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PATTERNS OF DEPENDENCE IN GENERALIZATIONS OF
GERSCHGORIN’S THEOREM™
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This paper is dedicated to Professor Alston S. Houscholder on the occasion of his 65th birthday.

1. Introduction. A well-known theorem of Gerschgorin asserts that every
eigenvalue of an n x n complex matrix 4 = (a; ;) lies in the union of the following
n disks in the complex plane:

(1.1) d, = {z:!ak)k -z < lak\,l}, k=12 -,n.

Our interest here concerns a problem associated with the following type of
generalization of Gerschgorin’s theorem, in which the radii of the disks of (1.1)
are nonnegative functions, denoted by fi(4), defined on the moduli of the n(n — 1)
off-diagonal entries «; ; of the matrix 4. We say thata set { f;, fo, . f,} of such
functions is a G-generating fumily if and only if for every n x n complex matrix
A = (a, ), every eigenvalue of A lies in the union of the n disks

(1.2) d, = {z:|ag, — 2| £ fill A}, k=12 --.,n.

Equivalently. the set { f,.,f,, -+, f,} is a G-generating family if and only if for
every n x n complex matrix 4 = (a, ;) satisfying

(13) !ak,k| > fk(A)ﬂ k = 1127 R

A is nonsingular. For example, {f(A4) = Z’;Zl'_,;kiaml}ftl is obviously a G-
generating family, and various G-generating families are easily constructed from
the many known generalizations of the Gerschgorin theorem. The concept of
G-generating families seems first to have appeared in Nowosad [2]. For theoretical
results concerning properties of G-generating families and their connections with
classical Gerschgorin-type theorems, see Hoffman [1].

Our problem here treats the question of patterns of dependence of the functions
f, on the variables |a, |. i # j. We first say that f, depends on the ordered pair of
positive integers (i, j), where 1 < i, j < nwith i # j, if and only if there exist n x n
complex matrices 4 = (q, ;) and B = (b, ) such that |ay | = |by,| for all k # 1
with (k, 1) # (i, j), for which f,(A4) # f(B). We then define

(1.4) D(f,) = {(i.)):1 £i,j < nandf, depends on (i,))}

as the domain of dependence of f,.
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[tis very natural to pose the following problem. If D,, D,, - --, D, are arbitrary
subsets of the ordered pairs of positive integers (i,j), where 1 <i,j < n with
i # J,whatare necessary and sufficient conditions for the existence of a G-generating
fﬂ.mﬂy {fl 5f2a o :]rn} with

The main purpose of the note is to solve this problem (Theorem 1), under the
assumptions that the functions f, k = 1,2, -+, n, are homogeneous (of degree
unity); Le., for every ¢ > 0 and every n x n matrix A,

(1.6) Jied) = efdA), k=1,2---,n,

and that the functions f; are bounded on bounded sets; i.e., for all n x n matrices
A = (g, withla, | < cforall1 £ i,j < nwithi # j, there exist positive constants
M (¢) such that

(1.7) SilAd) £ M (o), k=1,2,---,n.

The assumption of (1.7) is surely satisfied if each f; is continuous in its n(n — 1)
arguments |a, |, -+, |a, ,-,|. Note that assumptions of (1.6) and (1.7) are trivially
satisfied for the G-generating family { fi(4) = Z;:l’#klakyjl},'lzl of (1.1).

In the subsequent material, for any subset Q < {1,2,---, n}, we use the
notation |Q| to denote the number of elements of Q.

2. Main result. Our main result is the following theorem.

THEOREM 1. Let Dy, D,, -+~ D, be subsets of the set of all ordered pairs (i, j),
where L =i, j < nwithi # j. Then, there exists a G-generating family { [, f5, -, f,}
with each f, homogeneous (cf. (1.6)) and bounded on bounded sets (cf. (1.7)) satisfying
(2.1) D, = D(f,), k=1,2,---,n,

if and only if for every subset S < {1,2, -+, n} with |S| = 2, for every cyclic per-
mutation o of S, and for every nonempty subset T < S, )

2.2) {i:ie S and {(i,oi)} € U Dk}

keT

z |Tl.

