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Abstract. Here, we investigate the relationships between G(A), the union of GerSgorin disks, K(A), the union
of Brauer ovals of Cassini, and B(A), the union of Brualdi lemniscate sets, for eigenvalue inclusions of an n X n
complex matrix A. If o(A) denotes the spectrum of A, we show here that

a(A) S B(A) € K(A) € G(4)

is valid for any weakly irreducible n X n complex matrix A with n > 2. Further, itis evident that B(A) can contain
the spectra of related n X n matrices. We show here that the spectra of these related matrices can fill out B(A).
Finally, if G™*(A) denotes the minimal Ger§gorin set for A, we show that

GR(A) C B(A).
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1. Gersgorin Disks and Ovals of Cassini. For any n > 2, let A be any n X n com-
plex matrix (written 4 = [a; ;] € €™*"™), and let o(A) denote its spectrum (i.e., o(A) =
{\ €T : det[A — AI,,] = 0}). A familiar result of Ger3gorin [3] is that if

(1.1) Gi(A) = 2€C: |z~ ais| <ri(A) =) laijlp (1<i<n)
g

denotes the i-th Ger$gorin disk for A, then the union of these n Ger§gorin disks contains all
eigenvalues of A:

(12) a(A) € G(4) = | JGi(4).

i=1

A less familiar result of Brauer [1] is that if

(13) Ki j(A) i={z€C: |z —aii| - |2 — aj5| <mi(A) -75(A)} (1 <4,5 S nji#5)

denotes the (4, 7)-th Brauer oval of Cassini for A, then similarly

(1.4) o(A) C K(4) = | ] Ki;(A),
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We hote that the eigenvalue inclusion of Brualdi’s Theorem C, applied to a weakly irre-
ducible matrix A = [a; ;] € C™*"™ with n > 2, now depends on all the quantities of

T'(Be) :

(2.8) {aii}izq, {ri(A)}i=1, and C(A).

As (2.8) requires more information from the matrix A, in order to form the Brualdi lemniscate
set B(A), then is required by the Brauer ovals of Cassini K(A) or the Ger§gorin disks G(A),
one might expect that B(A) is a set, which is no larger, in the complex plane, than KC(A)
or G(A). This will be shown to be true in Theorem 1 of the next section. In addition, one
can ask, in the spirit of Theorem B, if the union of the spectra of all matrices, which match
the data of (2.8), fills out the Brualdi lemniscate set B(A) of (2.7). This will be precisely
answered in Theorem 2 of Section 4.

3. Comparison of Brauer’s Ovals of Cassini and Brualdi’s Lemniscate Sets. Our
new result here is very much in the spirit of the proof of Theorem A. (See also [6].)

Theorem 1. For any A = [a; ;] € C**",n > 2, which is weakly irreducible, then, with
the definitions of (1.4) and (2.7),

G.1) | B(4) C K(A).

" Remark. This establishes that the Brualdi lemniscate set for a matrix A is always no
larger than the union of the Brauer ovals of Cassini for this matrix.

Proof. Consider any circuit «v in C(A4). If this circuit has length two, i.e., v = (i1,42),
where 13 = 11, it follows from (2.7) that
(3.2) B“/(A) = {Z €C: [Z - a’il;’ill : ‘Z - aiz,izl STy (A) " Tig (A)}’

which, from (1.3), is exactly K;, ;,(A), i.e.,

(3.3) B"/(A) = Kiu'iz (A)

Next, assume that v has length p > 2, 1e., v = (i1,12, -, ip), Where ip41 = i;. Since A
is weakly irreducible, each vertex of I'(A) has a circuit passing through it, so that r(A) > 0
for each £in N. From (2.7), we define

P P
(3.4 By(A):=4z€C: H Iz — Gij,z’jl < H’rij (4) ;.
j=1

i=1



ETNA

Kent State University
etna@mecs.kent.edu

Richard S. Varga 119

Let z be any point of B.,(A). On squaring the inequality in (3.4), we have

2 2 2
12 = asig | 12— Ginial” o |2 = @iy, | S TR (A) - TE (A) -1 (A).

