MATH 4/51001
SUBGROUPS OF CYCLIC GROUPS

EXAMPLE 1:
Let G = (g) be a (multiplicative) cyclic group of order 12, so g'* = e and

G = {67 g, 92a 937 947 g5a 967 977 987 99’ 9107 gll}'

GENERATORS

The generators of GG are the elements ¢” with 1 < m < 12 and (m, 12) = 1. Hence we have
Generators of G : g, ¢°, g*, ¢!

so that
For example,
(@) = {e,d” (8" (8°),(9°)", (9°)%, (¢°)% ()", (°)%, (4°)°, (9°)"°, (9°) '}
— {6,95,910,915,920,925,930,935,940,945,950,955}
= {e,9°,9".9°,9%9",9% 9" 9", 9", 4", 9"} (using g'? = e)

= {e,9,9%9%9"9°9%9,¢%¢° 9" ¢"} =G.

ORDERS
) 12
The order of g™ is 0(¢g™) = ———, so we have:
(12, m)

Element e g e A ¢ | P PO P @ | g0 | gn
12 12 12 12 12 12 12 12 12 12 12 12
Order Formula | 7555 | o0y | (2.2) | (2.9 | (2.0) | (125) | (126) | (12.0) | (12,8) | (129) | (2.10) | (12.11)
Order 1 12 6 4 3 12 2 12 3 4 6 12




SUBGROUPS

There is exactly one subgroup of G = (g) of order m for each positive divisor m of 12 = |G|, and this

subgroup is {(g'?/™). Therefore, the subgroups of G are as follows.
Order Generators Elements
1 (e) {e}
2 (9°) {e.q°}
3 (g") = (") {e.q". 9%}
4 (9%) = () {e.q°.9°% ¢"}
6 (g%) = (9"°) {e.q%.9", 9%, 9% 9}

12 {g)=1{¢°) =(9") = (¢"") {e,9.9°. 6% ¢%d° %9, 9% 9" 9", g", g"*}

1.

Notice that if a is a generator for the subgroup of order m, then so is a* for all 1 < k < m with (k,m) =
1<k<6

For example, the subgroup of order 6 is (¢'%%) = (g?). The other generators are (g?)*, where
and (k,6) = 1; that is, k = 1 and k = 5. Hence the generators of (g?) are g* and (¢*)° = ¢'°.

SUBGROUP DIAGRAM

For subgroups H; and H,, we have the containment H; < H, if and only if |H;| divides |Hs|. Using
the table of subgroups above, we have the following diagram (where downward edges and paths denote
containment):

G
(9%)
(g°) \
\ (g")
<96>\
(e)



EXAMPLE 2:
Let G = Zys = ([1]), a cyclic group of order 18 under addition, so 18[1] = [18] = [0] and

G = {[0], [1], [21, [3], [4], [5], (6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17]}

= {0[1], 1[1], 2[1], 3[1],4[1], 5[1], 6[1], 7[1], 8[1], 9[1], 10[1], 11[1], 12[1], 13[1], 14[1], 15[1], 16[1], 17[1]}

GENERATORS

The generators of G are the elements m[1] = [m] with 1 <m < 18 and (m, 18) = 1. Hence we have
Generators of G : [1], [5], [7], [11], [13], [17]

so that
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(1)) = ([3)) = (7).

For example,

() = {07,171, 2[7], 3[7], 4[7], 5[7], 6[7],

\]

7], 8[7, 9[7], 10[7], 11[7], 12[7], 13[7], 14[7], 15[7], 16[7], 17[7]}
= {[0],[7], [14], [21], [28], [35], [42], [49], [56], [63], [70], [77], [84], [91], [98], [105], [112], [119]}
= {[0], [7], [14], [3], [10], [17], [6], [13], [2], [9], [16], [5], [12], [1], [8], [15], [4], [11]}  (using [18] = [0])

= {0, [1], [21, {31, [41, [51, (6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17]} = G.

ORDERS
. 18
The order of m[1] = [m] is o([m]) = , S0 we have:
(18,m)
Element o | [ | 2| B | 4 | [B]| 6] | [7 | [8
Order Formula (1%;2,30) (1?1) (1?2) (1?,;3) (1?4) (1?5) (1?,;6) (1?7) (15,38)
Order 1 18 9 6 9 18 3 18 9
Element 9] | [10] | [11] | [12] | [13] | [14] | [15] | [16] | [17]
Order Formula (159) (15,810) (181,811) (1§,812) (153) (181,814) (1817815) (181,816) (1§,817)
Order 2 9 18 3 18 9 6 9 18




SUBGROUPS

There is exactly one subgroup of G = ([1]) of order m for each positive divisor m of 18 = |G|, and this
subgroup is ([18/m]). Therefore, the subgroups of G are as follows.

Order Generators Elements
1 {[on) {[0]}
2 () {[0], [9]}
3 ([61) = ([12]) {[0]; [6], [12]}
6 (B1) = ([13]) {[0], [3]; [6], [91, [12], [15]}
9 ([2]) = ([4]) = ([8]) = ([10]) = ([14]) = ([16]) ~ {[0], [2], [4], [6], 8], [10], [12], [14], [16]}
18 (1) = (B3]) = ([7)) = (1)) = {[13]) = {[17]) {[0], [1], [2], [3] [4], [5], 6], [7], 8], [9], [10],
[11], [12], [13], [14], [15], [16], [17]}

Notice that if [a] is a generator for the subgroup of order m, then so is kla] for all 1 < k& < m with
(k,m) = 1. For example, the subgroup of order 9 is ([18/9]) = ([2]). The other generators are k[2] =
[2k], where 1 < k < 9 and (k,9) = 1; that is, & = 1,2,4,5,7,8. Hence the generators of ([2]) are
2], [4], [8], [10], [14], and [16].

SUBGROUP DIAGRAM

For subgroups H; and H,, we have the containment H; < H, if and only if |H;| divides |Hs|. Using
the table of subgroups above, we have the following diagram (where downward edges and paths denote

containment):
21)

/\