 Proof. Assuming (2.1), we first show the necessity of (2.2). Assume the con-
trary. Then, there exists an S < {1,2, .-+, n}, with |S| = 2, a cyclic permutation
o of 5, a nonempty subset T < S, and indices iy, -+, i, € S such that

¥

(2.3) U {li;,0i)) = U {(i,oi)) N U DSy,

j=1 ieS keT
with r <t = |T|. Next, given any ¢ with 0 < ¢ < 1, define the off-diagonal entries
of the n x n matrix A(e) = (a; j(¢)) by

a = -5, j=1,2,---,r,

=1, i€S, i#i,iy, 10,

a, =0, otherwise (k # [).
Note that any ordered pair (i, ¢i), i€ S, i % iy,15, -+, I, 18, from (2.3), not in any
D(/i), ke T. In other words, for any ke T, f,(A(¢)) depends only on coefficients of
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modulus ¢ or zero. Hence, by virtue of the assumption that each f, is homogeneous,
it follows (cf. (1.6)) that

(2.4 fk(A(e)) = élfk(A( 1)) forallkeT
Next, consider g{e erg f(A(e)). This can also be written as
¢) = H JilA(e) H fk(A(fi)) =& [] ) TT AlA@).
keT keS—T keT keS—-T

using the expression of (2.4). Because the off-diagonal entries of A(¢) are in modulus
at most unity, it follows from the boundedness assumption on the f; that (cf. 1.7))

H M{(1) z H JlAe)).

keS—T keS—T

Thus, as t > r, we see that for all sufficiently small ¢ > 0,

> ef{ [T A4 1 Mkm} 2 glo).
keT keS—T
Fixing e sufficiently small, this means that we can find positive numbers ¢, = ¢,(¢),
ke S, with
¢, > flAle). keS,
and

¢ =[] > gle).

keS

Now, we define the diagonal entries of A(e) as
a; {&) = ¢;, JjeSs,
a; &) > [(A(e). je¢S.

By means of our construction, we evidently have that a,; > f{A(c)) for all
j=1,2,---,n But, as {f;.f>, -+, f,} is by assumption a G-generating family,
it follows from (1.3) that A(¢) is nonsingular. On the other hand, our construction
gives us that A(e) is (after a suitable permutation) the direct sum of an [S] x [S]
submatrix and a (n — |§]) x (n — |S]) positive diagonal matrix. This |S] x [S]
submatrix, however, has determinant zero; the product of its diagonal entries is
¢/, and the only other nonzero term contributing to its determinant is
sgn(fnies a; ,; = —&". Thus, A(e) is singular, a contradiction which establishes
the validity of (2.2).
Conversely, assume (2.2), and define the functions f, by means of

(2.3) fA)—Vn > k=1,2,--,n.
(i, J)EDk
These functions f; satisfy (2.1) and are obviously homogeneous and bounded on
bounded sets.
It remains to show that { f. f,, ---. f,} is a G-generating family. From (1.3).
it is sufficient to show that for any n x n matrix 4 = (a, ;) with |a, ;| > fi(4) for
k=12 ---,n Aisnonsingular. Thus, we assume that

(2.6) lagl > fillA), k=1,2,--,n.
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Considerany subset S < {1, 2, -+, n} with|S] = 2and any cyclic permutation
g on S, and define the |S] x [S| matrix B = (b; ). I, k€S, by

] {1 if (i, oi) € Dy,
bk = '
Lo i ai) ¢ D,

Noting that Bis a zero-one matrix, the assumption of (2.2)is precisely the condition
given by Philip Hall in his famous theorem on systems of distinct representatives
(cf. Ryser [3]) that there exists a permutation t on § with b, ; = I for all ieS.
Thus, by definition, (i,gi)e D,; for all ieS§; and from (2.5), we deduce that
fuld) = /nlla; . for all ie S. Consequently, from (2.6),

gl > Lol ) Z . ies.

Taking products in the above expression over all i€ S, and noting that |S| = 2,
we have
(2.7) H Ja; | > (n)s2 H la; o = (1)) H la; o
ieS ieS ieS

for any subset S < {1, 2, -, nj with |S] = 2 and any cyclic permutation ¢ on S.
Recalling that the determinant of 4 is the sum of n! products of elements of 4, it
is casy to see that (2.7) implies that A is nonsingular. This completes the proof.

We remark that with the assumption of (2.2), it can be shown by more
intricate arguments that the functions f; of (2.5), even with the factor V"n! deleted,
still form a G-generating family (cf. Hoflman [1]).

REFERENCES
UOAL T HoreMaN. Generalizations of Gersgorin's theorem: G-generating families, Lecture notes.
University of California at Santa Barbara. 1969, 46 pp.
2] P. NOWOSAD, On the functional (x~'. Axy and some of iis applications, An. Acad. Brasil Ci., 37
(1965). pp. 163-1065.
(30 H. 1 Ryser. Combinatorial Mathemarics, Carus Mathematical Monograph No. 4. John Wiley.
New York, 1963,



