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It seems not to be well known that best complex rational approximations, in
the uniform norm, to a real function on a real finite interval need nof be unique.
Because of this, the purpose of this note is to highlight this nonuniqueness with
three different examples.

1. INTRODUCTION

It is well known that for any real continuous function f(x) on [—1, +1]
and for any pair (m, n) of nonnegative integers, the best uniform approxi-
mation to f(x) on [—1, 4 1] by a real rational function in 7y, , (defined below)
is unique (cf. Meinardus [2, p. 161], Rice [4, p. 77]). On the other hand,
Walsh [5, p. 356] has given an example of a continuous complex-valued
function, namely f(z) := z - z%, on a certain closed crescent-shaped region
in the complex plane, whose best uniform complex rational approximation
of order 1 is not unique.

While Walsh’s example is of great importance, what is interesting is that
this nonuniqueness of best complex rational approximation can hold even
in the situation of most common interest, namely, in approximating real
functions on finite rea/ intervals. Moreover, this nonuniqueness can in fact
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COMPLEX RATIONAL APPROXIMATION 79

be exhibited for best uniform complex rational approximation of order #,
with n an arbitrary positive integer, which extends Walsh’s example in another
direction. The purpose of this note, then, is to give three elementary examples
for which best uniform complex rational approximation to a real continuous
function on [—1, 1] is not unique. These examples point out a somewhat
curious fact, namely, that complex rational functions may give closer uniform
approximations to a real function on [—1, +1] than the best real rational
‘function of the same type.

For the remainder of this section, we give necessary background and
notation. To begin, for an arbitrary nonnegative integer v, 7, denotes the
collection of all polynomials (in the variable z or x) of degree at most v
having real coefficients, while #,¢ is the analogous collection of polynomials
with complex coefficients. For each pair (m,n) of nonnegative integers,
w}, » denotes the collection of all rational functions which can be written in
the form p,/g, with p,, €m," and g, € =,”, while =}, , is analogously the
collection when p,, € 7,,¢ and g, € m,°. Obviously, n}, , C 7y, 0 -

If C,[—1, +1] denotes the collection of all real continuous functions
on[—1, +1]andif | g || := supger_1,.1 | g(x)| for any real or complex-valued
function g defined on [—1, +1], we further set

Ena(f):= inf |f—gl;  En.(f):= inf [If—gl (1D
9ETm n 9E€Tm n
for any fe C,[—1, +1]. As previously remarked, for any fe C[—1, +1]
and for any nonnegative integers (m, n), there is a unique R, , €7y, , such
that
Moreover, this best approxiation in =, , is characterized by the following
property: If R,, , = P/Q with P €m,, and Q €=, having no common factors,
f— R, has an alternation set (cf. [2, p. 161]) of length /, consisting of /
distinet points on [—1, +1], with
! > 2 4+ max{m -} deg Q; n -+ deg P}, 1.3)

(where we adopt the convention that if P =0, we take deg P = — o0,
deg O = 0, so that / > 2 + m in this case). We also remark that (cf. Walsh
[5, p. 351)) for any fe C,[—1, -+1] and for any nonnegative integers (m, n),
there always exists an R,, ,, € 75, ,, for which

and it is convenient to distinguish the collection of such best uniform rational
approximants R, , by

Bfn,n(f) = {Rﬁn,n € an,n . Hf“ an,n H = Efnn(f)}; (15)
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where the analogous definition for B}, ,(f) is used. If | 4 | denotes the cardi-
nality of the set A, i.e., the number of its elements, then, as previously
remarked, By, .(f) = {R,. .(f)} and | B}, (/)| = 1, while the statement

| Bun( )l > 1 (1.6)

implies simply that there is no unique best uniform rational approximation
iny, ,tofon [—1, +1].

2. MAIN RESULTS AND EXAMPLES

In this section, we state some propositions which form the basis for our
three examples on nonuniqueness. These examples, along with some dis-
cussion and some open problems, are also given in this section, but the proofs
for the propositions and examples are given in Section 3. For convenience,
we shall deal only with the classes =, ,, (and =}, ,,) for which m = n.

PropOSITION 1. Given any fe C,J—1, +1] and given any nonnegative
integer n, ‘

Egnan(f) < inf [ f — Re gl < En o (f) < Eqa(f) 2.1

9ETy n

Furthermore, ”‘E;‘n,zn(f) = E;,n(f)’ then Bacft,n(f) = B;,n(f) = {Rn,n}-

CorROLLARY 1. Given feC,[—1, |1}, let R,, = P/QeB, (f), and
set d .= max(deg P; deg Q), where P and Q have no common factors. If
f— Ry, has an alternation set of length at least 2 - 2n + d, then B, (f) =

ProrosITION 2. Given fe C,[—1, +1], let R, , = P/Q € B, ,(f) and let
d := max(deg P; deg Q) where P and Q have no common factors. If every
alternation set for f — R, ,, has length,at most 1 + 2n — d, then

EL () < En(f) ' (2.2)
and

| Bra(H) > 1. (2.3)

ExampLE 1. Letfe C,[—1, 1] be even, and monotone and nonconstant
on [0,1]. Then

ELA(f) < EL(f) @4

and
[ Bi(N) > 1.