As these r;; (A)’s are all positive, we can equivalently express the above inequality as

(=) ()

. <1Z B aipvip' ' iz - a’ihizl) <1
ri,(A) - 70y (4)
As the factors on the left of (3.5) cannot all exceed unity, then at least one of the factors is at
most unity. Hence, there is an £ with 1 < £ < p such that

(3.5)

‘Z - aieﬂ'e‘ : Iz - aie+1,ie+1| < Tig (A) : Ti/z+1(A)

(where if £ = p, thenigy = i1). But from the definition in (1.3), we see thatz € Ki,i,,,(4),
and, as a consequence, it follows that

P
(3.6) Bo(A) C | Kiyijin () (where ipy1 = iy).
j=1

Thus, from (2.7) and (3.6),

B(A)= |J B,(4)C | Ki;(4) =K(4),
~y€C(A)

the desired result of (3.1). 0

We next show that there are many cases where equality holds in (3.1). Consider any
matrix A = [a;;] € €™, with n > 2, for which every non-diagonal entry a;; of A is
nonzero. The matrix A is then clearly irreducible, and hence, weakly irreducible. Moreover,
every partition, of length > 2, of P, of (2.5) can be associated with a circuit y of C(A), so
that the total number of these circuits is, from (2.5),

€X)) }nj (Z) (k1) .

k=2

In this case, as each Brauer oval of Cassini K; ;(A),1 # j, corresponds to a circuit (of length
2) in B(A), it follows from (2.7) that K(A) C B(A), but as the reverse inclusion holds in
(3.1), then

(3.8) B(A) = K(A).

In other words, the Brualdi lemniscate set B(A) need not, in general, be a proper subset of
the Brauer ovals of Cassini X(A). We remark that for a 10 x 10 complex matrix A, all of
whose off-diagonal entries are nonzero, there are, from (3.7), 1,112,073 distinct circuits in
C(A). But because of (3.8), only (') = 45 of these circuits, corresponding to the Brauer
ovals of Cassini, are needed to determine B(A).
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4. The Sharpness of Brualdi Lemniscate Sets. Given A = [a; ;] € C"*", with n > 2
for which A is weakly irreducible, we have from (2.7) of Theorem C that

(4.1) o(A) € B(4),

where the associated Brualdi lemniscate set B3(A) is determined, in (2.7), from the quantities

4.2) {ositiny,  {rd(A)},, andC(4).
It is again evident that any matrix B = [b; ;] € C™*™, having the identical quantities of (4.2),

has its eigenvalues also in B(A), i.e., with notations similar to (1.11) and (1.12), if

QB(A) = {B = {b,;yj] E(ann B b@',i = ai’i,n(B) = Ti(A), 1 S 1 _<__ mn,

(4.3) and C(B) = C(A)},

where o(Qp(4)) == U o(B), and if

N

(4 4) QB(A) = {B = [bi,j} E(ann : bi,z‘ s ai,i,O < Ti(B) < ’f‘i(A), 1<i< m,
' and C(B) = C(A)},

where o(Q5(4)) :== U o(B), it follows, in analogy with (1.14), that
Befls(A)
4.5) o(5(4)) € o(s(4)) € B(4).

(We note, since A is weakly irreducible, that 7;(A) > Oforall 1 <i < n.)
It is natural to ask if equality can hold throughout in (4.5). The answer, in general, is no,
as the following simple example shows. Consider the matrix

(4.6) D=

so that

Tl(D) = 7’2<D> = 1, and Tg(D) = %

The directed graph I'(D) is then
so that D is irreducible, and the circuit set of D is

C(D) = (1,2) U(1,2,3).
Now, any matrix E in Qg(D) can be expressed, from (4.3), as
1 e 0

4.7 E=| (1-s)e? -1 set
Seifa 0o 1
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vy U9

U3

where s satisfies 0 < s < 1 and where {,}?_, are any real numbers. (Note that letting
s = 0or s = 1in (4.7) does not preserve the circuit sets of C(D).) With v, := (1,2) and
v := (1,2, 3), we see that

By (D)={2€C:|z—1]-|z+1] <1}, and
(4.8)
B.,(D) = {zec: 2 =12z +1] < 1/2},

where the set BB, (D) consists of two disjoint components. These sets are shown in Figure 1.

