ is 1-summing.

e. Let T : | xI — C be a diagonal bilinear mapping with ( ) el .
Then T is not r-dominated for any » 1 because of Theorem 4, which we shall prove
shortly. However the corresponding 7' : I — [ is Hilbert-Schmidt, and so is 1-
summing.

Some of the familiar conse uences of Grothendieck s ine uality do carry over
to the new situation. For example, it is worth observing that every continuous

2-homogeneous polynomial — C is 2-dominated.

eore . er c¢ ntinu us bilinear mapping T : X — C s 2-
d minated.

14



00 . Associate the matrix ( ; );, =(T( 4, ))j with the linear mapping
T: — 1y givenby T(z)( ) =T(z, ) for every z, €
Take m € N and z1,...,Zm, 1,..., m € . Notice that

m
— s 3 Y Ay 5 = @ng)l

n=1 j=1

I (@n)p=y | w = sup nTn

and similarly || ( n)ie i || w = [[( nj) | . Select both of these norms to be 1.

Now, for 1 <n <m we can find , € —1,1 with

m
Z'Tfﬂn;n :Z Z n Tnj j n-
n=1 j, =1

In other words, the left hand member in the 2-dominated definition can be
considered as the trace of the mapping

I — —l; — 1.

By Grothendieck s ine uality, the second two mappings have uniformly bounded
2-summing norm, and so the composition must have uniformly bounded trace. B

Theorem 1 leads to an r-dominated version of Berstein s ine uality.

eore . Let X be a Banach space andlet :X — K be ann-h m gene us
p I n mial. LetT be the ass ciated s mmetric n-linear map. f  is r-d minated
then its rechet deri ati e :X — X* gienb (x)()=nT(z,...,z, ) fr
all z, € X is an r-d minated (n — 1)-h m gene us p | n mial. re er

i frp mn, ( )<n (T)Snn () and

nnl

i frp<n, ( )<n (T)< an/pomo (),

n

00 . ith the aid of Theorem 6, Theorem 19 shows that the (n — 1)-linear map
T:X x x X — X* given by

<T(£II1,...,.’IIn 1), >:T($1,...,$n 1, )
is r-dominated. Hence the associated polynomial : X — X™ given by
(z)( ) =<T(z,...,x), >=T(z,...,z, )

is also r-dominated and ()< (T'). Thus, = n is also r-dominated.
Theorem 6 completes the proof. B

Finally we prove Theorem 5, which implies Theorem 4.

15



roo o eore . Set| (;)|=A} () with[\j[=1forall €N. Then for
any m € N,

Z | (])|:Z A? (J):Z )‘?T( VERERE) j)a
j=1 j=1 j=1

where T' is the symmetric n-linear form corresponding to . Now, using generali ed
Rademacher functions ;:[0,1] — C (see [3] and [4]) and Theorem 12, we obtain

SI= X XA A0 0T )

e now break the argument into two parts, one for n  r, the other for n < r.

a) For n r, due to the natural inclusions of the , spaces, if we write ; =
( ), we obtain

Sl () (Zm()j) )
_

*

Jj=1
n

- O Yaa0 O

*

By Khinchin s ine uality for generali ed Rademacher functions (see [4]), there
is a constant K, > 0 such that

m m n/
SIS (K, ( RY; j|) ()
: \E

Jj=1

m n/
( VK, (lel) ()<K, (),
A&

since p 2.
b) For n <r,



Again, Khinchin s ine uality for generali ed Rademacher functions can be used
to provide a constant K > 0 such that

d ( ( )/ )
il < K Al L
;H)‘ () \*]:1"" ()}
)"

[ ([ /
= (K (Z\ﬂ) () <K ()
)

Re r . This theorem does not hold for p = 1, as shown by Theorem 1. Never-
theless for 1 < p < 2, there is partial result. e omit the proof which is similar to
the proof of Theorem 5, but more involved.

eore .LetneNandlet1<p<2satz'sf%Sl—l—%. e ne L =
n % — 1 fr 2andthen-h m gene usp | n mial :ly — Cisr-d minated
then

1/
(Zum) <K . ()
J

here the K is the ¢ nstant in  hinchin s ine ualit f r generali ed ademacher
functi ns.
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