(2.5)
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We remark that Example 1 includes as a special case the function
Jux) = |x*], « >0, on [—1,+1]. Moreover, it is easy to see that
£7(f,) = %forany o > 0. On the other hand, for « = 2 and for the specific
function

X 212 — 1) i ¢
ra o= (G D e e 6
a short calculation shows that || x* — ry (|| = 2%/ — 1 = 0.4142, so that
by definition
ELA(x%) < Ef,(x%) = §. 2.7

Also, we have kindly been informed by Professor Colin Bennett (cf. [1])
that E7 ;(x®) < (4/27)'/% = 0.3849.

ExampLE 2. For m > 1, let T,(x) be the Chebyshev polynomial (of
the first kind) of degree m, and set k. = [(m = 1)/2]. Then, for each n with
0<n<k BT, =1and

B, oTy) = {gx) =0}, 0<n<k, (2.8)

whilefork +1 < n<<m—1,

Ey n(Tw) < Enn(T0)s 2.9
and

| By Tl > 1. (2.10)

ExAaMPLE 3. There exists an entire function f'e C,[—1, +1] and an infinite
sequence of distinct positive integers {n;};-; such that

Efzi,ni(f) < E:Li,n,-(f), Vi > 1, (21])
and
| BN =1, Viz L (2.12)

We now list some open questiz)ns suggested by the above examples.
(1) What is maXxsec 1,411 | Bno(f)|? Can this quantity be in fact
infinite ?

(2) Does there exist an fe C,[—1, +1] for which E; (f) = E; .(f),
but for which | By, .(f)] > 1?

(3) Find y(n) := inf{E7 (f)/E} (f): fe C,l—1, +1] with f¢m, .(f)}-
(4) Does there exist an entire function fe C.[—1, +1] such that
(2.11) to (2.12) are valid for all n > 1?

(5) Ts|B.(x]) > 1foralln = 1?
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3. ProoFs

We now give the justifications for the statements made in the previous
section.

The proof of Proposition 1 follows immediately from the fact that if
temw;, , , then Re re(x) and Im r¢(x) belong to 7, 5, . Corollary 1 is then a
trivial consequence of Proposition 1 and the alternation property (1.3).

Proof of Proposition 2. Let [ be the iength of any longest alternation
set for f — R, , on[—1, 4+ 1], and call H the set of extreme points of f — R, ,,

on [—1, +1]: _
H:={xe[~1, +11 |(f — Ru)X)| = Enu())}-

Obviously, | H | > . From the knowledge of the set H, / — 1 distinct points
x; with —1 < x; < x, < ** < x;; < 1 can be determined such that if
s(x) 1= Hg: (x — x,), then [(f — R, ) si{x) is of one sign on H. Without
loss of generality, we may assume that (f — R, ,)s is positive on H, and
hence, by continuity, there is an open set @ in [—1, +1] with H C € for which

[(f — Rpn)six) >0 for all x e €. (3.1)
Next, sét

i+d—n—1

pe) = T[] (r—x) and g0 :=s)pl), (2
le=1
and as ! =2 +n—+dfrom (1.3),then /+d—n—12>1+2d =1, and
as d < n by definition, then / + d — n — 1 < [/ — 1, showing that the poly-
nomials p and ¢ are well defined. Next, with R, , = P/Q and 8 > 0, set
P(x) p(x)
1= ' ) -
0= 000 10 0@ T D 6
PO + D) 4 Sp)
O(x)(g(x) + 1)
As 1 <1+ 2n—d by hypothesis and as degg = n — d, we see that
rx) ey, , for any 6 > 0. ¢
Now, with e, (x) := f(x) — R, .(x) = f(x) — (P(x)/Q(x)), then for any
X € ['—'17 +1]!

/() — ra(x)?

_ _ p(x)
I R T T e )

2

e _ 20e,(x) plx) 1 8%p*(x)

= enalx) o ke (G 7)o T
Bp) 286, ,(0) () G

O T 0@ + 1) :

= e_?z,n(x) -+
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Since we may assume that Q(x) > 0 on [—1, +1], we then have from (3.1)
that 28e, .(x) s()/{O(x)[g%(x) + 1]} is positive at each point of ¢. Conse-
quently, for 8 > 0 sufficiently small, it follows from (3.4) that

whence E, (f) < E;,  (f), giving (2.2) of Proposition 2.

To establish nonuniqueness, consider any r € By .(f). Clearly, the con-
jugate 7 (on [—1, --1]) is also an element of B, (f). But# s r, since the
contrary assumption would imply that E; (f) = Eq () which would
contradict (2.2). Thus, | B, (/) > 1. §

We remark that Proposition 2 could also be deduced from Meinardus
and Schwedt [3] (cf. Meinardus [2, p. 136]), but for the sake of completeness,
a short proof of Proposition 2 was included here.