2 T T T

| =1 [z+1|=1/2

- —

|£-1]=1 T

-2 -1 0 1 2

Figure 1

It can be seen, from (4.8) and from Figure 1, that z = 0 is a boundary point of the
compact sets B, (D) and B(D) := B, (D) U B, (D). Suppose that we can find an s with
0 < s < 1 andreal values of {#; }7_, for which an associated matrix E of (4.7) has eigenvalue
0. This implies that det E' = 0, which, by direct calculations with (4.7), gives
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. 1 .
O=det E=—1—(1—s) "+ 4 §se’<91+93+94>, or

(4.9) 1= {—(1 — g)eiOrt2) %sei(sl”"e‘*“'h)} .

But as 0 < s < 1, the right side of (4.9) is in modulus at most

1 2-—35
1— lg=
( S)-|~28 5

<1,

so that det E # 0 for any E in Qg(D), i.e., 0 ¢ 0(Q5(D)). A similar argument shows (cf.
(4.4)) that 0 ¢ o(Q5(D)). But as 0 € B(D), we have

(4.10) o(Qs(D)) € o(Qs(D)) B(A).

But, in order to aéhieve equality in (4.10), suppose that we allow s to be zero, noting from
(4.8) that the parameter s plays no role in B(D) = B, (D) UB,,(D). Then, on setting s =0
in (4.7), the matrix F of (4.7) becomes

1 e 0
(4.11) E=1| ¢% -1 0],

and on choosing §; = 0 and §; = 7, then z = 0 is an eigenvalue of E where E is the limit
of matrices F in (4.7) when s | 0. We note that the directed graph of D(E)is

U1 v2

T(E):

v3

so that C(E) # C(D), but E remains an element of Q(A) of (1.11).
This example suggests that we consider the closures of the sets Q5(A) and Q5(A) of
(4.3) and (4.4), where A = [a; ;] € e T™*"™ n > 2, is weakly irreducible:

Qp(A) :={B = [b; ;] €C™™: there is a sequence of matrices { E; }72
i, 233 1

(4.12) in Qp(A), for which B = lim E;}.
j—oo

and
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Qs (A) :={B =[b;;] €C™™: there is a sequence of matrices { £;}52;

(4.13) in Q5(A), for which B = lim Ej.}
Jj—oo

This brings us to the new result of

Theorem 2. For any A = [a; ;] € T"*",n > 2, which is weakly irreducible, then

(4.14) 0B(A) € o(Qs(4)) C o(Qs(A4)) = B(A),

i.e., each boundary point of B(A) is an eigenvalue of some matrix in Qp(A), and each point
of B(A) is an eigenvalue of some matrix in Qp(A).

Remark. This establishes the sharpness of the Brualdi set B(A) for the matrix A, as the
final equality in (4.14) gives that the spectra of matrices in {23(A) are dense in B(A).

Proof. Since o(25(4)) € o(Q25(4)) from (4.5), it follows that their closures of (4.12)

and (4.13) necessarily satisfy o(Q5(4)) C o(Q5(A), giving the middle inclusion of (4.14).
Tt suffices to establish the first inclusion and the final equality in (4.14).

