MATH 6/71051
EXAM II Solutions

1. Show that if H is a characteristic subgroup of N and N is a characteristic subgroup
of G, then H s a characteristic subgroup of G.

Proof. Let Hchar N and N charG, and let ¢ € Aut(G). Since N char G, we have
©(N) = N, and so the restriction ¢y of ¢ to N is an automorphism of N. Hence
©(H) = ¢pn(H) = H because H char N. We have ¢(H) = H for all ¢ € Aut(G), so H
is a characteristic subgroup of G. U

2. Let G be a group acting transitively on a set A. Show that if there is an element a € A
such that G, = (1), then G, = (1) for all b € A.

Proof. Let a € A with G, = (1) and let b € A. Since G acts transitively on A, there
is an element g € G with b = ¢g - a, and so Gy = G4.,. We then have

re€G,=Gp, & z-(9g-a)=g-a
AN g*1 -(z-(g-a)) =a, by axioms of group action,

& (g7'zg) - a = a, by axioms of group action,

& g lzg e,
& g lwg=1, since G, = (1),
& =1
Therefore, G, = (1) for all b € A. O

3. Show that if the size of each conjugacy class of a group G is at most 2, then G' < Z(Q).

Proof. Let g € G. Since the size of the conjugacy class of g is at most 2, we have
|G : Ca(g)] < 2. Hence Cs(g) < G and G/Cq(g) is abelian, and so G < Cg(g).
Therefore, G' < Cg(g) for all g € G, thus G' < NyeeCalg) = Z(G). O

4. Let G be a group of order 3-5-7-13. Prove that G is not a simple group.

Proof. Suppose |G| = 3-5-7-13 and G is simple. First, n; | 3-5-13 and n; = 1(mod 7),
hence n; = 1 or n; = 15. Since G is simple, we have n; = 15, and so if S € Syl.(G),
then |G : Ng(S)| = 15 and |Ng(S)| =7 13.

Let T' be a Sylow 13-subgroup of Ng(S). Since |T'| = 13, we also have T' € Syl;5(G).
Since |Ng(S)| = 7-13 and 13 > 7, we have T' < Ng(5), and so Ng(S) < Ng(T). Now
niz | 3+5-7 and ny3 = 1(mod 13), hence ny3 = 1 or ny3 = 3 -5+ 7. Since G is simple,
we have nj3 = 3-5-7, hence |G : Ng(T)| =3-5-7 and |Ng(T')| = 13. This contradicts
N¢(S) < Ng(T), and so G cannot be simple. O



5. Let G be a finite group and let P be a Sylow p-subgroup of G. Show the following.
(a) If M is any normal p-subgroup of G then M < P.
(b) There is a normal p-subgroup N of G that contains all normal p-subgroups of G.
Proof.

(a) Let M <G be a p-subgroup. By Sylow’s Theorem, M < @ for some @ € Syl,(G)
and P = gQg~! for some g € G. As M <G, we have M = gMg~' < gQg~' = P.

(b) By Sylow’s Theorem, Syl,(G) consists precisely of the conjugates of P. Hence

N = ﬂ Q= ﬂ gPg~' = coreq(P) < G.

QeSylp(G) e

By (a), if M is any normal p-subgroup of G, then M < N. U

6. List all possible sets of invariant factors and elementary divisors for an abelian group
of order 2600 = 23 - 52 .13, and match the invariant factors and elementary divisors of
isomorphic groups.

Solution. The possible sets of invariant factors for a group of order 2% are {2,2,2},
{222}, or {23}. For a group of order 5%, they are {5,5} or {5?}, and the only possibil-
ity for a group of order 13 is {13}. There are then 6 distinct abelian groups of order
2600 = 23 .52 - 13, up to isomorphism. The elementary divisors and invariant factors
are as follows:

ElementaryDivisors InvariantFactors
{2,2,2,5,5,13} «— {2-5-13,2-5,2} = {130, 10,2}
{2,2,2,5% 13} —  {2-5%.13,2,2} = {650,2,2}
{22,2,5,5,13} — {22.5.13,2-5} = {260,10}

{2%,2,5% 13} — {2%.5%.13,2} = {1300, 2}
{23,5,5,13} — {23.5-13,5} = {520,5}
{23 5% 13} — {23.5%.13} = {2600}




7. Let G be a finite group.
(a) Show that if M is a mazimal subgroup of G, then either Z(G) < M or G' < M.

(b) Show that Z(G) NG < ®(G).

Proof.

(a) Let M be a maximal subgroup of G and suppose Z(G) is not contained in M.
Since Z(G) < G, we have M < Z(G)M < G, and since M is maximal, we have
Z(G)M = @G. Certainly M normalizes M and, since elements of Z(G) commute
with all elements of M, Z(G) also normalizes M. Hence the product G = Z(G)M
normalizes M, and so M < G.

Since M is a maximal subgroup of G and M <G, we have |G : M| is a prime (see
Exam I, #8), hence G/M is abelian. It follows that G’ < M. Therefore, either
Z(G) < Mor G < M.

(b) Let M be a maximal subgroup of G. By (a), Z(G) < M or G' < M. But
Z(G)NG < Z(G) and Z(G) NG < G, hence Z(G) NG' < M in any case. It
follows that Z(G) N G’ is contained in the intersection of all maximal subgroups;
that is, Z(G) NG' < ®(G). O

8. Let G be a finite group. Show that G is nilpotent if and only if whenever p and q are
distinct primes and P € Syl (G) and Q € Syl (G), then P centralizes Q.

Proof.

Assume G is nilpotent, so that G is the direct product of its Sylow subgroups.
Thus if P € Syl,(G) and @ € Syl (G) for distinct primes p, ¢, then all elements of P
commute with all elements of (), i.e., P centralizes Q.

Let p1,pa,...,pn be the distinct primes dividing |G| and let P; € Syl, (G) for
each 7. Assume P, centralizes P; whenever ¢ # j. We first use induction on n to prove
that P, P --- P, is a subgroup of G.

Since P, < G, the statement is true if n = 1. Assume now that 1 < k£ < n and
P Py--- P, < G. For each i < k, P, centralizes Py, and so P; < Ng(Py). Therefore,
the subgroup P, P; - - - Py_1 also normalizes Py, thus (Py Py -+ Py_1) - P, < G. Hence it
follows by induction that H = P, P, - - - P, is a subgroup of G.

Again, since for each j # i, P; centralizes P;, we have P; < H for each i. By Lagrange’s
Theorem, P; N H#i P; = (1). Hence H = P, X P, x --- x P,. By definition of Sylow
subgroup, we have |H| = |Pi| - |P|---|P,| = |G|. Hence G = P, X Py x --- x P,, that
is, G is a direct product of its Sylow subgroups, and so G is nilpotent. O