Proof of Example 1. Since f is even on [—1, 4-1], it follows that
R, 4(x) € B} ,(f) necessarily reduces to a constant, and since f is monotone
and nonconstant on [0, 1], it is easy to see that /' — Ry, has an alternation
set on [—1, 1] of longest length / = 3. Thus, the hypotheses of Propo-
sition 2 are fulfilled with » — 1 and d = 0. § '

Proof of Example 2. Since Tp(x) = .(x) — 0 has an alternation set on
[—1, +1] of longest length [ = m + 1, then for R, .(x) = 0 for0 <n <k
where k: = [(m — 1)/2], Ti— R, satisfies the hypotheses of Corollary 1
with d = 0, and thus | B (T,,)| = 1 for all 0 <n < k. On the other
hand, since 7,,(x) — O satisfies the hypotheses of Proposition 2 with d =0
andk -1 <n < m — 1, then (2.9) and (2.10) follow directly from (2.2)
and (2.3) of Corollary 2. § '

Proof of Example 3. Let f(x):= v 6T 2mv_l(x), where m, = 3 for

v = 1, and where the nonnegative real numbers ¢, are defined recursively
by means of

’ mln(gv 5 GV'—‘I)

s T (3.5)

51 - 19 €, =
where
81 =1, 9, = EZmV_g—l(fv~1) - E4cm.,,2—1(fp1), Vv = 2, (3-6)

and where £, (x) := Y e T’ am,—1(%). (Note that we are, for convenience,
now writing E; for E; ;) It is clear from (3.5) and (3.6) that f is entire, and
that fe C,[—1, +1]. We shall show that

Efnys(f) < Eimya(f)y  ¥v =0 CON
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ior this pur

= 1. By definition,
1, and we mnductively assume that 8, > 0 forall 1 <k <
v — 1. From (3.5), then € >0 for 1 <k < v — 1. Next, we show that
fos is the unique best uniform rational function in Ty
on [—1], +1]. Indeed, .

am, o~1,am,_,1 tO £, ;

Joea(x) = foa(x) = € sz,,_1~1(x)
has an alternation set on [—1, +

1] of longest length / = 2m, =2 . 31
and we note that (cf. (1.3)
[ =2m, | —2 + max{4m, , — 1 +degf,_,; dm, , — 1 L 0}.
Furthermore,

l=2m, =1 2(4m,_, — 1) — deg f,.
50 that from (2.2) of Proposition 2 (with n
and (3.6),

—2 9

=4m, , — 1 and d — deg £, ,)
0 < Eva,z~1(.ﬁ~1) - szcm,,_2~1(ﬁ»~1) = 8» .
ction, and also sh
we first note by the tria

This completes the indu

ows that €, > 0 for aJ v > 1.
To prove 3.7, ngle inequality that

Elnsh) < Ern i) + | 5

Tanes |, (3.8
k=p42
- and that
B 2 B ~ | 5 e, I (3.9
k=p1.2
Hence, (3.7) will be satisfied if
’; . | 7 C
)} Z € omy 4 H < 4 amy1(fi1) — Efpn, s )] = 10,45 (3.10)
k=yp+2
But from (3.5), we have that :

] @0 o0
}7 Zz flcszk—l H < Z € <
==yt

o0
v+2

LTI pp—
I s v
k=vi2 @,y — ! 2 Pt m
V-2 < 1
8l'-f-2
=72

since njv = 3", and the proof js complete.
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Note added inproof. 1) It hasbeenshown by A. Ruttan [6] that thereis a real continuous
function [—1, -1} for which | B¢ ,(f)] = o, which settles open-problem (1). 2) A. A.
Gondar has recently informed us that his paper “The Rate of Approximation by Rational
Fractions and the Properties of Functions’ (1968) mentions the possibility of nonuniqueness
in a footnote. Gonlar’s student K. N. Lungu studied the problem in more detail. He
showed [Matematicheskie Zametki, Vol. 10, No. 1, pp. 11-15, July (1971)] that if for a
continuous function f(x) on [—1, 1] we set M:= max|_; 11 f(x), m:= min;_,,41 f(x) and if
there exist points —1 < x < X; <+ < X, < 1, n> 1, such that the set {x: f(x) = M}
consists of x; with even subscripts and the set {x: f(x) = m} consists of x; with odd sub-
scripts, then

Eq 1 as() < Epg na)-

This result is but a special case of our Proposition 2 because under. the above hypotheses,
Ry na(x) = (M + m)/2 and f — R, ;. has largest alternation set of length n + 1,
which is not greater than 1 + 2(n — 1) — 0 = 2n — 1 for n> 1. For the Chebyshev
polynomials 7,,,(x), Lungu’s result gives E; (T.) < E, (T,) only for n = m — 1, while
our result gives all the integers n for which this inequality holds, namely [(m — 1)/2] =
n=m-— 1.
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