Consider any circuit v in C(A). From our discussion in Section 2, we can express 7y as
an element of P, of (2.3),i.e.,

(4.15) v = (i1,ig,- -, 1p) Where ipy1 := i1, and where 2 < p < n.
Without loss of generality, we can assume, after a suitable permutation of the rows and
columns of A, that

(416) v = (1727"'723)7

noting that this permutation leaves unchanged the collection of diagonal entries, row sums,
and circuits of A. This permutated matrix, also called A, then has the partitioned form

ai,i e ayp ai,p+1 s ain
4.17) A= ap,1 Qp,p p,p+1 Apn _ Al,l l Al,z
. - b
Gp+1,1 Ap+1,p | Ap+1,p+1 Ap+1,n As I Az2
L On,1 o Gngp Qn,p+1 o Gnp

where the matrices A; 2, A2,1, and Aj 3 are not present in (4.17) if p = n. Our aim below is
to construct a special matrix B(t) = [b; ;(t)] € C™*", whose entries depend continuously on
the parameter ¢ in [0, 1], such that

bii(t) = aii, Ti(B(t)) =7:(A), foralll1 <i<mn, andall0 <t <1, and
(4.18)
C(B(t)) =C(A) forall0 <t < 1.
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To this end, write

B
(4.19) B(t) = Bj{;(lt)! j{j(j) }

ie., the rows p+ 1 < £ < n of B(t) are exactly those of A, and are independent of t. We
note from (4.16) that

(4.20) ai2-a23°Gp-1,p - ap1 # 0,

and the rows of B(t) are then defined, for all ¢ € [0, 1], by

bis(t) = aiiforalll <i < p;

@21) |bi i11(8)] i= (1 — 6)ri(A) + tlas,it1], and |b; ;(t)] :==tlaiz| (J #1494+ 1),
’ forall1 <1 < p;
|bp,1(t)] := (1 — t)rp(A) +tlap,1|, and |by ;(t)] :=tlap ;] (all j # 1,p).

It is evident that the entries of B(t) are all continuous in the variable ¢ of [0, 1]. Moreover,
B(t) and A have the same diagonal entries and the same row sums for all 0 < ¢ < 1, and,
as a;; # 0 implies b; ;(t) # 0 forall 0 < t < 1, then B(t) and A have the same circuits in
their directed graphs for all 0 < ¢ < 1. As A is weakly irreducible by hypothesis, it follows
that B(t) is weakly irreducible for all 0 < ¢ < 1. Also, from (4.3), B(t) € Q5(A) for all
0 < t < 1, and from (4.12), B(0) € Q5(A). Hence, from (4.5),

4.22) a(B(t)) € B(A)forall0 <t < 1.

Butas B(A) is a closed set from (2.7), and as the eigenvalues of B(t) are continuous functions
of t, for 0 < t < 1, we further have, for the limiting case ¢t = 0, that

(4.23) o(B(0)) € B(4),

where, from the definitions in (4.21),

B = [ 2O 2,

As1 | A2p
with
aii ')"1(,14.)81‘91
as2 7‘2(A)<~3i92
(4.24) 31,1(0) = .
Gp—1,p—1 rp—1(A)e?r-1
rp(A)e?r ap.p

We note from (4.21) that the nondiagonal entries in the first p rows of B(t) are defined only
in terms of their moduli, which allows us to fix the arguments of certain nondiagonal nonzero
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entries of By,1(0) through the factors {e*%s}7_, where the {6;}}_, are all real. (These factors
appear in By 1(0) of (4.24).) The partitioned form of B(0) gives us that

(425) O'(B(O)) = 0(31’1(0)) U O'(AQQ),

and, from the special cyclic-like form of Bj 1(0) in (4.24), it is easily seen that each eigen-
value X of By 1(0) satisfies

p p
(4.26) [T =auit =] r:(4),
=1 =1

for any real choices of {93'}?:1 in (4.24). But (4.26), when coupled with the definition in
(3.4), immediately gives us that A € 0B, (A), and, as all different choices of the real numbers
{6,}5_,. in B11(0) of (4.24), give eigenvalues of B1,1(0) which cover the entire boundary
of B,(A), we have

@27 U o(B1.1(0) = 8B,(4).

01, ,8preal

This can be used as follows. Let z be any boundary point of B(A) of (2.7). As B(A) is
the union of a finite number of closed sets B (A), this implies that there is a circuit v of C(A)
with z € 0B, (A), where B.,(A) is defined in (3.4). As the result of (4.27) is valid for any v
of C(A), then each boundary point z of B(A) is an eigenvalue of some matrix in Q(A) of
(4.12), 1.e.,

(4.28) OB(A) C 0(Qp(A)),

which is the desired first inclusion of (4.14).

To investigate how the eigenvalues of {3(A4) of (4.13) fill out B(A), we make a small
change in the definition of the matrix B(t) of (4.18) and (4.21). Let {7;}¥_; be any positive
numbers such that

(4.29) 0<m<r(4) (1<i<p),

and let B(t) = [b; ;(t)] € C™*™ have the same partitioned form as B(t) of (4.19), but with
(4.21) replaced by

bis(t) == a;; forall 1 <4 < p, and
(4.30) ) 7
= —" b, ] J sisp
bes (O = Srgylbis @ (G #9), for1 <i<p

Then, B(t) and A have the same diagonal entries, the row sums of B(t) now satisfy r; (B(t)) =
r;foralll <j <p,all0 <t <1,and B(t) and A have the same circuits for all 0 < ¢ < 1.

From (4.4), B(t) € Qp(A) forall 0 < t < 1, and from (4.13), B(0) € EB(A). In analogy
with (4.23), we have
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‘mm:[éz?)zﬁzy

with

ai 1€
02,2 Tzewz
(431) By 1(0) = ,
. Gp—1,p-1 1€t
Tpewp Qp,p
where
432) o(B(0)) = 0(B1,1(0)) Ua(Az;).

It similarly follows that any eigenvalue A of By.1(0) in (4.31) now satisfies

14 P
(4.33) [T 1x=aiil =11
j=1 i=1

for any choice of the real numbers {6;}}_; in B .1(0) of (4.31). Using the fact that {7;}}_;
are any numbers satisfying (4.29) and that {0;}_, are any real numbers, it follows from (3.4)
and closure considerations that all the eigenvalues of B; 1(0) fill out B,(4), i.e.,

(4.34) U o(B11(0)) = By(4).

/ !
'ris,ejs

As this holds for any v € C(A), where B(0) € ag(A), then

(4.35) o(Qs(A)) = B(A),
the desired final result of (4.14). O

5. A Comparison of Minimal GerSgorin Sets and Brualdi Lemniscate Sets. Given
A=la;;] €C"andx = [z1, T2, - ,z,]7 > 0inR", then with X := diag [z1, 22, -, Zn],
we have that X "1 AX = [*22%2], where, since A and X —1AX are similar matrices, 0(A) =
o(X71AX). On setting

G.1) Pe(A) =Y 'ij'fﬁ (alli € N,

i#i

then GerSgorin Theorem, applied to X ' AX, gives
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(52 o(4)=o(XTTAX) C LnJ{z €T : [z —agil <rF(A)} =1 G¥(A).

t=1
As this eigenvalue inclusion holds for each x = [z1, T2, -, z,)T > 0inR"™, we have
(5.3) a(4) € () G5(4) = GR(4),
x>0

and G (A) is called (cf. [5]) the minimal Gersgorin set for A, relative to the collection of
all weighted row sums {7¥(A)}™;. As G*(A) is, for each x > 0, the union of n closed disks
in the complex plane T, then G*(A) is compact, as is G (A). '

Another natural question is how the Brualdi lemniscate set B(A) of (2.7), a compact set
inT, compares with the minimal Ger3gorin set G (A) of (5.3), for every A = [a;,;] € C*™.
The first apparent difference is that the Brualdi lemniscate set B(A) requires A to be weakly
irreducible, whereas the minimal Ger$gorin set G (A) does not make this restriction. But, if
we assume that A = [a; j] € C™*" is weakly reducible, we can compare the associated sets
in the complex plane. Given A = [a;;] € €™*",n > 2, we consider the following set of
matrices, associated with A:

A(A) = {B = [biyj] egCm ™ b; i = a;; and
(5.4)
|bij| < las;| forall i # j;4,5 € N}

Lemma 3. For any A = |a; ;] € C"*",n > 2, which is weakly irreducible, then (cf.
4.13))

A~

<2

(5.5) A(A) C Qp(A).

Proof. We first note that as A is weakly irreducible, then ri(A) > Oforalli € N.
Consider any matrix B = [b; ;] in A(A), so that from (5.4),

(5.6) ri(B) <r;(A) forallie N.

Set S;(A) := {j € N : j # iand|a;;| > 0}, foreach i € N. Then, Si(4) # @ for any
i € N, since A is weakly irreducible. If there is a j in S;(A) for which b; ; = 0, we note that

(5.7) ri(B) < mi(A).

Then, for a fixed e > 0, replace this (i, j)-th entry of B by any number having modulus €,
and do the same for every k in S;(A) for which b;x = 0, leaving the remaining entries in
this i-th row, of B, unchanged. On carrying out this procedure for all rows of the matrix B,
a matrix B(e), in©™*™, is created, whose entries are continuous in the parameter €, and for
which the circuit set C(B(e)) of B(e) is identical with the circuit set C(A) of A, for each
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¢ > 0. In addition, because of the strict inequality in (5.7) whenever b; ; = 0 with j € Si(A),
it follows, for all € > 0 sufficiently small, that

(5.8 r:(B(e)) < ri(A) forallie N.

Hence from (4.4), B(e) € QB(A) for all € > 0, sufficiently small. As such, we see from

the definition in (4.13) that B(0) = B € Q(A), and as this holds for any B € A(A), the
inclusion of (5.5) is valid. 00
This brings us to the following new result which is both surprising and simple.

Theorem 4. For any A = [a; ;] € C"*"™,n > 2, which is weakly irreducible, then

(5.9) GR(A) C B(A).

Remark. The word “minimal” in the minimal Ger$gorin set G™%(A) seems to be appro-
priate!
Proof. It is known from [5] that G (A) of (5.3) satisfies

(5.10) GR(A4) = o(A(4)),

and as A(4) © 55(14) from (5.5) of Lemma 3, then o(A(A)) C 0(53(14)). But as
o($u5(A) = B(A) from (4.14) of Theorem 2, then these inclusions give that

GR(A) C B(A),
the desired result of (5.9). O

6. An Example. To illustrate the above results, consider the matrix

- O O

(6.1) F=

o oo

= O
OO =

-1

Then, F is irreducible, with C(F) = (1,2) U (1,2, 3,4), with row sums r;(F") = 1 for all
1 < i < 4. In this case, we have from (2.7) that B(F) consists of the union of the two closed
sets

B, (F):={z€C:|z—1] |z —i] <1} = K;2(4), and
(6.2)
B, (F):={z€C:|z* -1 <1}.
These sets are shown in Figure 2, where B, (F') has the shape of a four-leaf clover.
Next, any matrix & in Qg(F) can be expressed from (4.4) as

1 et 0 0
| mse® i m(l-s)e®s 0
63) H=| ™07 U0 e |

’T56i05 0 0 —1
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~-1F

Figure 2

where 0 < 7, < land 0 < 6; < 2rforalll1 <i<5and0 < s < 1. To show how the
eigenvalues of H fill out B(F), we take random numbers {7:}5_,, random numbers {6;}5_,
from [0, 2), and a random number s from (0,1), and the eigenvalues of all these matrices,

are plotted in Figure 3. Figure 3 indeed shows that these eigenvalues of F' tend to fill out
B(F).

-2 -1 [¢] 1 2
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It is of interest to note the following mear paradox arising from Theorem 2. As an
example, F' of (6.1) is irreducible, and it is a known result of Brualdi [3, Cor. 2.11] that a
boundary point z of B(F) can be an eigenvalue of F' only if z is a boundary point of each of
the lemniscates B, (F) and B., (F) of (6.2). But from Figure 2, it is apparent that z = 0is
the only point for which 0B., (F') and 5., (F") have a common point. Yet, (4.14) of Theorem
2 gives the nearly contradictory result that, for each point of &B(F), there is an arbitrarily
close eigenvalue of some matrix in Q5(F). The difference, of course, lies in the fact that Cor.
2.11 of [2] applies to the fixed matrix F', while the common data of (4.2) apply to all matrices
in B(F )

Next, we consider the minimal Ger3gorin set, G™(F'), for the matrix F' of (6.1). The
boundary of this set, 8G™ (F'), can be verified to be

(6.4) 6gR(F)={ZE(D:|Z4-1l=%(|z+1’.|z+il)+_§_}’

and 8GR (F) is shown in Figure 4. Note that 9G™ (F) consists of three separate components.

2 T T

|21 | = (| z+1 || z#i )2 + 172

e
O

2 L L L
-2 -1 0 1 2

Figure 4

Next, we see from (5.4) that any matrix J in A(F) is of the form

1 e 0 0

7 T9e'02 i 1393 0

6.5 = 2 2 .
6.5 0 0 -1 7‘4@”’4

T5e05 0 0 )

where 0 < 7; <1and 0 < 8; < 2, forall 1 <4 < 5. We similarly consider the eigenvalues
of j of (6.5), where we take random choices of {s;}2_, in [0,1], and random choices of




ETNA

Kent State University
etna@mcs.kent.edu

Richard S. Varga 131

{6:}5_, in [0, 2] in (6.5). These eigenvalues are plotted in Figure 5, which show again how
they fill out G (F). In Figure 6, we show both B(F') and GR(F), and we directly see that
(6.6) GR(F) g B(F).

That (6.6) holds can be seen from the fact that each matrix J of (6.5) is necessarily a matrix
H of (6.4), but not conversely.

2 T T

|21 =(z+1 || z=i )2 + 172

-2 -1 0 1 2

Figure 5

7. A Final Equality. The result, of (5.9) of Theorem 4, shows that the minimal Ger§gorin
set G*(A) is always a subset of the Brualdi lemniscate set. Adding to this from the inclusion
of (3.1) and (1.6), we then have

(7.1 GR(A) C B(A) C K(A) C G(A),

for any A = [a;j] € C™ "™ n > 2, which is weakly irreducible. But, the last three sets
in (7.1) have no dependence on weighted row sums, while the first set certainly does from
its definition in (5.3). To see the effect that weighted sums can have, consider any x =
(1,22, -+, 2Zn] > 0, and with rX(A) of (5.1), we define (cf. (1.3)), in analogy with (5.2)
and (5.3),

(7.2)K§fj(A) ={zeC:|z=ai| |z—a;;| < rX(A4) r;‘(A)} (1<i,5 <nji#j),
and (cf. (1.4))

(1.3) KX(A) = Ln) KX;(A), and KR(A) == (] £X(A).

i,j=1 x>0
]
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2

-1}

-2 -1 0 1 2

Figure 6

Similarly, for any circuit  of I'(A), we similarly define (cf. (3.4) and (2.7))

(7.4) BX(A) :={zeC: [[lz = ail <[ (A},
. i€y i€y
and
(1.5) BXA) = |J BX(4), md BR(4) = (] BX(A).
yeC(A) x>0

As we see from (1.1) and (5.2), r*(A) = r;(X "1 AX). Hence, the last three inclusions of
(7.1), applied to the matrix X -1 A X, become

(7.6) BX(A) C KX(A) C G*(4),

and as (7.6) holds for any x > 0, then

(1.7) BR(A) C KR (4) € GR(A).
On the other hand, we have from (5.9) and (7.4) that
GR(X"TAX) C B(XtAX) = B*(A), forany x > 0.
But as is easily verified, GR(X1AX) = GR(A) for any x > 0, so that

GR(A) C B*(A) for any x > 0.
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As this inclusion holds for all x > 0, then with (7.5),

(7.8) GR(A) € BR(A).
Thus, on combining (7.7) and (7.8), we immediately have the result of

Theorem 5. For any A = [a; ;] € C"*™,n > 2, which is weakly irreducible, then
(7.9) g™ (4) = KR (A) = BR(A).
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